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T  REATISE 

OF  THE 

ELEMENTS 

OF  THE 

Algebraical  ART. 


BOOK  I. 


C  HAT.  i. 

Concerning  the  Nature,  Scope,  and  Rinds  of  ALGEBRA: 
The  Conftruttion  of  Coflic  Quantities,  or  Powers  5  with 
the  manner  of  exprejfing  them  by  Alphabetical  Letters :  The 
fignification  of  Characters  ufed  in  the  Fir  ft  Books 

f  '  ;  »  •  ft-  • 

1.  H  E  Mathematical  Arts  or  Sciences  are  exercis’d  about  Quantity^ 

^  fi  ^  which  is  compris’d  under  Numbers,  Lines,  Superficies,  and  So¬ 
il  lids:  Thefe  if  they  be  confidered  abftra&ively,  and  leparate 

H  from  all  kind  of  Matter,  are  the  proper  Objects  of  Arithme - 

Mi  tic  and  Geometry^  which  are  called  Pure  Mathematics. 

II.  The  Method  which  Mathematicians  are  wont  to  ule  in  fearchiMg  out  Truth 
about  Quantity,  is  twofold  ^  viz.  i.  Synthetical ,  or  by  way  of  Compofition  : 

2.  Analytical ,  or  by  way  of  Refolution.  , 

III.  Mathematical  Compofition,  or  the  Synthetical  Method ,  argues  altogether 
with  known  Quantities  to  learch  out  unknown  ^  and  then  demonftrates  that  the 
Quantity  found  out  will  fatisfie  the  Propofition. 

IV.  Mathematical  Refolution,  or  the  Analytical  Art ,  commonly  call’d  Algebra , 
is  that  way  of  reafoning  which  affumes  or  takes  the  Quantity  fought  as  if  it  were 
known  or  granted  ^  and  then  with  the  help  of  one  or  more  Quantities  given  or  known, 
proceeds  by  Confequences,  until  at  length  the  Quantity  firft  only  aflumed  or  feign¬ 
ed  to  be  known,  is  found  equal  to  fome  Quantity  or  Quantities  certainly  known, 
and  is  therefore  likewile  known. 

V.  The  Scope,  Drift  or  Office  of  the  Analytic  or  Algebraic  Art,  is  to  learch 
out  three  kinds  of  Truths,  viz. 

i.  Theorems  •,  which  are  nothing  elfe  but  Declarations,  or  Affirmations  of  certain 
Properties,  Proportions,  or  Equalities,  jultly  inferr’d  from  lome  Suppofitions  or 
Conceffions  about  Quantity  :  Which  Theorems  are  to  be  relerved  in  ftore,  as  ready 
helps  to  find  out  new,  and  to  confirm  old  Truths.  This  kind  of  Refolution  when  it 
tefts  in  a  bare  Invention  of  Truth,  is  called  Contemplative ,  or  Notional. 

A  2.  Canons ,- 
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2.  Canons ,  or  infallible  Rules,  to  dire&how  to  folve  knotty  Queltions,  by  the  help 
of  Quantities  given  or  known  •,  this  kind  of  Refolution  is  called  Problematical. 

3.  Demonjlrations ,  or  evident  and  indubitable  Proofs,  to  manifeft  the  Truth  of 
fuch  Theorems  and  Canons  as  are  Analytically  found  out. 

VI.  Algebra  is  by  late  Writers  divided  into  two  kinds  j  to  wit,  Numeral  and  Li¬ 
teral  for  Specious.) 

VII.  Numeral  Algebra  is  fo  called,  becaulein  this  Method  of  refolvinga  Queftion, 
the  Quantity  fought  or  unknown  is  folely  defign’d  or  reprelented  by  fome  Alphabetical 
Letter,  or  other  Character  taken  at  Pleafure,  but  all  the  Quantities  given  are  exprelt 
by  Numbers. 

VIII.  Literal ,  or  Specious  Algebra  is  fo  called,  becaule  in  this  Method  of  refolving 
a  Qtieftion,  as  well  the  given  or  known  Quantities;  as  the  unknown  are  all  leverally 
exprelfed  or  reprelented  by  Alphabetical  Letters.  Whence  it  comes  to  pals,  that  at 
the  end  of  the  Relolution  of  a  Queltion,  every  Quantity  appearing  diltinU  under  the 
fame  Letter  or  Form  by  which  it  was  at  firft  exprefled,  a  Canon  isdifcoveredtodireU 
how  the  Qiieftion  propos’d  may  be  folved,  not  only  by  the  quantities  firft  given,  but 
by  any  other  whatloever  that  are  capable  of  folving  the  Queltion.  In  this  Refpefl 
therefore  Literal  Algebra  far  excels  the  Numeral  •  for  this  latter  lerves  onlytololve 
Arithmetical  Qiieftions,  and  produces  not  a  Canon  without  much  difficulty,  in  regard 
the  Numbers  firft  given,  by  reiterated  Multiplications,  Divifions,  and  other  Arith¬ 
metical  Operations,  will  for  the  molt  part  be  fo  confounded  and  interwoven,  that  their 
Foot-fteps  can  hardly  be  traced  out  :  But  Literal  or  Specious  Algebra- is  applicable  to 
the  folving  of  Geometrical  Problems ,  as  well  as  Arithmetical. 

IX.  The  Dotfrine  of  Algebra  is  principally  grounded  upon  the  Knowlege  of  cer¬ 
tain  Quantities  called  by  fume  Authors  C.ajjic  Quantities,  by  Others,  Powers  ^  the 
Conftruftion  whereof  is  explain’d  infix  Seftions  next  following. 

X.  Numbers  are  laid  to  be  in  Geometrical  Proportion  continued ,  when  as  the  firft  is  to 
the  lecond,  fo  is  the  fecond  to  the  third,  and  lo  is  the  third  to  the  fourth,  Cfc.  As,  for 
Example,  thefe  Numbers,  1,  2,  4,  8,  16,  32,  Cfc.  are  Continual  Proportionals  ;  for, 
as  the  firft  Term  i,is  the  halfofthe  fecond  Term  2  *  fois  the  fecond  Term  2, the  half 
of  the  third  Term  4  $  and  fo  is  4  the  half  of  8,  Cfc.  Likewilb  thefe  Numbers,  3’,  9, 
27,  81,  243,  Cfc.  are  in  Geometrical  Proportion  continued  5  For  as  the  firft  Term  3  is 

,  a  third  part  of  the  fecond  Term  9,  fo  is  the  lecond  Term  9  a  third  part  of  the  third 
Term  27  -,  and  fo  is  27  one  third  of  81,  Cfc.  Alfo,  thefe  numbers  are  cont  inual 
Proportionals,  to  wit,  1,  4,  4,  4-,  Cf  c.  for  as  the  firft  Term  1,  is  the  double  of  the  le¬ 
cond  Term  4,  fo  is  4  the  double  of  4,  and  4  the  double  of  4,  Cfc. 

XI.  In  any  leries  or  rank  of  Numbers  proceeding  from  Unity  in  a  continued  Geome¬ 
trical  proportion, whether  afeending  or  defending,  all  the  N umbers  or  Terms  except  the 
firft,  which  is  fuppoled  to  be  1 ,  (to  wit,  Unity,)  are  called  CoJJic  Numbers,  or  Powers  $ 
viz.  the  fecond  Term  or  Proportional  is  called  the  Root, or  firft  Power ;  the  third  Propor¬ 
tional  is  balled  the  Square ,  or  fecond  Power ;  the  fourth  Proportional  is  called  the  Cube,ox. 
third  Power-,  the  fifth  Proportional  is  called  theBiquadrate,ot  fourth  Power, the  fixth  Pro¬ 
portionate  fifth  Power,  Cfc.  As  for  Example,  in  this  rank  of  Continual  Poportionals, 
1,  2,  4,  8, 16,  3  2,  Cfc.  the  lecond  Term  2  is  the  Root  •  the  third  Term  4  is  the  fecond 
Power,  or  the  Square  of  the  Root  2 ;  the  fourth  Term  8  is  the  third  Power, or  the  Cube  of 
the  Root  2  the  fifth  Term  1 6  is  the  Biquadrate  or  fourth  Power  of  the  fame  Root  2,£o  c. 

In  like  manner  in  this  rank  of  continual  Proportionals  defending  from  1,  to  wit, 
1,  4, 4,  T5  Cfc.  the  lecond  Term  4  is  the  Root  -,  the  third  Term  4  is  the  lecond 
Power  ;  the  fourth  Term  4  is  the  third  Power,  Cfc.  The  like  is  to  be  underftood 
of  any  other  Rank  of  Numbers  in  a  continued  Geometrical  Proportion,  whole  firll: 
Term  or  Proportional  is  Unity. 

XII.  From  the  two  laft  preceding  SeUions,  ( which  are  grounded  upon  10.  Prop. 
S.  Elem.  Euclid.)  it  is  evident  that  any  Number  whatfoever  being  propofed  for  a 
Root ,  the  lecond  Power,  or  the  Square ,  is  produced  by  the  Multiplication  of  the 
Root  by  it  lelf^  the  third  Power,  or  the  Cube ,  is  produced  by  the  Multiplication  of 
the  lecond  Power  by  the  Root}  the  fourth  Power  is  produced  by  the  Multiplication 
of  the  third  Power  by  the  Root,  Cfc. 

As,  for  Example,  if  2  be  given  for  the  Root ,  this  2  multiplied  by  it  lelf,  produces  4 
for  the  fecond  Power,  to  wit,  the  Square  of  the  Root  2  :  Again,  4  the  lecond  Power 
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being  multiplied  by  the  Root  2  gives  8  the  third  Power,  or  the  Cube;  which  third 
Power  multiplied  by  the  Root  2,  produces  the  fourth  Power  16  Cfc. 

In  like  manner,  if  this  Fra&ion  4  be  prefcribed  for  a  Root,  by  multiplying  i  bv 
it  felf,  there  comes  forth  $  for  the  fecond  Power,  or  the  Square  of  the  Root^  •  A 
gain,  the  fecond  Power  %  multiplied  by  the  Root  4  produces  the  third  Power  JL 
or  the  Cube  of  the  Root  \ ;  and  the  third  Power  multiplied  by  the  Root  i  gives 
the  fourth  Power  44,  Cfc.  ?  6 

But  when  the  Root  is  j ,  to  wit,  Unity,  every  one  of  its  Powers  will  alfo  be  1  - 
for  multiplication  by  1  makes  no  alteration.  All  which  will  be  further  illuftratcd 
by  the  Scales  of  Coffic  numbers  or  Powers  in  the  following  Table,  which  fhews 
that  if  the  Root  be  7 ,  the  Square  is  25 ,  the  Cube  125 ,  the  Biquadrate  or  fourth 
Power  625,  the  fifth  Power  3125,  &c. 


A  Table  of  Powers  in  IT  umbers* 


The  Root  or  firft  Power. 

1 

2 

3 

4 

5 

The  Square  or  fecond  Power.  - 

1 

4 

9 

16 

25 

The  Cube  or  third  Power. 

1 

8 

27 

64 

125; 

-The  Biquadrate  or  fourth  Power. 

1 

16 

81 

25  6 

627 

The  fifth  Power. 

1 

32 

243 

1024 

312J 

The  fixth  Power- 

1 

*4 

729 

4096 

ij«2j 

The  feventh  Power. 

I ; 

128 

2187 

16384 

78127 

(The  eighth  Potoer,  &c. 

I 

2  76 

6761 

6^36 

390627 

3?lH.  The  Root  or  firft  Power  being  given,  the  third,  fifth,eighth,or  any  other  Power 
may  be  found  out  without  refpeU  to  the  intermediate  Power  or  Powers,  in  this 
manner  ♦,  viz.  Suppofe  the  number  3  be  prefcribed  for  the  Root,  and  that  the  fifth 
Power  be  defired}  firft  write  down  the  Root  3  five  times  thus,  3, 3, 3, 3, 3  5  then  multi¬ 
ply  thefe  fiveequal  numbers  one  into  another  according  to  the  Rule  of  continual  Multi¬ 
plication,  fo  the  laft  Produft  243  (hall  be  the defired  fifth  Power raifed  from  the  Root  3. 

In  like  manner,  if  the  eighth  Power  of  the  Root  2  be  defired,  you  may  write  the 
Root  2  eight  times  thus,  2,  2,  2,  2,  2,  2,  2,  2,  thefe  multiplied  continually 
produce  256,  which  is  the  eighth  Power  of  the  Root  2.  After  the  fame  manner 
you  may  find  out  any  other  Power  from  a  number  given  for  the  Root. 

XIV.  If'  over  or  under  any  Series  or  Rank  of  Coflic  numbers  or  Algebraic  Powers, 
conffituted  according  to  the  three  laft  foregoing  SeUions,  there  be  placed  a  rank 
of  Numbers  beginning  with  Unity,  and  proceeding  according  to  the  natural  order  of 
numbers,  as  1,2, 3, 4,  7,  6,  7, 8,  9,  Cfc  thefe  numbers  fo  placed  are  ufually  called 
the  Indices ,  or  Exponents  of  thofe  Powers,  as  well  becaufe  they  fhew  the  order, feat,  or 
place  of  each  Power,  as  alfo  its  number  of  Degrees  or  DimenfionSj  that  is,  how  ma¬ 
ny  times  the  Root  is  involved  or  multiplied  in  producing  each  Power  relpeUively : 
As  for  Example,  let  there  be  a  Rank  or  Scale  of  Algebraic  powers  raifed  from  the 
root  3,  as  3,  9,27,  81,  243,729,  2187,  Cfc.  and  over  them  let  there  be  fo  many  num¬ 
bers  placed  in  an  Arithmetical  progreflion,  beginning  with  1,  and  proceeding  accor¬ 
ding  to  the  natural  order  of  Numbers,  as  here  you  fee  : 


1 

2  |  3 

4 

■f 

6 

7 

8 

3 

9  27 

81 

243 

729 

2187 

6561 

A  % 


I  fay 


INDICES. 

ROVERS. 


&c. 

Cfc. 
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I  fay  the  Index  4  in  the  Arithmetical  progreffion,  fhews  that  the  fourth  Power  81, 
which  ftands  under  4,  is  produced  by  the  multiplication  of  the  Root  3  four  times  into 
it  felf,  viz.  thele  four  numbers  3,  3,3,  3,  multiplied  continually  will  produce  81 5 
likewile  the  Index  7  in  the  Arithmetical  progreflion  fhews,  that  the  feventh  Power 
2187,  which  ftands  under  7,  is  produced  by  the  multiplication  of  the  Root  3 
leven  times  into  it  felf  *  viz.  thefe  feven  equal  numbers  3, 3,  3, 3, 3,  3, 3,  multiplied 
continually  produce  2187.  And  fo  of  others. 

To  that  ufe  of  Indices,  this  may  be  added ;  viz.  If  any  two  or  more  Indices  be  ad¬ 
ded  together,  the  fum  will  be  an  Index  fhewing  what  power  will  be  produced  by 
the  multiplication  of  thole  Powers  one  into  another  which  anfwer  to  the  Indices  that 
were  added  together :  As  for  Example,  if  the  Indices  3  and  7  be  added  together,  the 
fum  is  the  Index  8  *,  which  fhews,  that  if  the  third  and  fifth  Powers  be  multiplied 
one  by  the  other, the  eighthPower  will  be  produced:  As  in  the  rank  of  Powers  in  the 
preceding  Tabulet,  if  the  third  power  27  be  multiplied  by  the  fifth  Power  243,  the  Pro¬ 
duct  will  give  the  eighth  Power  6561.  In  like  manner,  for  as  much  as  the  Indices  2 
and  6  added  together  make  the  Index  8-,  therefore  the  lecond  Power  9  multiplied  by 
the  fixth  Power  729  will  alfo  produce  the  eighth  Power  6561 :  Again  becaufethe 
Indices  I,  2,  and  5;  added  together  make  the  Index  8  *  therefore  the  firft,  lecond  and 
fifth  Powers,  to  wit,  3,9,  and  243  multiplied  continually  will  likewile  produce  the 
eighth  Power  6561.  And  as  the  Index  3  added  to  it  felf  makes  the  Index  6a  fo  the 
third  Power  27  multiplyed  by  it  felf,  or  fquared,  will  produce  the  fixth  Power  729. 

And  as  the  Addition  of  Indices  anfwers  to  the  Multiplication  of  their  correfpon- 
dent  Powers,  fo  the  fubtra&ion  of  Indices  anfwers  to  the  divifion  of  their  correfpon- 
-  dent  Powers:  As,  for  Example,  becaufe  the  Index  8  leflened  by  the  Index  7,  leaves 
fora  Remainder  the  Index  3  ^  therefore  the  eighth  Power  6561  divided  by  the  fifth 
Power  243  gives  in  the  Quotient  the  third  Power  27.  Likewife,  as  the  Index  7  lef¬ 
lened  by  the  Index  3  leaves  the  Index  4;  fo  the  feventh  Power  2187  divided  by 
the  third  Power  27,  gives  the  fourth  Power  81. 

XV.  From  the  premifles  it  is  evident,  that  upon  an  Arithmetical  foundation,  a 
Scale  or  Rank  of  Algebraic  Powers  may  be  raifed  and  continued  as  far  as  you  pleafe* 
the  three  firft  of  which  have  an  affinity  with,  and  may  be  expounded  by  Geometri¬ 
cal  dimenfions:  For  firft,  we  may  conceive  any  terminated  Right-line,  to  be  divided 
into  a  number  of  equal  parts  at  pleafure,  fuppofe  12  *  then  this  number  12,  or  that 
Right-line,  may  beefteemed  as  a  Root:  Secondly,  the  laid  12  multiplied  by  it  felf 
produces  144  the  fecond  Power,  which  is  equal  to  the  Area  of  a  iquare  Superficies 
whole  fide  is  12:  Thirdly,  the  laid  fecond  Power  144  multiplied  by  the  Root  12 
produces  the  third  Power  1728,  which  is  equal  to  the  Solid  content  of  a  Cube, 

( to  wit,  a  Solid  in  the  form  of  a  Dye )  whofe  fide  is  1 2. 

But  none  of  the  reft  of  the  Algebraic  powers  can  properly  be  explain’d  by  any 
Geometrical  quantity,  in  regard  there  are  but  three  dimenfions  in  Geometry,  to  wit, 
Length,  Breadth,  and  Depth  (or  Thicknels.) 

XVI.  In  learching  out  the  lolution  of  a  Queftion  by  the  Algebraic  Art,  the  number 
or  line  fought  is  ufually  called  a  Root ,  which  fo  long  as  it  remains  unknown  cannot  be 
really  expreft,  and  therefore  it  muft  be  defign’d  or  reprelented  by  lome Symbol  or  Cha¬ 
racter,  at  the  will  or  the  Artift  ^  alfo  the  Powers  which  may  be  imagined  to  proceed 
from  the  faid  Root  in  fuch  manner '  as  has  before  bin  declared  are  likewile  to  be  repre¬ 
lented  by  Symbols  or  Characters  ^  concerning  which  there  is  much  diverfity  among 
Algebraical  Writers,  every  one  pleafing  his  fancy  in  the  choice  of  Characters:  Butin' 
this  matter  I  lhall  imitate  Mr.  Thomas  Harriot  in  his  Ars  Analytica ,  and  Renat es  des  Car¬ 
tes  in  his  Geometry ,  but  chiefly  the  former  ^  whole  method  of  exprelfing  Quantities 
by  Alphabetical  Letters,  I  conceive  to  be  the  plaineft  for  Learners,  viz. 

To  defign  or  reprefent  the  Root  fought,  whether  it  be  a  number  or  a  Line  in  a  Queftion 
propofed,  we  may  affume  any  Letter  of  the  Alphabet,  as  a,  £,  or  c,  &c.  but  for  the  better 
diftinguifhing  of  known  quantities  from  unknown,  1 omQ  Analyjls  are  wont  to  alfume 
one  of  the  five  Vowels,  as,  a,  or  e,  &c.  to  reprelent  the  quantity  fought*,  and  Conlb- 
nants,  as,  c ,  i,  &c.  to  reprelent  quantities  known  or  given:  Now  if  the  letter  a  be 
alfumed  to  reprelent  the  Root  fought,  then  (according  to  Mr.  Harriot)  the  lecond 
Power,  or  the  Square  railed  from  that  Root,  may  be  reprefented  by  aa  the  third  Power, 
or  the  Cube,  by  aaa-,  the  fourth  Power  by  aaaa^  the  fifth  Power  by  aaaaa  ^  and  after 

the 


5 


CHAP.  i.  Definitions . 

------  - -•  i  . — ^ - -  - - — . -  -  - •  •--"  -  •  - -  - -  -  _ L 

the  fame  manner  any  higher  Power  of  the  Root  or  number  a  may  be  reprelented  : 
For  lo  many  Dimenfions  or  Degrees  as  are  in  the  Power,  lb  many  times  the  Letter 
which  at  firft  was  affumed  for  the  Root  is  to  be  repeated. 

Or  after  the  manner  of  Renat es  des  Cartes ,  if  the  letter  a  be  affumed  to  reprelent 
the  Root,  the  Square  may  be  defigned  thus,  a\  the  Cube  thus,  a3,  the  fourth  Power 
thus,  a\  the  fifth  Power  thus,  a(.  And  lo  any  other  power  may  be  expreft  by  wri¬ 
ting  the  Index  or  Exponent  of  the  Power  in  a  fmall  figure  next  after,  and  near  the 
head  of  the  letter  affumed  to  reprelent  the  Root.  Both  which  ways  will  be  further 
illuftrated  by  the  following  Table. 

A  Table  Jhewing  two  ways  (  now  tooft  in  ufe  )  to  exprefs 
fimple  Powers  by  Alphabetical  Let  ter ti 


The  Root  or  firft  Power, 

a . 

a 

The  Square  or  fecond  Power, 

a  a. 

a2 

The  Cube  or  third  Power, 

a  a  a* 

ai 

The  fourth  Power, 

aaaa. 

a4 

The  fifth  Power, 

a  a  a  a  a. 

a* 

The  fixth  Power, 

aaaa  a  a. 

nr 

The  leventh  Power, 

a  aa  aaaa* 

at 

The  eighth  Power, 

Aaaaaaaa. 

a8 

After  the  fame  manner,  known  Quantities  and  their  Powers  may  be  reprelented  by 
Confonants  *  as,  b  may  be  put  for  anyknown  number  in  a  Queftion,  and  then  its  Square 
may  be  fignified  by  bb,  the  Cube  by  bbb,  the  fourth  Power  by  bbbb,  the  fifth  Power  by 
bbbbb,  the  fixth  by  bbbbbb,  and  fo  forwards :  Or  the  Square  of  the  Root  b  may  be  ex¬ 
preft  thus,  bz.  the  Cube  thus^  b  K  the  fourth  Power  thus,  b 4.  the  fifth  Power  thus,  bs. 
the  fixth  Power  thus,  b6.  and  lo  forward. 

XVII.  Numbers  fet  before,  that  is,  on  the  left  hand  of  quantities  expreft  by  letters 
are  called  Numbers  prefixt;  but  if  no  number  be  prefixt  to  the  letter,  then  i  or  unity 
muft  be  imagined  to  be  prefixt :  As,  in  thele  quantities  a,  (  or  i  a, )  2  a,  3  a,  i,a,  ^a, 
5 bbb  (or  $bi)  the  numbers  prefixt  are  (as  you  lee)  1, 2,  3,  and  5:,  every  one'  of 
which  numbers  (and  the  like  16  prefixt)  (hews  how  often  the  quantity  reprefented  by 
the  letter  or  letters  immediately  following  the  number  is  taken  -,  fo  a  or  1  a  fignifies 
Lome  number  or  line  once  taken,  alfo  2  a  reprelents  the  double,  ~a  the  half,  and  \a 
two  third  parts  of  the  number  or  line  reprefented  by  a.  In  like  manner  <ybbb ,  or  5  b3, 
fignifies  that  the  Cube  of  the  number  or  line  reprelented  by  b  is  taken  five  times., 

XVIII.  All  numbers  expreft  by  figures  and  cyphers  (as  in  vulgar  Arithmetic)  not 
having  any  letter  or  letters  annexed  to  them,  are  for  diftin&ion  lake  called  Abfolute 
numbers*,  as  thefe  numbers,  5;,  20,  105:,  4-, y,  and  all  others  when  they  be  not  pre- 
fixt  or  annext  to  any  letter  or  letters  are  called  abfolute  numbers. 

XIX.  All  Algebraical  Operations  are  perform’d  in  an  Arithmetical  manner,  partly  in 
the  vulgar  way  by  numbers,  and  partly  by  Alphabetical  letters  in  all  the  parts  of  A- 
rithmetic,  to  wit,  Addition,  Subtrattion,  Multiplication,  Divifion,  and  the  Extra£t- 
ion  of  Roots:  But  fince  letters  cannot  be  difpoled  like  numbers  to  perform  thole  ope¬ 
rations,  fome  Characters  muft  of  neceffity  be  uled  to  fignifie  fuch  operations.  The 
Chambers  uled  in  this  firft  Book  are  explained  in  the  following  Se&ions 

XX.  This  Character  is  a  fign  of  Affirmation,  as  alio  of  Addition ,  and  always  be¬ 
longs  to  the  quantity  that  follows  the  fign  ;  as,  -fa  affirms  the  quantity  denoted  by  a 
to  be  real,  or  greater  than  nothing*,  the  like  may  be  laid  of  - \-b ,  and  -j-2c,  &c. 

When  no  fign  is  prefixt  before  a  quantity,  the  fign  -f  is  always  to  be  underftood, 
and  muft  be  imagined  to  be  prefixt  ;  fo  a  implies  -\-a,  likewile  2 b  fignifies  the  lame 
thing  with  -f  2 b  ;  the  like  of  others. 

But  when  the  fign  -f  is  placed  between  two  quantities,  it  imports  as  much  as  the 
word  plus,  or  more ,  and  fignifies  that  thole  quantities  are  added  or  to  be  added  to¬ 
gether 
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gether:  As  3+4  (or  3  more  4)  fignifies  the  fum  of  3  and  43  or  it  hints  that  4  is 
to  be  added  to  3.  In  like  manner  a\b  fignifies  the  fum  of  numbers  or  quantities 
reprefented  by  a  and  bh  and  a-^b+c  fignifies  the  fum  of  quantities  denoted  by  a,  b, 
and  c. 

XXI.  This  Charader  —  is  a  fign  of  Negation ,  as  alfo  of  Subtraction,  and  always 
belongs  to  the  following  quantity ;  as  for  Example,  —  5;  is  a  factitious  number  lefs 
than  nothing  by  5;  •,  viz.  as  4-  5  l  may  reprefentJSve  pounds  in  money,  or  the  Eltate 
of  fome  perfon  who  is  clearly  worth  five  pounds ;  fo  —  5  /.  may  reprefenta  Debt  of 
five  pounds  owing  by  fome  perfon  who  is  worfe  than  nothing  by  five  pounds. 

But  when  the  fign  —  is  placed  between  two  quantities,  it  imports  as  much  as  the 
Word  minus ,  or  lefs  5  and  intimates  that  the  number  or  quantity  following  that  fign  is 
fubtraded  or  to  be  fubtraded  from  the  number  or  quantity  that  Hands  next  before 
the  fame  fign:  As  8—3  (or  8  lefs  3)  fignifies  that  3  is  fubtraded  or  to  be  fubtrad- 
ed  from  8  ^  or  8 — 3  denotes  the  excels  of  8  above  3,  to  wit,  5;. 

In  like  manner  a—b  (or  a  lefs  b)  fignifies  that  the  quantity  denoted  by  b  is  fub- 
traded  or  to  be  fubtraded  from  the  quantity  a  *  or  a—b  may  fignifie  the  excefs  of 
the  quantity  a  above  the  quantity  b. 

XXII.  This  Charader  c/5  lignifies  the  Difference  of  two  quantities,  to  wit,  the  excefs 
of  the  greater  above  the  lefs,  when  ’tis  not  determin’d  or  known  in  which  of  thole 
quantities  the  excels  lyes  ^  fo  a  cn  b  fignifies  the  difference  of  two  quantities  repre- 
lented  by  a  and  b  when  ’tis  not  known  whether  a  be  greater  or  lefs  than  b. 

XXIII.  This  Charader  x  is  a  fign  of  Multiplication ,  and  is  put  for  the  word  into , 
or  by  ^  viz.  when  'tis  let  between  two  quantities  it  fignifies  that  they  are  multiplied, 
or  to  be  multiplied  mutually  one  by  the  other :  As,  6x  3  (or  6  into  or  by  3  )  im¬ 
ports  the  Produd  of  the  multiplication  of  6  by  3,  to  wit,  18. 

In  like  manner  <zxfi  fignifioo  that  the  quantity  reprefented  by  a  is  multiplied  or 
to  be  multiplied  by  the  quantity  b:  alfo  axb%c  fignifies  the  Produd  made  by  the 
continual  multiplication  of  the  quantities  a ,  b ,  and  c,  one  into  another. 

But  for  the  molt  part  the  Multiplication  of  quantities  denoted  by  letters  is  figni- 
fied  by  the  joyning  of  Tetters  together,  like  letters  in  a  word  5  as  ab  fignifies  the  Pro¬ 
dud  of  the  multiplication  of  the  quantity  a  by  the  quantity  b.  Alfo  abc  fignifies 
the  Produd  of  the  continual  multiplication  of  the  quantities  a,  b  and  c  one  into  a- 
nother :  All  which  will  be  further  illuffrated  in  Chap.  4. 

XXIV.  Quantities  defign’d  or  reprefented  by  letters  are  either  Simple  or  Compound. 

XXV.  A  Simple  quantity  is  defigned  or  expreffed  either  by  a  fingle  letter  or  by 
two  or  more  letters  joyned  together  like  letters  in  a  word :  As  a  (  or  *+-#)  is  a  fim¬ 
ple  quantity  $  likewife  2 aa,  3  abc ,  and  dddd  are  fimple  quantities. 

XXVI.  A  Compound  quantity  confifts  of  two  or  more  fimple  quantities  con- 
neded  or  joyned  one  to  another  by-f  or  — ;  fo  a->rb  is  a  compound  quantity,  like¬ 
wife  a—c,  alfo  a-\-b-^c,  and  a+b — c  are  compound  quantities. 

XXVII.  Every  one  of  thefe  four  Charaders,  to  wit,  -f ,— ,  cn  ,and  x, (before  defined 
in  Sed.  20, 21,  22, and  23.)  may  fometimes have  referenceto  fuch  a  Compound  quan** 
tity  as  follows  the  fign,  and  has  a  line  drawn  over  every  member  of  it.  As,  for 

Example,  by  a+ b^nc,  you  are  to  underftand  that  the  difference  of  the  quantities  b 
and  c  (whether  the  Excefs  be  in  b  or  in  c  )  is  added  or  to  be  added  to  the  quantity  a. 

In  like  manner, a — b^-c  (hews  that  the  Compound  quantity  b-\-c  is  fubtraded  or  to 
be  fubtraded  from  the  quantity  a  where  in  regard  of  the  line  drawn  over  b-\-c,  the 
iign —  hath  reference  to  the  fubtradion  of  c  as  well  as  b  from  the  quantity  a.  But  if 
that  line  were  omitted,  then  the  fign  —  would  only  refer  to  the  next  following  fimple 
quantity :  As,  a — b-\-c,  (or  a-\-c — b)  fignifies  the  fubtradion  of  b  only  from  a-\-c. 

Moreover,  a^b-\-c  fignifies  the  difference  between  the  fimple  quantity  a ,  and 
the  compound  quantity  b-\-c. 

And  a'xb — c  fignifies  that  the  quantity  a  is  multiplied  or  to  be  multiplied  by  the 
excefs  of  the  quantity  b  above  the  quantity  c. 

'  XXVIII.  This  Charader  V  is  called  a  radical  fign,  and  fignifies  that  the  Square 
foot  of  the  number  or  quantity  that  Hands  next  after  the  laid  fign  V,  is  extraded,  or 
to  be  extraded*,  as  V25  fignifies  the  fquare  root  of  25,  to  wit,  $ ;  and  V3 6  fignifies 
the  fquare  root  of  36,  to  wit,  6*  . 

*  Like- 
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Likewife  Vab  fignifies  the  fquare  root  of  the  quantity  ah.  So  that  when  a  number 
or  quantity  immediately  follows  the  laid  radical  fign  V,  the  Iquare  root  of  that 
number  or  quantity  is  thereby  denoted. 

But  to  ddign  or  reprelent  the  Root  of  a  Power  higher  than  a  Square,  fome  Algebraical 
Writers  ("whom  in  this  matter  I  lhall  follow )  are  wont  to  write  the  Index  of  the  Power 
within  a  Circle  next  after  the  fign  V  ^  As  for  Example,  (21)27  lignifies  the  Cubic  root 
of  27,  to  wit,  3.  Likewife,  1 6  denotes  theBiquadrate  root  of  16,  to  wit,  2  •,  that 
is,  the  root  from  whence  16  confidered  as  the  fourth  Power  is  produced.  Again/(y)243 
fignifies  the  toot  from  whence  243  confidefd  as  the  fifth  Power  is  railed, which  Root  is 
And  if  you  pleafeyou  may  writevY  2)81  to  denote  the  Iquare  root  of'81,  to  wit,  9. 
Likewile  V(i)a  fignifies  the  Cubic  root  of  fome  number  or  quantity  reprefented 
by  a.  Alfo  VCjbc  fignifies  the  Biquadrate  root  of  the  Quantity  be. 

Sometimes  the  Radical  Sign  belongs  to  as  many  of  the  following  Quantities  as  have  a 
Line  drawn  over  them*  as  or,  V{2)  :b-\-c:  fignifies  the  Square  root  of  the 

fum  of  the  Quantities  b  and  c.  Likewife  V  :bb-c:  imports  the  Square  root  of  the 
Remainder  when  the  quantity,  c  is  fubtracled  from  the  Square  of  the  quantity  b . 
Which  Roots,  and  Inch  like,  are  called  Univerfal  Roots. 

Again,  d-Y  V:bb—  c :  fignifies  that  the  Quantity  c  is  firH  to  be  fubtra&ed  from  the 
Square  /i,  and  then  the  Squareroot  of  the  Remainder  is  to  beadded  to  rhe  quantity  L 
But  that  the  Learner  may  the  better  perceive  my  meaning  in  the  three  laft  Examples  con- 
cerning  Univerfal  Roots,  let  b  fignifie  4  *  bb,  16  ;  c,  12  ;  and*/,  23.  Then  V:l?-Yc} 
fignifies  V:  4+ 1 2 :  that  is,  V16,  to  wit,  4.  Alio  V:  bb  —  c :  fignifies  /:i6  — 12: 
that  is,  V4,  to  whg  2.  And  d-\-V:bb—c :  fignifies  22-V-2,  that  is,  29.  After  the 
fame  manner  the  Univerfal  Square  root  of  d+V:bb  —  c:  may  be  expreft  thus  5 

y .  fiji'-Virl/  — -  C~.  that  13,  y. 

XXIX  Four  points  fet  in  this  form  : :  are  always  in  the  middle  of  four  Geome¬ 
trical  Proportionals,  as,  for  Example,  thefe  four  Numbers  2 .4  ::  6 . 12  are  Geome¬ 
trical  Proportionals,  and  to.  be  read  thus  *  As  2  is  to  4,  fo  is  6  to  12  *  or,  (in  the 
Phrafe  of  The  Rule  oj  Three)  If  2  give  4,  then  6  will  give  1 2. 

In  like  manner  thefe  four  Quantities,  b.  d:\c.a  are  to  be  read  thus  •,  As  b  is  to  d, 
foe  to  a,  that  is,  look  what  proportion  b  has  to  d,  the  lame  proportion  has  c  to  a. 

Alfo'thele  lour  Quantities,  b  -yc  .d—a  :  :f.g  do  intimate  that  the  fum  of  b  and  c 
has  fuch  proportion  to  the  Excels  of  d  above  a,  as/ has  t0£.  The  like  is  be  un- 

derftood  of  others.  ... 

XXX.  This  Chara&er  ^  fet  at  the  end  of  three  or  more  Quantities,  imports  that 

they  are  Continual  Proportionals  Geometrical  •,  fo  by  '2 .4. 8. 16. 32- it  is  fignified. 
that  fuch  proportion  as  2  has  to  4,  the  lame  has  4  to  8,  8  to  16,  and  1 6  to  32. 
Likewile  by  thefe  a  .b.cY  you  are  to  underftand  that  the  quantity  a  has  the  lame 

proportion  to  the  quantity  Z>,  as  b  to  c.  < 

XXXI.  This  Character  =  is  the  fign  of  an  Equation  or  Equality,  and  imports  as 
much  as  the  Word  Equal  h  as  8+4  =  q-Y  5  fignifies  that  the  fum  of  8  and  4  is  equal 
to  the  fum  of  7  and  5.  Likewife  8  =  12—4  that  8  is  equal  to  12  lefs  4,  to  wit, 

the  excels  of  1 2  above  4.  .  . 

Again,  8  x  3  =  4X  6  denotes  the  Produ£t  of  8  multiplied  by  3  to.be  equal  to  the 

Produfl  of  4  into  6.  .. 

So  alfo  a~{-b=c-\-d  fignifies  that  the  fum  of  the  quantities  a  and  b  is  equal  to  the 

fum  of  the  quantities  c  and  d.  This  will  be  farther  explained  in  the XI.  Chapter. 

XXXII.  This  Chara&er  cr  Hands  for  the  Word  Greater,  viz.  it  fignifies  that  the 
Quantity  which  Hands  before,  that  is,  on  the  left  hand  of  the  faid  Charaaer  is  greater 
than  the  quantity  following  the  fitme  •,  lb  5  nruH  be  read  thus,  5  is  greater  than  4. 
Likewife a-Ybtrc  fignifies  that  the  Compound  quantity  a-Yb  is  greater  than  the  Sim¬ 
ple  quantity  c.  And  d  tra-Yc  fignifies  thatthe  quantity  d is  greater  than  a-Yc. 

XXX11I.  This  Charaaer  -a  fignifies  that  the  quantity  Handing  before  the  Chara¬ 
aer  is  lels  than  the  quantitv  following  the  lame  ^  as  4"-1  5  mult  be  read  thus,  4  is 
lei's  than  7.  Likewile,  aY-b'-nc-Yd  fignifies  that  the  compound  quantity  a-Yb  is  lels 

than  the  compound  quantity  c-y  d. 
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XXXIV.  Quantities,  whether  they  be  Simple  or  Compound,  which  are  expreft 
either  wholly  by  Letters,  or  partly  by  Letters  and  partly  by  Numbers  written  upon  one 
Line,  are  called  Algebraical  Integers,  or  whole  Quantities  }  as  thefe,  a,  ab,cd ff, 

,  aa\bb  ^ 

*+  3,  &c.  But  thefe  quantities,  — ,  — — ,  and  others  fb  written,  are  called 

.  C  CL  “j"  C  U 

Algebraical  Fractions,  becaule  each  of  them  like  a  Fra&ion  in  vulgar  Arithmetic 
confifts  of  a  Numerator  placed  above  a  Line,  and  a  Denominator  underneath. 


CHAP.  II. 

Addition  of  Algebraical  Integers. 

j.  A  Lgebraical  Addition  finds  out  the. Sum  or  Aggregate  of  two  or  more  Quan- 
tides  expreft  either  wholly  by  Letters,  or  partly  by  Letters  and  partly  by 
Numbers.  ..  .  *  \ 

^  II.  The  Operations  in  Algebraic  Addition  depend  principally  upon  a  diligent  ob- 
lervation  of  three  things,  viz. 

Firfi ,  You  muff  obferve  whether  the  Quantities  to  be  added  be  Like  or  Unlike. 

Like  Quantities  are  thole  which  are  expreft  by  the  lame  Letters  equally  repeated  in 
every  one  of  the  Quantities  *,  fuch  are  thele,  #,  s#,— -2#,  each  of  which  is  expreft  by 
the  lingle  letter#.  Alfo  thele  are  like  quantities,  3##,##, — 2##,  each  of  which  is 
expreft  by  a  double#,  to  wit,  Likcwife  thefe,  2 #£,?#£, — ab  are  called  Like  * 

quantities  becaufe  every  one  of  them  is  expreft  by  the  lame  Letters,  to  wit,  ab. 

Unlike  Quantities  are  thofe  which  are  expreft  by  different  Letters,  orelfeby  the  lame 
letters  unequally  repeated  *  as,  for  Example,  £and  care  unlike  quantities,  becaule  they 
are  expreft  by  different  letters  5  alfo  2#fcand  2#^ are  unlike  quantities,  becaule  the  let¬ 
ter  c  is  in  the  one, but  not  in  the  other.  Again,#  and  ##  are  unlike  quantities, in  regard 
the  letter  #  is  not  equally  repeated  in  both.  The  like  is  to  be  underftood  of  others. 

Secondly ,  You  muft  oblerve  whether  the  Signs  (to  wit, -f  and — )  belonging  to  like 
quantities  given  to  be  added  be  Like  or  Unlike :  As,  for  Example,  thele  quantities  +  2* 
and  -l-  3#  have  like  ligns,  the  fame  lign  +  being  prefixt  before  each  quantity.  Allb 
thele  quantities,— ‘2#  and — 3#  have  like  ligns,  the  fame  lign  —  being  prefixt  to  each 
quantity ;  but  thefe  quantities  4-2#  and  — 3#  have  unlike  or  different  ligns  prefixt. 

Thirdly ,  The  Numbers  prefixed  before  the  Letters  muft  be  diligently  oblerved,  for 
their  fum  or  difference  will  be  concern’d  in  Algebraical  Addition,  as  will  be  manifeft 
by  the  following  Rules. 

III.  When  two  or  more  fimple  Algebraical  Integers  (or  whole  quantities )  propos’d 
to  be  added  or  collected  into  one  Sum  are  like,  and  have  like  ligns,  Firfi:  colledf  the 
numbers  prefixt  into  one  Sum  *  then  to  that  Sum  annex  the  letter  or  letters  by  which 
any  one  of  the  quantities  propos’d  is  expreft ;  laftly,  prefix  the  given  lign  whether  it 

be  -F  or  — ,  fo  lhall  this  new  quantity  be  the  Sum  defired.  As, 
Add  -f  1  a  for  Example,  if  it  be  defired  to  add  #  to  #,  or  -4-  1#  to 
a  t#-j-  1#  -F  i«,  the  Sum  will  be  2#  or  +2#^  for  (according  to  the 

Sum  2#  Rule)  the  Sum  of  the  prefixed  Numbers  1  and  1  is  2,  to 

which  I  annex  #  and  prefix  4-  (or  imagine  it  to  be  prefixed,) 
fo  2 a  or  4-  2a  is  the  Sum  defired. 

In  like  manner,  if  to — 2  b  you  would  add  —  fc,  the  Sum  will  be  — 3  b.  For  the 

numbers  prefixt  are  2  and  1,  which  added  together  make  3, 
to  which  annexing  Z>,  and  prefixing  the  given  lign  — ,  there 
ariles  —3 bt  the  Sum  defired. 


Morsi 
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Addition  in  Algebraic  Integers . 


More  Examples  of  the  Rule  of  Addition  in  the  foregoing  Se£h  Ilf; 


To  be  added, 

5* 

3* 

—  5  aa 

—  2  aa 

. 

“F  7  ab 

4*  13  ab 

The  Sum, 

da 

—  7  aa 

i  ft-  20 ab 

ac 

•  — •  3  bed 

+  3<*J 

To  be  added,  < 

2  ac 

—  bed 

+  2^5 

L 

7,ac 

—  6  bed 

4- 

The  Sum, 

6ac 

—  iobed 

1  +  12  a* 

IV.  When  two  fimple  Quantities  propos’d  to  be  added  together  be  like,  and  have 
equal  Numbers  prefix'd,  but  unlike  or  contrary  Signs,  the  Sum  will  be  o,  or  nothing  5 
for  the  affirmative  Quantity  will  deftroy  or  extinguifli  the 
Negative  •  As  for  Example,  if  it  be  required  to  add  c,  or  -f-c, 
to  — c,  the  Sum  will  be  o$  to  wit,  nothing.  For  fuppofing  Add, 

— c,  or  —  ic  to  be  a  Debt  of  one  Crown  that  I  owe  $  and 
-fc,  or  4~ic  to  be  one  Crown  in  my  Purfe,  it  is  evident  that  Sum, 
one  Crown  in  ready  Money  will  difcharge  or  ftrike  off  a  Debt  of 
one  Crown  ^  and  fo  that  Debt  and  Credit  being  added  or  compared  together,  thfc 
Sum  amounts  to  o. 

In  like  manner,  if  it  be  defired  to  add  — 6  l.  to  -\-6  l.  the  Sum  will  be  o  5  for 
if  my  whole  Eltatebe  worth  but  £  Pounds,  and.  I  owe  a  Debt 
of  6  Pounds,  it  is  manifeft  that  my  clear  Eftate  is  worth  or  Add, 
amounts  to  juft  nothing. 

Sum, 

More  Examples  of  the  Rule  of  Addition  in  the  preceding  Se&.-IV. 


To  be  added,  j  + 

—  5  abc 

4-  5 abc 

-j-  7  ddd 

—  7  ddd 

The  Sum,  0 

.  .  ■ 

0 

— - > 

1  0 

V.  When  two  fimple  Quantities  propos’d  to  be  added  together  be  like,  but  their 
Signs  unlike,  and  the  prefixed  Numbers  unequal  between  themlelves^  firft  fubtra£l 
the  leffer  Number  prefixed  from  the  greater,  then  to  the  Remainder  annex  the  Letter 
or  Letters  by  which  either  of  the  Quantities  propofed  is  expreft  ;  laftly,  before  the 
faid  Remainder  fet  the  Sign  which  ftands  before  the  greater  Number  prefix’d,  fo  fiiall 
this  new  Quantity  be  the  Sum  defired. 

As  for  Example,  if  it  be  defired  to  add  - — 2a  to  C  -p  30 

4-^30,  the  Sum  will  be  a.  For  firft  Subtracting  2  Add,  <  — 2 'a 

from  3  the  Remainder  is  1,  to  which  annexing  a  and  £ - - — *- 

prefixing  ft-  (becaufe  -f  belongs  to  that  Quantity  Sum,  4-  ia,  or,  \  a 
which  has  the  greater  Number  prefix’d^  there  arifes  -fitf,  or  -\-a  for  the  Sum' 
fought. 

Again,  to  add  -\-b  to  — 3  £,  I  fubtraSl  1  the  leffer 
Number  prefix’d,  from  3  the  greater,*  and  to  the  C  —  3 h 

Remainder  2  annexing  b  and  prefixing — ,  (  becaule  Add,  <  b 

—  belongs  to  3^  whofe  prefix’d  Number  3  is  greater  £ - 

than  that  of  -\-b  or  -\-ib  )\  find  — 2 b  for  the  Sum,  —  2 b 
Sum  defiredv 

Thus  you  fee  that  this  laftRule  of  Addition  is  performed  bySubtra&ion,and  may  eafilv 
‘  be  underftood  under  the  Notion  of  difcharging  or  paying  oft  a  Debt,  or  at  leaft  part  of  a 
Debt  by  fo  much  ready  Money  or  Credit, and  then  obferving  what  Debt  remains  unpaid, 
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or  what  Money  or  Credit  remains  as  an  overplus  :  So  in  the  firft  of  the  two  laft  Ex¬ 
amples,  you  may  conceive  4-3<*  to  be  three  Pounds  in  ready  Cafh,  and  — 2 a  to 
be  a  Debt  of  two  Pounds  •,  then  comparing  the  laid  ready  Money  and  Debt  toge¬ 
ther,  you  will  find  by  Subtraction  that  the  clear  Money  remaining  after  the  Debt 
is  pay'd,  will  be  one  Pound,  to  wit,  4-1 a  or  a  which  is  the  Sum  of  the  Quantities 
4-3#  and  — 2 a.  Likewife  in  the  latter  Example,  if  — 3 b  be  conceived  to  repre- 
lent  a  Debt  of  three  Pounds,  and  -\-b  or  -f  1  b  one  Pound  in  ready  Money  ^  his 
evident  that  this  will  ftrike  off  one  Pound  of  that  Debt,  and  fo  the  Debt  remaining 
will  be  two  Pounds,  to  wit,  * — 2 by  which  is  the  Sum  of  — 3 b  and  4  b.  . 


More  Examples  of  the  Rule  of  Addition  in  the  preceding  Sed.  V. 


To  be  added, 

4-  6abcd 
—  4  abed 

—  8/4 

4-  a/4 

The  Sum,  —  2 aa 

4-  2 abed 

1 

VI.  When  three  or  more  fimple  Quantity 
Unlike  Signs  *  Firft,  (by  the  Rule  in  Sell.  ] 
quantities  into  one  Sum,  and  the  Negative  q 
or  V.)  add  thole  two  Sums  into  one,  fo  thi: 

As,  for  Example,  If  the  Sum  of  thele  j 
defired  ♦,  Firft,  (by  Se3.  III.)  the  Sum  of  -ja 
and  —50  is  — 8 ay  laftly  (by  Sett.  V.)  4- 
which  is  the  Sum  defired. 

•  '  '  '  •  '  ' 

More  Examples  of  the  Rule 

c  +  ^ 

To  be  added,  <  4*  3a 

£  —  8a 

:s  propos’d  to  l 
II.  of  this  Gb<\ 
uantities  into  a 
>  laft  Sum  lhal] 
?our  Quantitie 
and  2  a  is  4~f 
90  added  to  — 

of  Addition  in 

—  ibe 

4-  iba 

—  4  be 

>e  added  be  like,  but  have 
?.)  colled  the  Affirmative 
nother  5  then  (by  Sell.  IV. 
be  that  which  is  fought, 
s,  70,  20,  — 3 a,  — 50  be 
?0 ;  alfo  the  Sum  of  — 3 a 
80  makes  4-  a,  that  is,  0, 

Sc£h  vr. 

/ 

4"  4  d* 

4“  ?>ds 

-  Sds  r 

The  Sum,  0 

—  3  be 

4“  2  d"* 

r  4"  fee 

-  '  To  be  added,  <  +  2ee 

J  —  ee 

—  qee 

+  111 

4-  4 ggbb 

—  3 ggbb 
.  4*  2 ggbb 

—  ggbb 

The  Sum,  4-  2ee 

-fff 

4-  2 ggbb 

VII.  When  two  or  more  Simple  quantities  given  to  be  added  be  unlike,  write  them 
down  one  after  another  without  altering  their  Signs ;  as,  if  the  Number  ( or  Line)  a  be 
to  be  added  to  the  Number  ( or  Line)  b-y  I  write  a-\-b ,  or,  b-\-a  for  the  Sum. 

In  like  manner  the  Sum  of  thefe  Quantities,  0,  by  cy  may  be  written  thus,  H 
He  >  or  thus,  s  or  thus,  b+a+c. 

More  Examples  of  the  Rule  of  Addition  in  Se£h  VIL 


+  ?« 

4-  act 

4-  2d 

—  bb 

The  Sum,  3H 2&\  4-  act—*bb 


Again, 


t 


CHAP.  2. 


Algebraic  Integers. 


The  Sum, 


Again, 

4  ab 

4  5  ddd 

—  ac 

—  idd 

4  ad 

- —  4  d 

4  ab—ac-{-ad 

4  'yddd — %dd- — 4 d 

Addition  of  Compound  Algebraical  Integers . 

VIII.  The  Addition  of  Compound  whole  Quantities  may  eafily  be  difpatch’d  by 
the  help  of  the  Rules  in  the  preceding  Settiom  of  this  Chapter ,  as  will  appear  by  the 
following  Examples. 

Firft  then.  If  this  Compound  quantity  a\b  be  to  be  added  to  a\  2&,  their  Sum 
is  a\b\a- f  2^,  that  is  2 for  a+a  makes  2 ah  and  -\-b-\-2b  makes  4?£. 

Again,  The  Sum  of  thele  two  Compound  quantities  3^4?*  and  2b— 2a  is 
— 2  <*,  that  is,  5^+3^  >  for  ib-\-2b  makes  5  b  •,  and  (by  Sell. 
V.  )  45a — 2a  makes  4 -3«. 

Likewife,  The  Sum  of  thele  two  Compound  quantities  $ec-\-2f—  8  and  %ee- — 
2/46  will  be  found  8^4/— *2:  For  $ee  added  to  %ee  makes  See  ^  alfo43/ 
added  to  — 2/  gives  4/3  and  — 8  added  to  46  makes  — 2. 

After  the  fame  manner,  3 a — 8  added  to  10 — a  makes  2042  *  (  for  43<* 
added  to  — a  makes  4^,  and  — 8  added  to  4 10  gives  42.) 

Again,  The  Sum  of  thefe  two  Compound  quantities  a+b  and  c — d  is  a\b\c — <7, 
which  Sum  admits  of  no  Contra&ion,  in  regard  all  the  Simple  quantities  are  unlike. 

More  Examples  of  the  Addition  of  Compound  whole  Quantities . 


To  be  added,  *  —  b 


aa  4  20  — •  3 
aa  4  a  —  6 


The  Sum, 

2  a  1 

2aa  4  —  9 

1  r 

To  be  added, 

\  ‘iff**  t  •  ’  '  -  r  •.  O 

T  aa  *— >  2ah 

"X  eta  4  db 

t  /  -  ‘  "* 

4c  —  i  4  5 
—  4c  4  2^  —  2 

The  Sum, 

2  aa  —  ab 

>  -t- 1 

Cl!  • 

To  be  added, 

5  2^4 

X  —  w  4  $ef 

/I  Jr  l  ,  ..  ,  .  ' 

r  4*  -  flfe  4  6 

4  3<*bc  —  6 

The  Sum, 

V  •  J  ‘  '  ‘ 

—  ee  4  — 

-// 

4  2abc 

C  —aaa  4  2  hba 

aa*—  5a  4  24 

To  be  added. 

<  Baaa  4  4  bba 

aa  4  0  —  17 

C  6  aaa- — 6bba 

—2aa  4  2a  4  12 

The  Sum, 

I  7,  aaa 

—  2«  4  19 

C  a  b 

4  24 

To  be  added,  <.c  d 

—  2^  +  40 

le  +  f  . ■ 

6h*  —  64 

The  Sum,  a b c—d-\- e-\-f 

9^3,  or,  9^& 

B  2 
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CHAP.  III. 

.  \ 

t 

Subtraction  in  Algebraic  Integers , 

I.  '  A  tgebraical  SubtraBion  takes  one  Quantity,  whether  it  be  exprefs’d  by  a  Letter' 
*  or  Letters,  or  partly  by  Letters  and  partly  by  Number,  out  of,  or  from  an¬ 
ther,  in  fuch  manner,  that  if  the  Remainder  be  added  (  according  to  the  Rules  of 
Algebraic  Addition  )  to  the  Quantity  fubtraCted,  the  Sum  will  be  always  equal  to 
the  faid  other  Quantity. 

II.  a  general  Rule  to  find  out  the  Remainder  in  all  cafes  of  Algebraical  Subtracti¬ 
on  is  this  :  Firft,  joyn  both  the  given  Quantities  together,  by  writing  one  after  the 
other-,  but  with  this  caution,  that  every  Sign  of  the  Quantity  given  to  be  fubtraCted, 
be  ever  changed  into  the  contrary  Sign,  viz.  4-  into  —  and  —  into  4-  $  then  lhall 
the  Sum  of  both  Quantities  fo  connected  be  the  Remainder  fought,  which  is  to  be 
contracted  (  when  it  may  be  done  )  into  the  fewelt  and  fmalleft  Terms,  by  the 
Rules  of  Algebraical  Addition. 

As  for  Example,  If  from  %a  it  be  defired  to  fubtraCl  3 a,  firft,  I  write  down  ja, 

then  next  after  the  lame  I  write  — 30  ;  (  where 
obferve,  that  according  to  the  Rule  above  given 
I  change  -f,  the  Sign  belonging  to  3 a  the  Quan-, 
tity  given  to  be  fubtraCted,  into — ,)  lb  there 
arifes  50—3  a,  which  being  contracted  (  by  the 
Rule  ot  Addition  in  Se&.  V.  Chap.  II.  )  makes 
2a  the  Remainder  fought. 


Out  of 
Subtract 


3  * 

—3* 


2  a 


Remainder, 

Remainder  *> 

contracted,  y 

Likewife,  if  from  3*  it  be  defired  to  fubtraCl  —  2 b,  I  firft  write  down  3^,  and  next 


Out  of  4~3^ 
Subtract  — 2  b 


Remainder, 
Remainder  \  ^ 

contracted,! 


after  the  fame  I  write  4-2 by  fo  3^+2^,  that  is, 
$b  is  the  Remainder  fought;  where  obferve  (  as 
before)  that  I  change  the  Sign  — ,  which  belongs 
to  2 b  the  Quantity  propos’d,  to  be  taken  out  of  3^ 
into  the  contrary  Sign  4* .  But  that  the  faid  $b  is 
a  true  Remainder,  we  may  prove  by  Addition  * 
fob  4-  $b  added  to  — ib  the  Quantity  fubtraCted, 


makes  4-3^,  which  is  the  Quantity  out  of  which  the  faid  —2 b  was  fubtraCted. 

Moreover,  if  a  be  to  be  fubtraCted  from  the  Remainder  will  be  a — 0,  that  is, 
o  or  nothing.  And  if  from  2 b  there  be  fubtraCted  — 4^,  the  Remainder  will  be  2 b 
4-4^,  that  is,  6bi  - —  - - 

Likewife,  if  from  — 2 m  it  be  required  to  fubtraCl  — »/,  the  Remainder  will  be 
found  — that  is,  —m.  In  every  one  of  which  Examples  you  may  obferve 
that  the  Sign  of  the  Quantity  propos’d  to  be  fubtraCted  is  changed  into  the  contrary  Sign.* 

Again,  if  from  2k,  it  be  defired  to  fubtraCl  lab,  the  Remainder  will  be  2 be — 2 ab 

which,  becaufe  it  confifts  of  unlike  Quantities, 
.Cannot  be  contracted  into  fewer  or  lelfer  Terms, 
by  any  of  the  Rules  of  Algebraical  Addition, 
But  according  to  the  definition  of  Subtraction, 
the  laid  2 be  —l^ab  is  a  true  Remainder,  for  if  it 


Out  of 
Subtract 

Remainder, 


10  c 
2  ab 


2  fa  —  2  ab 


be  added  to  2ab  the  Qpantity  fubtraCted,  the  Sum  is  2bc,  which  is  the  Quantity  out 
of  which  the  laid  2ab  was  fubtraCted.^  ' 

More  Examples  of  Sul  tr allion  in  Simple  Algebraic  Integers , 

Out  of 
Subtract 


Remainder  \ 
contracted,  $ 


2  b 

4-3C 

— 2  n 

•v  b 
\  ! 

—  c 

—  n 

r  .  •  *  *■ 

2  b —  b 

4"  3 C  4 -c 

— 2  n  4*  w 

1 

}  * 

+4= 

~K 

S  ‘ 


Again,’ 
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Again, 


Out  of 
Subtraa 

—  2d 
— 10  d 

—  a 

-1-  a 

Remainder, 

Remainder 

contraaed, 

ia—$a 

—2  a 

— 8  d+  10  d 

A-  2d 

1  1 

M  - 

_ •!_«_ - 

—  a  —  d 

- 2d 

Out  of 
Subtraa 

—  bed 

—  bed 

—  4  rs 

A-  $rs 

-+-  4  abc 
—  abc 

Remainder, 

Remainder 

contraaed, 

—  bed  -+•  bed 
}  0 

—  4  rs  — 9^ 

.  —  I  in 

A-  4  abc  4-  abc 

A-  $abc 

From 

Subtraa 

T  d 

e 

—  lb 

—  3  a 

v~  1 

—la 

Remainder, 

d —  e 

—  2b  -¥ia 

A-  a3  -t-ia 

From 

Subtraa 

8  bbd 

7  bbb 

~  T 

4-  label 

_  __ 

—  7  act 

Remainder, 

2bbd  —  7  bbb  | 

A-  labed  A-  7 aa 

Nor  will  the  Operation  be  otherwife  in  the  Subtra&ion  of  Compound  Algebraic  Inte¬ 
gers  ^  as  for  Example,  if  from  this  Compound  quantity  ia\2b,  it  be  defired  to 
fubtraa  a+ib.  Firft  I  write  down  30  From  2a+ib 
4-  ib,  then  next  after  the  fame  I  write  stohtrnfr  a  4-  2b 
-ib,  where  obferve,  that  the  Sign  4-  .  5nbtratt  . 

which  belongs  to  a  and  alfo  tO|Mn  the  Rema;ndcr  %a  +  ^b—a—^b  ' ' 

Quantity  propos  d  to  be  fubtraaed,  is  y 

changed  into  the  contrary  Sign  —  ( ac-  contmn.ed  \  2a— b 
cording  to  the  Rule  of  Subtraction  before  5 

given-,  (  fo  the  Remainder  fought  is  ia-\-2b — a—ib,  that  is,  2  a—b,  (  by 
Sea.  V.  Chap.  II.  ) 

Again,  If  from  2  a'-\-b,  it  be  defired  to  fubtraa  $a—6b,  the  Remainder  will  be 
2a-^b—^a^\-6b,  that  is,  7 b—ia  for 
(  according  to  the  Rule  of  Algebraical 
Subtraaion)  I  joyn  together  the  two  given 
Quantities,  changing  only  the  Signs  of 
.^-5* — 6b  ( the  Quantity  to  be  Subtra- 
aed)  into  the  contrary  Signs, ,  fo  there 
ariles  2  a-\-k — ^d-\-6b  which  con- 


Out  of  2 a  b 

Subtraa  $a  —6b 


Remainder,  2 a  -\-b — $a-\-6b 

Remainder  7  »  , 

contracted,  )  7  5 


From 

Subtraa 


ci  -\-b 
c—d 


UJLilWO  jL  i*  ^  V  Y  rr**A^*A 

traaed  (■  by  the  Rules  pf  Addition  in  Se&AW.  and  V.  of  Chap.  II.  )  make  7 b— 
3a,  which  is  the  Remainder  fought,  as  will  eafily  appear  by  the  Proof 

Likewife,  to  fubtraa  c—d  from  a+b,  I  change  the  Signs  of  c — d  into  the  com 
trary  Signs,  viz.  inltead  of  c — d,  I  take 
—c\d,  which  added  to  a\b  makes 
a-\-b — c-t-di  which  becaule  it  confifts 
altogether  of  unlike  Quantities, cannot  be 
contraaedinto  fewer  Terms,  and  there¬ 
fore  the  faid  a-\-b—c-\-d  is  the  Remainder  fought, 
by  fubtraCting  c — d  from  a\b. 

After  the  fame  manner,  cd\i6  fubtraaed  from  iaa\bc\2\  leaves  iaa+ 
bc A-  2^—cd — 1 6,  that  is,  3 aa\  bc—cd—  1 2. 


Remainder,  a  -\~b — c-\-d 

to  wit,  that  which  ariles 


rr 

.  i 


rv 


More 


*4 
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More  Examples  of  SultraEion  in  Compound  Algelrak  Integers. 


Out  of  a  +  b 

Subtract  a  —  b 

?c  —  8 

0+  $ 

I 

Remainder,  a  4-  b  —  a  4-  b 

Remainder  7  , 

conuafted,  f  +  2b 

1  1! u — y 

3  c  —  8  —  c  — -  5 

2C  —  1 3 

Out  of  $a  —  4 b 

Subtract  3^—3^ 

29, 

—  3«+  7 

Remainder,  5  a  —  4*  3^ 

Remainder)  , 

contracted, ) 

29s  4r  3*  —  7 

322  —  7 

Out  of  act  -f  2 ba  -f  bb 

Subtract  4-  4 ba 

—  2  cd  4*  6 

4r  cd  —  2 

Remainder,  aa  -f  2 ba  -f  bb  —  4 ba 
contrafted, f  «- +  » 

—  2  cd  4 -6  —  cd  4*  2 
.  7  —  ?cd  4-  8 

Out  of  4-  27 

Subtraft  —  8  +  3«s 

3  aa  4-  6 
—  3  dd 

Remainder,  $  **  4-  274-  8  —  3*3 

Remainder) 

contrafted,  S’  225  +  » 

3  aa  4r  d  4"  3  dd 

.  '  v  N 

•j  •  ;t inert.  ; 

_ ^  r  fs  .. 

From  a\  b 
t  Subtract  c  —  d 

aa  —  bb 
—  cc  4"  dd 

Remainder,  a  4-  b  —  c  4-  d 

aa  —  bb  4"  cc  —  dd 

’  O.v  *  4  •  . 

III.  The  realon  of*  changing  the  Signs  of  the  Quantity  to  be  fubtraCted  into  their 
contraries,  to  wit  4-  imo  — ,  and  —  into  -f  (  according  to  the  Rule  before  given) 
will  be  mamfeft  from  a  ferious  Confideration  of  the  definition  of  Subtraction,  which 
requires  that,  the  Sum  of  the  Quantity  fubtraCted  and  the  Remainder  be  equal  to  the 
quantity  from  which  the  Subtraction  is  made  :  forfirft,  (according  to  the  faid  Rule) 
the  Remainder  is  always  compos’d  of  both  the  quantities  propos’d  for  Subtraction, 
with  this  Caution, that  the  Signs  -f  and* —  in  the  quantity  to  be  Subtracted  be  chang¬ 
ed  into  tfip  contrary  Signs  ^  Secondly,  (according  to  Algebraical  Addition)  the 
quantity  to  be  fubtraCted  with  its  own  figns  being  added  to  if  felf  with  contrary  figns, 
will  deftroy  or  extinguifb  it  felf ;  therefore  the  Sum  of  the  Remainder  and  the  Quan¬ 
tity  to  be  SubtraCfed  will  neceffarily  be  equal  to  the  Quantity  from  which  the  Sub¬ 
traction  was  made  :  And  therefore  the  certainty  of  the  laid  Rule  of  Algebraical 
Subtraction,  and  the  Realon  of  changing  the  Signs  of  the  Quantity  to  be  fubtraCted 
into  their  contraries,  to  wit,  -f  into  — ,  and  —  into  -f,  is  manifeft:  So  if  from 
a-\-b  there  be  fubtraCted  a — b ,  the  Remainder  (  according  to  the  Rule  of  Alge¬ 
braical  Subtraction  before  given  )  will  be  a\ b — a-\-b^  to  which  if  a*~b  (  the 
quantity  fubtraCted  )  be  added,  it  is  evident  that  a — b  will  deftroy  — a-\-b ,  and 
16  the  Sum  will  be  to  wit,  the  quantity  from  which  a—b  was  fubtraCted. 

CHAP, 


CH4P.  4- 


Algebraic  Integers. 


CHAP.  .IV. 

Multiplication  in  Algebraic  Integers. 

I.  A  Lgebnical  Multiplication  does  by  two  Quantities,  whether  they  be  expreft’d  bit 
JT\  Letters  wholly,  or  partly  by  Letters  and  partly  bv  Numbers  find  n7„  , 
third  Quantity,  which  is  called  the  Produfl,  the  Faff,  or  the  Rectangle 
The  Quantities  given  to  be  multiplied  one  by  the  other  are  called  Faftors  ■  or  /as 

tn  vulgar  Anthmetic)  either  of  them  may  be  called  the  Multiplicand,  and  the  other 
the  Multiplicator  or  Multiplier.  5 

... 11  Whf"  ™°  {  ,or..  fing‘e  )  Quantities  exprefs’d  by  Letters,  whether 

like  or  unlike,  be  to  be  multiplied  by  one  another,  and  have  no  Numbers  prefix’d 
to  them,  join  the  Letters  of  both  Quantities  together,  like  Letters  in  a  Word  it 
matters  not  in  what  order  they  be  written  5  then  the  new  Quantity  reprefented’by 
the  Letters  fo  fet  together  is  the  Produft  fought.  y  F  ' 

As  for  Example,  If  the  Number  or  Line  a  “be  to  be  multiplied  by  it  felf,  to  wit, 
by  a  I  write  aa  for  the  Produft:  So  a  fo  to  multiply  abyb,\  write  ab  or  ba  fo 

the  Produft;  in  like  manner  if  I  would  multiply  ah  by  be ,  I  write  abebe,  or  abbcc 
or  accbb,  Uc.  for  the  Produft.  .  5  5 

And  if  a,  b,  and  e. be  to  be  multiplied  one  into  another;  firft  «  multiplied  by 
b  produces  then  ab  multiplied  by  c  produces  abc,  or  bac,  or  bca,  to  wit,  the 
Produtt  made  by  the  continual  Multiplication  of  the  three  (Quantities  a-  b  and  c 
Again,  if  aa  be  to  be  multiplied  by  6a,  die  Product  will  -  be  aaab  •  which  rm\r 
alfo  be  written  thus,  mb-,  where  the  Learner  muft  diligently  note  that  the  Figure  5 
which  Hands  next  after  but  a  little  higher  than  mult  not  be  taken  as  a  Numhet 
prefix’d  to  but  as  an  Index  to  fhew  the  number  of  Dimenfions  in  0r  aaa 
before  has  been  faid  in  SeB.  XVI.  and  XVII.  Chap.  I.  )  5  5  ' as 

Likewife  if  aaa  he  to  be  multiplied  by  a**,  or  ai  by  the  Produfl  will  be 
aaaaaa,  or  a%  in  which  latter  way  of  expreffing  the  Produft,  the  Index  6  Handing 

at  the  Head  of  a  is  the  bum  of  3  and  3  the  Indices  of  the  Quantities  as  and  as 
proposd  to  be  multiplied. 

So  the  Produft  made  by  the  Multiplication  of  bibb  by  bib  or  b*  by  H  will  he 
blblllb,  or  47  (  -j  being  the  Sum  of  the  Indices  4  and  g.) .  ’ 

Likewifeifthefe  three  Quantities  be  to  be  multiplied  continually,  to  wit,  aaaaa, 
bibb  and  ccc,  the  Product  may  be  exprefs’d  thus,  aaaaallllccc,  or  compendioufly 
thus,  awes :  and  fo  of  others.  1 


More  Examples  of  Multiplication  in  fmplc  Algebraic  Integers  according 

to  the  preceding  Sedl.  II. 


Multiplicand, 

b 

d 

ac 

ccc 

Multiplicator, 

c 

. 

d 

d 

cc 

Product, 

be 

dd 

acd 

ccccc 

Multiplicand, 

aabc 

def 

aabbcc 

Multiplicator, 

bca 

abc 

aabbcc 

Produttj 

aaabbcc 

abedef 

a+b*c* 

III.  If  two  fimple  Quantities, whether  like  or  unlike, having  Numbers  prefix’d  before 
them  be  to  be  multiplied  one  by  the  other  *  firft  multiply  the  Numbers  prefix’d,  one 
into  the  other,  then  to  this  Product  annex  the  Letters  of  both  Quant  ities,  by  fetting  them 

immediate- 


mmrn 
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immediately  one  after  another,  ( as  before  in  Se8.  II.  )  fo  this  new  Quantity  (hall  be 
the  Product  fought. 

As,  for  Example,  if  it  be  defired  to  multiply  2 a  by  3&-,  firlt  I  multiply  2  by  3, 

and  rhe  Produft:  is  6  ;  to  which  annexing  ab,  (  to  wit* 
2a  ’  the  Letters  found  in  both  Quantities  given  to  be  multi* 

3*  plyed)  there  ariles  6ab  the  Product  fought ^  which 

Thews  that  iix  times  the  Produft  of  the  Multiplication 
of  any  two  Numbers,  or  Right-lines,  a  and  £,  is  equal 


Multiply 

by 

Product, 


6ab 


~\ 


to  the  ProduH  made  by  the  Multiplication  of  the  Double  of  a  by  the  Triple  of  b. 

In  like  manner,  if  2 b  be  multiplyed  be  c  the  Produft  will  be  2 fc,  or  2 cb^  for  2 

,  >  Which  is  prefix’d  to  b  in  the  Multiplicand,  being 

multiplied  by  1,  which  is  fuppos’d  to  be  prefix’d  to 


Multiply 


by 
Product, 


2  be 


the  Multiplier  c,  makes  2,  to  which  annexing  be , 
there  is  found  2 be  for  the  Product  fought. 


More  Examples  of  Multiplication  in  Simple  Algebraic  Integers , 

according  to  Seft.  I  IT. 


Multiply  4  b 

12  ac 

by  2  a 

3* 

dgh 

Produtt,  Sab  \ 

3 6accL 

Sdfggh 

Multiply 

aaa 

3 

1 6aab 

by 

3  bbb 

b* 

4 

ProduH, 

3 aaabbb 

3^3^3 

6\aab 

IV.  The  Multiplication  oFCompound  quantities  depends  upon  the  precedent  Rules 
of  multiplying  fimple  quantities  *  for  when  a  Compound  quantity  is  to  be  multiplied 
by  a  fimple  (or  fingle)  quantity,  every  Member  of  that  muff  be  multiplied  by  this  * 
alfo,  when  two  compound  quantities  are  to  be  mutually  multiplied,  every  Member 
of  the  one  muff  be  multiplied  into  every  Member  of  the  other.  It  matters  not  whe¬ 
ther  you  begin  to  multiply  at  the  tight  Hand  or  the  left,  nor  in  what  order  the  parti¬ 
cular  Produtts  be  fet  •,  (for  quantities  exprefs’d  by  Letters  retain  their  peculiar  and 
unaltered  values  wherefoever  they  ftand  •,)  but  due  regard  muft  be  had  to  the  Signs  4- 
and— ,  one  of  which  always  belongs  to  every  particular  Produft,  and  may  be  difeo- 
vered  by  this  Rule,  viz.  4-  multiplied  by  +,  or  —  by  — ,  makes  4-  in  the  Produft^ 
but  4-  multiplied  by — ,  or — by  4-,  makes — in  the  Produfl:  *  laftly,  all  the  particu¬ 
lar  Products  added  together  (according  to  the  Rules  in  the  preceding  Chap.  2.)  make 
the  total  ProduH  fought :  All  which  will  be  made  manifeft  by  the  following  Examples. 

Firft,  if  a  Compound  quantity,  as  a\b ,  be  to  be  multiplied  by  a  fimple  quantity. 


Multiply 

by 


ci  4*  b 


Produft,  ac  4"  be 


as  c,  I  begin  at  the  left  Hand,  and  multiplying  ~\-a 
by  4 -c  the  Produfl:  is  -\-ac,  (  for  4-  multiplied 
by  gives  4"  s  )  likewife  4 -b  multiplied  by  4 -c 
produces  -\-bc-,  which  two  Produfts  added  toge¬ 
ther  make  ac-\-bc,  which  is  the  Product  of  the 


a 


Multiplication  of  a  -{-b  by  c. 

So  if  a — b  be  to  be  multiplied  by  c,  the  Produ£t  will  be  ac — be.  For  4 -a 

f  multiplied  by  4 -c  produces  -\-ac  f  and  — b 

multiplied  by  -fc  produces  — be  *  (for  accord - 
ing  to  the  Rule,  —  multiplied  by  4-  gives  —  : ) 
Therefore  4 -ac—bc  or  ac — be  is  the  Product 
fought. 


Multiply 

by 


After 


Produfl,  ac  —  be 


CHAP.  4-  Algebraic  Integers . 

After  the  lame  manner,  if  it  be  defired  to 
multiply  a-yb  by  c-\-d ,  the  Product  will  Multiply  a-\-b 

be  found  ac-ybc-yad-ybd.  For,  firft  a-yb  by  c~yd 

being  multiplied  by  c,(as  in  the  firftExample)  ~~~y^j~j, — 

produces  -\-ac-ybch  likewile  a-yb  again 

multiplied  by  J,  produces  -yad-yb  *,  then  Pr  ,  a - i - 

adding  thole  Produ£ts  together,  the  Sum  is  rroauLf>  -bac-ybc-yad-y bd 
oc+bc+ad+bd,  which  is  the  required  ftodnft  of  ^multiplied  b  ,  . 

Again,  if  a — b  be  multiplied  by  c — d  the  Prodn/4  mill  V  y  i*'. 

For  Firft’  a-b  multiplied  by  e  produces  ™  Wl11  be  i 

ac—bc ,  (as  in  the  lalt  Example  but  one  5)  Multiply  a — i 

then  a — b  again  multiplied  by  — d  pro-  by  c — d 

duces  — ad-ybdh  (for  according  to  the  Rule,  p  j  o  - - - 

-ya  multiplied  by  —d  produces  — ad  irodutbi  « — be — ad-ybd 

Likewile,  if  a-yb  be  multiplied  by  a—b,  *  y  * 

the  Produff  will  be  aa+bb :  For  firft,  a-yb  Multiply  aA-b 

multiplied  by  a  produces  aa-yba^  then0-f£  by  <Z-h 

multiplied  by  — b  produces  — ba — bb ;  laft-  _ __ 

ly,  the  faid  Produffs  aa-yba  and  —ba—bb  ,  h  5 

added  together  make  aa—bb  h  (for  4  ba  and  ‘  ~t"  ?  , , 

• — ba  by  Addition  do  quite  vanilh  0  There-  _  ™ 

fore  aa—bb  is  the  Produff  of  a-yb  multi-  Produff  hh 

plied  by  a— b.  5  ~~0l) 

Moreover,  if  aa—ab-ybb  be  multipl>ed  by  ^  the  piodufi-  win  i 
-ybbb  h  for  the  reft  of  the  particular  Produfts  will  vanilh  by  Addition  0n  y  aaa 

And  it  a-yb  be  multiplied  by  it  felf,  to  wit,  by  a-yb,  the  Produft  will  be  aa^ 
lab-ybb ,  which  is  the  Square  of  a-yb.  111  De 

Likewife  the  Square  of  a — b  will  be  found  aa—2ab-ybb 

being  had  to  the  Third  Sett,  of  this  Chap.  Multiply  oa—  ?e 

as,  for  Example,  to  multiply  3 a—2e  by  Z> 

by  30—20*  Firft,  30—20  multiplied  *  0  2e 

by  3 a  produces  900—600,  and  30—20 

again  multiplied  by  —20  produces  —  600  t  . 

4-4^?  which  particular  Produffs  added  . _  60044^ _ 

Ihffqua  “fe3^.I2ae+4“  ^  *— ***+«« 

When  abfolute  Numbers  are  members  of  Quantities  to  be  multiplied  the  Rules  of 

By  the  abfolute  Number  1“' 

The  Produff  will  be  .......  , . .  - 

For  five  times  30  makes  150,  and  five  times  6  makes  *30  5  3 

Multipicand,  200—3 

Multiplicator,  a— 6 

42000 — 30 

__ _ —  1 2004 1 S 

Produff,  2  aaa — 1200 — 30418 

For  further  illuftration  of  the  Multiplication  of  Algebraic  Integers,  the  Learnef 


indifferent 
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indifferent  to  begin  the  work  either  at  the  right  Hand  or  the  left,  it  will  be  eafier  to  write 

forward  than  backward.  And  as  to  the  plating  of  the  particular  Produfts,  there  is 
iorwara  tnan  .  Order  lherein  .  for  whether  they  be  written  upon  one, 

no  neceffity  thev  regain  the  fame  values,  and  mull:  by  Algebraical  Addition 

ircoSd  nfoR  neS  fo  mate  [he  total  Product  An/therefore  you  may  ei- 
1  ,!rirP  fhe  mrricular  Produfts  all  upon  one  Line  when  there  is  room,  or  elfe  up- 
rl'er  write  t  p  uhi  particular  Multipliers,  fetting  like  Products 

(  whefothey  ££  )  under  one  another  to  facilitate  their  Addition  ,  or  otherwife, 
as  you  fliall  find  it  molt  convenient. 

More  samples  of  Multiplication  in  Compound  Algelraic  Integers , 

according  to  SeCt.  IV. 

Multiplicand, 

»  Multiplicator, 

ProduCt, 


a\e 

2  b — id 

1  5^—8 

d 

f 

J  6 

da-\-de 

2  bf—zfd 

1  log— 48 

Multiplicand, 

Multiplicator, 

504- 3c 

30 - 2C 

2H? 

4  b — 6 

►/» ■  .  ^ • 

4-1  ^aa-\-^ca 

— ioc0 — 6cc 

M-\- 1 2  b 
— 12 b — 18 

ProduCt, 
ProduCt  > 
contracted, 3 

1 5  a  a 4-  $ca — 1  oca — 6  w 

1 500 —  ca — 6cc 

%bb-\-  1 2& — 1 2  b — 1 8 

8  bb — 18 

Multiplicand, 

Multiplicator, 

3<&?4*4^e-Wfi 

3  dd — ee 

i] 

4-  $dddd-\- 1 2dddc\  3  ddee 
_ -2,  ddee —  4  deee  —  eeee 

ProduCt, 
Product  \ 
contracted,  3 


$dddd-\- 1  lidded  3 ddee—  3 ddee—^deee—eeee 
9^44- 1 2  d*e — 4  del — g4 


Multiplicand, 

Multiplicator, 


ProduCt., 


Multiplicand, 

Multiplicator, 


4  0004-  300—204* 1 

act — 5  a  4*6 


04"  0 

04”  e 

04-e 

a — e 

aa-\-ac 

aa\ae 

-\-ae-\-ee 

— ae — ee 

004-  2  0tf+  ee  j 

aa — ee 

4000004*  3 0000 —  2aaa-\-  aa 

— 200000—  150004"  loaa — 5a 

4-  24000 4*  1  800 — 1 204*  6 


ProduCt,  4 00000 — 1700004*  700*4*2900 — 1704*6 


Again,  • 


CHAP.  5 


Multiplicand, 
Multiplicator,  } 


6aaaa-\-  ybaaa — 3  bcaa 

—4  bctcta — 6bbaa-\-  2  bbccc 

— 2  ccaa —  %bcca-\-  bccc 


it  will  be  very  commodious  to  omit  the  Operation,  and  to  fet  only  the  word  into  or 
x  ( the  Sign  of  Multiplication  )  between  the  Quantities  to  be  multiplied  to  fignifie 
the  Product  of  their  Multiplication  :  But  in  fuch  Cafe,  to  avoid  Miftake,  it  will  be 
convenient  to  draw  a  Line  over  each  Compound  quantity,  to  fhew  that  every  Mem* 
ber  of  the  one  is  to  be  multiplied  by  every  Member  of  the  other. \ 

-  As  to  multiply  4 aaa+zaa — 2^+1  by  aa—{a-\-6^  I  write 


4  aaa^yaa — 2a-{-i  into  aa — 5  a-\-6 


Or,  4 aaa'+%aa — 2  a-\-i  x  aa — $a-\-6 


But  that  -f  multiplied  by  — ,  or  -*-;by  +  makes  —  5  alio,  that  —  multiplied 
by  makes  4*  in  the  Multiplication  of  compound  Quantities,  I  lhall  hereafter  make 
manifeft  in  the  laft  Sett.  of  Chap.  XI. 


CHAP.  V. 


Divifion  in  Algebraic  Integers , 


I.  A  Lqebraical  Divifion  does  by  two  Quantities,  (  whether  they  be  exprefs’d 
wholly  by  Letters,  or  partly  by  Letters  and  partly  by  Numbers,  )  where- 
*  of  one  is  called  the  Dividend,  and  the  other  the  Divifor,  find  out  a  Third  called  the 
Quotient  5  to  wit,  fuch  a  Quantity,  that  if  it  be  multiplied  by  the  Divifor,  the 
Produff  will  be  equal  to  the  Dividend. 

II.  The  Nature  of  Divifion  is  to  refolve  or  undo  that  which  is  compoled  or  done 
by  Multiplication  *,  for  the  Dividend  always  reprelents  the  Faff  or  Produft  in  Mul¬ 
tiplication,  the  Divifor  one  of  the  two  Fattors  or  Multipliers,  and  the  Quotient  the 
other.  As,  if  1 2  be  to  be  divided  by  2,  the  Dividend  1 2  reprelents  the  Fa&  or  Pro- 
du£t  made  by  the  Multiplication  of  two  Numbers,  one  of  which  is  the  Divifor  2, 
and  the  other  is  the  Quotient  fought,  to  wit,  6. 

III.  Every  Fraction  is  equal  to  the  Quotient  of  the  Numerator  divided  by  the  De¬ 
nominator  :  So  4  is  the  Quotient  of  3  divided  by  4  5  for,  according  to  the  Proof  of 
Divifion,  if  the  Quotient  4  be  multiplied  by  theDivilor  4,  the  Product  will  be  equal 
to  the  Dividend  3.  Upon  this  ground,  Divifion  in  Algebraic  Integers,  whether  Sim¬ 
ple  or  Compound  is  molt  commonly  performed  5  viz.  by  letting  the  Dividend  as  the 
Numerator  of  a  Fraction,  and  the  Divifor  as  a  Denominator  5  for  this  Fraction  is 
equal  to  the  Quotient  lought. 

Ar.  '  ,  a 

As  for  Example,  to  divide  the  Quantity  a  by  I  write  which  fignifies  that 

a 

that  a  is  divided  by  b\  or  is  equal  to  the  Quotient  of  the  Quantity  a  divided  by 
the  Quantity  hi 
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In  like  manner,  if  b  be  propos’d  to  be  divided  by  ac ,  I  write  _  to  reprefent  the 
3  ac 

Quotient  ;  allb,*  if  ac  be  to  be  divided  by  b ,  I  write  ~  to  fignifie  the  Quotient. 
Again,  If  lab  be  given  to  be  divided  by  ^cd,  the  Quotient  will  be  ~ .  and  if  a 


be  to  be  divided  by  I  write  for  the  Quotient  — ;  alfo  to  divide  i  by  I  write-1- 

J  j  a 

to  fignifie  the  Quotient. 

So  alfo,  if  a-+  b  be  given  to  be  divided  by  c,  the  Quotient  may  be  reprefented  by 
— ^ .  and  if  w  be  to  be  divided  by  2 b—c,  the  Quotient  is 

C  5  2l?~~C 


More  E samples  of  Vivifwn  in  Algelraic  Integers,  according  to 

the  foregoing  Sefh  III. 


Dividend, 

bb 

2de 

3  abc 

a*b 

Divifor, 

a 

fg 

2  dd 

2  di 

bb 

2  do 

%abc 

a+b 

Quotient, 

a 

fg 

Idd 

2d> 

Dividend, 

Divifor, 

aa  4-  bb 
c 

2  ab  —  3  bd 
d-+e 

aaa 

a-\-b — c 

Quotient, 

aa\bb 

2ab  —  3  bd 

aaa 

c 

d  -be 

a  -\~b  —  c 

Dividend, 

4  aa 

2cc-\-%dd 

Divifor, 

3 

3 

Quotient* 

— ,  or  \aa 

3 

2  cc  4-  $dd  ■  ,  . 

- - — ,  or,  {cc  -{-{dd. 

IV.  When  the  Dividend  is  equal  to  the  Divilor,  the  Quotient  is  1  *  for  every 
Quantity  contains  it  lelf  once,  and  therefore  being  divided  by  it  felf gives  1  in  the  Quo¬ 
tient  :  As  to  divide  4  by  4  the  Quotient  is  1  *  likewile,  a  divided  by  a  gives  1  for  the 
Quotient^  alio,  if  a+b  be  divided  by  a\b  the  Quotient  is  1 ;  and  if  ^a-\-2ci 
be  divided  by  7,a-\-2cd  the  Quotient  is  1.  The  like  is  to  be  underftood  of  others. 

V.  When  the  Quotient  is  exprelfed  Fra&ion-wile,  (according  to  Se8  III)  if  the  lame 
letter  or  letters  be  found  equally  repeated  in  every  member  of  the  Numerator  and  Deno- 
minator,caft  away  thole  letters, 16  the  remaining  Quantities  lhall  fignifie  the  Quotient. 

As,  for  Example,  If  ab  be  to  be  divided  by  a,  the  Quotient  expreft  Fra£Vion-wile 

will  be!_.  But  becaule  the  letter  a  is  found  in  the  Numerator  and  Denominator,! 

a 

call  away  a  out  of  both,  lo  b  only  is  left,  which  is  the  Quotient  of  ab  divided  by  a. 

Likewile,  If  aa  be  divided  by  a  the  Quotient  is  — ,  that  is,  a  ;  fby  calling  away 
a  out  of  the  Numerator  and  Denominator.^ 


Again,  I  faaa  be  to  be  divided  by  aa ,  the  Quotient  will  be  that  is,  a  •,  by  caft- 

aa  5 

ing  away  aa  out  of  the  Numerator  and  Denominator.  And  if  abc  be  to  be  divided  by 
ab,  the  Quotient  expreft  Fraaion-wife  will  be~  that  is,  c,  after  ab  is  call  out  of 

ab 

the  Numerator  and  Denominator. 

After  the  lame  manner,  if  a*  be  propos’d  to  be  divided  by  (that  is,  aaaaa  by  aaa) 
the  Quotient  will  be  a %  or  aa,  by  expunging  a*  (or  aaa )  out  of  the  Dividend  and 
Divilor.  *  This 
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Dividend,  ab+ac 

Divifor,  ad— of 

Quotient,  -f  a^+ac 
C  ad-—af 

Quotient  C  b^-c 

contracted,  \ 


Likewife,  If  ab-\-a  be  divided  by  a,  the  Quotient  ("according  to  Sett.  IH  )  will  be 
that  is,  b-\- 1  •,  for  by  calling  away  ai  there  will  remain  ^+1  .  that  is 

a  b  '  I  5  i 

b+i  b  ffoj-  is  but  ^  ;  and  4  is  1  5)  but  that  £+1  is  the  true  Quotient  it  will 

appear  by  the  proof  of  Divifion*  for  bg- 1  Multiplied  by  the  Divilbr  a  will  pro¬ 
duce  the  Dividend  ab-\-a.  * 

So  alfo  to  divide  ibc—ibby  2 bb-\-b,  I  write  -5^-2  for  the  Quotient  ■  where 

2b-\- 1  -•\,r 

oblerve,  that  altho*  the  letter  b  be  call  out  of  every  Member  of  the  given  Dividend 
and  Divifor,  yet  the  number  prefixt  to  the  letter  call  out  mult  Hand  ftill  in  the  new 
Quotient.  < 

But  note  diligently.  That  in  this  kind  of  Divifion  of  Compound  Algebraic  Integers 
a  letter  cannot  be  cancell’d  or  call  away,  unlefe  it  be  found  in  every  Member  of  the 

Dividend  and  Divifor  5  and  therefore  this  Quotient  cannot  be  contrasted  by 

calling  away  any  letter. 


More  Examples  of  Contractions  in  Algebraic  Divifion  according 

to  the  F  receding  S'edf.  V. 

Dividend, 

Divifor, 


Quotient, 

Quotient 

contrafled; 


Dividend, 

Divifor, 

Quotient, 

Quotient 

contracted. 


Dividend, 

Divifor, 

Quotient, 


c tab 
aa 

idef 

4 

abc 

b 

an 

ai 

aab 

idef 

abc 

an 

aa 

b 

a > 

>  * 

di 

ac 

a 4 

ab\ac  —  a 

ab — 2  a 

a 

3<* 

ab-\-ac — a 

ab —  2  a 

a 

3  a 

X  b+c—i 

a 

b—2 

,  or, 

.  j  J  *  * 

2  abd-\-7,bd 

3  bb  — b 

2 bai-\-  caa—^aa 
baa  — daa-\-  aa 

2  ad  -F  3  d 

2  ba-\-c —  3 

3  b  —  1 

b  — 1 

.  - 

2  r 


This  ContraClion  of  Divifion  is  like  to  the  reducing  of  a  FraClion  exprelt  by  larpe 

^umbers  to  more  fimple  Terms,  by  dividing  the  Numerator  and  alfo  the  Denomina¬ 
tor  by  a  common  Divifor. 

Again,  I Ub+ac  be  to  be  divided  by  ad—af  the  Quotient  exprelt  FraCtion-wile 
according  to  the  preceding  Sell.  III.  will  Hand  thus, 

ah  -4-  dr 

v/ - -  where  becaufe  the  letter  a  is  found  in 

ad — afi 

every  member  of  the  Numerator  and  Denominator, 
it  may  be  quite  ltruck  out,  and  then  the  new  Quo- 

tient  will  be  — -  which  FraClion  is  equal  to  the 
former,  and  exprell  by  more  fimple  Terms. 

t  :i _ tr  1  - 


vr.  If 


mrnm+irn 
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VI.  If  an  Algebraic  Integer,  whether  Simple  or  Compound,  be  to  be  divided  by 
a  fimple  Quantity,  and  there  be  fucli numbers  prefix’d  to  the  letters  in  the  Dividend 
and  Diviforas  may  all  beleverally  divided  by  lome  number  as  a  common  Divifor  with¬ 
out  leaving  a  Remainder,  let  the  Quotients  arifing  by  the  Divifion  of  thole  numbers 
by  their  common  Divilor,  before  the  letters  relpeCHvely,  inltead  of  the  numbers  that 
were  firR  prefix’d :  As,  for  Example,  if  8*  be  to  be  divided  by  6b  s  Firlt,  the  Quotient 

expreft  Fraction- wile  (according  to  Se&hnlU.  of  this  Chap.)  will  be  -—then  dividing 

6o 

the  prefixed  Numbers  8  and  6  by  their  common  Divilor  2,  I  fet  the  Quotients  4  and  3 

inltead  of  8  and  6  before  a  and  b  *,  fo  the  Quotient  fought  is  4 'a 

V  .  >-r  ,  ^ 


In  like  manner,  6abc  —  3 dbc  Divided  by  9fbc  gives  the  Quotient 


2a- 


Dividend, 

Divifor, 

Quotient, 

Quotient  7 
contracted  3 


3/ 


6abc  —  3  dbc 

9f!>c 

6abc —  3  dbc 
~ffc 
2  a  —  d 

~ r . 


For  firlt,  the  Dividend  and  Divifor  being  fet  FraCtion- 

wife  will  Hand  thus,  then,  (according  to 

Setf.y.)  be  is  to  be  call  out  of  the  Numerator  and  De¬ 
nominator  *,  laftly,  the  prefixed  numbers  6,  3,  and  ? 
being  divided  by  their  common  Divifor  3,  give  2,  1, 
and  3,  which  being  let  before  the  remaining  letters 


d  and / refpeCtively,  give  the  contracted  Quotient  2— 


id  2  a — d 

or. 


V 


3f  ”  ?/ 

More  Examples  of  Contractions  in  Divifion,  according  to  Fed:  V.  and  VI. 

Dividend, 

Divifor, 


Quotient, 

Quotient  V 
contracted,  y 


4  cd 

2  C 

2-jab 

yad 

1 6gb  v 

4 cd 

2~jab 

1  fck  . 

2C 

yad 

Sgb 

2d 

2,b 

d 

'<■  2 

Dividend, 

Divilor, 

Quotient, 

Quotient 
contracted 


} 


I Saaaa 
6aa 


1 8 aaaa 
6aa 

3  aa 


lofac+di 
5  b  bccd 


30  b5c*dd 
%bbccd 

6  faced 


Dividend,  2$5bc-\-i6bbd 

Divifor,  20  bb 


Quotient, 

Quotient’  7. 
contracted,  3 


28  bbc~\-  1 6bhd 


20  bb 

"jc-k-^d 

_ 


or3  Tc~\~-td. 


VII.  If  every  Member  of  a  Compound  quantity  be  multiplied  by  one  and  the  lame 
fimple  quantity,  it  is  evident  from  the  Nature  of  Multiplication  and  Divifion,  that 
if  the  FroduCt  of  that  Multiplication  be  divided  by  the  laid  Compound  Quantity, 
the  Quotient  will  be  the  fimple  Quantity. 

As,  for  Example,  If  b+c  be  multiplied  by  a  the  ProduCt  will  be  ba-\-ca^ 
and  therefore  ba-k-ca  divided  by  the  FaCtor  b-\-c  wild  give  the  other  FaCtor  a.  And 

for 


■ — - - 


•  : 
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for  the  fame  Reafon;  2 bca-\-a,  that  is  2&ca+ia,  divided  by  2kJri  will  give  the 
Quotient  a. 

Likewife,  If  6a+$a—a  (that  is  io«)  be  divided  by  6  +  5  —  1  (that  is,  10J 
the  Quotient  will  be  a. 

Again,  Vi2bci\2ca-\-2da\>z  divided  by  b+c+d ,  the  Quotient  will  be  2 a  ;  and  if 
2 baa-\-cact —  daa  —  aa  be  divided  by  ib-\-c —  d—  1,  the  Quotient  will  be  aa.  - 


More  Examples  of  Cont rations  in  Divifion ,  according  to 
the  preceding  Se£h  VII, 


Dividend, 

Divifor, 

idd-\-o,ca 

2d  4  3^ 

2^b-\-l<8b-\-lb 

23  4i8  4l 

«  >  \  p  * 

Quotient, 

a 

b 

Dividend, 

VO 

ro 

1 

cs 

2af —  ibf 4  2cf — 6f 

Divifor, 

2  b  — 3c 

a  —  b  4  c  —  5 

Quotient 

aa 

1  .  *  '  •  .  1 

2/ 

VIII.  When  the  Dividend  and  Divifor  are  Compound  whole  Quantities,  thO  pre¬ 
cedent  Rules  of  Algebraical  Divifion  will  not  always  give  the  Quotient  in  the  leaft 
Terms  ;  but  the  fimpleft Quotient  maybe  found  out  by  one  of  thele  two  ways,  viz. 

1.  When  the  Dividend  and  Divifor  are  Algebraic  Integers,  and  there  is  a  poflibility 
of  exprelfing  the  Quotient  by  an  Algebraical  Integer,  it  may  be  found  out  by  the  ge¬ 
neral  Method  of  Divifion  handled  in  the  next  following  Settion,  which  way  is  like 
that  of  dividing  whole  Numbers  in  Vulgar  Arithmetic;  but  if  the  Learner  find  it  dif¬ 
ficult,  he  may  wave  it  until  he  has  proceeded  as  far  as  the  8  Chapter  of  the  2.  Book. 

2.  The  Quotient,  whether  it  happen  to  be  an  Algebraic  Integer,  or  a  Fraction, 
may  be  found  out  in  its  leaft  Terms  by  the  Method  hereafter  delivered  in  Se8.  7. 
Chap.  8.  of  the  Second  Book-,  where  the  manner  of  finding  out  all  th  q  Aliquot  Paris 
or  juft  Divifors,  every  one  of  which  will  divide  the  Dividend  and  Divifor  propos’d 
without  any  Remainder  is  exhibited. 

IX.  In  this  Se&ion  a  general  Method  of  Divifion  in  Algebraical  Integers  is  hand¬ 
led.  As  to  the  order  of  the  Work,  it  agrees  with  that  form  of  Divifion  in  whole 
Numbers  which  I  have  explained  in  Mr.  Wingate  s  Arithmetic,  but  the  Work  it  lelf 
depends  upon  the  preceding  Rules  of  Algebraical  Divifion ,  Multiplication  and  Sub- 
trattion ,  as  alfo  upon  this  Rule  for  difeovering  the  due  Sign  belonging  to  every  par¬ 
ticular  Quotient,  viz.  4  divided  by  4,  or  —  by — ,  gives  4  in  the  Quotient;  but 
4  divided  by — ,  or — by  4,  gives  —  in  the  Quotient.  Whether  the  Operation 
be  begun  at  the  Right  Hand  or  the  Left,  it  matters  not  *,  but  becaufe  ?tis  eafier  to 
Write  forwards  than  backwards,  I  fhall  (as  in  Vulgar  Arithmetic)  begin  to  Divide 
at  the  Left  Hand,  and  proceed  towards  the  Right. 

Example  i.  Let  it  be  required  to  divide  ac-\-ctd-\-bc-\-bd  by  c-\-d. 

Having  placed  the  Dividend  and  Divifor  in  fuch  order  as  you  fee  in  the  next  Page, 
firft  I  divide  4acby  4c,  (according  to  Sett.  5.  of  this  Chap.)  and  there  ariles  4 
(4<z,  becaufe  4  divided  by  4  gives  4,)  therefore  I  write  4  a  or<r  in  the  Quotient; 
then  Multiplying  the  whole  Divifor  c-\-d  by  thefaid  Quotient  a ,  I  write  the  Product 
ac-\-ad  under  the  two  firft  Members  of  the  Dividend  towards  the  Left  Hand,  to  wit, 
under  ac^ad-,  that  done,  drawing  a  Line  under  the  laidProduft  ac-{-adj  I  fubtraft 
the  fame  from  ac-\-ad ,  (the  two  firft  Members  of  the  Dividend)  and  there  remains  0, 
which  I  fet  under  the  Line,  as  you  may  fee  in  the  Page  following. 


Divifor* 
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Divifor.  \  Dividend 
c  d  j  etc  4*  ctd  bc-\-bd 
ac\ad 


o  -\-bc-\-bd 
-\-bc-\-bd 


book  i. 


c 


Quotient. 
a  4  b 


Then  there  remains  to  be  divided  4^4^whichl  bring  down  to  the  Remainder  o 
and  renew  the  Work,  viz.  I  divide  -\-bc  by  4^,  and  there  arifes  4 b  which  I  write 
in  the  Quotient  next  after  a  h  then  multiplying  the  whole  Divifor  c+d  by  the  faid 
Quotient  the  Produft  is  bc\bd. ,  which  being  iubferibed,  and  fubtrafted  from  that 
which  remained  to  be  divided,  there  remains  o.  So  the  Divifion  is  finifhed,  and  the  Quo- 
uent  is  round  a-\-b  -,  but  that  it  is  a  true  Quotient  the  Proof  will  make  manifeft  •  for 
a-\-b  multiplied  by  the  Divifor  c\d  produces  the  Dividend  ac 4 ad-\-bc+ bd. 

Example  2.  In  like  manner,  if  aa — bb  be  to  be  divided  by  a-\-b  the  Quotient 
will  be  found  a — b ^  For  firft,  aa  divided  by  ogives  a  in  the  Quotient,  by  which 

multiplying  the  whole  Divifor  a-\-b  the  Product  is 
aa+ab,  which  fubtrafted  from  the  Dividend  aa — bb^ 
there  remains  to  be  divided — bb  —  ab.  Now  I 
renew  the  Work,  and  divide  —  bb  by  its  correfpon- 
dent  Divifor  4 ( not  by  a,  becaufe  the  Quo¬ 
tient  will  be  a  Fra&ion,  which  is  to  be  avoided  when 
•  there  is  a  pofiibility)  and  there  arifes  —  b  to  be 
o  O  written  next  after  a  in  the  Quotient,  I  lay—/;  not 

,  ,  ,  ,  .  .  ,  ^  435  for  according  to  the  Rule  before  given,  —divi- 

"t"  gives the  Quotient  *  then  multiplying  the  whole  Divifor  a-4-b  bv _ b 

(iaftfet  mtheOpouent)  the  Produft  is  -ab-bb,  or -bb- at,  which  fob- 
traded  from  bb  ab ’  that  remained  to  be  divided,  there  remains  o  *  fo  the  Divifion 
is  fin  and  and  the  Quotient  is  found# — b,  to  wit,  fuch  a  Quantity  that  if  it  be  mul¬ 
tiplied  by  the  Divifor a\b^  it  will  produce  the  Dividends  —  bb . 


ct+b)  aa  —  bb(a  —  b 
aa  4  ab 

—  bb  —  ab 

—  bb  — ab 


.  3*  Again,  If  it  bedefired  to  divide  aaa-\-bbb  by  aa 

tient  will  be  found  a-\-b ,  and  the  Work  will  Hand  thus  .* 

— ba-\-bb)  aaa-\-bbb  .  .  . . (  a-\-b 

aaa— baa-\-  bba 

-\-bbb-\-baa —  bba 
-\-bbb-\-baa  —  bba 


—  ba  4  bb,  the  Quo- 


aa 


In  which  Example,  firft  (as  before;  1  begin  at  the  firft  Term  of  the  Dividend  to¬ 
wards  the  Left  Hand,  and  dividing  aaa  by  aa,  (not  by  —  M  nor  by+M,  becaufe 
each  of  thefe  will  give  a  Eraaion  in  the  Quotient;  there  arifes  a,  which  I  fet  in  the 
Quotient ;  then  Multiplying  the  whole  Divifor  aa  —  ba+bb  by  the  faid  Quotient  a 
the  Iroduttis  aaa— baa + bba-,  which  I  fubtraQ  from  the  Dividend  aaa-bbbb  •  fo 
there  remains  to  be  yet  divided  4  bbb  4 baa  —  bba. 

Now  I  renew  the  Work,  and  divide  4 bbb  by  its  correfpondent  Divifor  4 bb  ( not 

i  -  i  f’  by“~^’  becaufe  eac^  of  thefe  gives  a  Fraction)  and  there  arifes  4/7 
which  I  write  next  after  a  in  the  Quotient  5  then  multiplying  the  whole  Divifor  aa—ba 

+bbhl th®  £aid  Quotient  4 b,  theProdua  is  bbb+baa—bba. ,  which  I  fet  under 
and  lub tract  from  the  Quantity  that  remained  to  be  divided,  fo  there  remains  o  and 
the  Quotien  t  fought  is  a+b  :  But  that  it  is  a  true  Quotient  the  Proof  will  difeover  • 

rhcDS^+W.  +Wte  mUkipUed  ^  ^  will  produce 

Exam- 
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— bbb — baa — bbct 
— bbb — baa - — bba 


Example  Again,  If  yddddHr 1 2ddde — ^deee — eeee  be  to  be  divided  bv  -xdd—ep 
Operation61^  ^  **  f°Und  3<W+4ifo+w’  as  wl 11  be  by  the  fubfequent 

3  — ee')  <)didd-\- 1 2 ddde — \deee — eeee  (  3  dd-\-  <\de-y  ee 

ydddd —  %ddee 

. _  t  *  ♦ 

Hr  1 2  ddde  -f  -  3  ddee—^deee 
Hr  1  iddde  — 

*  - _ _ _  r 

v  - - 

3  ddee —  £££>2 

Hrlddee —  eeee  r 
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4  In  likemanner,  if  be  divided  by  na+fe+M,  theQuotient 

will  be  0 — and  the  work  will  itand  thus  5  ^ 

Divilbr.  Dividend.  Quotient, 

aa-\-ba-\-bb)  aaa — bbb  ~m  (a— f) 

aaa-\-baa-\-bba 


In  which  Example,  firft  i  divide  $dddd  by  3 dd,  and  it  gives  3 dd  which  f  • 
iheQuotient  ;  then  multiplying  the  whole  Divilbr  by  the’faid  Quotient  \dd 

the  Produa .is  9dddd-iddee which  I  write  under  the  two  firft  Members  of  theDivt 
dehd  and  fubtraa  the  . fame  from  the  faid  two  Members,  fo  there  remains  +  udddt 
+  idlee ;  to  which  I  bring  down  —tfeee  ( the  next  Member  of  the  Dividend)  and  ir 
makes  +  izddde+iddee—^deee  which  comes  now  to  be  divided;  therefore  I  renew 
the  work,  and  dividing  +12 ddde  by  +?dd,  it  gives  +4  de,  whichl  fet  in  theQuo- 
nent  next  after  %dd,  then  multiplying  the  whole  Divifor,  ^dd—ee  by  the  faid  Omi 
ent  +4*  the  Produa  is ;  + ;i 2ddde—4deee,  which  I  write  under  +12 ddde+idd* 

~Hee,  (the,  Qgffl la^.  aPart  f°  ^.divided  O  and  having  drawn  a  LinTunder 
the  faid  Produa  I  fubtraa  it  from  the  faid  particular  Dividend,  fo  there  remains 
-H<m«  which  I  write  underneath  theLine;  thatdone,  to  the  faid  Remainder  +7  ddee 
I  bring  down  —eeee,  (the  laft  Member  of  the  total  Dividend)  and  it  makes  +  7 ddee 
—eeee  which  is  yet  to  be  divided :  Therefore  I  renew  the  Work,  and  dividing  +\ddee 
ty  +  *dd’  }z  §lves  +ee  whleh  1  fet  in  theQuotient  next  after  +4*,  (0r  I  might  here 

imTdn  Vndee  ^  T"  in  rgard  ?  'H!,Sivean  Algebraical  Integer  in  the  Quotient 
as  *  (hall  diew  in  the  next  Example :)  then  multiplying  the  Divifor  idd—ee  bv  +ee 

(lalt  fet  in  the  Quotient,)  and  fubtraaingthe  Produa  +9 ddee— eeee  from  theQuair 
tity  that  remained  to  be  divided,  there  now  remains  o.  So  the  Divilion  is  fimfhed 
Without  any  Quantity  remaining,  and  the  entire  Quotient  is  +5 dd+Ade+ee 
JS/ote  By  this  general  Method  of  Divilion  the  Quotient  may  oftentimes  be  found 
out  and  exprefs’d  various  ways,  both  as  to  the  Order  and  Multitude  of  Members  in 
the  Quotient,  but  yet  the  entire  Quotient  in  each  Form  will  have  one  and  the  lame 

value,  as  wi  I  appear  by  the  following  manner  of  Dividing  the  two  Quantities  pro- 
pos  d  in  the  lalt  Example.  1 

'  fc*/  Eheref°re  agai?  propos’d  to  divide  9dddd+ 1  iddde—sleee—eeee  by  9 dd—ee. 

rim,  1  work  as  before  in  the  laft  Example  to  find  out  the  two  firft  Members  in  the 
(Quotient,  to  wn,  5*14-4*,  and  then  there  remains  to  be  divided -f  zddee—eeec  which 
o°“  [tands  ar  ,this  Mark  T  in  the  following  Operation:  Now  becaufe  +5 dice 
dnnded  by  —ee  gives  an  Algebraic  Integer  for  the  Quotient,  to  wit,  —3 dd,  therefore 

1  I  e,r«!  -m  ,tIie  Q.u?aent  s  then  multiplying  the  whole  Divifor  3 dd—ee  by 
—*id  (IalYet  ln  Ehe Quotient)  I  fubtraa  the  Produa  +3 ddee—9dddd  from  +  iddle 
-recce  which  remained  to  be  divided ;  fo  there  remains  to  be  yet  divided  —eeee-\-  9ddld. 

P>  3  dd— 


I 


2  6  Divifion  in  B  O  O  K  I. 

-  1  1  i.  ■  —  ■  ■■  .i.  i  ■ 

%dd — ee)  gdddd\ 1 2ddde — 4 deee — eeee  (  ^dd-^qde 

ydddd —  2  ddee  ( — 7,dd-\-ee~{-  7,dd 

4 1 2  ddde\  7  ddee — 4  deee 
Hr  1 2  ddde  — 4 deee 

— 

4  7,  ddee — eeee 

H-  id  dee — gdddd 

»  V  1 

. . . . — — '  ■■■■ 

— eeee-bgdddd 
— eeee 43  ddee 


H-  gdddd — 7,  ddee 
-\-gdddd — 7,  ddee 


:  T  ;  O  .  ~  O 

k  *  *  *  *  -  t  |  ^  if  • 

Then  I  divide  » — eeee  ( which  Hands  immediately  under  the  third  black  Line )  by 
its  correfpondent  Divifor  — ee,  ('for  it  cannot  be  divided  by  3 dd  fo  as  to  give  an  In¬ 
teger  in  the  Quotient,)  and  there  arifes  -\-ee,  which  I  fetin  theQuotient*  then  mul¬ 
tiplying  the  whole  Divifor  7,dd — ee  by  the  faid  Quotient  -\-ee  the  Product  is  — eeee-\- 
t, ddee,  which  fubtra&ed  from  — eeee\gdddd  ( to  wit,  the  Quantity  that  remained  to 
be  divided;  there  remains  to  be  yet  divided  4  gdddd — 7, ddee,  fwhich  Hands  imme¬ 
diately  under  thelaH  black  Line  but  one-,;  therefore  I  divide  4  gdddd  by  4?^  and 
it  gives  4? dd  to  be  fet  in  theQuotient-,  then  multiplying  the  whole  Divifor  7,dd — ee 
by  the  faid  4  ~tdd,  it  makes  -\-gdddd — gddee,  which  fubtracled  from  \gdddd — 
%ddee  fthe  Quantity  that  remained  to  be  divided;  leaves  o  fo  the  Divifion  isfinifh- 
ed  without  any  Quantity  remaining,  and  the  Quotient  is  found  ydd+ajle—  %dd-\-ee 
H~  7>dd,  that  is,  2,dd  4 4 de-\-ee  :  So  that  the  Quotient  found  out  by  the  latter  Ope¬ 
ration,  after  it  is  contra&ed  by  Algebraical  Addition,  is  the  fame  found  out  by  the 
former  way  of  dividing  the  Quantities  given  in  the  fifth  Example. 

:  *  i  ,, ,  >.'r  '  ’  -f  -  . 

Example  6.  Again,  Ifjyyyjy — Syyyy — 124^ — 64  be  divided  by  yy — 1 6,  theQuo¬ 
tient  will  be  found  yyyy 4  8yy  4  4,  and  the  Work  will  Hand  thus  : 

Divifor.  Dividend.  Quotient. 

yy— 16)  yyyyyy—  fyyyy— 124^— 64  (yyyy+zyy+4 
yyyyyy — 1 6 yyyy 


4  Syyyy—i2^yy 
4  %yyyy—i2Syy 


4  4XX — M 
4  *\yy — 84 


o  o 

#  • 

If  the  Powers  of  the  Root  y  in  the  laR  Example  be  expreffed  according  to  Carter 
fas  his  way,  the  work  will  Hand  thus  : 

yy—  id )  y6—  8/1—124^—54  (  >44^44 
y6 — i6y4 


4  8>4 — 124 yy 
4  gj4 - \2%yy 


+  4)7— ^4 
+  4)7—6+ 


Q  O 

Blit 
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But  Cartejius  in  dividing  the  Quantities  propos’d  in  the  laft  Example  works  back¬ 
wards,  viz.  from  the  right  Hand  of  the  Dividend  towards  the  left,  as  you  here  fee 
in  the  following  Operation. 

jy — I*  )  /—  8)4— -i24yy— 64.  ('4+8yjf+y4 
+  4»— d4i 


— ’8y4 — i2Syy 

-f  8)14 — 128» 


y*-^l6y* 
f — i6y4 


More  Examples  are  here  added  for  the  fuller  exercife  and  illu(lration  of  Divifiori 
in  compound  Algebraic  Integer r,  according  to  the  general  Method  in  Se£h  IX. 
of  this  Chapter. 

Divifor.  Dividend.  .  Quotient. 

2c — id)  6ca — y  da. — Sbc-\-12db  (3  a — 4^ 

6ca — 9  da 


.7, 


I  w 
'•’.VI  ■ 


o 


o  — Sbc-\-l2db 
— 8k -f  1 2& 


Divifor. 


Dividend. 


Quotient. 


a _ b)  aaa — iaab-\r  %abb — bbb  (aa — 2 ab\bh 

aaa —  aab 


* — 2  aab 3  abb 
— naab-\-  2  abb 

aero  jornpHu 


_  -J-*  ,  ’  •  ..  ■  ~Y  ‘  f  1  - 1  >’  1  •  >  .  !  '  -  ■ 


— 


,''‘?VA‘33iU  . 


Divifon  Dividend.  jo  Quotient.  .•  :  •  ' 

2 aa\fbb)  ^aaaa-\- 1 2aabb\fbbbb  (2 aa\^bb , 
qaaaa\  -  6  a  abb 

d)j  - _ 2£  ;  ■  - 

-E  6aabb+9bbbb 
-p  6aabb- j-  ybbbb 

*  ■  • 


!:ro 


— 


«+*)  £#,2 — abb  (aa—bb—ab  -p  bbi  that  is3  aa—ab 
aaa 4-  aab 


— abb — aab 
—-abb — bbb 


— aab bbb 
— aab — abb 


&£■ 


ot/r/. 


-  1 
c  r 


i  4- 


•  — 1 , 


SI  A  H  ) 


Arbbb"\~abb 
bbb abb 

* 

o  o 

D  2 


Again- 


28 


Divifion  in  Algebraic  Integers.  BOOK  L 
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..  .  n 


Again, 

Divifor.  Dividend.  Quotient. 

ab — act)  aalV-\-a*b — 2a>  ( abb-\-al-{-aab"^-ai 
aab* — a^bb 


\ 


V  J  4VJ» 


,  VA  \ 


'\-a*b-\-a>bb — 2  a* 
-\-a*b  —  a S 

^  ■  -  — -  -  -■■■■■  1  ■ 

-\-a>bb — a* 

-\-aibb — a±b 

. _ 

f  «i  11  ««"  • 

— aS-\-a*b 
— a$-\-a*b 


l  » 


Divifor.  Dividend.  Quotient. 

— \aa)  £aab-\-4\a*b*—aS.  ( \abb -f 44 a 3 4- ladb 


\aab* — ±-aibb 


(  viz.  ~abb\ \aab -\-2ct* 


-f-rr  —  a"> 

+±ia*b  '  — J^S 


r  1 

K\<\ 


"Ft  albb — tIciS 


— ~&5Jr&+b 

O  O 


:u  C ,  /  . 

o-.< 


If  Algebraical  Divifion  according  to  this  general  Method  will  not  work  off  iuft 
without  a  Remainder,  then  you  may  write  the  Dividend  and  Divifor  fra&ion-wife, 
according  to  Sett.  III.  of  this  Chap.  Or  fometimes  the  Quotient  may  be  exprefs’d  partly 
by  Integers,  and  partly  by  a  Fraaion  5  as  if  bb±bd±cc  be  to  be  divided  by  b±d, 

the  Quotient  may  be  exprefs’d  either  thus  — +,^~FCC  ^  or  tjjUS 

.  * b-\-d  b  d 

which  latter  Quotient  is  found  out  by  the  help  of -the  faid  general  Method  5  for  af¬ 
ter  you  have  thereby  difcovered  as  many  Integers  as  can  arife  in  the  Quotient,  you 
may  fet  the  Remainder  of  the  Dividend'  as  a  Numerator  over  the  Divifor  as  a  Deno¬ 
minator,  fo  this  Fradion  together  with  the  faid  Integer  or  Integers  fhall  be  equal  to 
the  Quotient  fought ;  as  in  this  following  Example. 

o  o 

-  Divifor; - - Dividend.  ~  ; —  Quotient.  - 


•  /  1  j-i 


ct—b)  iaac\ ^aaa — 2abc—^aab~\- 2cc  (2ac-\-  3^4" 


2aac 


-—2  abc 


1  2  cq  . 

a — b 


■\-2aaa 
4-  ^aaa. 


—^aab 
— ^aab 


V\*r  • 


\  r  •  T 

,  H-'v/x- 


o  4-  2« 

IT  T  *  '  -  , 

Wr  -Wl-  - 


-vir,v.-- 


o 


o 


a 
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CHAP.  VI. 

f 

*  '  -  .  **  I 

Containing  the  Arithmetic  of  Algebraical  Fractions. 


lij-nj 


Of  the  rife  of  Algebraic  Fr  actions  ^  and  the  manner  of  ex pr effing  Integers  and 

mixed  Quantities  fraction*  wife. 

*-  •“*»  KJ  J  ♦ .  J  1  1  a  •  i  -*  C*  i  .  *  _  { \  • 

f  «  V  ■*  *«'-  J  l  vj  !  , 

I.  HE  Operations  about  Algebraic  Fractions  are  wrought  like  thole  of  vulgar 
1-  Fractions,  by  the  help  of  the  Rules  of  Algebraic  Integers  before  delivered  as 
will  appear  by  the  following  Rules  of  this  Chapter. 

II.  From  the  manner  of  dividing  Quantities  according  to  Se&.  3.  of  the  preceding 
Chap.  5.  Algebraic  Fra&ions  arife  3  as,  if  a  be  to  be  divided  by  b,  the  Quotient  is 

reprefented  by  the  Fra&ion  ~ :  Likewife  aAlT  which  imports  as  much  as  the 

b  c — I 

Quotient  of  a-\-b  divided  by  c— alfo  and  fuch  like,  are  called  Alge- 

bb  b 

braical  Frafrions.  - 

III  If  the  Numerator  be  equal  to  the  Denominator,  that  Fra&ion  (or  Quotient 
exprefsVl .  fra£f  ion-wifej  is  equal  to  1,  (to  wit,  Unity  3)  as  before  hath  been  faid  in 
Se&.  4.  Chap.  5. 

So  -  =  1.  And  ~~id4  -  »- 

aa  abc-\-dd  !  .  , ,  ; 

IV.  When  an  Algebraic  Integer  is  to  be  exprefs’d  fra&ion-wile,  make  it  a  Nume¬ 
rator,  and  fet  1  for  the  Denominator  3  as  ifthefe  Quantities  ab  and  aa — bb  be  to  be 
let  in  the  Form  of  Fra&ions  they  will  ftand  thus  3  , 


POlC; 


±.  And 


•o  -  '■ 


.VI  yc. 


'  i  own 
1  idoc  znc> 


V.  If  an  Algebraic  Integer,  as  a ,  be  to  be  fet  in  the  Form  of  a  Fraftion  that  fhall 
have  for  its  Denominator  fome  Algebraical  Integer  prefcribed,  as  f  multiply  a  by 
the  Denominator  J,  and  write  the  Product  ad  as  a  Numerator  over  the  Denomina- 

7 

tor  d,  thus,  Ay  which  Fra&ion  is  equal  to  the  Integer  a  firft  propoled,  and  hath 
d 

for  its  Denominator  the  prefcribed  Quantity  d. 

Likewife  the  Quantity  a  reduced  to  the  Form  of  a  Fraction  whole  Denominator  is 

prefcribed  b\c  will  Hand  thus,  • 

Moreover ,  if  a-\-~  be  to  be  reduced  to  the  Form  of  a  Fraftion  that  fhall  have 

Cl 

d  for  a  Denominator  3  let  a  be  multiplied  by  the  Denominator  <7,  and  to  the  Product 
ad  add  the  Numerator  aa  3  then  let  that  Sum,  to  wit,  ad-\- aa  over  the  Denominator 

d,  fo  there  will  be  for  the  Fraction  defired.  More  Examples  of  this  Rule 

d 

are  thefe  following. 


be  , 
—  =  v. 


1  . 

aaAf-ab 

a-\-b 


a. 


dda 


a 


=  dd. 

A — * 


-  bcr\-bb  ,  .  bb 

-  =  0  + 

c  C  ' 


ab — ac\dd  dd 


b — c 


b — c 


How 


*9 


— *» 


3° 
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How  to  reduce  Algebraic  Fractions  to  others  of  the  fame  value 

in  more  fimple  Terms * 

i 

VI.  When  the  fame  Letter  or  Letters  ie  found  in  the  Numerator  and  Denominator, 
let  them  be  caft  out  of  both  •,  and  if  the  Numbers  prefix’d  can  be  abbreviated  by  iomfir 
common  Divifor  fet  the  Quotients  in  the  places  of 'chofe  Numbers  prefix’d,  fo  (hall 
the  new  Fraction  be  of  the  fame  value  with  that  firft  propofed :  So  this  Fra&ibn 

a}°.  will  be  reduced  to  4*  and  this  -  will  be  reduced  to  l^L-*  This 

abd  d  ^  °  ^  1  4^ 

Rule  hath  already  been  explained  in  Sell.  y.  and  6.  of  Chap.  5.  and  may  be  further 
ill  ultra  ted  by  thefe  following  Examples. 


r  ...  XJ  -» >  A 

31  3ft0i30ijyi) 

i 


del 

ac 


d 


12  add 
41 abc 


be 


L-fr,. .  . 
Uj-'lvJ 


a- F  — ^  == a-\-b . 
cd 


3 Saa  __  _9f-< 
rfa-\-i6da  b-\-qd 


- — - 


f  Ol/DlO  ! 


VII.  The  (earching  out  of  the  greateft  common  Divifor,  for  reducing  an  Algebraic 
Fraction  to  the  (malleft  Terms,  after  the  manner  ufed  in  vulgar  Arithmetic,  is  for  the 
molt  part  a  tedious  and  intricate  work,  elpecially  when  theNumerator  and  Denomi¬ 
nator  are  compound  Quantities  confiding  of  many  Members }  and  therefore  inltead  of 
that  way  of  finding  out  a  common  Meafure  (or  Divifor,)  I  (hall  by  a  clear  Method 
in  Chap.  8.  of  the  Second  Boo£,  (hew  how  to  find  out  all  fuch  Divilors  as  will  divide 
the  Numerator  and  Denominator  precifely  without  leaving  a  Remainder.  But  in  the 
mean  time  I  (hall  recommend  to  the  Learners  exercife  the  following  Examples  of 
Fra&ions  abbreviated  by  Divifion  according  to  the  general  Method  in  Sell.  9.  Chap. 
of  this  Book}  which  Examples,  together  with  the  Rule  above-delivered  in  the  6.  Self. 
will  be  great  helps  to  reduce  Algebraical  Fractions  to  lower  terms,  when  there  is  a 

pofiibility. 


1 1>3 1 


*  ‘  f 


Examples  of  Frail  ions  reduced  to  their  fmallefl  Terms » 

a  a — ab 


aa-\-ab  _ 
a\b 


1  J  1 :  i  ± ' 


a —  b 


—  a< 


aac — aad 
c — d 


—aa 


.•Bii  n 


'J  ‘  D  , 

*”<  31  iJ  ( 


of. 


aa-\-bb 


aa\Tba-\-bb  ,  , 
a-\-b 


aa — 2  ba-\-bb 

IPZ  * 


=a — b. 


a  4 — 2b2  a2 -{-b*  Jr 

- 1 —  —aa — bb 

aa — bb 


aa — bb 
a-\-b 


—a — b. 


aaaa — bbbb  , . 

-  —aa — bb 

aa\bb 

aaaa — bbbb  ,  ,, 

- -  —aa-\-bb 

aa  —  bb 


aa — bb  .  T 

z=a-\-b. 


a — b 


aaaArbbb  _  .  , 
aa — ba\  bb 


*aa-*r 
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aaa-\-bbb 
a-\-  b 


—aa — ba-\-bb 


acta — bbb  ,  7  .  ,  . 

• - - —  ~aa-\-ba\bb 

a — b 


aaa — abb  . 

-r-  =  a — b 


aa-\-ab 


aaa— ‘bbb 


aa+ba-\-bb 


=  a — b. 


aaa — abb 
aa — ab 


'a\b. 


aaaa — bbbb 


aaa — aab-\-abb — bbb 


—  a-\-b. 


cl 


More  Examples  of  Fractions  abbreviated. 

© 

■~rrr,  =;  4.  (  By  the  common  Divifor  a-\-  b  ) 
ad-{-bd  a  / 


aa- 


• — ab 


a 


ac — be 


-  ~ 

•  • 


(  By  the  common  Divifor  a — b  ) 


aac  aad  _  aa  ^  g  the  common  Divifor  c—d  ) 
cd—dd  d 


aaa- 


r  bb 


aa — ab 


aa-\-2ab-\-bb  a-\-b 


(By  a+b.) 


:  ■■  1  ;■ 


&  .  L 


aaa — bbb  aa-\-bct-\-bb*  ,  -n  _ ,  v 

aa — bb  a-\-  b 


— 


a  4 — b+  aaa — adb-\-abb — bbb. 

aa-\-ab  a 


(  By  a\b.) 


— 


\ 

—  ■ 


j 

Mow  to  find  out  the  fmallefl  Quantity  that  can  be  divided  by  two  or  more 
given  Quantities  fever  ally  without  a  Remainder . 

VIII.  Two-  or  more  Algebraic  Quantities  whether  Simple  or  Compound  being  pro- 
poled,  the  fmallefl  Quantity  that  can  be  divided  by  every  one  of  thole  given,  without 
a  Remainder,  may  be  found  out  by  the  following  Operation,  ./  which  is  grounded  up¬ 
on  36  Prop.  7.  Elcm.  Euclid.  J  and  the  Ufe  thereof  will  hereafter  appear. 

As  for  Example,  if  it  be  delired  to  find  the  fmallefl:  Quantity  that  can  be  divided 
by  aac  and  cd ,  let  them  in  the  Form  of  a  Fraff  ion 


thus,  -~c->  and  reduce  the  Fraction  to  its  primi- 
cd 

five  or  equivalent  Fraction  in  the  fmallefl  Terms 
which  being  fet  near  the  former,  multiply 

crols-wile ,  viz.  aac  by  d ,  or  aa  by  cd ,  and 

there  will  arile  one  and  the  fame  Produff,  to  wit  aacd  the  Quantity  fought-, 
which  is  the  fmallefl  Quantity  that  can  be  divided  feverally  by  aac  and  cd  without 
leaving  any  Remainder.  *n 


aac 

cd 


X 


aa 

1 


aacd 
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ab-\-ac 


In  like  manner  to  find  the  fmalleft  Quantity  that  can  be  divided  by  ab'+ac 

and  ad—af  feverally,  I  fet  them  Fraction 

wife  thus ,  this  reduced  to  its  low- 

ad — at 

eft  Terms  gives  then  I  multiply  crols- 

wife  (as  before )  viz .  ab-fac  by  d — -f  or  ad 


-\-ac  \  s  b-V< 
ad — af  /  \  d — , 


b-\-c 

1 


■"'.cj  ■  ■  '  - — 

abd-\-  acd — -fab — -fac 


\  -*•  w  y  */***••  [  no*  uy  Li- — -j  ux  CZ CL 

— . afbyb+c ,  and  there  arifes  abd+acd—fab—fac ,  which  is  the  fmalleft  Quantity 
that  can  be  divided  by  ab\ac  and  ad — af  lb  as  to  leave  no  Remainder. 

IX.  But  if  the  given  Quantities  cannot  be  reduced  to- lower  Terms,  then  multiply 

them  one  into  another,  and  their  ProduQ;  is 
bb+cc  the  Quantity  defired*  So  to  find  the  fmalleft 

dd-fff  Quantity  that  can  be  divided  by  bb-\-cc  and 

dd\ff  feverally  without  leaving  a  Remain¬ 
der  ;  becaufe  — ^  cannot  be  reduced  to 
ddJrJJ 


X 


bb-\-cc 

mw 

bbdd\ccdd\bbff\ccff 


more  fimple  Terms,  I  multiply  bb\cc  by  ddfff  and  there  is  produced  bbdd+ccdd 
-\-bbff-b-ccff  the  Quantity  fought. 

X.  When  three  or  more  Quantities  are  given,  the  fmall eft  Quantity  that  can  be 
divided  by  them  feverally  without  leaving  aRemainder  may  be  foundout  in  this  manner  ; 

viz.  To  find  out  the  leaft  Quantity  that  can 
be  divided  by  aaa — abb ,  aa-\-2ab-\-bb  and 
aa — bb  ;  I  firft  feek  (  after  the  Manner  of 
-the  fecond  Example  in  Sefi.8.)  the  fmalleft 
Quantity  that  can  be  divided  by  aaa — abb , 
and  aa~\-  2ab-\-  bb  ,  lb  I  find  aaaa — aabb 


aaa — abb 
aa\2ab-\-bb 


Xs  aa — 


aa — ab 

+T 


aaaa — aabb\aaab — abbb 


.  .  1  1  y  Av  A  IJU1U.  UUULl  ’“CICiUL/ 

ffaaab — abbb  ;  and  becaufe  this  Quantity  may  be  alfo  divided  by  aa — bb  fthe  third 
Quantity  propofedj  it  is  manifeft  that  aaaa— aabb aaab — abbb  is  the  Quantity 
fought. 

In  like  manner,  if  there  be  given  thefe  four  Quantities,  aaaa—bbbb  ;  aa+ab  ; 
aaaa-\-aabb  ;  and  a~\-b  5  Firft,  I  find  out  fas  before)  the  fmalleft  Quantity  aaaaa 
—abbbb  that  can  be  divided  by  the  firft  and  fecond  Quantities  aaaa — bbbb  and  aa+ab*. 


aaaa — bbbb 
aa\ab 


X 


aaa — aab\abb — bbb 


a 


aaaaa — abbbb 

2V  J  . . 

»  t 

Then  becaufe  the  laid  aaaaa — abbbb  cannot  be  divided  by  the  third  Quantity  aaaa 
- \-aabb ,  I  feek  the  fmalleft  Quantity  that  can  be  divided  by  aaaaa — abbbb  and  aaaa 

- \-aabb ,  fo  I  find  ( in  like  manner  as  be- 
aaaaa— abbbb  \y  aa—bb  fore  )  aaaaa  a — aabbbb,  which,  becaufe  it  is 

aaaa  f- aabb  ”  /X  '  ^  divifible  by  the  fourth  Quantity  propofed, 

— - - - - -  to  wit,  by  a-\-b  fhall  be  the  Quantity  fought; 

aaaaaa—aabbbb  a6—aab*  is  the  fmalleft  Quantity  that 

can  be  divided  by  every  one  of  thefe  four 
Quantities,  a 4 — £4.  aa-\-ab ;  a*-\-aabby  and  a-\-b.  And  fb  of  others. 


How  to  reduce  Algebraical  Fractions  which  have  different  Denominators ,  into  other 
FraClions  of  the  fame  value  that  may  have  a  common  Denominator, 

1 

XI.  When  two  Fractions  having  different  Denominators  are  to  be  reduced  into  two 
other  Fraflions  of  the  fame  Value  that  fhall  have  a  common  Denominator ;  multiply 
the  Numerator  of  the  firft  Frafrion  by  the  Denominator  of  the  fecond,  and  the  Produft 
fhall  be  a  new  Numerator  correfpondent  to  theNumerator  of  that  firft  Fraction ;  Alfo, 

multiply 
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ab 


X? 


aab 

ac 


bdc 

ac 


bdc  •  a° 

he  afe  ^0UQ(*  outwhiCh  have  a  common  Denominator  ac,  and  are  equal  in  value  to 


the  Fractions  firft  given,  viz. 
required. 


and 


aab 


ac 


2  bb 


is  equal  to  — ,  and  —  is  equal  to  ~  as  was 
c  ac  a 


(which  have  unlike  Denominators)  will  be  redu- 


In  like  manner  ~  _ 

ibe  $4 

ced  into  and  ~~  which  have  a  common  Denominator. 

Alfo,  —  and  A  will  be  reduced  into  thefe  and  ^ . 
a  5  5*  $a 

Again,  to  reduce  and  3  c^--  to  a  common  Denominator,  I  multiply 

crofs-wife  (as  bdore)  viz  aa+2bb  by  and  3cc-dd  by  c+d,  fo  the 
Products  are  aaff+ibbf^  and  —  cdd\3cci—  add  for  New  Numerators  •  then 
multiplying  the  Denominators c+dzndff  one  into  the  other,  theProdua  is  eff+dff 

for  a  common  Denominator,  and  the  Fraaions  fought  are  and 

3ccc —  cdd-\-  3ccd — ddd  * 

cff~\-dff 

XII.  When  three  or  mom  Fraaions  having  unlike  Denominators  are  to  be  redu¬ 
ced  into  as  many  other  Fraaions  that  may  be  of  the  fame  value,  and  have  a  common 
Denominator,  multiply  the  Numerator  of  each  Fraaion  into  all  the  Denominators 
except  its  own,  fo  the  Produas  made  by  thatcontinuai  Multiplication  fhall  be  new 
Numerators ,  multiply  alfo  all  the  Denominators  one  into  another,  and  the  Produa 
lhall  be  a  Denominator  to  every  one  of  the  new  Numerators. 

As,  for  Example,  To  reduce  thefe  three  Fraaions  -1  and  2cl  into  three 

others  that  may  be  of  the  lame  value  and  have  a  common  Denominator ,  I  mul¬ 
tiply  the  Numerator  a  into  the  Denomi¬ 
nators  d  and  gj  16  the  Produa  adg  is  a 
new  Numerator  inftead  ofa,  again,  I  mul¬ 
tiply  the  Numerator  c  into,  the  Denomina¬ 
tors  b  and  £,  and  the  Produa  cbg  is  a 
Numerator  inftead  ofc,  likewife,  multi¬ 
plying  the  Numerator  2<?/into  the  Denomi¬ 
nators  b  and  dy  the  Produa  2 bdef  is  a 


a 

1 


adg 

bdg 


c 

7  5 


cbg 

bdg 


2 ef 
g 

2  bdef 

~w 


vr  .  .  n.  t  c  rim  i  uaLvia  u  ana  a ,  rne  rroauct  2 Oder  is  a 

Numerator  inftead  of  2 cf ,  laftly,  the  Denominators  b,  iand,?  multiplied  one  into 
another  produce  bdg  for  a  common  Denominator  to  thofe  three  new  Numerators,  and 

the  three  Fraaions  fought  axe  -g,  and  lbdel% 


bdg  bdg  bdg' 
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Multiply  the  Numerator  of  the  fecond  Fraaion  by  the  Denominator  of  the  firft  and 
the  Produa  is  a  new  Numerator  correfpondent  to  the  Numerator  of  the  fecond 
Fraaion  ,  laftly,  multiply  the  Denominators  one  by  the  other,  and  the  Produa  fhall 
be  a  common  Denominator  to  both  the  new  Numerators. 

As, for  Example,  to  reduce  and  ~  (whofe  Denominators  c  and  a  are  unlike J 

into  two  other  Fraaions  that  may  be  of  the  fame  value  with  thofe  given,  and  have  a 

common  Denominator ,  Firft, I  multiply  crofs-wife  viz  the 
Numerator  *6  by  the  Denominator  a,  and  the  Produ’a  is 
aab  for  a  new  Numerator  inftead  of  ab ,  likewife  I  multi- 
p!y  the  Numerator  M  by  the  Denominator  c,  and  the 
-  Product  is  bdc ,  for  a  new  Numerator  inftead  of  bd- 
laftly,  ^ke  Denominators  c  and  u  multiply  ed  one  by  theo- 
ther  produce  ac  for  a  Denominator  to  each  of  thofe  new 

Numerators  aab  and  bdc  :  So  the  Fraaions  and 


lit 


i 
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The  Arithmetic  of 


BOOK  I- 


aa\ 8  9 

bb  5  aa — 8 
6^bb 


and  --  will  be  reduced  to 
7 

naddbb  —  8  ddbb  .  .  7 
which 


7  aabb  —  5  6bb 


In  like  manner  thefe  three  Fractions 

to  thefe  three,  to  wit,  1^1 — 44$  — and 

7  aabb  —  $6bb  jaabb  —  5 :6bb 

have  for  a  common  Denominator  -jaabb —  $6bb. 

XIII.  But  if  the  Denominators  of  the  given  Fra&ions  can  be  reduced  to  lower 
Terms,  then  thofe  Fra&ions  may  oftentimes  be  reduced  more  compendiouily  than  by 
the  Rules  in  the  two  laft  preceding  Setfions,  into  others  in  the  fmalleft  Terms  that 
have  a  common  Denominator,  in  this  manner  ^  viz.  Seek  (by  the  Rules  in  Sett  8.  and 
10.  of  this  Chap.)  the  fmallelt  quantity  that  can  be  divided  by  every  one  of  the  De¬ 
nominators  withouta  Remainder,  which  quantity  referve  for  a  common  Denominator  ; 
then  for  the  Numerators  divide  the  common  Denominator  by  the  Denominator  of 
the  firft  Fra&ion,  and  multiply  the  Quotient  by  the  Numerator  of  the  frit  Fraction, 
ibfhall  the  Product  be  a  new  Numerator  inftead  of  that  firft  Numerator  j  work  in 
like  manner  to  find  out  the  other  Numerators,  and  fet  every  one  of  them  over  the 
common  Denominator  before  found  out. 

As,  for  Example,  to  reduce  thefe  Fractions  and  ^  to  a  common  Deno- 

aac  cd 

minator  ^  I  feek  firft  of  all  the  fmalleft  quantity  that  can  be  divided  by  the  Denomina¬ 
tors  aac  and  cd,  and  I  find  that  quantity  to  be  aacl ,  which  ftiall  be  the  common 
Denominator  ^  then  I  divide  the  faid  aacd  by  each  of  the  given  Denominators^  and 
cd,  and  multiply  the  Quotients  d  and  aa  by  the  given  Numerators  bbbd and  aaa,  fothe 
Produfts  bbbdd  and  aaaaaftiall  be  the  new  Numerators,  which  being  feverally  fet  over 

the  common  Denominator  aacd,  there  will  arife  — ^  and  a0L^  for  the  Fractions 

aacd  aacd 

fought. 

O  1117  » 

Likewife,  to  reduce - -  and  to  a  common  Denominator,  having 

firft  found  the  common  Denominator  aacd — aadd,  to  wit,  the  leaft  quantity  that  can 
be  divided  by  the  given  Denominators  aac  ■ — aad  and  cd — dd,  I  divide  the  faid  com¬ 
mon  Denominator  by  the  faid  given  Denominators  leverally,  and  the  Quotients  d  and  aa 
I  multiply  by  the  Numerators  bbbb  and  aaa\bbb,  and  then  fetting  the  Products 

feverally  over  the  common  Denominator,  the  Fractions  fought  will  be  — 

v  aacd — aadd 

and  aaaaaJr  actbbb 
aacd — aadd 

Again,  to  reduce  thefe  three  Fra&ions,  to  wit,  — -  ^  1 1  - ¥ - 

aaa  —  abb 5  aa~\-  2ab-\-bb 

and  actCCZ^  to  a  common  Denominator  ;  Firft  (as  in  the  firft  Example  in  Sett.  10. 

aa  —  bb 

of  this  Chap.)  I  feek  the  fmalleft  quantity  that  can  be  juft  divided  by  every  one  of  the 
three  given  Denominators,  and  I  find  aaaa-\-aaab —  aabb — abbb ,  for  a  common 
Denominator  ^  then  dividing  this  quantity  found  by  every  one  of  the  three  given  Deno¬ 
minators  (according  to  the  general  Method  in  Sep.  9.  Chap.  ?.)  the  Quotients  will  be 
a-\-b ,  aa — ab  and  aaAr  ab  ,  that  done,  I  multiply  the  firft  of  thole  Quotients  by 
the  Numerator  of  the  firft  Fra&ion  5  alfo  the  fecond  Quotient  by  the  fecond  Numerator, 
and  the  third  Quotient  by  the  third  Numerator  $  lb  theProdu£fs  aa  —  bb,aabb — abbb 
and  aaaa  — aabb  Ihall  be  new  Numerators,  which  being  leverally  let  over  the  com¬ 
mon  Denominator  firft  found,  will  give  the  Fra&ions  fought,  to  wit,  thele  : 

aa  —  bb 


aaaa  -f-  aaab  —  aabb  —  abbb 

_ aabb  —  abbb _ _ 

aaaa  4-  aaab  —  aabb  —  abbb  * 


aaaa- 


aabb 


aaaa -f  aaab  aabb  — abbb 


i 


Nor 


'  tfVv* 
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mm 


Nor  will  the  Operation  be  otherwife  to  reduce  thefe  four  Fractions  to  wit  a$ 

•  J  '  •  .  .  ' 9  ~(*a. •IT* 

ai — a*!,  a5 — azJrab-\-b1'  <-  .  ,  r  r  c  n  .  *  _ 

and  ~ ■ qry-,  lnt0  thefe  fo“  following  Fraftions  having  a 
.  * 


a2  ab  5  a*  -\- 

common  Denominator. 


1. 

2. 

4* 


*  ( 


: : . f  O' 

.  ^  • 

5 


a6  —  a2b  4 
^7 —  2a6b-\-2a^b2 —  icHfc+alfc 


JO  0 
70  87  ... 


.  T 


a* — a2£f 

C  :  ”  .  .  t  v  <  ; 

.  glfr  —  qibs-\-b7  ' 


a6  — 

a7-\-a'>bi  —  a+hi  — vt2#? 


5 


UD 


i  •? 

»  4 


Vi  ■ 


"tfi  V 

V.<,, 


>  n  r  r. 


a6 — a2^>+ 

'  t.i  '  .  i  -  - 

~iMM  •’V--T  X  3  #  .. 

V f  ..  . 

For  firft  by  the  help  of  the  given  Denominators,  the  fmalleft  common  Denomi¬ 
nator  a6  —  aab*  is  found  out  by  the  Operation  in  the  laft  Example  of  the  preceding 
Sett.  io.  (of  this  Chap.)  then  the  faid  common  Denominator  being  divided  feverally 
by  the  given  Denominators  a*  —  b\  ad-\-ab,ta*-\-aabb,  and  a~\-b^  the  Quotients  are 
aa,  a 4 —  a>b-\-aabb  —  ab\  aa  —  bb,  and  a'*  —  a*b-\-aibb  —  aab*  j  which  multiplied 
refpe£lively  bv  the  given  Numerators  ar—aab,  a * — b\  and  aa-\-ab-\- bb,  will 
produce  thofe  new  Numerators  which  are  before  let  oyer  the  common  Denomi- 

_ _ _  A  _ L  A 


nator  a 6 


aab*. 


■  :n 


■  L  — 


M 


c 


•r  Addition  of  Algebraical  fratiions, 

V,.  \  .  .•  *  y  (  ‘  ‘  \  f  T 

XIV.  If  two  or  more  Fra&ions  to  be  added  have  one  Common  Denominator,  add 
the  Numerators  together,  and  fet  their  Sum  as  a  new  Numerator  over  the  common  De¬ 
nominator,  fo  (hall  this  new  Fra&ion  be  the  Sum  of  the  Fra&ions  given  to  be  added. 

As  for  Example,  to  add  —  to  b\  the  Sum  will  be  aa+.% 

’  r  c  C5  ;>■! ....  ftudli 


...  7 

■J? 


r\  f  f 

»  i.»  v  V 


So  alfo,  7^  added  to  3^1  makes  • 

c+d  c\d  c\d 

Likewife  the  Sum  of  and  will  be  found  (For  the  given 

.■■c+d  c  +  d  c  +  d 

Numerators  5 a  —  lb  and  2 b  —  3 a  added  together  make  2 a—b.) 

a—b+24.  a+b—z 4  and.  will  be  found  — -  ; 

c+  5  ’  c+;  c+5  c+5  t 

?ctb  Zac  i<td 


Again,  the  Sum  of 


and 


And  if  thefe  be  added,  to  wit,  ^  +  ?  —  >  +  e  +  (P 

the  Sum  will  be  a+  that  is,  4*  (  For  by  Divifion, 

5c zb+iac+iai  __  ^ 

' - . t .  •  .  .. 

XV.  But  if  the  Fractions  propos’d  to  be  added  together  have  unlike  Denomina¬ 
tors,  firft  reduce  them  to  a  common  Denominator,  arid  then  add  thdm  as  before  j  as 

to  add  ab-  to*i  firft  I  reduce  them  to  —  and  --  which  have  the  fame  Denomi- 
c  a  ’  v  -  • ;  •  • 

nator  ac  •,  then  fetting  the  Sum  of  the  Numerators  aab  and  bdc  over  the  common 

Denominator  as.  there  will  be  for  the  Sum  required. 

ac 

:  E  2  Sg 


So  alfotoadd  jini  their  Sum  will  be  found  a-^±  i 

^  «■.  a — b  bb  .  ,  aci~al 


V  ^ 

Likewife,  toaddthefethteeFraaions--”^, 

I  reduce  them  to  three  others  of  the  fame  value  under  a  common  Denominator,  (as- 
in  the  third  Example  of  the  preceding  )  and  then  fetting  the  Sum  of  the 

three  new  Numerators  over  the  common  Denominator,  I  find  the  Sum  of  the  given 

„  ,  aaaaAr  aa  — abbb  —  bb 

Fraflions  to  be  aaM+aaab_aM^ 


XVI.  When  mixed  quantities  are  to  be  added  together,  collett  the  Fra&ions  into 
one  Sum,  and  the  Integers  into  another,  then  thole  two  Sums  added  together  give 

the  Sumdefired  *  as  for  Example : 

,  ,  _  .  ,  .  .  aa  dd 

To  add  thefe  mixed  quantities . . . 


The  Sum  of  the  Fra&ions,  after? 
they  are  reduced  to  a  common  > 

Denominator,  is . 3 

To  which  Sum  adding  theInte-( 
gers  in  the  mix’d  quantities  pro- , 
pofed,  the  Su  m  defir’dwill  be. 


7>  a  and  c  'K 


caa\bdd 
n  be 


do 


caa 


be 


—  a^d. 


Or,  when  mixed  quantities  are  to  added  together,  you  may  reduce  them  to  im¬ 
proper  Fractions,  (by  Sctt%  of  this  Ckay.)  and  then  add  thefe  together  as  in  the 

preceding  Examples  j  as,  .  .  . 

To  add  thofe  mixed  quantities  in  1  aa_^a  an(j  ^ 

t, . 3  tr~^  c  > 


the  laft  Example,  to  wit 
I  Firft  reduce  them  to  thefe  Fra-  d  aa — ba  nnr1  dd+  d 
ftions  )  b  c  ’ 

and 


Which  reduced  to  a  common 
Denominator  produce  thefe . . 
Which  two  laft  Fra&ions  ad¬ 
ded  together  give  the  Sum 
required,  to  wit, 

Which  is  equal  to 
found,  to  wit, 


caa — eba  n  ,  bdd+bed 

— r-and  — 

caa  —  cba-\-  bdd\  bed 
be 

_  a+J 
be 


<  [  .  ^  •  j  j.4  ^  j  <  f 

Subtraction  of  Algebraical  Fractions. 

XVII.  If  the  two  Fra&ions  given  have  the  fame  Denominator,  fubtraflthe  Nume¬ 
rator  of  the  Fra&ion  preferibed  to  be  fubtra&ed,  from  the  other  Numerator,  and 
fet  the  Remainder  as  a  new  Numerator  over  the  common  Denominator,  fo  (hall  this 
hew  Fra&ion  be  the  remainder  fought. 

As,  for  Example,  If  from  ~  you  defire  to  fubtrafl  — ,  take  bb  from  aa,  and 

fet  the  Remainder  aa — bb  as  a  Numerator  over  the  common  Denominator  c  *  fo 

aa  —  bb  qe  tqe  Remainder  fought. 

c 

In  like  manner.  If  from  you  would  fubtraft  the  Remainder  will  be 

b — c  b — 'C 

sab  --  2ac  ^  that  is,  (by  Divifion)  2a. 

Again,  if  from  it  be  defired  to  lubtraft  tlle 

Remainder 


— — 1 
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Remainder  will  be  found.  5 - ?~i~ ~~ •  3sw+.  J2fr— 18  fufatracted  from 

ii---  Ji 


••  JCforr 


daar-yb^-ti,  leaves  5^.— i^-t-24.) 

So  alfo,  from  fubtrafting there  remains ' 

•  £-*-«  P-+4 

5.  of  this  Chap.)  will  he  reduced  to  5  from  which  fub- 


For,  (by  &ff. 


)  0 

vln 


trailing  -  — 7,  the  Rjerpainder is  -r~r« 

XVIII.  But  if  the;  two  Fractions  given  have  different  Denominators,  firft  reduce 

them  to  a  common  Denominator,  and  then  fubtraft  as  before  *  lb  as  from  —  it 

c 

JJL  . 

bedefired.  to  fubtraft  I;  reduce  them  to  —  -  and  — ,c,  which  have  the  lame  De* 

nominator  5  then  from  ^  fubtra£ling  there  remains  7  ^5  which  is 

cb  cb  cb 

the  Remainder  fought.  •  'h: 

.  After  the  fame  manner,  If  from  you  would  take  away  — ,  there  will  re- 

•  <  -.'r  ,  *.Tf  & 


main  ^+<wc 


.  'JOfiJIW 
*  j  t  rf 


;  non 

in  p 

-» i  i  -j 


jrnol 


bb—bc  .... ,  ,  .  ,j. 

Likewife  from  to  take  away  — — — ,  ,  I  firft  reduce  thefe  given  Fraft- 

cd  —  dd.  j  "  <wc — W 

ions  to  a  common  Denominator,  fas  in.  th©  feconi  Example  of  Se8. 13.  of  this 
CW)  and  fo  I  find  ~'«a*^aab}b  and  — which  latter  Fraaion  fubtraa- 

r  aacd— aadd  aacd — aadd 

„  .  .  aaaaa+aabbb — bbbbd 

ed  from  the  former  there  remains 

& 


aacd  —  aadd 


w  03 


Again,  If  from  <1 it  be  defired  to  fubtraa  — ,  I  reduce  a  into  the  form  of 


•i  ;!  c; 


.  v;r;f: 


a  Fraaion  whole  Denominator  (hall  be  a -p£,  and  foinfteadof  a,  Ifind^ip 
from  which  fubtraaing  there  remains 


j !  j  t 


-\~b 


a+b 


y-  11,1  1  -  -  J-  J-1  ■  •  -  ~  .  ■  ; 

f  ;  n  .  /  t  *  '  *  C  "*  *  .  *4  r  iU  j  - ■  r  X  .  J 

Multiplication  cf  Algebraical  Frattions . 

•  •  1  »CI  : 

XIX.  When  two  Algebraic  Fraaions  are  given  to  be  multiplied  one  ty  the  0- 
ther,  multiply  their  Numerators  one  into  the  other,  and  take  the  Produa  for  a  new 
Numerator  $  likewile  multiplying  the  Denominators  one  into  the  other,  this  Produa 
lhall  be  a  new  Denominator,  and  the  new  Fraaion  is  the  Produa  fought. 

As,  for  Example,  to  multiply  -  by  I  multiply  (as  in  vulgar  Fraaions)  the 

Numerator  2<*  by  the  Numerator  b,  and  the  Produa  2 ab  is  a  new  Numerator like¬ 
wife  I  multiply  the  Denominators,  3 d  and  c  one  into  the  other,  and  the  Product 

3 dc  (hall  be  a  new  Denominator  5  lo  ^  is  the  Produa  fought. 

In  like  manner,  multiplied  by  gives  the  Produa 

XX.  When  either  or  both  the  given  Terms  are  mixed  Quantities,  reduce  the 
mixt  Quantity  to  the  form  of  a  Fraaion  (by  the  Rule  in  Sect.  $.01  this  G bap.)  and 

then  multiply  as  before :  So  to  multiply  ^  by  a-\-  I  firft  Reduce 

thole 
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thole  mrxt  Quantities  to  thefe  Fraaions,  and  then  multiplying  the 

Numerator  cd+bb  by  the. Numerators,  the  froducl  is-acod+achb  for  a  new  Nu¬ 
merator  ;  alio  multiply  ing  the  denominators  d  and  c — d  one  by  the  other,  the  Pro- 

du£t  is  dc—dd  for ‘a  new  Denominator,  and  the  ProduO:  fought  is 

*  -  »  ,  ■  •  ’  dc — t-dd 

XXI.  When  an  Integer  is  to  be  Multiplied  by  a  Fraftion,  exprefs  the  Integet 
Fraaion-wife  by  giving  it  unity,  (to  wit,  i.)  for  a  Denominator,  (according  to  Sett. 
4.  of  this  Chan.)  and  then  multiply  as  in  the  preceding  Examples.  ,  , 

As,  to  multiply  a  by that  is,  &  by  — ,  the  Produft  will  be  — .  Likewife  to 

-•  •  3  ■ujrbb  : ;  ■  ;  •  ■  hoc  act— -by 

Multiply  act  —  bb  by  r7-w,  I  reduce  aa —  bb  to  - - ,  then  multiplying  the 

,  r.:Cd-\-Jg  .  ,  .  I  - 

Numerdfor  ad-^vb  by  the  Numerator  aa  —  bb,  the  Produft  aaaa  —  bbbb  lhall 

_  _  _  ’  r  •  <  *  r»  1  T'X  •  7  1  •  Z'  «  . 


J.  .  Li  i  X « v  X  LX  W  V-'  X  L  »  .  ■*  |  r  7  %  1/ »  X  X  XCx  X  X 

be  a  New  Numerator ;  Likewile  the  Denominator  cd-\-fg  multiplied  by  the 
Denominator  1  gives  cd+fg  for  a  New  Denominator,  ,  arid  the  New  Fraaion 

™aa  j—  is  theProdua  fought.  <jr,  ;  : 

XXl^  But  oftentimes  there  may  be  this  ufeful  Contraaion  in  the  Multiplication 
of  Fractions,  viz.  When  the  Numerator  of  the  one  and  the  Denominator  of  the  o- 
ther  may  be  feverally  divided  by  fome  common  Divifor  without  a  Remainder,  take 
the  Quotients  inftead  of  the  faid  Numerator  and  Denominator,  and  then  multiply 
as  in  the  preceding  Examples-  '  5  ■  ‘ 

c  ''ib -\-bb 


dd 


.  As,  for  Example,  to  multiply  actr3r_jJL  J™  by  . 

5  15  cd  —  dd  ,■/  a-\-b  ! 

Forafmuch  as  the  Numerator  of  the  firft  Fraaion  and  the  Denominator  of  the 

latter  may  be  divided  feverally  by  a-±b  without  a  Remainder,  I  let  the  Quotients 

a-\-b  and  1  in  the  places  of  ,aa^2ab\bb  and  a-\-b ,  and  by  that  exchange  thefe 

Fraaions  will  arife,  to  wit  ';  v 


midi  on? 


.aJTb  ntiAAJ* 


7  -J-r 

iJXJUi 


*  bb  y] 


4T 


In  like  manner,  beOdufe  cd*—  dd  the  Denominator  of  the  firft  of  the  two  Fraaions 
laft  above-written,  and  dd  the  Numerator  of  the  latter  Fraaion,  may  be  feverally 
divided  by  d  without  a  Remainder,  I  fet  the  Quotients  c—  d  and<?in  the  Places  of 
cd — dd,  and  dd,  and  fo  thefe  new  Fraaions  arife,  to  wit;  ; 


a-\-b  n  j  dl 
—j  and—, 
c — d  I 


t - 4X»  X 

Then  I  multiply  (as  before)  the  Numerators  a^rb  and  d,  one  by  the  other,  and 
the  Produa  da-\-db  is  a  New  Numerator:  Alfo  multiplying  the  Denominator  c — d 
by  the  Denominator  1,  the  Produa  c  —  i  is  a  new  Denominator,  and  the  new 

Fraaion  is  the  Produa  fought ;  being  equal  to  that  which  would  be  made 

c  —  d  ? 

by  the  mutual  Multiplication  °f  and  the  Fra&ions  firft  propofed 

to  be  Multiplied.  :  f  ;; 


So  as  alfo,  If  it  be  defired  to  Multiply  —  -  -  by  a-—2b-\-  — ,  that  is, 

a — b  a 


bb 


.  \  w— 

aa—ab-^bb_  ^  cm—  labjrbb  _  po^fm^  as  fpe  Numerator  aa  —  2ab-\bb  of  the 

„  —  b  •'  a  i:  ■  6>  .  •;  ■  ;*r  •  *  : 

latter  Fraaion,  and  the  Denominator  a — b  of  the  former,  being  feverally  divided 
by  their  common  Divifor  a — b  will  give  the  Quotients  a  —  b  and  1  ;  therefore 
I  fet  thefe  in.  the  places  of  aa — 2 ab-\-bb  and  a  —  whence  thefo  Fraaions  will 
arife,  to  wit, 


aa  —  ab-\-bb  ^  a  —  b 


li: 


a 

.-V 


Which 
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Which  being  multiplied  one  by  the  other  will  give  — .  -  - 2aci^  2a^  bbb^  ^ 

a 

tut — 2ab-\-  2bb — — ,  the  Produft  fought. 


Again,  this  Fra£tion 


aac  —  aad  —  bbc-\-  bbd 


aa+^b+ti -  multiplied  by 


aaa- 


■ abb 


cd—dd 


will 


,  aaaa — aaab —  aabb’Vabbb  t:  .  XT 

produce  - - - Jd^bd - ^°f  the  Numerator  of  the  firft  Fra&ion  and 

the  Denominator  of  the  latter  being  leverally  divided  by  their  common  Divifor  c— d 
the  Quotients  will  be  aa  —  bb  and  d ;  Alfo,  the  Denominator  of  the  firft  Fra&ion  and 
the  Numerator  of  the  fecond  being  leverally  divided  by  their  common  Divifor  a-\-b 
the  Quotients  will  be  a-\- b  and  aa—abh  then  letting  the  two  former  Quotients  in 
the  places  of  the  two  firft  Dividends,  and  the  two  latter  Quotients  in  the  places  of 
the  two  latter  Dividends,  thefe  two  Fra&ions  will  arile,  to  wit  j  F  ’ 

act — bb  aa — ab 

a-\-b  d 

Laftly,  multiplying  the  Numerators  aa  —  bb  and  aa  —  ab  one  into  the  other  -  as  alfo 
the  Denominators  a\b  and  d,  (as  in  former  Examples,)  you  will  find  the  Produa 
fought,  to  wit  j 

aaaa  —  aaab  —  aabb-\-abbb 
ad-\-  bd 

XXIII.  When  a  Fraaion  is  to  be  multiplied  by  fome  Integer  that  happens  to 
be  the  fame  with  the  Denominator  of  the  Fraaion,  take  the  Numerator  for  the  Pro- 

dua  required.  As,  for  Example,  to  multiply  by  d^d ;  I  write  aa+ab 

r\-bb  for  the  Produ&  of  their  multiplication. 

Likewife,  If  ~  be  to  be  multiplied  by  the  Denominator  ch  I  write  the  Numera- 


■  »  '  '  -  t 

tor  b  for  the  Produa.  The  reafon  of  this  Contra&ion  is  Evident  5  for  if  A  bemul- 

c 

tipUed  by  c,  or  1,  in  the  ordinary  way,  the  Produa  will  Hand  thus,  lc-  which  by 

catling  away  the  common  Faflor  c  out  of  the  Numerator  and  Denominator,  gives  b 

for  the  Produa  ;  to  wit,  the  Numerator  of  the  given  Fraction  — . 

£ 

Hence  alfo,  if  an  Algebraical  Fraaion  be  to  be  multiplied  by  fome  letter  or  letters 
that  are  found  among  others m  every  Member  of  the  Denominator,  that  multiplication 
needs  no  other  work  but  the  calling  away  fuch  letter  ot  letters  out  of  the  Denominator : 

As  to  multiply  fr  by  c,  the  Produa  is  =- ,  where  obferve,  that  becaufe  the  multi- 

plier  c  is  found  in  the  given  Denominator  ci,  I  ftrike  it  quite  out. 

Likewife,  to  multiply  by  d,  I  write  ^  for  the  Produa  •  And  to  multiply 

— p — aC-  by  3 air,  I  cancel  ja*  in  the  Denominator,  and  Write  ^  —  ccc  f 

Ijaa  —  7gaa  }  r _  me 

Produ&  required. 

Note.  The  taking  of  \  parts  of  the  quantity  a,  imports  the  fame  thing  with  the 

multiplying  of  a  by  -f,  and  the  Produfr  may  he  expreft  either  thus,  ;  or  thus  ~a, 

?  5  5  ’ 

Likewife  4-  of  b+c,  or  the  Produ&  of  b-\-c  multiplied  by  -f,  may  be  expreft  ei- 

either  thus  or  thus,  1*+*.  And  fo  of  others, 

J 
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XXIV.  When  the  two  given  Fra&ions,  to  wit,  the  Dividend  and  Divifor,  have 
a  common  Denominator,  call  away  the  Denominator,  and  divide  the  Numerator  of 
the  Dividend  by  the  Numerator  of  the  Divifor ;  fo  that  which  arifes  (hall  be  the 

*  r  11 

•  Quotient  fought.  As,  to  divide  _  by  —  •  I  call  away  the  common  Denominator 

cvxb  aa 

c,  and  divide  aab  by  bb,  fo  the  Quotient  fought  is  -~9  that  is, 

In  like  manner,  divided  by  gives  —L  that  is,  ab  for  the  Quotient. 

d  a  ab 

Again,  If  be  divided  by  there  will  arife  Ma~^L 

S  ’  c  —  d  _  c  —  d  aa  +  2ab+kb' 

which  abbreviated  (by  dividing  the  Numerator  and  Denominator  feverally  by  their 

common  Divifor  a-\-b)  gives  the  Quotient  fought. 

a-\-b 

XXV.  If  the  given  Fra&ions  have  not  a  common  Denominator,  then  ( as  in  Di¬ 
vifion  of  vulgar  Fra&ions)  multiply  the  Numerator  of  the  Dividend  by  the  Deno¬ 
minator  of  the  Divifor,  and  the  Produ&  (hall  be  a  new  Numerator  5  alio,  multiply 
the  Denominator  of  the  Dividend  by  the  Numerator  of  the  Divifor,  and  the  Frodubf 
(hall  be  a  new  Denominator  *  fo  the  new  Fraction  is  the  Quotient  fought. 

As,  for  Example,  to  divide  ^  by  —  I  multiply  ab  by  a,  and  the  Produft 

c  a 

is  aab  for  a  new  Numerator-,  alfo,  multiplying  c 
dd\  ab  /aab  by  dd,  the  Product  is  JJc  for  anew  Denominator^ 

a  )  c  \ddc  f0  the  Quotient  (ought  is 

ddc 


Likevvife,  If  — — ~  be  divided  by  - — f-,  the  Quotient  will  be 

c-\-d  aa\bb  cc  —  dd 

jror  aa — bb  the  Numerator  of  the  Dividend  being  multiplied  by  aa-t  bb  the  De¬ 
nominator  of  the  Divifor,  the  Product  aaaa — bbbb  is  the  new  Numerator :  and  c-\-d 
the  Denominator  of  the  Dividend  being  multiplied  by  c — d  the  Numerator  of  the 
Divifor  produces  cc — dd  for  a  new  Denominator  *,  whence  the  Quotient  fought  is 

aaaa  —  bbbb 
cc  —  dd 

XXVI.  But  oftentimes  there  may  be  this  ufeful  Contra&ion  in  the  Divifion  of  ' 
Fractions,  viz ,  when  either  the  two  Numerators,  or  the  two  Denominators  may  be 
divided  by  fome  common  Divifor  without  a  Remainder,  (et  the  Quotients  arifing  out  of 
fuch  Divifion  (or  imagine  them  to  be  fet)  in  the  places  of  the  faid  Numerators  or 
Denominators  that  were  divided,  and  then  divide  as  in  the  former  Examples. 

As,  to  divide  bya~--,  Forafmuch  as  the  Numerators  aa  —  ab  and 

cc  cd 

a — b  may  be  reduced  to  more  fimple  Terms,  to  wit,  a  and  1,  (foraa — ab  and 
a —  b  being  feverally  divided  by  their  common Meafure  a — b  give**  and  1.  And, 
becaulethe  Denominators  cc  and  cd  may  likewile  be  reduced  to  more  fimple  Terms 
c  and  d,  (by  dividing  the  faid  cc  and  cd  by  their  common  Divifor  c,)  therefore  in  the 
places  of  the  two  given  Numerators  aa — aban&a — b  I  (etthe  two  former  Quotients 
a  and  1,  and  in  the  places  of  the  two  given  Denominators  cc  and  cd  I  fet  the  two 

j .  a  /ja  latter  Quotients  c  and  d  j  fo  there  will  be-^ 

dj  c  '  c 

and  -I  for  a  new  Dividend  and  Divifor  ^  then  (as 
d 

before)  I  multiply  a  by  d,  and  the  Produft  is  ad  or  da  for  a  new  Numerator  * 
Alfo,  c  multiplied  by  1  gives  c  for  a  new  Denominator,  and  the  new  Fraction  ~  is 

the 
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;U 


aa — ab 


the  Quotient  fought-,  which  is  equal  to  that  which  would  arife  by  dividing 

'  •  '  :  r  •  6C 

by  -  to  wit,  the  Fractions  firft  propofed. 
cd 

Again,  If  it  be  defired  to  divide  Aaaa  .  by  ;  ForafmucH  as  the 

Numerators  aaaa — bbbb  and  aa-\-ab  may  be  reduced  to  aaa — aab\abb — bbb  and  a 
by  their  common  Divifor  a-\-b  ;  and  the  Denominators  aa — 2 ab+bfi  and  a — b  may¬ 
be  reduced  to  a—b  and  1,  by  the  common  Divifor  a — b  -,  therefore  inftead  of  mul¬ 
tiplying  aaaa — bbbb  by  a — /;,  I  multiply  the  laid  aaa — aab-\-abb — bbb  by  1,  and  the 
Product  is  aaa— aab Ar abb— bbb  for  a  new  Numerator  5  and  inftead  of  multiplying 
aa — 2 ab-\-bb  by  aa\ab ,  I  multiply  a — b  by  a •  fo  the  Product  aa — ab  fhall  be  a 

Denominator,  whence  the  Quotient  fought  is  abb  W. 

—  -ab 


new 


X  T  ■>  V 

In  like  manner.  If  a^aa  .  2^—  be  divided  by  the  Quotient  will  be 

aa — iofl-l-25.  a — y 

aaa--- 5  ##4  25^ — 125  .  pQj.  aaaa — £2y  and  aa-\-$a  may  be  reduced  to  aaa — y##4 
r  aa —  y# 

1  y# — 125,  arid  a  by  the  common  Divifor  #4-5  Alfo,  aa — 100425  and  #— 5 
may  be  reduced  to  a — y  and  1  by  the  common  Divifor  a — y  and  1  whence  inftead 
of  the  Fractions  given  we  may  divide 


T  .  t 


l  w 


aaa — -y##4  25# — T2y  r  *  a 

a—  y  7  T 

and  the  Quotient  fought  will  be 

aa - 5?/* 

Again  to  divide  aaa — zaab^abb  by  ?.aT~ajL0  I  let  1  fot  a  Denominator  under 

°  3  #4^ 

the  Dividend  aaa — 2abb-\-abb,  and  itftands  thus  aaa  then  forafmuch 

•  1 

as  the  Numerators  aaa — 2aab-\-abb  and  aa — ab  may  be  reduced  to  a — b  and  1,  (  by 
the  common  Divifor  aa — ab  )  therefore  inftead  of  the  given  Dividend  and  Divifor 

we  may  take  and  whence  the  Quotient  fought  will  be  found  aa — bb. 

1  a\b 

So  alfo,  If  a\—a^  be  to  be  divided  by  #4#,  that-  is,  flf^+4^4  ^ 

a+tf  y  a+^b 

-■ the  Quotient  will  be  found  aaJr3.a.  ;  And  — divided  by  **4  y*  gives 
1  #446  * — y 

the  Quotient  — - —  :  Laftly,  XX^~JX  divided  by  *4  5  gives  the  Quotient 

5  *—5  .  *—5 


X  y 


\  -  V-  > 


—  — 


A'  j 

— 


: 


4  + 


..  i. 


n 


, .  1 1  -  » 
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The  Rule  of  Three  in  Algebraic  Quantities.  BOOK  I. 


C  HAT.  VII. 

The  Rule  of  Three  in  Quantities  reprefented  by  Letters . 


I.  A  S  in  Vulgar  Arithmetic  fo  here  in  Algebraical,  if  three  Quantities  be  given  to 
find  out  a  fourth  in  a  dired  Proportion,  that  is,  when  the  Nature  of  the 
Queftion  is  fuch  *  that  as  the  firlt  Term  is  in  proportion  to  the  fecond,  fo  is  the 
third  to  the  fourth  fought;  then  (refped  being  had  to  the  preceding  Rules  of  Alge¬ 
braical  Multiplication  and  Divifion  )  multiply  the  fecond  and  third  Terms  one  into 
another,  and  divide  the  Produd  by  the  firft  Term ;  fo  the  Quotient  fhall  be  the  fourth 
Proportional  fought.  T  W 

As  ^'or  Example,  If  the  Quantity  a  give  b ,  what  (hall  c  give,  in  a  direct  Propor 
firm  >  Or  to  the  fame  EfFefE  find  out  a  Onantmr  T*rtnVVi  i«,,£ 

be 


tube 


a 


tion  >  Or,  to  the  fame  EfFed,  find  out  a  Quantity  which  fhall  have 
the  fame  proportion  to  c,  as  b  has  to  a  ;  here  I  multiply  b 
by  c%  and  then  dividing  the  Produd  be  by  a,  the  Quotient, 

—  is  the  fourth  Proportional  fought ;  as  will  appear  by  the 

Proof  of  the  Rule  of  Three  dired :  For  if  the  fourth  Term 

—  be  multiplied  by  the  firft  Term  a ,  the  Produd  will  be 

a 

which  (by  Sett.  $.  Chap .  5. )  is  equal  to  be,  to  wit,  the  Produd  of  the  fecond 


a  .  b  : :  c  . 

c 

The  Proof, 
abc  __^c 


a 


Term  multiplied  by  the  third. 

In  like  manner.  If  give  what  fhall  c-\-d  give,  in  a  Dired  proportion  > 

Anfwer, 

5  a+b 

Againt,  If  4. gives  3,  what  fhall  Saa  give  >  Anfw.  ~2-^—  that  is,  6aa. 

4 

Moreover,  If  aaa—aab-\-abb—bbb  give  aa-\-bb ,  what  fhall  aa — bb  give  > 
Anfw.  a’^-b  :  For  the  fecond  and  third  Term  being  multiplied  one  by  the  other  will 
produce  aaaa — bbbb ,  which  divided  by  the  firft  Term  aaa — aab-yabb — bbb  f according 
to  the  general  Method  of  Divifion  in  Sett.  9.  Chap.  5.J  gives  a-\-b  the  fourth  Propor¬ 
tional  fought. 

II.  When  any  one  of  the  three  given  Quantities  is  an  Algebraic  Fradion,  let  the 
other  tvVo  if  they  be  Triggers,  in  the  form  of  Fradions,  by  placing  1  as  a  Denomi¬ 
nator  under  each  Integer. 

\  Alfo,  when  any  one  of  the  three  given  Quantities  is  compos’d  of  an  Integer  and  a 
Fradion,  let  it  be  reduced  into  the  Form  of  a  Fradion,  fby  SdS.  7.  Chap.  6.)  then 
if  the  Proportion  be  Dired,  multiply  and  divide  as  before. 

>  As  for  Example ,  If  a-\-  zt  give  ci,  what  fhall  ~  give  in  a  dired  proportion  > 

c  J 

Anfw.  For  firft,  a-\-~  being  reduced  to  the  Form  of  a  Fradion 

.  acf-Ybbj  c 

Will  ftand  thus  acTM .  alfo  cd  fet  Fradion- wife  is  —  ;  then  multiplying  the 

c  1 


third  Term  by  the  fecond  Term  the  Produd  is  — which  divided  by 

/  1  / 

the  firft  Term  — ■  gives  — <$rrrr  f°r  f°urth  Proportional  fought. 


c  acf-\-bbf 

In  like  manner,  If  —  give  J,  then  ~  will  give 

c  d 

being  abbreviated  according  to  Sett,  5.  Chap.  7.  giyes 


cdbb ,  -  .  •  cb 
—r?  that  is,  — ■> 
abd  a, 

cb 

a 


( for 


cdbb 

abd 


Alfo, 


Alfo,  Ifi^f.  give  f*,  then  -—will give  A*  ■ 

«  6’  aa—cc 

III.  If  after  the  three  given  Quantities  are  ordered  or  fet  in  the  Rule  according  to 
the  ufual  manner  in  Vulgar  Arithmetic;  the  Proportion  flows  backwards  viz  if  the 
Nature  of  the  Queltion  be  fuch,  that  as  the  third  Term  is  in  proportion  to  the  fe 
cond,  fo  is  the  hrft  to  the  fourth  Term  fought;  then  (as  in  the  Inverfe  or  backward 
Rule  of  Three  in  Vulgar  Arithmetic)  multiply  thefirftand  fecond Terms  one  by  th» 
other,  and  divide  the  Produa  by  the  third,  fo  the  Quotient  (hall  be  the  fourth  Pro¬ 
portional  fought  But  I  fliall  not  need  to  give  Examples  of  this  Rule,  nor  to  make 
application  of  Algebraical  Arithmetic  to  the  Double  Rule  of  Three,  Rules  of  Fellow- 
flop  and  Alligation;  fincehe  that  underftands  the  manner  of  working  thofe  Rules  in 
Vulgar  Arithmetic,  as  alfo  the  Rules  of  Algebraical  Arithmetic  before  delivered’ 
cannot  mifs  of  performing  the  like  work  Algebraically  when  there  is  occafion  ’ 


CHAP.  VIII. 

An  Introduction  to  the  Extraction  of  ROOTS  out  of 

Algebraical  Quantities , 

I.TT  is  not  my  defign  in  this  Chapter  to  treat  of  the  ExtraSion  of  Roots  in  genera! 

-*■  (that  Doctrine  being  hereafter  handled  in  the  third  and  fourth  Chapter  of  the  le- 
cond  Book)  but  chiefly  to  fhew  how  to  extma  the  Roots  or  fides  of  Simple  Powers 
exprefs’d  by  Letters,  as  alfo  of  Squares  formed  from  Rational  Binomial  Roots  in  or 
der  to  the  Explication  of  divers  Equations  in  the  following  Chapters*  For  f  would 
not  willingly  affright  the  Learner  with  tedious  and  intricate  Operations  until  he  has 
had  a  confiderable  Tafte  of  the  praftice  of  Algebra  in  the  folving  of  Arithmetical 
Queftions. 

II.  As  in  Vulgar  Arithmetic,  the  Extraftion  of  the  Square  root  of  a  given  Num¬ 
ber  imports  nothing  elfe  but  the  finding  out  fuch  a  Number  that  being  multiplied  by 
it  felf  will  produce  the  given  Nhmber  *  fo  the  Extrafting  of  the  Square  root  of  the 
Quantity  aa  implies  only  the  finding  out  fuch  a  Quantity,  which  if  it  be  multiplied 
by  it  felf  will  produce  aa  5  and  fince  a  multiplied  by  a  produces  aa,  therefore  «  is 
the  Root  or  fide  of  the  Square  aa. 

Likewife  the  fquare  Root  of  4 bb  is  2 b  b  for  2 b  multiplied  by  2 b  produces  4 bb  : 

And  for  the  lame  Reafon,  the  fquare  Root  of  \aa  (or  f?)  is  (or  —)  Alfo 

4  2  3 

the  fquare  Root  of  bbaa  is  ba  *  and  the  fquare  Root  of  aaaa  is  aa. 

Moreover,  Forafmuch  as  aa,  or  the  Square  of  the  Root  a,  being  multiplied  by  the 
Root  a  produces  aaa,  or  the  Cube  of  a ,  therefore  the  Cubic  Root  of  aaa  being  ex- 
traaed  there  will  come  forth  again  the  Root  a.  In  like  manner,  the  Cubic  Root  of 
8^  is  2a  •  for  2 a  multiplied  cubically,  ( that  is,  firft  by  it  felf  and  then  again  by 
the  Produa)  produces  8 aaai  7 

III.  The  like  is  to  be  underftood  in  the  Extraaion  of  the  Root  of  a  compound 
Power  ^  For,  as  the  Binomial  Root  a-fb,  which  may  reprefent  the  Sum  of  the  two 
parts  into  which  lbme  Number  or  Right-line  is 

divided,  being  fquared  or  multiplied  by  it  felf,  a\b.  The  Root, 
produces  the  Square  aa-\-2ab-\-bb  *  So  the  a-\-b 

fquare  Root  of  aa-\-2ab-\-bb  being  extraaed,  _ 

there  will  arife  the  Root  a-fb.  Here  the  aa-fab 
Learner  may  obferve,  That  if  a  Number  or  4 -ab-fbb 

Right-line  be  divided  into  any  two  parts,  ( a  -  -  - 

and  b)  the  Square  (aa-\'2ab-j-bb)  which  is  aa-\-2ab-\-bb.  The  Square, 

made  of  a-\-b  the  Sum  of  the  Parts,  is  con> 

poled  of  (aa  and  bb)  the  Squares  of  the  Parts,  and  of  (2 ab )  the  Double  Produa 
made  by  the  Multiplication  of  the  Parts  (a  and  b )  one  into  the  other. 

F  2 


So 
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So  the  Square 
Again,  As  the 
being  multiplied 

a — b.  The 
a — b 


Root. 


aa — ab 
-—ab-\-bb 

aa — 2 ab-\-bb»  The  Square 


(2 ab)  the  double 
the  Square  of  5— 


of  8,  or  of  9  +  3,  is  equal  to  25; -f  9+ 30,  that  is,  64. 

Binomial,  or  (as  fome  call  it)  the  Refidual  Root  a—b ,  or  b — a 
by  it  felf  produces  the  Square  aa — 2 ab-\bb  3  So  the  Iquare  Root  of 

aa—7ab\bb  being  extra&ed  ,  there  will 
come  forth  the  Root  a — b ,  or  b — a  3  (  for 
either  of  thele  Roots  will  produce  the  lame 
Square.)  Here  alfo  the  Learner  may  obferve. 
That  if  a  Number  or  Right-line  be  divided 
into  any  two  parts,  ( a  and  b )  the  Square  (aa 
— iab\bb)  which  is  made  by  the  Multipli¬ 
cation  of  (a — b ,  or  b — a )  the  Difference  of 
the  Parts  into  it  felf,  is  equal  to  (aa-\-bb)  the 
Sum  of  the  Squares  of  the  Parts,  lefs  by 
ProduSl  of  the  Multiplication  of  the  Parts  one  into  the  other :  So 
■3,  that  is,  of  2,  is  equal  to  2  5; -f  9 — 30,  that  is,  4. 


IV.  From  what  has  been  laid  in  the  laft  Se&ion,  this  Theorem  may  be  inferred, 
viz.  If  a  compound  Quantity  coftfifts  of  three  fuch  Members  or  fimple  Quantities, 
that  two  of  them  are  Squares,  each  of  them  having  the  lign  ff-  prefix’d  to  it,  and  the 
third  is  the  double  Product  made  by  the  mutual  Multiplication  of  the  Roots  of  thole 
fimple  Squares,  the  laid  double  Produtt  alio  having  the  fign  prefix’d  to  wit  3  that 
compound  Quantity  Ihall  be  a  Square  whole  Root  is  the  Sum  of  the  two  Roots  of 
the  faid  two  fimple  Squares  :  But  if  the  laid  double  ProduSl  has  the  Sign  —  prefix’d 
to  it,  then  the  difference  of  the  laid  Roots  Ihall  be  the  Root  of  the  faid  compound  Square. 

Hence  aa-\-6a-\-y  will  be  found  aSquare,  whole  Root  is  a-\-7,  3  for  it  is  evident 
that  aa  and  pare  Squares,  whofe  Roots  are  a  and  3  3  and  6a  is  the  double  ProduSb 
of  the  Multiplication  of  thole  Roots  a  and  3  one  by  the  other. 

Likewile,  ybb-\-6bc-\-cc  is  a  Square,  whole  Root  is  %b-\-c  3  for  ybb  and  cc  are 
Squares  whole  Roots  are  3 b  and  c,  and  6bc  is  the  double  Produfl  of  the  Multiplicati¬ 
on  of  the  Roots  3 b  and  c  one  into  the  other.  Alfo,  aaaa\baa\^bb  will  be  found 
a  Square,  whole  Root  is  aa-\-±b. 

Moreover,  (  agreeable  to  the  latter  Cafe  in  the  Theorem  )  This  compound  Quan¬ 
tity  aa — ioa-\-2$  will  be  difcovered  to  be  a  Square  whole  Root  is  a — 5;,  or  j — a. 
And  bbaa — ibca-\cc  is  a  quare  whole  Root  is  ba — c,  or  c—ba 3  For  from  either  of 
thefe  Roots  the  lame  Square  bbaa — 2 bca-\-cc  will  be  produced  by  Algebraical  Mul¬ 
tiplication.  •  _  . 

If  the  Learner  be  well  vers’d  in  this  Theorem,  he  may  oftentimes  difcern  at  firft 
fight  whether  a  compound  Quantity  that  confifts  of  three  Members  or  fingle  Quanti¬ 
ties  be  a  Square  or  not  3  and  if  a  Square,  what  its  Root  is. 

V.  If  a  Quantity  out  of  which  a  Root  is  to  be  extra&ed  be  fuch,  that  the  Root  can¬ 
not  any  manner  of  way  be  exaftly  extra&ed  3  that  Root  is  ulually  defign’d  or  reprefented 
by  prefixing  the  radical  fign  before  the  Quantity  propofed.  So  to  extract  the  fquare 
Root  of  the  Quantity  a,  (whether  it  reprefents  a  planeNumber  or  a  Superficies )  I  write 
Vtf,  or  V  (2  >,  which  fignifiesthat  the  fquare  Root  of  a  is  extra&ed  or  to  be  extra  Sled. 

So  alfo,  V :  aa\bb :  or,  V  (2 ):aa-\-bb:  denotes  the  Iquare  Root  of  the  Sum  of 
the  Squares  aa  and  bb. 

Likewife,  to  extrafi  the  Cubic  Root  of  b ,  I  write  V  (i)b  3  as  alio  V  (1)  aab ,  to 
fignifie  the  Cubic  Root  of  aab  3  which  kind  of  Roots  are  called  Surd  or  Irrational 
Quantities.  (  As  hereafter  in  Chap.  9.  of  the  II.  Booh  will  be  more  fully  declared. ) 

VI.  When  it  is  required  to  extract  the  Root  of  a  Fraction,  the  Root  of  the  Nume¬ 
rator  and  the  Root  of  the  Denominator  Ihall  give  a  new  Fra&ion  which  is  the  Root 

fought.  As  for  Example,  If  the  fquare  Root  of  ~  be  defired  3  forafmuch  as  the 

fquare  Root  of  aa  is  a,  and  the  fquare  Root  of  bb  is  b  3  I  write  for  the  Root 
fought. 

In 
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In  like  manner,  the  fquare  Root  of  is  ~  5  (  for  the  fquare  Root  of  aabb 
is  ab,  and  the  Root  of  dd  is  l) 

Again,  the  fquare  Root  of  For  (by  the  foregoing  Se&.  4.) 

the  fquare  Root  of  the  Numerator  aa\baAry  is  <*-+3  •,  and  the  fquare  Root  of  the 

Denominator  bb  is  b.  Alio,  the  fquare  Root  of  9fb-^6bc^ \-cc  "ib-yc  ^  an(j  tjie 

\dd  id 

Cubic  Root  of  ?7—  is  li,  or  ±J. 

64  4 

VII.  But  if  the  Root  fought  cannot  be  extra&ed  out  of  the  Numerator  and  Denomi¬ 
nator  as  before,  the  Radical  fign  is  to  be  fet  before  the  given  Fraction  j  as  to  extract 

the  fquare  Root  of  —  I  write  Va-f  *  or  becaufe  the  lquare  Root  of  the  Numerator 

b  b 


is  *,  the  fquare  Root  of  ^  may  be  exprefs’d  thus  ;  likewife  the  fquare  Root  of 


act  -4-  bb  t  •  •  1  1  4-  bb  .  ■V  •  aa-\~bbt 

_T —  may  be  written  either  thus,  v - r—  •,  or  thus,  — - — 

aabb  aabb  ab 


CHAP.  IX. 

Which  teaches  how  by  any  two  of  the  three  Members  of  a  S quare 
formed  from  a  Binomial  Root  ,  to  find  out  the  third  Member . 

I- 17 Rom  SeB.  3.  of  the  precedent  8.  Chap,  it  is  evident  that  every  Square  formed 
V  from  a  Binomial  Root,  that  is,  a  Root  of  two  Names  or  Parts,  confifts  of  three 
Members  or  diftinft  Quantities,  to  wit,  two  Affirmative  Squares,  and  the  double  of 
the  Product  made  by  the  mutual  Multiplication  of  the  two  Roots  of  thofe  fquares  ♦, 
which  double  Product  is  fometimes  Affirmative,  and  fometimes  Negative  :  So  each 
of  thefe  compound  Squares  9**4-12*44  and  9** — 12*44?  whofe  Roots  are  3 * 
4-2,  and  3 a — 2',  for  2— 3a)  confifts  of  two  Squares,  to  wit,  9**  and  4,  together 
with  12a,  the  double  Produft  of  3 a  multiplied  by  2  *  which  3 a  and  2  are  the  Roots 
of  the  faid  Squares  9**  and  4  :  Now  if  any  two  of  the  three  Members  of  a  Square 
formed  from  a  Binomial  root  be  given,  we  may  find  out  the  third  Member  by  one 
of  thefe  two  following  Rules. 

II.  When  two  Affirmative  Squares  are  given  as  two  of  the  three  Members  or  Parts 
of  a  compound  Square  formed  from  a  Binomial  root  to  find  out  the  third  or  mean 
Member ;  extratt  the  Square  root  out  of  each  of  thofe  given  Squares, then  the  double 
of  the  Product  made  by  the  Multiplication  of  thofe  Roots  one  into  the  other  fhall 
be  the  mean  or  middle  Member  fought,  which  if  it  be  annexed  to  the  two  given  Squares 
either  by  4-  or  will  make  a  compleat  compound  Square  having  a  Binomial  Root. 

As  for  Example,  If  the  Squares  9 aa  and  4  be  given,  firft  I  extra£f  their  Roots 
which  are  3 a  and  2,  then  multiplying  thefe  Roots  one  by  the  other  the  Product  is  6*, 
which  doubled  makes  1 24  the  middle  Member  fought-,  this  joined  by  4-  to  the  Sum 
of  the  given  Squares  9**  and  4  makes  the  compound  Square  9**4-44-12*,  or 
9**4- 1 2*4-4,  whole  Root  is  3^+2  :  Rut  the  faid  douWe  Produ&  12*  be  joined 
to  the  Sum  of  the  Squares  by  — ,  there  will  arife  the  compound  fquare  9**4-  4— 
12*,  or  9** — 12*4-4  ?  whofe  Root  is  3* — 2,  or,  2 — 3*. 

In  like  manner,  If  4**  and  6bb  be  propos’d  as  two  of  the  three  Members  of  a 
compound  Square  that  has  a  Binomial  Root,  the  third  Member  will  be  found  12 ab^ 
and  the  Square  fought  will  be  either  4**4*  1 2*^4  whole  Root  is  2*4"  lb  *,  or 
clle  4** — \2ab\ybb,  whofe  Root  is  2* — 3^,  or  3^—2*. 


IIL  When 
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III;  When  the  double  Produft  and  either  of  the  two  Affirmative  Squares  aforefaid 
ate  given  as  two  of  the  three  Members  of  a  compound  Square  having  a  Binomial  R  oot 
to  find  out  the  otherSquare  or  third  Member  5  divide  half  the  faid  double  Product  bv 
the  Root  of  the  given  Square  and  the  Square  of  the  Quotient  fhall  be  the  third 

compoundSOmre  WUC1  added  by  +  t0  the  two  Siven  Members  will  compleat  the 

As  for  Example  If  933+ 1 23  bepropofed;  the  half  of  153  is  6a  ■  this  divided 
fcy  %a  (the  fquare  Root  of  933)  gives  2  whole  Square  is  4,  which  added  by  +  to 
^makes  933+123+4,  which  is  a  compleat  Compound  Square,  whole 

In  like  manner.  If  123+4  be  given ;  the  half  of  123  is  6a,  which  divided  by  2 
( the  fquare  Root  ot  4  )  gives  3 a,  whofe  Square  is  qaa,  which  added  by  +  to  1  fa. 

Root  15^+  a'6  COmp°Und  SquaJre  12tt+4+9«>,  that  is,  933+123+4,  whofe 

Again,  If  33-2*3  be  given;  the  half  of  2*3  is  ba,  which  divided  by  3,  ( the 
fquare  Root  of  art)  gives  the  Quotient  b,  whofe  Square  is  bb-  which  added  1 033— 
-*3  makes  the  Square  33— 2*3+ W  whofe  Root,  becauie  —  is  prefix’d  to  2*3,  fhall 

been  a+bjnb+l  ^  lf  +  ^  beM  pKfix’d  t0  then  tbe  Root  would  have 

the  faid  Affirmative  Square  given  be  exprefs’d  by  Letters,  and  has  only  1 
(to  wit,  Unity;  prefix  d  to  it,  then  mftead  of  the  Rule  above  delivered  in  this  &/  3 

double  Py  ab%thl?  Co,T”dnm-.  viz-  We  Square  of  half  that  Quantity  which  in  the 

Member  rfdu?  S1Ve"  1S  drawn  lnt0  the  Root  of  the  given  Square  (hall  be  the  third 
Member  fought  to  compleat  the  compound  Square :  As  in  the  Iaft  Example  where 

fr+e ++!, if V f"’ ; beC3 “fe  15  pur?fix’d  be  imagined  to  be prefix’d)  toaa- 

1 t  lkc  the  halt  of  to  wit,  b,  which  multiplied  by  it  felf  gives  bb  which  added  hv 
to  Ufi — 2 ba,  mil  make  f  as  before  )  the  compleat  ComnnimH  »  7  »7 

So  alfo  to  make  33+ 6^3  a  compleat  Square,  I  take  the  half  of  a  whichTs  3<fwtofe 
Square  ydd  added  by  -f  to  aa-\-  6da  makes  the  compound  Sauare  aa-X-£j\jL  jj 
whofe  Root  is  a-\-  id.  This  will  be  further  illuflrated^n  the  next  SeBion.  + 

aw?'  c„omP°undQ^ntity  confifts  of  two  fuch  Quantities  that  one  of  them  is  an 
Affirmatwe  Square  exprefs  d  by  Letters,  before  which  i  is  prefix’d,  (or  fuppos’d  to  be 
prefix  d)  and  the  other  istherroduQ:  made  by  the  Multiplication  of  the  Root  of  that 
Square  by  fome  Quantity,  which  is  ufually  called  the  Coefficient  5  that  compound  Ouaf 

mde  "  C°muPleat  S^uare  thus>  Add  V  the  Sign  +Tsqu^eof 
halftheCoeffieient  to  the  compound  Quantity  given,  fo  fhall  the  Sum  be  a  Sauare 

whofe  Root,  when  +  is  prefix’d  to  the  faid  Produa,  is  the  Sum  of  the  Roots  of  the 
fquare  given  and  the  Square  added  :  But  when  -  is  prefix’d  to  the  faid  pfodua  then 

th<A^fnr  V  the  ^omP°u.nd  Scluare  f°unci  fhall  be  the  difference  of  thofe  two  Roots 
As  for  Example,  lf  the  compound  Quantity  aa+ca  be  propofed  I  take  the  half 
of  the  Coefficient  c,  to  wit,  + ;  then  the  Square  of  <c  is  Jc,  which  added  to  33+33 
makes  33+33+433  ,  which  is  a  Square  whofe  Roo’r  or  Side  is  3+2  to  wit  the 
Sum  of  the  Roots  of  the  Squares  aa  and  +3 ,  Bur  if  the  faid  +3  betdded to  33—33 
then  there  will  anfe  the  Square  33-33  +  433,  whofe  Root  is  3-43  or  %-a 

1  „  i  3lv£  T°  mahe  aaJc'>hct  a  compleat  Square,  and  to  difcover  its  Root  - 

I  take  the  half  or  5 :b9  to  wit,  the  Square  whereof  is  ll bb,  which  added  to  the  given 
compound  Quantity  33+  5 ba  makes  33+  5 *3+  >xbb,  which  is  a  Square  whofe  Root 
is  3+ J  as  will  eafily  appear  by  multiplying  the  faid  Root  into  it  felf 

effiden7^ltot3akkT_I^?,PerflaS?Uare’  Iadd  36  Square  of  half  the  Co- 
RoofS  a-6,  or  7-a*'  makes  the  compound  Square  33-123+36,  whofe 

Again,  To  find  what  Quantity  muft  be  added  to  3333+33  or  3333+137  to 

S"  fS'Sitevi^  ixf£ 

vs^sttsaasams  rsrt* A *»* 


After 
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•  """  '  "  ~'U  '  '  ‘  .  I  I  ■ '*  m  \ '  '  wwUwAwiji 

After  the  lame  manner,  to  make?  , 

this  Compound  Quantity  a  compleat> 

Square, .  -  A  d 

I  take  the  half  of  the  Coefficients  2b-bnc 

- - to  Wit,  . . .?*  ,  2 d 

Then  the  Square  of  that  half  Coeffi-  7  ?cc 

Which  Square  added  to  the  Com-  7  ^  1 2  ^4  9Q 

pound  Quantity  propoled,  makes  .  ...  y  d  4 dd 

Which  laft  Compound  Quantity  is  a  7  , 

Square,  whofe  Root  is  .  .  . . 3  2 d 

Likewile,  If  it  be  defired  to  make  this  compound  Qiiaritity  a  compleat  Square  to 
wit,  aaaaaa-\-baaay  I  add  to  it  the  Square  of  half  the  Coefficient  £,  to  wit  ±bb'  fo 
there  will  be  aaaaaa  -f  baaa-\-±bb  the  Square  defiled,  whole  Root  is  aaa-\- ±b. 4  ’ 
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CHAP.  X. 

.  r  j  •  t  t 

‘  1. 1  .■  .  t 

A  Collection  of  eafie  Queftions  to  exercife  the  Rules 

hitherto  delivered. 


I.  T  Here  are  two  Quantities,  whereof  the  greater  is  a  for  3,)  the  leffer  is  e  (or  2  ) 
I  What  is  their  Sum  >  What  is  their  difference  >  What  is  the  Produft  of  their 
Multiplication?  What  is  the  Quotient  of  the  greater  divided  by  the  leffer?  What 
is  tl^  Quotient  of  the  leffer  divided  by  the  greater  ?  What  is  the  Sum  of  their  Squares? 
What  is  the  difference  of  their  Squares?  What  is  the  Sum  of  the  Sum  and  differ¬ 
ence  of  the  two  Quantities  firft  propoled  >  What  is  the  difference  of  their  Sum  and 
Difference  ?  What  is  the  Product  made  by  the  Multiplication  of  the  Sum  by  the  Dif¬ 
ference  ?  What  is  the  Square  of  the  Sum  ?  What  is  the  Square  of  the  Difference  > 
What  is  the  Sum  of  the  Squares  of  the  Sum  and  Difference  ?  What  is  the  Differ¬ 
ence  between  the  Square  of  the  Sum,  and  the  Square  of  the  Difference  ?  What  is  the 
Square  of  the  Product  of  the  Multiplication  of  the  laid  two  Quantities  ? 


Aiifwers  by  Letters ,  by  Numbers 0 


1.  The  Sum  of  the  two  Quantities  propoled  is  ... . 

2.  Their  Difference,  or  the  excels  of  the  greater  7 

above  the  lels,  is . . .  3 

3.  The  Product  of  their  Multiplication  is . 

4.  The  Quotient  of  the  grea  ter  divided  by  the  lels  is  . . 

5.  The  Quotient  of  the  leffer  divided  by  the  greater  is 

6.  The  Sum  of  their  Squares  is . . 

7.  The  Difference  of  their  Squares  is . 

8.  The  Sum  of  the  Sum  and  Difference  of  the  two  7 

Quantities  firft  propofed  is  . . .  3 

9.  The  difference  of  their  Sum  and  Difference  is _ 

10.  The  Product  of  the  Multiplication  of  the  Sum  ) 

by  the  Difference  is . ...... . .  j 

11.  The  Square  of  the  Sum  is . 

12.  The  Square  of  the  Difference  is . . . . 


a-\-e 

a — e 

ae 

a 

e 

e 

■  a 
act- l~ee 
aa — ee 

2a 

2  e 

aa—ec 

aa-\-2ae+e* 
aa — 2aey-ee 


$ 

1 

6 


1? 

$ 

6 

4 

5 

2% 

1 


13.  The 


8 
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i.aa\ 2ee 

4ae 

aaee  , 


2  6 

24 

36 


13.  The  Sum  of  the  Squares  of  the  Sum  and\ 

Difference  is  . . . •  * . 5 

14.  The  difference  between  the  Square  of  the  Sum  7 

and  the  Square  of  the  Difference  is  .  - - y 

15.  The  Square  of  the  Product  of  the  Multiplica-  7 

tion  of  the  two  Quantities  is . . > 

In  like  manner,  If  the  greater  of  two  Quantities  be  c,  for  4J  and  the  leffer  be 

L.  /which  we  tray  fuppofe  to  reprefent  —  — ^  that  is,  2  j  by  putting  b  for 
c  5  v  •  •  •  4 

20,  and  d  for  12-,)  then 


-v;C 


V- 


1.  The  Sum  of  thofe  two  Quantities  will  be 

,  ‘  .  .  A  "v  '»•  *  'tr  :* 

2.  Their  Difference  is - ....  *  — . 

3.  The  Product  of  their  Multiplication  is  . . 


* . 


4.  The  Quotient  of  the  greater  divided  by  the  lefs  is 

5.  The  Quotient  of  the  leffer  divided  by  the  greater  is 

•  —  “  *  *  K 

6.  The  Sum  of  their  Squares  is . . . . 

7.  The  Difference  of  their  Squares  is . 

8.  The  Sum  of  the  Sum  and  Difference  of  the  two  7 

Quantities  is . .  y 

,  *  •  ' 

9.  The  Difference  between  the  Sum  and  Difference  is 

20.  The  Produfit  of  the  Sum  multiplied  by  the  Dif¬ 
ference  is . . . . . 


'4  — 

c 

b~A 

c 

b—d 

cc 


b—d 

b—d 

cc 


cc\  bb — 2 bd\dd 


cc 


cc  \\ 
_  bb—2bd+dd 


cc 

2  C 

2b — 2  d 


8 

2 


}  - 


, bb — 2  bd-\-dd 


cc 


20 

12 

8 

4. 

12 


l3\\ 


II.  There  are  two  Quantities  whofe  Sum  - is  (or  20J  and  the  greater  of  them 
is  put  a,  (or  12  s)  What  is  the  Leffer  >  What  is  their  Difference  >  What  is  the 
Product  of  their  Multiplication  >  What  is  the  Sum  of  their  Squares  >  What  is  the 
Difference  of  their  Squares  t 


M  i  i.  •  1 


1.  If  from  the  Sum  of  two  Quantities  the  greater 
be  fubtra&ed,  the  Remainder  fhall  be  the  leffer  ^ 
therefore  the  leffer  Quantity  fought  is 

2.  If  from  the  greater  Quantity  a, the  leffer  b — a  be  \ 
fubtra£fed,the  Remainder  or  Difference  will  be. .  j 

3.  The  ProduQ:  of  the  Multiplication  of  the  two  7 

Quantities  is  ...  ....... . 3 

4.  The  Sum  of  their  Squares  is  . . 

5.  The  Difference  of  their  Squares  is . 


b — a 

8 

2  a — b 

4 

ba — act 

96 

2cta-\-bb — 2  ba 

208 

2  ba — bb 

80 

b 

20 

£  {. 

8 

.  1 — e 

12 

b — 22 

4 

be — ee 

96 

2ee\bb — 2  be 

208 

bb — 2  be 

80 

•  •  •  • 


1.  But  if  the  Sum  of  two  Quantities  be  reprefented  by 

2.  And  for  the  leffer  of  them  there  be  put  . , 

3.  The  greater  Quantity  fhall  be . 

4.  Their  Difference  fhall  be  . . 

5.  The  Product  of  their  Multiplication  .... 

6.  The  Sum  of  their  Squares  . . . . 

7.  The  Difference  of  their  Squares  ...... 


*  » 


III.  There 


4  9 


CHAP,  io.  Queftionsto  exercise  Algebraical  Arithmetic. 

III.  There  are  two  Quantities  whofe  Difference  isd,  for  4,)  and  if  for  the  Greater 
Quantity  there  be  put  (or  12  h)  What  is  the  Leffer  >  What  is  their  Sum  >  What 
is  the  Product  of  their  Multiplication  ?  What  is  the  Sum  of  their  Squares  >  What 
is  the  Difference  of  their  Squares  ?  4 


1 .  By  fubtra&ing  the  Difference  from  the  Greater  f 

quantity,  the  Leffer  will  be  ...  .  .3 

2.  The  Sum  of  the  two  Quantities  is  .  j  . 

3.  The  Product  of  their  Multiplication  is  .  . 

4.  The  Sum  of  their  Squares  is . 

5.  The  Difference  of  their  Squares  is  ...  . 

a  —  d 

2  a — d 
aa  —  da 

2  aa-\-dd —  2  da 

2  da  —  dd 

3 

20 

96 

208 

80 

1.  But  if  the  Difference  of  two  quantities  be  .  .  . 

d 

4 

2.  And  for  the  Leffer  quantity  you  put  .... 

3.  The  Greater  fhall  be  the  fum  of  the  Difference ") 

e 

1  1 

!  ^ 

8 

and  the  Leffer,  to  wit,  .......  3 

J2 

4.  The  Sum  of  the  two  Quantities  is  ...  . 

d-\-26\ 

20 

5.  The  Product  of  their  Multiplication  is  .  , 

de  4-  ee 

96 

6.  The  Sum  of  their  Squares  is . . 

dd-\-2de-\-2et 

208 

7.  The  Difference  of  their  Squares  is  ...  . 

dd- f-  2  de 

80 

IV.  There  are  two  Quantities,  whereof  the  Greater  has  fuch  Proportion  to  the 
Leffer  as  r  (3)  to  s,  ( 2  J  now  if  for  the  greater  quantity  there  be  put  a,  (15,) 
What  is  the  Leffer  >  What  is  their  Sum?  What  is  their  Difference  ?  What  is  the 
Product  of  their  Multiplication  ?  What  is  the  Sum  of  their  Squares  ?  What  is  the 
Difference  of  their  Squares  ? 


1.  Firff,  fay  by  the  Rule  of  Three,  If  r  give*,') 

1 

what  will  a  give  ?  Anfw.  which  is  the  y 

Y  \ 

sa  , 

F 

10 

Leffer  quantity  fought  J 

r  \ 

2.  Then  the  Sum  of  the  two  quantities  will  be  . . 

*+  ii 

( •  a 

25 

3.  Their  Difference  is  ........  . 

sa 

•  a——  _ 

r 

5 

4.  The  Produft  of  their  Multiplication  is  .  ,  ] 

saa 

Y 

150 

»  ,  .  ‘  .  - 

5.  The  Sum  of  their  Squares  is  ! 

ssaa  l 

aa-f- 

rr 

32  $ 

6.  The  Difference  of  their  Squares  is  ■  .  .  . 

aa-l™ 

rr 

I2J 

But  if  the  Leffer  of  two  Quantities  be  e  (10,)  and  has  fuch  Proportion  to  the 

Greater  as  s  (2,)  to  r  (3  *,  )  Then 

' 

1.  The  Greater  Quantity  will  by  the  Rule  of) 

re 

Three  be  found . 3 

s 

*5 

2.  And  the  Sum  of  the  two  Quantities  will  be .  . 

s 

25? 

3.  Their  Difference  is  .......... 

re 

1  7“e 

* 

4.  The  Produft  of  their  Multiplication  is  .  -  * 

,,  | 

ret 

• 

s 

15:0 

5.  The  Sum  of  their  Squares  is  .....  : 

i  4« 

I  ss 

325 

6.  The  Difference  of  their  Squares  is  *  .  •  . 

1 

ISJ 

G  ' 

% 

V.  There 
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V.  There  are  two  Quantities,  the  ProduSb  of  whofe  Multiplication  is  b  (20  and 
if  for  the  Greater  quantity  there  be  put  a  ( ?,)  What  is  the  Lelfer  >  What  is  their 
Sum  ?  What  is  their  Difference  ?  YVhat  is  the  Sum  of  their  Squares  >  What  is  the 
Difference  of  their  Squares  ? 

1 .  The  Produa  b  divided  by  the  Greater  quantity  \ 
a  gives  the  Leffer,  to  wit,  .  .  .  .  .  .  5 

b 

a 

♦ 

2.  The  Sum  of  the  two  Quantities  is  .  .  . 

«+.— 

a 

►  *  \ 

9 

■ 

^  T^ifl^rpnrp  iq  r  t  .  .  . 

b 

a  — _ 

r 

4.  Then  the  Sum  of  their  Squares  is  . 

a 

aa-\-  bf. 

aa 

JL 

41 

5.  The  Difference  of  their  Squares  is  .... 

<  ' 

„„  bk 

eta  —  — 

act 

9 

> 


But  if  the  Produa  of  the  multiplication  of  two  Quantities  be  b  (20,)  and  for  the 
Lefler  there  be  put  e  (4.) 


1,  The  Greater  quantity  will  be  .  *  .  .  ^  . 

u 

e 

5 

2.  The  Sum  of  the  two  quantities  is  ...  . 

m 

p 

9 

0:  '  '  '  V  - 

3.  The  Difference  is  .  .  *  •  .  ,  .  . 

l-e 

e 

1 

4,  The  Sum  of  their  Squares  is  .  .... 

n  ,  ;  ■  ’ 

—  -j-ee 

ee 

41 

• 

5.  The  difference  of  their  Squares  is  .  ^  . 

1  ' 

bb  1 

—  —  ee 
ee 

■:  v  9 

VL  The  extraftion  of  Roots  may  beexerciftd  by  theft  following  Queftions,  re* 
Ipea  being  had  to  Sett.  28.  Chap.  1.  as  al foCbap.  8. 

;  | 

t.  What  is  the  Square  Root  of  144a*?  Anfw.*  12a..  .  '' 

2.  What  is  the  Square  Root  of  -ffaabb  ?  Anfw.-^ab. 

3.  What  is  the  Square  Root  of  90a. —  6ab-\bb  >.  Anfw.  or,  £  —  3^ 

4.  What  is  the  Square  Root  of  ^a(X-!r-~  1  ^ 

»  9CC  .  ,  Sc 

5.  What  is  the  Cubic  Root  of  i2$aaabbb  >  Anfw.  5 ab . 

6.  If  b  be  put  for  65,  and  c  for.  8.  what  number  is  fignified  by  V\b-\-^cc.  — fc> 
Anfw.  •). 

7.  The  fame  things  being  put  as  in  the  laft  Queftion,  what  number  is  fignified  by 

^  v  4  1 41  u” '  •»  (  d  L  A  f*  .0  •  •  '  ‘  / 

Y-b-¥±c.c:+\c>  Anfw.  13.  _ _ 

8.  If  d  be  put  for  8,  and  /  for  48,  what  number  is  fignified  by 

Anfw.  2.  }  .  j  •••  •  * 

9.  But  the  lame  things  being  put  as  in  the  laft  Queftion,  this  quantity  VTvp^-'dd-^-iAi 

fignifies/12,  or,  3.  464,  Cfc.  that  is  3  ,444,  ©h.  .  Ij 

10.  If,gbe  put  for  4,a$d  h  for  S^whatNumber  is  fignified  by  V( 4 g: 

Anfw.  ?•  |  '  ;  •  ...... 

1  t.  But  the  fame  things  being  put  as  in  the  laft  Queftion,  this  Quantity 

Y(i):Vb-srfgg-ffg:  fignifies  V(f)  31,  or,  3. iqxf&c. 


VII.  The  Rules  of  the  ninth  Chap,  may  be  exercifed  by  thefe  following  Queftions. 

«  f  «*• 

%.  What  Quantity  is  that  which  if  it  be  added  to  00+25;,  will  make  the  Sum 
a  Square?  Anfw.  The  Quantity  ro  be  added  may  be  either  ioa,  or  —  1  oat 

■  “i/r  7  f>  and 
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*  ■  ■■  ""  ■  -|  "*'  "  "  ■  -■■■-.  ■-  -  — » — 

and  the  Square  fought  is  either  *<*4-10*4-25;,  whofe  Root  or  fide  is  ■  or  elfe 
the  Square  is  ad  —  1  o  a-\-  2  5,  whofe  Root  is  a  —  y,  or  5  —  a. 

2.  What  Quantity  is  that  which  if  it  be  added  to  aa++bb,  will  make  the  Sum 
a  Square  >  Anfw.  The  Quantity  to  be  added  may  be  either  - \-ab ,  or  —  ah  5  and  the 
Square  is  either  -^aa-^ab-^^bb,  whofe  Root  is  \a-\--~b  :  Or  elfe  the  Square 

— Stb+^bb,  whofe  Root  is  | -a—\b^  or  -\b—^t. 

3.  What  Quantity  is  that  which  if  it  be  added  to  aa-\-%a  will  make  the  Sum  a 
Square  >  Anfw.  The  Quantity  to  be  added  is-J ;  and  the  Square  is  *<*4-3*4-?.,  whole 
Root  is  *4-  i-. 

4.  What  Quantity  is  that  which  together  with  aaaa—2bbaa  will  make  a  perfect 
Square  ?  Anfw.  The  Quantity  to  be  added  is  bbbb  ;  and  the  Square  is  ****  —  2 bbaa 
A-bbbK  whofe  Root  is  **  —  bb^  or  bb — **. 

‘  hb 

5.  What  Quantity  is  that  which  if  it  be  added  to  **4-  tLa  will  make  the 

c 

bbbb 

Sum  a  Square  ?  Anfw.  The  Quantity  to  be  added  is  -  5  and  the  Square  is  ** 

+  bla+  bbbb.,  whofe  Root  is  d+ 

1  c  4  cc  2  c 

6.  What  Quantity  is  that  which  together  with  ***<***—***  will  make  a  compleat 
Square  ?  Anfw.  The  Quantity  to  be  added  is  4  *  and  the  Square  fought  is  ****** — *** 

4-4,  whofe  Root  is  *** —  4,  or  4  —  aaa* 

- -  . ■ - — - - - - - — - - i - - - - - — - - - - - - - r 


CHAP.  XL 

*  *  '  '  *  . 

Concerning  an  Equation ,  and  the  Rec/uffion  of  Equations \ 

,  * 

.  *  .  *  t  •  %  !*  \  | 

I,  A  N  Equation  in  the  Algebraical  Art  is  a  mutual  Comparing  of  two  Equal  quan- 
C\  titles  or  things  of  different  Denominations :  as,  If  the  value  of  three  Shil¬ 
lings  be  compared  to  thirty  fix  pence  of  Englijl)  Money,  that  comparifon  imports  an 
Equation,  which  may  be  Symbolically  expreft  thus,  3*  =  |6</,  that  is,  three  Shil¬ 
lings  are  equal  to  thirty  fix  pence.  Likewife,  forafmuch  as  nine  Crowns  are  of  equal 
value  with  the  Sum  of  two  Pounds  and  five  Shillings  of  Englif  Money;  the  compa¬ 
ring  of  thefe  tw  0  Sums  to  one  another  is  nothing  elfe  but  an  Equation  which  may  be 
briefly  ex pt eft  thus,  9c=  2/4-5*.  In  each  of  which  Equations  the  Moneys  compared 
are  of  different  kinds  *,  for  Equations  between  equal  things  of  one  and  the  fame 
name,  as  2*=  2*,  or  5  =  5,  and  fuch  like,  are  fruitlefs. 

After  the  lame  manner,  this  Equation  a=b-\-c  may  fignifie  that  fome  Number  or 
line  reprefented  by  a  is  equal  to  two  otherNumbers  or  Lines  b  and  c  taken  together  as 
one  ;  or,  if  the  number'  or  Line  a  be  divided  into  two  parts  b  and  c,  then  alfo 
a~b-\-c  *,  for  the  whole  is  equal  to  all  its  parts. 

II.  Every  Equation  confifts  of  two  Parts*  which  are  ufually  feparated  one  from 
another  by  this  Character  =  ;  fo  in  the  firft  Equation  in  the  preceding  Sett.  3*  is  the  *. 
firltPart,  and  36J  the  latter  ;  alfo  in  the  fecond  Equation,  9c  is  the  firft  Part,  and 
2/-+- 55  is  the  latter;  likewife  in  the  laft  Equation  of  the  fame  SeSion,  a  is  the  firft 
Part,  and  b-t- c  the  latter. 

III.  The  fingie  Quantities  or  things,  whereof each  part  of  an  Equation  is  compofed, 
are  called  the  Terms  of  an  Equation  ;  as  in  this  Equation,  <*=£4-6,  the  Terms  are 
a *  b  and  c . 

IV.  How  Equations  are  found  out,  theRefolutionof  Queftionswill  hereafter  fhew  5 
but  when  known  quantities  are  intermingled  with  unknown  in  an  Equation,  the  firft 
Scope  is  to  clear  the  Equation  from  all  fuperfiuous  quantities,  and  to  feparate  the 
known  quantities  from  the  unknown,  that  at  length  an  Equation  may  remain  in  the 

G  2  feweft 
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feweft  and  fimpleft  Terms,  fo  dtfpoled,  that  the  unknown  quantity  or  quantities 
may  poflefs  one  part  of  the  Equation,  and  the  known  the  other  ,  this  work  is  called 
Reduhion ,  and  how’tis  perform’d  the  Examples  in  the  following  Settions  will  make 
manifeft. 

.  v 

'  -  •-  * - - - - - -  - — — 

Reduction  ly  Addition , 

/  hs  w  fn  -  '  '* 

.  V.  Redu&ion  by  Addition  is  grounded  upon  this  Axiom,  (or  common  Notion^ 
viz  If  equal  quantities,  or  one  and  the  fame  quantity,  be  added  to  equal  quantities 
the  wholes  or  totals  fhall  be  equal.  As,  for  Examples  j 

If  the  letter  a  reprefent  fome  number  unO 
known,  and  it  be  granted  or  found  out  >  .  .  .  a — 3  =  12 

that . 3 

Then  by  adding-f  3  to  each  part  of  that  7  _ 

Equation,  this  ariles,  to  wit,  .  .  .  3  *  *  °  3  +  3  —  *24-3 

That  is,  (becaufe  —  3  and  +  3  added  7  __ 

together  make  c  J .  3  *  *  *  a— 

In  like  manner,  to  reduce  this  Equation . 3 a  —  4  =  6  — a 

I  add  +  4  to  each  part,  and  there  arifes  .  .  3 a< — 4-1-4=  6  —  a- i-4 

Which  Equation  contracted  makes .  3 a  =■  10 _ a 

Then  by  adding  a  to  each  part  of  the  7  , . 

laft  Equation,  this  arifes,  ...  3  *  *  *  la~ia  to  a-\-a 

That  is,  after  each  part  is  contracted, .  4 «  =  IO 

Again,  If  this  Equation  be  propos’d  to  be  7  _ ,  _  , 

reduced . 3  *  a  —  d-\-b 

By  adding  +£  to  each  part,  this  Equation  7 !  _  ,  ,  ,  , ,  , 

arifes,  .  .........  f  ••  **-*+*  =  <*+H* 

Which  laft  Equation,  after  due  contraction  7  7  ,  , 

'  gives  .  .  .  . . |  .  «a  =  d+2b 

So  alio,  If .  a— b  =  o 

By  adding  -\-b  to  each  Part,  there  ariles  ...  a  =  b 

Likewife,  If . j .  b  —  0  =  0 

By  adding  a  to  each  part  there  arifes  :  .  .  ,  .  b  =  a 

—  '■■■■-■"  ■■  ■  ■  ■  —  - - -  ■ — 

Moreover,  If  .  .  . .  act — bb — cc  =  dd 

Then  by  adding  bb-\-cc  to  each  part  of>  . 
this  Equation  comes  forth,  .....  y  *  *  *  aa  ~~  dd\bb\cc 

Laftiy,  If . :  .  .  aa—bb~cc  —  dci 

By  adding  -\-bb  to  each  part,  this  Equation  7  ... 

ariles  .  .  5  *  *  *  —  cc  —  dd~\-bb 

And  by  adding  -\-da  to  each  part  of  the  7  .  ,  ,  ,, 

laft  Equation,  this  arifes,  to  wit,  .  .  3  *  ’  m~tda  —  cc\bb 

From  the  premiles  it  is  evident,  That  if  in  any  Equation  any  Quantity  which  has 
the  lign  — prefixed  to  it,  betransfer’d  to  the  other  part  of  the  Equation  with  the  fign 
~K  that  work  effects  the  fame  thing  as  the  adding  of  that  Quantity  to  each  part  of 
the  Equation,  and  is  called  Tranfpojition. 

\  t  -  ’  i •  •  “  •  •  **••(•*  ' 


Reduction 
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Reduction  by  Subtraction. 

V.  If  from  equal  Quantities  you  take  away  equal  Quantities,  or  one  and  the  fame 
Quantity,  the  Quantities  remaining  will  be  equal  *  therefore, 

If  it  be  taken  for  granted  that  .  .  .  1  .  .  ;  a- 1-3  =  12 

Then  by  fubtra&ing  +  3  from  each  part,  > 
there  ariles  j*  ^ 

•  V 

,  •  - -  •  "  '  . 

In  like  manner,  If  .  , .  b-\-a  = 

I  Subtract  -\-b  from  each  Part,  and  there  1  -  , 

arifes . 3 

Again,  If . bb-\-2aa  =.  aa-\-cc 

Firft,  I  fubtraft  bb  from  each  part,  and  >  ,  ,, 

there  remains  j  ~ 

Then  aa  Subtracted  from  each  part  of  the  ?  -  __  , . 

laft  Equation,  leaves  this,  to  wit,  ...  j*  *  *  a  ~~  cc 

So  alio,  If . •  aa-jrb+c  =  2 ca-\-df 

By  fubmaing  from  each  part, 7  aa  =  2Ca+it-b-c 

And  by  fubtrafling  2c.  from  each  part  of  the  >  -  -  aa_2ra  =  3f__b 
laft  Equation,  this  arifes,  to  wit,  .  .  .  3  j  J 

Hence  it  is  evident.  That  if  in  any  Equation  any  Quantity  which  has  the  iign-F 
prefixed  to  it  be  transferr’d  to  the  other  part  of  the  Equation  with  the  lign  — ,  'that 
work  Effefts  the  fame  thing  as  the  fub tracing  of  that  Quantity  from  each  part  of 
the  Equation,  and  is  alfo  called  Tranfpofition. 

. _ — - ■'■‘I'-'v-:'  '  vu  -■  ' 

Reduction  by  Multiplication . 

V.A .  '■  ^  .  x  •  t  :  •.  ...  .  # :9 

VII.  If  equal  Quantities  be  multiplied  by  equal  Quantities,  or  by  one  and  the 
fame  Quantity,  the  Products  Ih all  be  equal:  Hence  Equations  expreft  by  Algebraical 
fractions  are  reduced  toother  Equations  confuting  altogether  of  Integers. 

t  *  *  *  *  •  »  »  *.k  '  - 

As,  for  Example,  If  i  ......  e  .  :  «•  —  =  6 

5 

Then  by  multiplying  each  part  by  ?,  this!  ,  .  _ 

Equation  is  produced  .  3  _ 

Again,  to  reduce  this  Equation  to  another  7  a  dd 

in  Integers,  viz.  * . 3j  a — b 

I  multiply  each  part  by  a— b  and  there  >  >  _  _  aa—ab  =dd 

comes  forth . 3 

- — — - - - 1 

Likewife,  to  reduce  this  Equation  to  ano-  >  3aa  dd 

ther  in  Integers,  .  . . s  3i  *  '  ‘  *  c  ~~  b 

Firft,  I  multiply  each  part  by  the  Denomi-  \  t  •  __  „ 

.nator  £,  and  there  will  be  produced  .  .  3 ,  *  *  *  c  ^ 

Then  Multiplying  each  part  of  the  laft 7,  . 

Equation  by  the  Denominator  c,  I  find  >  .  ,  •  %aab  =  cdd 

this  Equation  .........  j 

“  ■  ■  -  -  »  i 

Hence  it  is  manifeft,  That  an  Equation  whereof  each  part  is  a  Fraction,  may  be 
ieducedto  another  Equation  in  Integers,  by  multiplying  crofs-wife,  as  in  the  Reduction 

of 


r. 


— 


*=?> 
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of  Fractions  to  a  common  Denominator,  and  then  omitting  the  common  Denomina¬ 
tor,  a  new  Equation  may  be  inftituted  between  the  new  Numerators  only. 


When  either  part  of  an  Equation  is  compos’d  of  Integers  and  Fra&ions,  firft  re¬ 
duce  that  part  into  a  Fraction,  (after  the  manner  of  the  latter  Example  in  Sett,  1 6. 
Cb*p.  6.)  and  then  multiply  as  in  the  preceding  Examples :  as, 


If  this  Equation  be  propofed,  .  . 

Firft,  I  reduce  that  Equation  to  this,  .  . 

Which  laft  Equation  reduced  by  Multipli¬ 
cation  as  in  the'preceding  Examples,  gives 


ff  +  c  +  <f  =  fc+^ 

b  .  a 

aa\bc-\bi _  bca-{- del 


^aaa-\-  abc~\-abd  =  bbca-\-bdd 


C 


But  here  is  to  be  noted,  that  in  reducing  Equations  which  confift  of  Fra&ions  into 
other  Equations  in  Integers,  the  Operation  may  oftentimes  be  facilitated  by  the  fame 
compendium  that  has  before  been  (hewn  in  the  Divifion  of  Fractions  (in  Sett  2 6. 
Chap.  6.)  viz.  When  either  the  Numerators  or  Denominators  can  be  reduced  to  more 
limple  Terms  by  fome  common  Divilor,  let  the  Quotients  in  the  Places  of  thole  Nu¬ 
merators  or  Denominators  *,  and  then  reduce  thefe  new  Fractions  into  an  Equation  in 
Integers,  by  multiplying  crofs-wile  as  before;  As  for  Example, 


To  reduce  this  Equation  to  another  in  ^  aaa  __  ba — bb 

Yegors  ........  f  •'  M  — ft 

Firft,  after  the  Denominators  aa  —  bb  and 
a\b  are  reduced  to  a—b  and  1,  bv  /  .  aaa  ba-~bb 

the  common  Divifor  this  New  \  =  — \ — 1 

Equation  arifes,  . . 

Whence  by  multiplying  crofs-wife,  (as  in  7 
the  preceding  Examples;  this  Equation^  .  .  .  aaa  =  baa—2bba+bbb 
in  Integers  is  produced,  .  <  .  .  •  j 

Again,  to  reduce  this  Equation  to  another  ^  bba  —  cca  __  bbb  —  bcc 

in  Integers, . f*  *  ~  a+b 

Firft,  the  Numerators  reduced  to  a  and 7 
b  by  the  common  Divifor,  bb — ccwill>  ;  #  ^  a  —  f 

give . 3  aJtb  a 

Whence  by  Multiplying  crofs-wile,  this  \  -  -  ~  ^  ,  ,  * 

Equation  is  produced . 3  aa  —  a-\-bb 

In  like  manner,  to  reduce  this  Equation,  .  .  .  =  tP.. 

CC‘ — ca  c 

Firft,  I  reduce  the  Numerators  to  aa  and  b±  j 
by  the  common  Divifor  b  —  c  ^  alio 
the  Denominators  to  c  —  a  and  1,  by  the  ^  „  -  aa  b 
common  Divilor  c*  which  new  Nume-  j  ’  *  c^a  ~~  7 

tutors  and  Denominators  conftitute  this 

Equation, . .  J 

Whence  by  multiplying  crols-wife,  this  7  ,  ,  ,  ,  -  , 

Equation  is  produced . )  *  *  ’  aa  —  be  ba 

-  -  ^  — * 

So  alfo  to  reduce  this  Equation  ...  *  — =  be — ce 

aa  —  ba-\-bb 

Firft,  I  fet  1  for  a  Denominator  under  the 7  ,  ,  .  , 

Integer  be — cc,  fo  the  Equation  propo->  — £1 _ c.a. _ 

:  fed  will  ftand  thus,  * . 3  aa^ba\bb  1 

Thm 
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Then,  after  the  Numerators  ba> —  ca s  and~ 
be — cc  are  reduced  to  a 3  and  e,J  by  the  f  a>  __  c 

common  Divifor  b  —  c,  this  Equation r*  aa—ba+ib  ~~  7 

ariles . . 3 

Which  lalt  Equation,  by  multiplying  crofs-  7  _ 

wile,  gives  this  in  Integers,  .  .  .  .  y  i  *  •  •  aaa  —  caa — cbd-\-cbb 

When  one  part  of  an  Equation  is  a  Surd  quantity,  (that  is,  fuch  which  has  a  Radical 
fign  prefixt  to  it,  as,  V,  or  V( 3),  &c.)  and  the  other  part  is  a  rational  Quantity  5  that 
Equation  may  be  reduced  to  another  which  lhall  be  free  from  any  Surd  quantity,  by 
calling  away  the  Radical  fign,  and  multiplying  the  rational  part  of  the  given  Equation 
either  quadraticaly  orcubicaly,  &c.  according  to  the  import  of  the  Radical  fign  as, 

If  there  be  propoled  .  .  .  .  Va  =  5 

Forafmuch  as  the  Squares  of  equal  Roots') 
or  Sides  are  alio  equal,  therefore  byQ  __ 

Equating  each  part  of  that  Equation,  this  (  *  *  *  a  — 36 

is  produced,  to  wit,  .  t  .....  j 

Likewife,  If . Va  =  be 

By  multiplying  each  part  into  it  lelf,  this 7  __  .. 

Equation  is  produced, . 3  •  *  •  a  ~  bhcc 

Again,  If . Vet  =  V$ 

By  Equating  each  part,  there  comes  forth  .  s  .  .  ;  a  =  5 

And,  If . . .  V a  —  V : bee  — ~b: 

By  lquaring  each  part,  which  is  done  by  7  ' 

calling  away  V,  there  will  arile  .'  .  y  '  *  e  '*  a  —  vcc  u 

Soalfoif  this  Equation  be  proppled,  . .  Yea  —  b  —  d 

By  multiplying  each  part  into  it  lelf,  this  7  /7 

Equation  is  produced,  .  .  ...  .  f  •  ’  ’  ‘  “  =  bb~  M+JJ  ■ 

And,  If . .  . . .  Y(i)a  ==  8. 

By  multiplying  each  part  into  it  felf  cubi-  7 

cally,  there  ariles  .......  .3 *  :  a  —  $  12. 

Alio,  If  .  * . .  .  V(3)a  =  V(y,)\b“\rci 

By  calling  away  from  each  part>  -  „  ,  , 

it  gives  ....  V  ".  .  .  .  .  :  y  *  *  a  —  b+c. 

•  rv  *  v  T  %  C2  '  1  •  I 

r  - - — - ■  ■  . . . . —  - 

/.  *  •  “->  ■  ;=  '• . .  •  '•  •  -  '  •  •  • 

Reduftion  by  Divifion . 

,  ;  «*•»...  .  ;  *  .  ...  « 

VIII.  If  equal  Quantities  be  divided  by  equal  Quantities,  or  by  one  and  the  lame 
Quantity,  there  will  come  forth  equal  Quotients.  Hence  Equations  are  reduced  to 
others  of  lower  Degrees  :  As,  for  example  * 

If  it  be  granted  or  found  out  that  .  .  .  g  4  act  =  5 a 

Then  by  dividing  each  part  by  a,  you  will  find  .  .  a  =  5 

Again,  If  ....  . .  .  aaa\baa  =  bba 

inS'  eaCh.Pa“  ^  a’  tWs7uaHon}  .'  :  aa+ba  =  bb. 

Alfo,  If  .fij  •  »  w  .  ^  w  '  5a  =  15 

By  dividing  each  part  by  5,  there  ariles  ......  a  =  3 

Likewile,  If  .  . .  ba  =  be 

By  dividing  each  part  by  this  Equation  7 
ariles, . .  ,  ,y  *  *  •  a  —  c 

Again,  If  ........  .  .  .  .  .  ^  ba—ca  =  cc 

By  dividing  each  part  by  b  —  c,  there  ariles  .  .  :  a  =  -  cc 

b — c 

Alio,  If  ..............  y  bact^caa  =  bd-{-cd 

By  dividing  each  part  by  b\c^  there  ariles  ...  *  aa  =  d 
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Moreover,  If  ....  . .  iaa-\-^a  =  39 

By  dividing  each  part  by  3,  there  ariles  .  .  .  aa-\-±a  =  13 

Likewife,  If  .  .  .  .  .  .  .•  .  .  .  .  .  caa  —  ba  =■  cdd 


By  dividing  each  part  by  c,  there  arifes  .  .  .  aa — —  a  =  dd 


Reduttion  ly  Extraction  of  ROOTS . 

IX.  Forafmuch  as  the  Sides  or  Roots  of  equal  Squares  and  Cubes,  &e.  are  alfo 
equal  between  themfelves }  therefore. 

If  there  be  propofed . .  aa  =  7,6 

By  extracting  the  Square  Root  of  each  part, 7  , 

there  ariles . .  .  3  •  •  •  a  —  6 

In  like  manner,  If  . .  an  =  bb+ibc+cc 

By  extracting  the  Square  Root  of  each  p'art,  7  - 

there  comes  forth . 3  *  *  *  a 

•Again,  If  .  .  ,  , . .  .  .  .  <  aa  —  29 

By  extracting  the  Square  Root  of  each  part,  7  .  __  , 

there  will  arife  .  .  .  .  ,  .  .  .  y  *  *  ‘  a  ~  V29 

Likewife,  If  . . .  aa  =  bb  —  dd 

Then,  by  extracting  the  Square  Root  out  of>  •  .  __  ,t, — ~ 

each  part,  there  ariles . y  •  *  *  a  —  v:bb  dd: 

Again,  If  ...  - .  aaa  =  27 

Then,  the  Cubic  Root  being  extracted  out  7 
of  each  part  there  conies  forth  .  .  ;  3  •  •  •  a  ~ *  3 

Alio,  If  .  •  •  .  •  .  »  ,  *  .  .  aaa  j  2 

By  extracting  the  Cubic  Root  out  of  each 7  ‘ 
part,  this  Equation  will,  arile  .  .  .3  *  *  *  a—V(l)i2. 

Likewife,  If  . . •  .  .  *  «  .  .  aaa  =  bbc-\-cdd 

Then,  the  Cubic  Root  extracted  out  of 7  - - - 

each  part,  gives . ..>***•<  a  —  vw-bbc+cdd: 


X.  By  the  help  of  fome  of  the  foregoing  Reductions,  I  lhall  here  Ihew  (after  the 
manner  of  Fran  van  Scooten  in  his  Principia  Mathef.  Univerfal.)  the  certainty  of  the 
Rule  before  given  concerning  +  and— in  the  Algebraical  Multiplication  of  Compound 
Quantities  :  viz.  That  ■+  multiplied  by  — ,  0r  —  by  -f-  makes  —  r  alfo  That  — 
multiplied  by  —  makes  -K 

Firlt,  let  a  —  He  to  be  multiplied  by  c,  then  the  Product  according  to  Algebraical 
Multiplication  is  ac  —  be :  now  it  mult  be  proved  that  —  b  multiplied  by  makes 

—  bch  to  which  end,  let/be  put  equal  to  a  —  3,  and  then  if  it  be  proved  that  ac _ 

be  — fc ,  it  is  evident  that  ac—  be  is  the  true  ProduCl  fought  *  and  confequently,— 
multiplied  by  -fc  makes  —  be:  But  that  ac—  be  =  fc  may  be  proved  thus. 


Forafmuch  as  by  fuppofition,  .  .  .  .- 
Therefore  by  adding  b  to  each  part,  it  makes  . 
And  by  multiplying  each  part  of  the  lalf 
Equation  by  c,  there  will  be  produced  .  3  *’ 

Wherefore,  by  fubtraCting  be  from  each  > 
part  of  the  laft  Equation  there  remains  .  3  * 

Which  was  to  be  proved.  « 


•  a—b=f 

•  “  —  f-\-b 

.-  •  ac  3=  fc-\-bc 
ac  —  be  =  fc 

•  .  *  .  f  1  •  » 


After  the  fame  manner  it  may  be  proved  that  — -  multiplied  by  *—  makes  -f-  *.  For 
If  a  — b  be  to  be  multiplied  by  c—d,  and  there  be  put  (as  before)  f=a — b ,  it  may 

be  fliewn  that  ac — be. —  ad-\-bd  is  equal  to  a — bxc  —  d  the  Prod  u£l  fought-  and 
therefore  — b  multiplied  by  —  d  produces  \bd  For, 

By 


» 
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1 1. 


By  fuppofition  .  -  . »  .  .  _ /  =  a—b 

Therefore,  by  multiplying  each  part  into  c — d  .  .  .  fi^c—d  =:  ^b  Y^d 

That  is, . '  ;  :  ....  /  fc—fd  =  a^b  xc^S 

But  it  has  been  proved  in  the  former  Ex-  > 

ample,  that . .  .  .  .  j  *  *  *  ac — be  —  fc 

Therefore  inftead  of  fc  in  the  third  Equa-  7 

tion  of  this  latter  Example,  taking  ac  bc>  ;  ;  ac-bc-fi  =  ^b 

(equal  to  fc)  there  afrifes . ^  J  0  X£r  * 

Again,  ITeach  part  of  the  firft  Equation  be  > 
multiplied  by  J,  this  will  be  produced,  j  •  fl  =  nd—bi 

Wherefore,  If  from  ac—bc  In  the  fifth  V 
Equation  there  be  fubtra&ed  ad — bd  / 

inltead  of  fd  equal  to  ad—bd ,  there  >  ac—hr  — — ~7  - ; 

will  remain  according  to  the  Rule  of(  -\-p  —  a  he — d 

Algebraical  Subtra&ion  .  .  .  .  .  ,) 

Which  was  to  be  proved. 


I 


CHAP.  XII. 

\  *  ’  *  •  *  •  •  *  *  »  »  •  *  •  •  ,  >  ...  .  4 

\  .K  *1#  ^  *  S 

Which  /hems  in  mhat  Order  the  Reductions  in  the  foregoing 
Chap.  I  t.  are  to  be  ufed to  refol-ve  Equations,  or  at  leafl.  to 
prepare  them  for  Refolution.  ‘ 

.  n 

I.D  Y  the  help  of  the  precedent  Reductions  either  the  value  of  the  unknown  Root 
JU  or  Quantity  fought  in  an  Equation  will  be  found  equal  to  fome  known  Quan 
tity  or  Quantities,  and  confequentlyjihe  Quantity  fought  is  then  known  alfo  -  or  elfe 
a  new  Equation  will  be  difeovered,  from  whence  the  fame  Quantity  fought’mav  be 
made  known  by  fome  other  Rule  or  Rules  hereafter  delivered  :  But  in  the  ufe  of 
thole  Reduftiofis,  the  work  may  oftentimes  be  facilitated  by  an  orderly  orocefs  whirb 
•is  the  Scope  of  the  five  following  Settiom  where  I  affiime  the  VoweDz  to  ltand  for 
the  unknown  Root  or  Quantity  fought,-  and  Confonants  for  known  Quantities 
it  If  in  any  Equation  the  Quantity  fought,  or  any  Power  or  Degree  of  it  be  found 
in  a  Fraction,  reduce  that  Equation  fo  another  that  may  be  exprefs’d  altogether  hv 
Integers,  (by  Sett.  7.  Chap.  1 1 .)  As  for  Example  ;  P  S by 

If  this  Equation  be  propofed,  .... 

By  multiplying  each  part  thereof  by  the 
Denominator  c,  this  Equation  arifes  in 
Integers,  .  .  .  .' . 

After  the  fame  manner,  this  Equation  multi- ")  aa 

plied  by  4, . f  *  •'  =  ij. 

Will  be  reduced  into . .  .  aa-\-  24  =  60. 

Likewife  this  Equation  .  .  *.  •.  .  .  .  filb —  ^-b-\-c=a c 

Will  be  reduced  to  .  .  aa +bb+Jb+dc  =  da—dc. 


b — a 


=  <*+/—,? 


b — a  -  -  cd-'rcf — eg 


.  Ill- When  Quantities  given  or  known  be  intermingled  with  thofe  that  are  fought 
m  an  Equation,  let  Quantities  be  transfer’d  from  one  part  of  the  Equation  to  the  other 
under  a  contrary  Sign,  (according  to  Sett.  5.  and  6.  of  Chap.  11.)  until  at  length  the 

H  unknown 


,  -  •  • _ - _ ' _ _ _ '  '  '  •  '•  *-  .  «'K»V 

'  - * — — — ■  ■  ■■  ,  —  — — — — - 

The  Vfe  of  Reduttions  in  Chap.  iu  B  O  O  K  I. 

-  . .  ‘  "  '  . . 1  ■  "  ■■■'  i  ,14, 

unknown  Quantity  may  make  one  part  of  an  Equation,  and  all  the  known  Quantities 
the  other :  As  tor  Example  ; 

IF  there  be  propofed  .  .  ^  .  2 a — 2 6  =  8 

By  tranfpofition  ot*  -—2 6  to  the  other  part  7 
of  the  Equation,  under  the  contrary  fign  V.  .  .  I  2a  =s=  8+26  =  54; 
there  will  arife  . 3 

In  like  manner.  If  . . .  =  60 

By  tranfpofition  of +  24,  under  the  contra*)  __  ,  _ 

ry  fign  —  it  gives  . . j  '  9  9  •  \  ^ 

That  is, .  eta  —  36 

-  -  —  -  -  —  -  —■■■■'■'  -r  +  '^,1  1  ■  wi  1—  ,  1  ii.  ■  1  nr  1— I 

Again,  If . .  ;  6a — 4  =  20 — a 

Firft,  by  tranfpofition  of  • — 4,  this  Equation  )  -  ,  ^ 

arifes, . .  . .  .3  *  *  , 

Then  by  tranfpofition  of—  a,  I  find  6a-\- a  ==  20+4 

Which  latt  Equation  being  contrafted  by  7  - 

Addition,  gives  ............ .f  *  '  ’  *  ^  ~  24 

Likewife,  If  . * .  b — a  =  d — cf 

After  due  Tranfpofition,  this  Equation  will  \  ,  .  r  ,  __ 

arife, . . 3  *  J 

Or,  .  .  . .  a  =  b-tcf—cd 

IV.  When  fome  Power  or  Degree  of  the  Quantity  fought  happens  to  be  multiplied 
into  every  Term  or  Member  of  an  Equation,  divide  every  Term  by  that  Degree,  fo 
will  that  Degree  or  Power  quite  vanifh,  and  confequently  the  Equation  will  be  de- 
preffed,  that  is,  reduced  to  lower  Degrees  or  more  Ample  Terms  ;  As  for  Example, 

..  ■  •  N  .  -  '  *  if'  /!  '  ••  ;  •  ’  ,  f  :  ' 

If  there  be  propofed  .  1  i  .  i  .  .  .  \  \  .  .  <  <ra+3<*  =  20a 

Forafmuch  as  a  is  drawn  into  every  Term  ? 

of  that  Equation,  I  divide  every  Term  by  >  *  .  >  ^+5  =  20 

a,  and  there  arifes  . . 3 

Whence  by  equal  fubtra&ion  of  3  I  find  ...  i  l  a  =  17 

»  ■  .  1  .  IMP—  —  — «  ■  ■  ■!  —  — —  ■■  ■  ■  . * 

In  like  manner.  If  ..........  .  aaa  =  3 aa 

By  catting  away  aa,  that  is,  by  dividing  1  •  •  <  __ 

each  part  by  aa,  there  will  arife  .  .  .  3  *  *  *  * 

Again,  If  ....  . .  <Xaaa\baaa  =  ddaa 

By  expunging  aa  out  of  every  Term,  there  Y,  •  fl  .  .  __  ^ 

arifes . .  '  * 

V.  When  fome  known  Quantity  is  multiplied  into  the  higheft  Power  or  Degree  of 
the  Quantity  unknown  or  fought  in  an  Equation  *  divide  each  part  of  the  Equation 
by  that  known  Quantity,  to  the  end  the  laid  higheft  unknown  Power  may  have  no 
Co-efficient  or  Fellow*multiplier  but  i,  (  or  Unity  5  As  for  Example, 

•  •  •  •  *  '  3  •  •  •  «■ 

If  there  be  propofed  i  .  :  -  ya  2=  6 0 

Becaufe  the  unknown  Quantity  a  is  multiple  7 
ed  by  5,  I  divide  each  part  of  the  Equa->  ."  I  l  .  a  ==  12 
tion  by  5,  and  there  arifes  .  <  .  .3 

-  -  -1-  -  ,1  1  -  -  1  1  -  -  -  v  •  -  -1—. 

Again,  If  r  .  ca  =  cc-\-dd 

Becaufe  c  is  drawn  into  a  the  Root  fought, 7  ,, 

I  divide  every  Term  of  the  Equation  >  .  .  J  a  =  c +— 
by  c,  and  there  arifes  .  .  .  ;  .  .  .3  c 

Lika; 
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 . 


-  L-  -  —  \ 

*  1 

Likewife,  If  . .  .  2 bd-\-  ica  = 

Becaufe  2^+5 c  is  drawn  into  the  un-j 
known  Root  4,  I  divide  each  part  by  >■  .  ..  a  = 

2b -f  3c,  and  there  arifes  .  .  .J 

T  ;  *  v 

=  2  idb-^icdd 

▲ 

;  id:./. 

So  alfo,  If .  4 act  = 

By  dividing  each  part  by  4  which  is  \  _ 

drawn  into  aat  there  arifes  ...  3  * 

=  do 

:  IS 

Again,  If  ; . .  3 aa — $a  = 

Becaufe  3  is  drawn  into  aa  which  is  the-^ 

highefi  unknown  Power  in  the  Equa-/  _ T 

tion,  I  divide  every  Term  by  3,  andC  *  *  aa  * 

there  arifes  . 

=  24 

‘  1  *  •"  i  .’  f  '  1  k  i  U 

=  s 

Likewife,  If  ...  . .  2 ccaa — Adda  = 

Becaufe  2 cc  is  drawn  into  aa  which  is  ^ 

the  higheft  unknown  Power  in  the/  _ 2 dd 

Equation,  I  divide  every  Term  by  2a’,r  aa  ~JC  a  “ 

and  there  arifes  . ^ 

=  sbbcc 

• 

Again,  If  .‘ .  2 bbaa-^^cdaa — dda  = 

Becaufe  2bbJricd  is  drawn  into  aa  the* 

higheft  unknown  Degree  in  the  Equa-f  _  dd  _ 

tion,  l  divide  each  part  by  2 bb-\-  2bb-\-^cd  * 

and  there  arifes  . j 

-.ccdd 

„  ccdd 

2bb-\-?,ci 

Alfo,  If  . .  ^aaa\ 2\aa — 6a  - 

Becaufe  3  is  drawn  into  aaa  thchigheft^> 

unknown  Power  in  the  Equation, I  di-b.  aaa-\-  8 aa — 2 a  = 

vide  each  part  by  3,  and  there  arifes  ^ 

~ —  — ii'  1  . 

=  I20Q 

'  ‘  •  t  « 

=  400 

VI.  If  there  be  a  furd  Quantity  in  an  Equation,  that  is,  if  a  Radical  fign  as  V  *, 
or  V  (3)  be  prefixed  before  fome  Quantity  5  firft  by  Tranfpofition  (  according  to 
Sett.  or  6.  of  Chap,  n.)  make  the  furd  Quantity  foie  poflefforof  one  part  of  an 
Equation,  then  call  away  the  Radical  fign,  and  exalt  the  other  part  of  the  Equation 
to  the  fame  Degree  or  Power  which  is  denoted  by  the  Radical  fign,  by  multiplying 
Quadratically  or  Cubically,  c.  io  at  length  an  Equation  will  be  found  exprefs’d  al¬ 
together  by  rational  Quantities :  As  for  Example  * 


If  this  Equation  be  propofed  .  .  .  .  4  “  Va  * 

By  fquaring  each  part,  there  will  be  produced  ...  a  = 

*  ? 

=  9 

In  like  manner.  If . ’  Vba  - 

By  multiplying  each  part  into  it  felf  >  ,  _ 

quadraticaly,  there  comes  forth  . .  .  y  ]  ’  *  *  bat  ~ 

Then  dividing  each  part  of  the  laft  > 

Equation  by  &,  there  arifes  ...  3  ...  a  - 

■ 

=  3  be 
:  ybbcc 

=  9  bac 

.  nob . -  * 

Again,  If  .............  b-\-Vba  = 

Firft  by  tranfpofition  of  b  there  arifes  .  .  .  .  .  /fo  - 

Then  by  fquaring  each  part  of  the  laft  \  , 

Equation,  there  will  be  produced  .,3  *  *  *  *  ba  ” 

Whence,  by  dividing  each  part  by  £,  > 
there  arifes . 3  . . a  ~ 

=  C 

=  c — b 

-  cc — 2cb-\-bb. 

=  C+b 

b 

6q 
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Likewife  ,  If  ,  .  . . —d-\ -V-ba+da  =  b 

Firft  by  tranfpofition  of  — J,  this  Equation  7  t  V:ba4-da  '=  b+d 
arifes  , . j  *  ’* 

ThpmH^UarinS  e3Ch  there  VVi11  te|  ’  ~  l>i+2bi+id 

Laftly,  by  dividing  each  part  of  the  laft  7  uj 

Equation  by  there  arifes  .  .  .  j  ’  •  •  ■ 

Again,  If . ...•*.  V(^)^a  -  3 

By  multiplying  each  part  Cubically,  there  7 

will  be  produced  . . *  *  .y-  *•  9a  —  27 

And,  by  dividing  each  part  of  the  lait  Equa-  7 
tion  by  9  there  arifes  ......  y  *  *  —  ? 

Likewife,  If . .  V(i):ba— ca\-\-c  —  b 

Firft,  by  tranfpofition  of  -\-c  this  Equation  7  //  <1 - .  f 

arifes  ,  . . 4  .  .  j-v'Cj y.b*-ca-. .  =  b- c 

Then  multiplying  each  part  of  the  laft  Equation  cubically,  this  Equation  will  be  pro- 
duced,  to  wit, 

ha — ca = bbb —  ibbcAr  3  bee — ccc : 

Whence,  by  dividing  each  part  by  b— c,  the  value  of  a  will  be  difcoVered,  viz. 

a=bb — 2bc\cc. 

VII.  When  after  the  ufing  of  all,  or  any  of  the  foregoing  Rules  of  this  Chapter  an 
Equation  arifes  between  a  perfe£f  Square,  Cube  or  other  higher  Power  of  the  Quan¬ 
tity  fought,  and  fome  known  Quantity  *  then  extract  fuch  a  Root  out  of  each  part 
of  the  faid  Equation  as  the  Index  of  the  faid  unknown  Power  denotes,  fo  will  the 
value  of  the  unknown  Root  of  Quantity  fought  be  made  known:  As,  for  Example  * 

---  .  ^  •  '  j  f .  f .  . 

,  ...  J  ,  s  •  '  '  '  1  *  ■  ■  1  ■  /  >  w'i; 

If  this  Equation  be  propofed,  to  wit,  .  _-f  8  =  128 
-  -  -  ■  5 

Firft  by  fubtra£fing  8  from  each  part,  this  7  .  ,  6aa  __ 

Equation  arifes, . J  ~y  120 

Then  each  part  of  the  laft  Equation  being  7  '  ,  , 

multiplied  by  y,  gives  .  .  .  ,  .  .  j* 

And  by  dividing  each  part  of  the  laft  Equa-  7  _  „ 

tion  by  6,  this  arifes,  .......  3  ,  a  00 

Laftly,  the  fquareRoot  of  each  part  of  the  7  ... 

laft  Equation  being  extracted,  the  value  >  .  a  =  10 

of  a  will  be  difeovered,  to  wit,.  .  ..  .3  .  .  . 

- - - - - - - - . - * _ 

Again,  If  ....  . .  — %a  =  154a 

■*  i  ....  4  •  • 

Then  by  tranfpofition  of  —8a  tliere  arifes  3aaaa  _  1^2a 

n  4 

And  by  multiplying  each  part  of  the  laft  \  =  < 4a, 

Equation  by  4,  this  will  be  produced,  3  ^ 

And  by  dividing  each  part  of  the  laft  Equa-  7  a  g 

tion  by  a  this  arifes,  to  wit,  ....y'r  ^  , 

Likewife  each  part  of  the  laft  Equation  di-  7  -=216 

videdby  3  gives  .  ,  .  .......  .7 

Laftly,  by  extra&ing  the  Cubic  Root  out 
of  each  part  of  the  laft  Equation,,  the  va-S-  a  —6 

lue  of  a  will  be  difeovered,  to  wit, 

•  .  •—  .  .  -  _  .  _  .  ,  V 


Like- 
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Likewiie,  If  .  .  : . .*  .  aa-\-2ba-\-bb  =  cc 

The  fquare  Root  extracted  out  of  each  part,  V  ,  , 

gives . ..3*'  a+-  =  c 

And  then  by  tranfpofition  of  b ,  the  value  \  _ 

of  a  is  difcovered,  to  wit,  .  .  .  ;  .  3  *  *  a  ~~  c — ^ 
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Which  /hews  how  to  convert  Analogies  into  Equations , 
and  Equations  into  Analogies. 

I.T  F  foyr  right-lines  or  numbers  be  Proportionals,  the  Produft  made  by  theMultipli- 
1  cation  of  the  two  Fxtreams  is  equal  to  the  Produft  of  the  two  means.  And  if 
three  right-lines  or  numbers  be  Proportionals,  the  Produft  of  the  Extreams  is  equal 
to  the  Square  of  the  mean,  (by  Prop .  16.  and  17.  of  6.  Elem.  and  by  19.  and  20.  of 
7.  Elem.  Euclid )  Hence  Analogies  may  be  converted  into  Equations,  as  inthefollow- 
ing Examples;  where  for  the  greater  evidence  let  areprefent  2  ;  b,6  ;  c,  12  5andJ,  3  * 
Then 

1.  Let  there  be  four  Proportionals,  fup-  \  -  d  *  b  ::d _ a  .  a 

pofe  thefe, . :  ....  3  3.6::  1  *  2 

Then  by  the  Theorem  above  exprels’d,  this  V  .  J  V_  '*  j  '  '1 

Equation  will  follow, . -  •  y  *  *  ~  ^ 

Now  to  find  the  value  of  ^  in  that  Equation,  1  j  \  1  1  j 

.  firft  by  tranfpolition  of  — ba  this  Equa^v*  ’  dct-fba  —  bet 

tion  arifes ,  .  .  ....  .  *  .  .3 

Then  each  part  divided  by  d-\-b  gives  .  .  .  a  —  ^ 

_ ■  - _ d+b  _ 

2.  If  there  be  three  continual  proportio-  4  a'  ^  c  ,  ya  ^ 

nals,  fuppofe  thele,  . . 8  ;  -12-  ,  18  -  A. 

That  IS,  If  .  .  ....  ...  .  .  .  4  ....  *  a  44  1  C  .  m  ~  C  %  yet 

Then,  by  the  latter  part  of  the  faid  Theo*  }  , 

rem,  this  Equation  will  follow,  ...  .3  *  *  ‘  aa  ~~  cc 

Now  to  find  the  value  of  a  in  that  Equation, 7 . 

extract  the  fquare  Root  out  of  each  part,  >  .  .  .  6a  =  c 
and  there  arifes  4  *  .3 

Laftly,  each  part  of  the  laft  Equation-  divi-  )  •  •  y  a  'JL  ot  it~ 

ded  by  6  gives  . . 77".  .3  5 5  6  ' 

- ; - — — : - - — - - - j 

II.  If  the  Product  of  the  multiplication  of  two  Quantities  be  found  equal  to  the 
Product  oftwo  other  Quantities,  that  Equation  may  be  refolved  into  Proportionals ;  for 
as  either  of  the  Factors  in  either  of  the  two  equal  -Products  is  to  a  Fa&or  of  the  fame 
kind  in  the  other  ProduQr,  16  is  the  remaining  Factor  in  this  latter  Produft  to -t-he  other 
Faftor  in  the  former  .Hence  Equations  may  oftentimes  be  refolved  into  Proportionals-^, 

If  there  be  propofed .  3  ba  =  cd 

From  that -Equation  this  Analogy  may  be  7  .  ,  . 

infefd,  viz.  As  .  -.  .  .  .  ,  ....  .  .  3  *  ’ .  3*  *  c  \[  d  K  a 

Again,  If  ....  . . .  bd  =  da\ba 

That  Equation  may  be  refolved  into  thefe  )  ,  .  ,  ,  , 

Porportionals,  viz.  As  <  .  .  .  .  .  .  .  .3  ‘  ^  .bud.  a 

Likewife,  If .  6da  =  bb 

Then  it  fhall  be,  As .  6d  .  b  ::  b  a 


III.  When 


( 


6z 
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III.  When  there  happens  to  be  an  Equation  between  an  Algebraical  Fra&ion  and 
an  Integer  and  the  Numerator  of  the  Fra&ioncan  be  relolved  into  two  fuch  Quantities 
that  being’  mutually  multiplied  will  produce  the  faid  Numerator,  then  that  Equation 
may  berefolved  into  Proportionals  in  this  manner,  viz.  Let  the  Denominator  of  the 
Fra&ion  and  the  Integer  to  which  the  Fra&ion  is  equal,  be  made  the  extream  Terms 
of  an  Analogy  *  and  let  the  two  Quantities  which  being  mutually  multiplied  will 
conftitute  the  Numerator  be  made  the  mean  Terms  ;  but  with  this  caution  in  Geo¬ 
metrical  Queft ions,  that  the  firft  and  fecond  Terms  be  of  one  and  the  fame  kind,  that 
is,  either  both  Lines,  or  both  Planes,  or  both  Solids.  As  for  Example  ; 

If  this  Equation  be  propofed,  , . . ~  =  * 

It  may  be  refolved  into  thefe  Proportionals,  .  3 b  .  c  :  :  d  .  a 

But  that  they  are  Proportionals,  I  prove  thus  * 

Firft,  It  is  evident  that  theie  are  Proportio-  ~\ 
nals,  (becaufe  the  Produft  of  the  ex-/  ,  ..  j  w 

treams  is  equal  to  the  Product  of  the  r  5  ^b 

means) . )  _ 

_  t  __  Cdr 

And  by  the  Equation  propofed, .  a  —  ^ 

Therefore . . . .  3^  •  c  ::  d  .  a  .  (~) 

bb 

Again,  If . . . *  f+c  =  3  • 

That  Equation  may  be  refolved  into  thefe  ^  >  txc  ,  f,  : :  fr  ,  a 

Proportionals,  . . 5 

.  •  cc — bb  •_ 

Likewife  this  Equation .  '$b+2c  ~  * 

may  be  refolved  into  this  Analogy,  .  .  $b-\-2c  .  c\b  : :  c— b  .  a 

.  !•  bb\2bcArCC  __ 

And  this  Equation  .  * . «...  .  - - - * 

may  be  converted  into  thefe  Proportionals,  $14^  •  b\c  ::  .  & 

bbc  _ 

Alfo,  this  Equation .  aa 

may  be  relolved  into  thefe  Proportionals,  ...  3  6d  .  b  :  :  be  .  aa 

Or  into  thefe, . . . . .  $6d  *  c  •'•bb  .ax 

■ _  _ _ ———————— 

■  b’ 

But  this  Equation . . .  ~  =  a 

cannot  be  refolved  into  Proportionals  7  ^  #  #  c  .  Vb  ::  Vh  .  a 

any  otherwife  than  thus,  . . 

bb-^-cd 

Nor  can  this  Equation  .  . . . .  .  —  a 

be  converted  into  Proportionals, unlels  thus,  g .  V :bb-^cd:  : :  V:bb-+  cd: .  a 
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CHAP.  XIV. 

Various  Arithmetical  Que (lions  Algebraically  refohed  5  whereby 
mofl  of  the  Rules  hitherto  delivered  are  exercisd \  in  the  In¬ 
vention  and  Refolution  of  pure  or  fimple  Equations . 

«  '  •  j  1 

tTR  Quations  may  be  divided  into  two  kinds,  viz.  5  *• 

,  _  .  .  ‘  t  2.  Adfefted  or  Compounded. 

II.  A  pure  or  fimple  Equation  is  of  two  kinds,  viz.  Firft,  when  the  Quantity 
fought  is  exprefs’d  by  a  fimple  Root  .only,  as  05  as  in  this  Equation,  60=12  :  Se¬ 
condly,  when  the  Quantity  lought  is  exprefs’d  by  a  fimple  Power  only,  as  00,  or  000, 
&c.  as  in  this  Equation,  3000=24  *  likewife  in  this,  20000=32,  and  fuchlike. 

III.  An  adfetted  or  compounded  Equation  is  that,  wherein  there  are  two  or  more 

different  Degrees  or  Powers  of  the  Quantity  fought 5  as  in  this  Equation,  00+60 
=  27,  where  00  and  0exprefs  two  different  Degrees  or  Powers  of  the  Quantity  fought; 
the  one  fignilying  a  Square,  and  the  other  its  Root  or  Side :  alfo  in  this  Equation, 
000+  600—20=  2  8,  there  are  three  unlike  Powers  or  Degrees  of  the  Quantity  fought, 
to  wit,  000,  00,  and  0.  . 

I The  Invention  and  Refolution  of  pure  or  fimple  Equations  is  copioufly  illu- 
ftrated  by  Arithmetical  Queftions  in  this  Chapter,  as  alfo  in  the  fecond  and  third 
Books  of  my  Algebraical  Elements  5  and  the  Resolution  of  Adfe&ed  or  Compound 
Equations  in  Numbers  is  bandied  in  the  iy,  16,  and  17.  Chapters  of  this  Book  as 
alio  in  the  10,  and  1 1.  Chapters  of  the  Second  Book.  But  how  Algebraical  Operati¬ 
ons  are  applicable  to  the  iolving  of  Geometrical  Problems,  I  (hall  fhew  in  my  fourth 
Book  of  Algebraical  Elements. 

V.  When  an  Arithmetical  Queftion  is  propofed,  the  number  fought  muff  firft  of 
all  be  affumed  or  iuppoled  to  be  known  *  and  you  may  reprefent  it  by  the  Letter  0 
or  any  other  Vowel :  You  may  likewife  reprefent  the  given  Numbers  by  Confonants’ 
as,  3,  c,  d,  &c.  Reflates  des  Cartes  puts  for  given  Quantities  the  former  Letters  of  the 
Alphabet,  as,  0,  b ,  c,  d ,  &c.  but  for  Quantities  fought  the  latter  Letters,  z,y,  &c. 
Then  with  the  Letters  reprefenting  the  Numbers  given  and  fought,  an  orderly  procefi 
mutt  be  made,  by  adding,  fubtra&ing,  multiplying  or  dividing,  Cfc.  according  to 
the  Import  of  the  Queftion,  until  at  length  an  Equation  be  found  out  between  the 
Number  fought  or  lome  Power  or  Powers  of  it,  and  fome  Number  or  Numbers  given : 
Laftly,  when  the  Equation  fo  found  out  is  a  pure  or  fimple  Equation,  the  Number 
fought  may  be  difcovered  by  fome  of  the  Reductions  in  the  foregoing  12,  and  13. 
Chapters  *  but  when  the  Equation  is  AdfeCted  or  Compounded,  the  Refolution 
thereof  belongs  either  to  the  15.  Chapter  of  this  firftBook,  or  the  10,  and  1 1.  Chap¬ 
ters  of  the  fecond  Book. 

VI.  In  the  Refolution  of  every  Queftion,  I  proceed  from  the  Beginning  to  the  End 
by  tteps  numbred  in  the  Margin,  by  1,  2, 3, 4,  y,  And  becaufe  Numeral  Algebra 
is  more  eafie  for  Learners  than  the  Literal ,  ( though  not  fo  uleful  for  the  Reafons  be¬ 
fore  given  in  SeQ  8.  Chap.  1.  )  I  have  in  many  Queftions  exprefs’d  the  Operation  be¬ 
longing  ro  every  flep  in  both  kinds.  Algebra,  that  the  one  may  explain  the  other  : 
So  in  the  fecond  ftep  of  the  Refolution  ofthe  following  firft  Queftion,  the  leffer  Num¬ 
ber  lought  is  expreis’d  by  Numeral  Algebra  thus,  26 — 0  5  but  by  Literal  Algebra  thus, 
b~ 0.  Alfo,  in  the  fourth  ftep,  the  Equation  by  numeral  Algebra  is  20—26  =  85  but 
by  literal  Algebra  it  is  20 — b=c. 

VIE  When  an  Equation  is  found  out  in  any  of  the  following  Queftions,  I  take  it 
for  granted  that  the  Reader  knows  how  to  reduce  it,  if  need  be,  according  to  the 
Rules  in  the  foregoing  n*  12,  and  13.  Chapters,  that  I  may  avoid  tedious  repetiti¬ 
ons  of  what  has  been  already  explain’d.  Thele  things  premifed,  I  proceed  to  the 
Queftions  themRlves. 
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BOOK  I. 


QUEST,  i. 


'*  c 


There  are  two  Numbers  whofeSum  is  2 5,  for  b,)  and  their  difference,  fto  wit. 
the  excefs  of  the  greater  above  the  leffer)  is  8,  for  c  5)  What  are  the  Numbers  ? 

RE  SOLUTION: 


1.  For  the  greater  Number  put  .  . 

2.  Then  fubtrafting  that  Number  a  from  the' 
given  Sum,  the  Remainder  will  be  the  leffer 1 
Number,  to  wit ........ 

3.  And  by  fubtraHing  the  leffer  number  from 

the  greater,  the  Remainder  will  be  their 
difference,  to  wit,  .  .  . . ; 

4.  Which  difference  found  out  in  the  laft  Rep  1 

muR  be  equal  to  the  given  difference  8,  (or  c) 1 
whence  this  Equation  ariles,  .  .  .  .  . 
From  which  Equation,  after  it  is  duly  re- 
duced  according  to  Se3.  3.  and  5.  of  Chap. 
12.  the  greater  number  fought  will  be  difco- 
vered  ,  to  wit, . 

6.  And  confequently  from  the  fifth  and  fecond' 
Reps  the  leffer  Number  is  alfo  difcovered,' 
to  wit, . . 


Numeral^ 

Literal. 

a 

a 

26— -a 

b — a 

■*  t 

2  a — 2  6 

2a — b 

2  a — 26=8 

2  a — b=c 

«=*  7 

1 

9,  that  is. 

.  ii— ic\ 

So  the  Numbers  fought  are  found  17  and  9,  whole  Sum  is  2  A.  and  their  differ¬ 
ence  is  8,  as  was  prefcribed. 

Moreover,  If  the  two  laft  Reps  of  the  literal  Refolution  be  exprefs’d  by  wore  9, 
they  will  give  this 

y  6  THEOREM. 


Half  the  difference  of  any  two  Numbers  added  to  half  their  Sum,  gives  the  grea- 
ter  Number :  But  half  the  difference  of  any  two  Numbers  fubtra&ed  from  half  their 
Sum,  leaves  the  leffer  Number. 

Therefore  the  Sum  and  difference  of  any  two  Numbers  being  given  feverally,  the 
Numbers  themlelves  are  alfo  given  by  the  faid  Theorem  ^  but  it  prefuppofes  that  the 
Number  given  for  the  Difference  muft  be  lefs  than  the  Number  given  for  the  Sum. 

Note  here  once  for  all.  That  the  Numbers  given  in  a  QueRion  canno»  always  be 
chofen  at  pleafure,  but  fometimes,  they  muR  be  fubjeft  to  one  or  more  Determinati¬ 
ons,  which  for  themoR  part  ( though  not  always)  are  difcoverable  by  the  Theorem 
or  Canon  that  refults  from  the  Refolution.  But  how  Limits  or  Determinations  are 
difcovered,  I  fhall  have  occafion  to  fliew  hereafter  in  my  fecond,  third,  and  fourth 
Books  of  Algebraical  Elements. 


QUEST.  2. 


There  are  two  Numbers  whole  Sum  is  40,  for  l>0  and  the  greater  Number  has 
fuch  proportion  to  the  leffer  as  3  to  2,  or,  asr  to  s*,)  What  are  the  Numbers  ? 

1.  For  the  greater  Number  fought  put  ...  a  a 

2.  Then  to  find  the  leffer  Number,  fay  by  the"* 

Rule  of  Three, 


If  3  .  2  :  :  a  . 
Or,  r  .  s  ::  a  . 


2  a 


sa 

r 


2(1 

T 


whence  the  leffer  Number  is  1.  .  1  u 


3.  There- 


C  H  A  P.  14.  which  produce  fimple  Equations . 


3.  Therefore  the  Sum  of  the  two  Numbers  ) 

fought  is  * . f 

4.  Which  Sum  found  out  in  the  laft  ftep' 

mult  be  equal  to  the  given  Sum  40,  ( or 
bj  whence  this  Equation . 

5.  Which  Equation,  after  due Redu£tion  ac¬ 
cording  to  Sedi  2.  and  5.  of  Chap.  12. 
gives  the  greater  Number  .  .  .  .  i-f 

6.  And  from  the  fifth,  firlt,  and  lecond  ftej^s,  7 
the  lefter  Number  is  alfo  difeovered,to  wit,  j 


Sf_ 

3 

Sa 

t=4o 


a  -f 


sa 


a= 


24 


16,  or 


1  sa  T 

r 

a=lL 

*•+* 

sb 
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So  the  Numbers  fought  are  found  24  and  id,  which  will  fatisfie  the  Conditions 
in  the  Queftion  ;  for  their  Sum  is  40,  and  the  greater  has  fuch  proportion  to  the 
lels  as  3  to  2,  as  was  prefcribed. 

Moreover,  If  the  two  laft  fteps  of  the  literal  Refolution  be  refolved  into  Proporti¬ 
onals,  according  to  Sett.  3.  Chap.  13.  there  will  arife  this  ^ 

THEOREM 


As  the  Sum  of  both  the  Terms  which  exprefs  the  Reafon  (or  Proportion)  of  two 
Numbers,  is  to  the  Sum  of  the  fame  two  Numbers;  fo  is  the  greater  Term  to  the 
greater  Number  •,  and  fo  is  the  lefler  Term  to  the  lefler  Number. 

Therefore  the'Sttm  of  two  Numbers  being  given,  as  alfo  their  Reaforn  or  Prgpor, 
tion ;  the  Numbers  (hall  alfo  be  given  leverally  by  the  faid  Theorem* 


a 


1 


QUEST. 

There  are  two  Numbers  whofe  difference  is  8,  for  dj  and  the  greater  Number  has 
fuch  proportion  to  the  lefler  as  3  to  2,  (or  as  r  to  s ;)  what  are  the  Numbers  ? 

1.  For  the  greater  Number  put  ...  . 

2.  Then  to  find  the  leiTer  Number  fay  by  the"> 

Rule  of  Three, 

r  r»  2(3! 

If  3  .  2  : :  a  .  — 

3 

Or  II  r  .  s  :  :  a  .  — 

r 

whence  the  lefter  Number  is  .  .  1  .  j 

3.  Therefore  by  fubtrabfing  the  lefter  Num-~^ 

her  from  the  greater,  the  Remainder  (hall  > 
be  their  difference,  to  wit, . 3 

4.  Which  difference  muft  be  equal  to  the  given  f 
difference  8  (or  d})  hence  thisEquationarifes  y 

5.  Which  Equation,  after  due  Reduction,  dif-  \ 
covers  the  greater  Number  fought,  to  wit,  j 

6.  And  from  the  fifth, firft, and  fecond  fteps  the  \ 
lefter  number  will  be  alfo  madeknown,  to  wit,  j  *  *  ‘ 

*  *  * 

So  the  Numbers  fought  are  found  24  and  id,  which  will  folve  the  Queftion  ;  for 
their  difference  is  8,  and  they  are  in  the  proportion  of  3  to  2,  as  was  prefcribed. 

Moreover,  If  the  two  laft  fteps  of  the  literal  Refolution  be  converted  into  Propor¬ 
tionals  (according  to  Sett.  3.  Chap.  13.)  there  will  arife  this 


2 a 
3 

a 

3 


a 


=  8 


a  =k  24 
=  Id 


m 
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sa 

a — — 


.  sa  __  , 
a — - di 
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THEOREM. 


As  tire  difference  of  the  two  Terms  which  exprefs  the  Reafon  or  Proportion  of  two 
Numbers  is  to  the  difference  of  the  fame  two  Numbers,  fo  is  the  greater  Term  to  the 
greater  Number  -,  and  fo  is  the  lefler  Term  to  the  lefler  Number. 

Therefore  the  Difference  and  Reafon  of  two  Numbers  being  leverally  given,  the 
Numbers  themfelves  (hall  be  alfo  given  by  the  laid  Theorem.’ 
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Rejolution  of  Arithmetical  Queftions 


BOOK  I. 

—i - - - 


QUEST.,  4. 

There  are  twoNumberswhofe  Sam  is  7,  ( or  bj  and  the  difference  of  their  Squares 
21,  (or  ^  what  are  the  Numbers  ? 


a 

a 

■j—a 

b — 0 

ait 

aa 

aa — 140449 

aa — 2ha\bb 

140—49 

2  ba — bb 

140 — 49=21 

2  bet — bb—d 

a 

11 

+U 

an 

II 

=  2 

__bb—l 

2  b 

is  2 

-  |  T  ft 

1.  For  the  greater  Number  fought  put 

2.  Then  fubtrafting  the  greater  Number  from ' 

the  given  Sum,  the  Remainder  is  the  leffer 
Number,  to  wit, . _ 

3.  Therefore  from  thefirft  ftep  the  Square  of  7 

the  greater  Number  is  . . 5" 

4.  And  from  the  fecond  ftep  the  Square  of  7 

the  leffer  Number  is  .  .  .  .  .•  .3 

5.  Therefore  the  difference  of  the  Squares  of  \ 
the  -two  numbers  fought  (hall  be  ...  j" 

6.  Which  difference  mult  be  equal  to  the  7 

given  difference  21  (or  J,)  whence  this> 

Equation  arifes . 3 

7.  Which  Equation,  after  due  Redu&ion  ac¬ 
cording  to  Sell.  3,  and  5.  of  Chap .12.  dif- 
covers  the  greater  number  fought,  to  wit, 

8.  And  from  the  feventh  and  fecond  fteps,' 

the  leffer  number  will  be  alfo  made  known, 
to  wit, . 

So  the  Numbers  fought  are  found  5  and  2,  which  will  folve  theQueftion  *  for  their 
Sum  is  7,  and  the  difference  of  their  Squares  is  2 1,  (to  wit,  2  5—4  -J  as  was  prefcribed, 
Moreover,  If  the  two  laft  fteps  of  the  literal  Refolution  be  exprefs’d  by  words, 
they  will  give  this 

y  6  -  THEOREM l 

If  to  the  Square  of  the  Sum  of  any  two  numbers  the  difference  of  their  Squates 
be  added,  and  the  Sum  of  that  addition  be  divided  by  the  double  Sum  of  the  two 
Numbers’,  the  Quotient  will  be  the  greater  Number  :  But  if  ffom  the  Square  of  the 
Sum  of  two  Numbers  the  difference  of  their  Squares  be  fubtra&ed,  and  the  Remainder 
be  divided  by  the  double  Sum  of  the  two  Numbers,  the  Quotient  will  give  the  leffer 
Number. 

Therefore  the  Sum  of  two  numbers  being  given^.  as  alfo  the  difference  of  their 
Squares,  the  numbers  themfelves  (hall  be  given  feverafty*  but  it  prefuppofes  the  fquare 
of  the  given  Sum  to  exceed  the  given  difference. 


a 


“+3 


QUEST.  5. 

There  are  two  numbers  whofe  difference  is  3,  (or  c ,)  and  the  difference  of  their 
Squares  is  21,  (or  what  are  the  Numbers  > 

1.  For  the  leffer  number  fought  put  .... 

2.  To  which  adding  the  given  difference  3,' 

(or  c,)  the  Sum  will  make  the  greater 
number,  to  wit,  . . 

3 .  Therefore  the  (quare  of  the  greater  number  is  cut  4  6a-\-  9 

4.  And  the  fquare  of  the  leffer  number  is  ...  .  00 

7.  Therefore  the  difference  of  thole  Squares  is  604  9 

6.  Which  difference  muft  be  equal  to  the? 

given  difference  of  the  fquares  •,  whence  >  <5049=21 

this  Equation  ariles*  to  wit, . \ 

7.  Which  Equation,  after  due  Reduflion  (ac¬ 
cording  to  SeB.  3,  and  5.  of  Chap.  12.) 
difcovers  the  leffer  number,  to  wit,  .  .  . 

And  from  the  feventh  and  fecond  Equati- 
ons,  the  greater  number  will  be  found  . . .  y 

So 


a  =2 


8 


a 

aa\2ca\cc 

aa 

2ca-\-cc 

2ca-\-cc=£ 


^ _ d——co 

2  C 

__d\ce 
2  C 


j 
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CHAP.  14.  which  produce  fimple  Equations . 

So  the  Numbers  fought  are  ?  and  2,  which  will  folve  the  Queftion .  for  their  differ¬ 
ence  is  3,  and  the  difference  of  their  Squares  is  21  -,  as  was  preferred. 

Moreover,  the  two  laft  fteps  of  the  literal  Relolution  afford  this 

THE  ORE  M.  ...  r 

'  '  '  '  t  '  I'll'  fj  -  r 

If  to  the  difference  of  the  Squares  of  any  two  Numbers  the  Square  of  their  differ¬ 
ence  be  added,  and  the  Sum  of  that  Addition  be  divided  by  the  double  of  the  differ¬ 
ence  of  thofe  two  Numbers,  the  Quotient  will  give  the  greater  Number  :  But  if 
from  the  difference  of  the  Squares  of  two  Numbers  the  Square  of  their  difference  be 
fubtrafled,  and  the  Remainder  be  divided  by  the  double  of  the  difference  of  thofe  two 
Numbers,  the  Quotient  fhall  be  the  leffer  Number. 

Therefore  the  difference  of  any  two  Numbers  being  given,  as  alfo  the  difference  of 
their  Squares,  theNumbers  themfelves  (hall  alfo  be  given  feverally  by  this  Theorem  - 
but.  it  prefuppofes  the  given  difference  of  the  Squares  of  the  two  Numbers  to  exceed 
the  Square  of  the  given  difference  of  the  fame  two  Numbers. 


&UE  ST.  6 . 

A  certain  Perfon  being  asked  what  was  the  Age  of  every  one  of  his  four  Sons,  an- 
fwered  *  the  eldeft  was  four  Years  (orb)  elder  than  thefecond,  the  fecond  was  four 
Years  elder  than  the  third,  the  third  was  four  Years  elder  than  the  fourth  or  young- 
eft  5  and  the  double  of  the  youngeft  Sons  Age  was  equal  to  the  Age  of  the  eldeft  5 
what  was  the  Age  of  each  Son  > 


1.  For  the  Age  of  the  eldeft  Son  put  .... 

2.  Then  from  the  Age  of  the  eldeft  Son  fub-‘ 
trading  4  for  b)  there  will  remain  ,the ( 
fecond  Sons  Age,  to  wit,  .  .  . 

3  .  Likewife  from  the  fecond  Son’s  Age  fub- 
tracling  4  for  b)  the  Remainder  will  be 1 
the  third  Son’s  Age,  to  wit, . 1 

4.  Again,  from  the  third  Son’s  Age  fubtra-’ 
ding  4  (or  b)  there  will  remain  the  fourth  j 
or  youngeft  Son’s  Age,  to  wit, 

5.  But  according  to  the  Queftion,  the  double 

of  the  Age  in  the  fourth  ftep  muft  be  equal  ( 
to  the  Age  in  the  firft  ftep,  whence. this ? 
Equation  will  arife,  .  . . .  . 

6.  Which  Equation  duly  reduced  difeovers  7 
the  Age  of  the  eldeft  Son  j  to  wit,  ...  .3 


a 


4—4 


a— 8 


-a— 12 


.1  j 


2  a — 24 —a 


a— 24 


a 

&—b 
a — 2  b 
a — 3  b 

2  a — 6b— 
a— 6b 


a 


t  y  ,  ' 

Wherefore  the  Ages  of  the  four  Sons  were  24,  2c,  1  A,  and  12  j  for  the  firft  exceeds 
the  fecond  by  4,  which  is  alfo  the  excefs  of  the  fecond  above  the  third,  the  third 
above  the  fourth,  and  the  double  of  the  fourth  is  equal  to  the  firft,  as  was  preferibed 
in  the  Queftion. 

Moreover  the  laft  ftep  of  the  literal  Refolution  (hews,  that  if  inftead  of  4,  any 
other  Number  be  given  for  the  common  difference  of  the  four  Sons  Ages,  then  fix 
times  that  common  difference  will  give  the  eldeft  Sons  Age,  which  fhall  be  equal  to 
the  double  of  the  Age  of  the  youngeft. 


^UE  ST.  7. 

A  Merchant  began  to  Trade  with  a  certain  Number  of  Pounds :  By  his  firft  Voy¬ 
age  he  doubled  that  Stock-,  by  his  fecond  he  loft  1200  Pounds  (or b)  by  his  third 
he  doubled  his  remaining  Stock  *  ,by  his  fourth  he  loft  again  1200  Pounds,  and  then 
had  no  money  left.  The  Queftion  is,  to  find  how  many  Pounds  the  Merchant  began 
to  Trade  with? 

I  2 


1.  For 


6  8 


Refolution  of  Arithmetical  Queftions  BOOK  I. 


i.  For  the  number  of  Pounds  which  the 


h  the') 

Merchant  began  to  trade  with  put  .  ...  y 

2.  Then  the  double  of  that  number  gives  the' 

number  of  Pounds  he  had  at  the  end  of  his 
firft  Voyage,  to  wit,  ...  •  •  •  0  F 

3.  From  which  laft  number  fubtrafting  1200 

(or  b‘)  the  Remainder  ihews  the  number  of< 
Pounds  that  remained  to  the  Merchant  at ' 
the  end  of  his  fecond  Voyage*  to  wit.  .  _ 

4.  Which  remaining  number  being  doubled 

gives  the  number  of  Pounds  which  the 
Merchant  had  at  the  end  of  his  third  Voy¬ 
age,  to  wit,  .  .  .  .  ‘  »  •  •  •  •  *.  • 

5.  From  which  laft  number  fubtrafting  again 
1 200  (or  b)  Pounds  loft  by  the  fourth  Voy¬ 
age,  the  Remainder  muft  be  equal  to  no¬ 
thing  ;  hence  this  Equation,  .  ...  .  •  <_ 

6.  Which  Equation,  after  due  Reduction,  gives 


a 


2d 


2d — 1200 


■j.u  r  .  -. 

■  Jliiup  ;  !. 

4^—2400 

:i  00  i  .  ■ ; 


4<r-r-36co=o 


a—yoo 


2(t 


)D 


.  on 


2a. — b 


4a— 2b 


4 a — 3^==o 
a—~b. 


Whence  it  is  found  that  the  Merchant  began  to  trade  with  900  Pounds  5  which 
number  will  iatisfie  the  Conditions  in  the  Queftion. 

Moreover  the  laft  ftep  of  the  literal  Refolution  fhews,  that  if  inftead  of  120a 
any  other  number  were  given,  the  Merchants  ftock  at  firft  would  be  three  Quarters 
of  that  given  number. 


"  — ■ 


SUE  ST.  8. 

a  t.  -  -  •  •  -  i  *  .  !  ;  f 

A  Gentleman  hired  a  Servant  for  a  Year,  for  120  Shillings  ( or  cj  together  with 
a  livery  Gloak  valued  at  a  certain  number  of  Shillings :  But  when  4-  (or  d)  parts  of 
the  Year  were  expired,  the  Matter  falling  at  variance  with  his  Servant  puts  him  away, 
and  gives  him  the  Cloak  with  50  Shillings,  ( or /-J  and  fo  the  Servant  received  full 
fatisfaction  for  the  time  of  his  fervice.  The  Queftion  is,  to  End  how  many  ShiMings 

the  Cloak  was  valued  at  >  .>  •  : 

.  -  ]  •  ,  *  1. lie:  ;  ■  .  '•  ic :1  •  r-  ■  t  V 

1.  For  the  number  of  Shillings  which  the  V 

Cloak  was  valued  at  put . >\ 

2.  Then  to  find  what  part  of  the  value  of  the' 

Cloak  was  due  to  the  Servant  when  --r  (or 
d)  parts  of  the  Year  were  expired,  fay  by 
the  Rule  of  Three,  ... 

If  1  :  i  rl-  •  . 

Or,  ifi  .  a  ::  d  ,  (da 
whence  the  defired  part  of  the  value  or 

the  Cloak  is  found . . 

•3.  Find  likewife  what  part  of  the  120  for 
O  Shillings  was  due  to  the  Servant  when 
(or  d)  parts  of  the  Year  were  expired, 
and  fay,  7° 

If  I  .  120  :  •  (l° 

Or ,  1  •  c  ::  d  .  ( cd 
whence  the  part  defired  is  found  . 

4.  Now  forafmuch  as  the  Cloak  together  with  the  50  Shillings  the  Servant  recefc  4 
ought  to  be  equal  to  the  part  of  the  Cloak,  together  with  the  part  of  the  \<& 
Shillings  that  was  due  to  him  at  the  time  he  left  his  fervice  ♦>  therefore  from  the 
premifes  there  ariles  this  Equation : 


2fL 

12 


ia. 


•  J 


Cd 


8+5°  =—  +7°  5 
12 


Or. 


a-\-f~da-{-cd. 


5.  Which. 


CHAP.  14*  which  produce  fiviple  Equations* 

-  Which  Equation  after  due  Reduftion  according  to  Sett.  2,  3,  and  5.  of  C%.  12; 

*  will  give  the  defired  value  of  the  Cloak,  to  wit, 
b  a  cd  in  f 

a  =  48  = - v 

I  CDtf  . 

Whence  it  is  evident  that  the  Cloak  was  valued  at  48  Shillings  5  and  the  laftEqua- 

tion  difcovers  this  CANON. 

■ 

J  ,  f. 

Multiply  theMoney  which  the  Servant  was  to  receive  befides  the  Cloak  for  a  Years 
Wages  by  the  time  he  ferved *  then  divide  the  difference  between  that  Produft  and 
the  Money  he  received  when  he  left  his  fervice  by  the  difference  between  1  (or  unity) 
and  the  fame  time  he  ferved  *  fo  the  Quotient  gives  the  value  of  the  Cloak. 

By  which  Canon  the  value  of  the  Cloak  will  be  found  to  be  48  5.  as  above. 

The  Proof.  • 

,  .  48  $0  =  98. 

.*4  of  48, 4  t4  of  120  =  98. 


&VEST.  9. 

A  certain  Man  finding  divers  poor  Perfons  at  his  Door,  gave  every  one  of  them 
three  pence  (or  *,)  and  had  fix  pence  for  c)  left  *  but  if  he  would  have  given  them 
four  pence  for  f)  apiece,  he  fhould  have  wanted  two  pence  for  g.)  How  many 
poor  Perfons  were  there  ? 

1.  For  the  number  of  poor  Perfons  pm  •/,;*  •/  i  ,  . 

2  Then  forafmuch  as  that  number  multiplied  by  3  (or  b )  and  the  Produft  increafed 
'  with  6  for  c)  makes  the  whole  number  of  pence  that  the  giver  had :  And,  becaufe 
if  the  fame  number  of  poor  Perfons  be  multiplyed  by  4  (or  f)  the  Produft  lefs  by 
2  for  g)  muft  alfo  make  the  fame  number  of  pence:  hence  this  Equation  5 

3  a  6  =4  a  —  2  : 

Or,  ba  +  c  =  fa  —  g. 

Which  Equation  after  due  Redu&ion  according  to  Sett.  3,  and  y.  of  Chap.  12; 
difcovers  the  number  of  poor  Perfons  to  be  8  :  'vix. 

:  8  =  pi  =  a. 

f—b 


QUEST.  10. 

One  being  asked  what  a  Clock  it  was,  anfwer’d,  That  the  time  then  pall  from 
Noon  was  equal  to  44  (or,  b)  parts  of  the  time  remaining  until  midnight :  What 
was  the  prefent  Hour  ?  fuppofing  the  time  between  Noon  and  Midnight  to  be  divid¬ 
ed  into  12  (or  c)  equal  Hours. 


1.  For  the  Hour  fought  after  noon  put  .  .  .  ; 

2.  Which  iubtrafted  from  12  for  c)  leaves') 


a 


12 — a 


J  9  6 


**  ■■■*  4.  o 


JLi 

4  ° 


i  i 
4  • 


the  time  remaining  until  midnight,  to  wit,  y 

3.  Then  44  f  or  b )  parts  of  the  faid  remain-  4 

ing  time  will  be . 5 

4.  Therefore  from  the  firft  and  third  fteps 

(according  to  the  Queltion)  this  Equation 
arifes,  to  wit, . _ 

5.  Which  Equation  after  due  Reduttion  ac-7 

cording  to  Sett  2,  3,  and  f.  of  Chap.  12.  >  tf—Srf 
gives  the  Hour  lought,  to  wit, . j  ,  .  . 

.So  the  time  fought  was  544  Hours  after  noon,  and  confequently  the  remaining 

time  until  midnight  wa  s  Hours,  whereof  44  is  equal  to  the  laid  5rf  ?  was 


a 


c — a 


be — ba 


a— be — ba 


be 


b-Yi 


preferibed  iii  the  Queftion, 
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aa 


act 


«+ 1 


act-\'2a-\-l 


aa-\b 


a+c 


&VE  ST.  iu 

A  General  of  an  Army  having  fet  his  Soldiers  in  a  Square  Battel,  there  happened 
to  be  700  (or  B)  Soldiers  to  lpare  5  but  to  increafe  the  Square  fo  as  that  its  fide 
might  confift  of  i  (or  c)  Soldier  more  than  the  fide  of  the  former  Square  there 
would  be  29  (oid)  Soldiers  wanting,  the  Queftion  is,  to  find  how  many  Soldiers 
the  General  had  in  his  Army.  . ...  . 

1.  For  the  Number  of  Soldiers  that  made  the  \ 
fide  of  the  firft  Square,  put  .  ...  .  ,  .  y 

2.  Then  that  fide  multiplied  by  it  felf  gives 

the  Number  of  Soldiers  in  the  firft  Iquare 
Battel,  to  wit, . *  ,  .  , 

3.  Therefore  the  number  of  Soldiers  in  the  7  , 

whole  Army  was  .  .  .  i.  ...  i  ...  .y  ‘  ^00 

4.  Then  to  the  end  the  fide  of  another  Square"' 
may  exceed  the  fide  of  the  former  by  1 
(or  c,)  let  it  be  .  .  .  .......... 

7.  Which  latter  lide  multiplied  by  it  lelf 
gives  tfie  Number  of  Soldiers  in  the  latter  j 
lquare  Battel,  to  wit,.  .  .  .  .  .  ^ 

6.  But  the  number  of  Soldiers  in  the  laft  ftep  exceeded  the  number  or  ooiarers  in  tne 
Generals  Army  by  29  (or  d  v)  therefore  fubtrafting  29  (or  d)  from  the  number 
m  the  lalt  ltep,  the  Remainder  mult  be  equal  to  the  number  in  the  third  ftep  : 
hence  this  Equation  arifes,  to  wit,  r  ’ 

Cu-\-2a  -F  l~29  =  tftf-pyoo, 

...  .  aci-\-2ca-\-cc—d  =  aa-\-b. 

rj.  Which  Equation  after  due  Reduaion  (  according  to  Sect.  3,  and  y.  of  Chav.  12  ) 
makes  known  the  fide  of  the  firft  Square,  viz,  *  ' 

a  =  284  =  b±i 

--  -2  C 

.8.  Laftly,  If  the  fide  or  number  found  out  in  the  laft  ftep  be  multiplied  by  it  feff  and 
the  Produft  be  increafed  with  500  (or  by)  there  will  come  forth  the  number  of 
Soldiers  that  were  in  the  Generals  Army,  to  wit, 

_ bb-\- 2bd-\-dd  ,  ,  , 

7OI96  = - - - i -  -F  -f CC+Lb—Ld. 

4 cc 

Whence  ft  is  manifeft  that  the  General  had  70196  Soldiers  in  his  Army :  ATfo  the 
fide  of  the  firft  fquare  Battel  confifted  of  264  Soldiers  ;  and  the  fide  of  the  latter 
265  i  this  multiplied  by  it  felf  produces  70227,  which  exceeds  the  faid  70196  by  29: 
Moreover,  the  faid  701  ^6  exceeds  theSquare  of  264  by  700 ;  as  the  Queftion  requires. 

■  i  '  ■  ■  -  .  . ..  . _ 


aa-\-2ca-\-cc 
of  Soldiers  in  the 


i; 


QUEST.  12. 

«  •  1 

Two  Perfons,  A  and  difeourfe  of  their  Money  in  this  manner,  viz.  A  farth/if 
f  would  give  hirh  a  Crown  (or  cj  then  A  Ihould  have  as  many  Crowns  as  B  had  left; 
but  B  faith,  if  A  would  give  him  a  Crown,  then  B  fhould  have  twice  as  many 
Crowns  as  A  had  left.  How  many  CrPwns  had  each  Perlon  } 

1.  For  the  number  of  Crowns  which  ^had,  put . ; 

2.  Then,  according  to  the  Queftion,  if  that  number  be  increafed  with 

1  Crown  (or  c,)  the  Sum  will  be  the  number  of  Crowns  that  re¬ 
mained  to  B  after  he  had  given  1  Crown  to  A. ,  to  .Wit, . j 

?:  -^nd  confequbntly,  by  adding  1  Crown  (ore)  to  the  laid  number  7 
Crowns  that  remained  to  R  nffpr  hp  aiupn  t  tnttfry  tr\  a  C_ 


of  Crowns  that  remained  to  B  after  he  had  given  1  Crown  to  A. 
the  Sum  Will  be  the  number  of  Crown$  which  B  had  at  fiift,  to  wit, 


rty  \  u  r 

C\  U  v 


a  +  c 

a-\-2C 


4* 


CHAP.  14.  which  podttce  fimfle  Equations .  7 1 

_ _ _ , _ ; - - - - - 

4.  Again,  according  to  the  Queftion,  if  1  Crown  (ore)  be  added 

to  the  faid  a-\-  2 c  in  the  laft  ftep,  and  fubttafled  from  a  in  the 
firft  ftep,  the  Sum  muft  be  equal  to  the  double  of  the  Remain¬ 
der  *  hence  this  Equation,  . 

5.  Which  Equation,  after  due  Redu&ion,  dilco vers  the  number  of 
Crowns  that  A  had  at  firft,  to  wit, 

6.  And  from  the  fifth  and  third  fteps,  the  number  of  Crowns  which 

B  had  at  firft  will  alfo  be  made  known,  to  wit, . 

So  it  is  found  that  A  had  5  Crowns,  and  B  7  Crowns,  as 

The  Proof. 

7  +  I  =  7  -r  1  =  6 

7+i-4+4=8 


QUEST.  13. 


.a-\-7)c—2a — 2c 


j-  a 
^■a-\-2c=7c 
>  will  be  evident  by 


ioo*— 0 


10  a 


a 


m — a 


bet 


A  Vintner  having  two  forts  of  French  Wines,  to  wit,  one  fort  worth  lot/.  ( or  b)  the 

Quart,  and  the  other  6  d  (or  c)  per  Quart,  would  have  a  mixed  Quantity  of  both  forts 

toconiift  of  iooQuarts  for  m)  that  might  be  worth  7  d.  ( or  f)  per  Quart.  TheQuefti- 

on  is,  to  find  what  Quantity  of  each  fort  of  Wine  muft  be  taken  to  make  that  mixture  ? 

1.  For  the  number  of  Quarts  that  muft  be 

taken  of  the  better  fort  of  Wine  to  make 
the  mixture,  put . 

2.  Which  number  fubtra£led  from  100 
for  m )  leaves  the  number  of  Quarts  of  the 
worler  fort  of  wine  in  the  mixture,  to  wit,  _ 

3.  Then  find  the  worth  of  the  better  fort  of" 

Wine  in  the  mixture  at  10  d.  (or  b)  per 

Quart,  and  lay  by  the  Rule  of  Three, 

If  1  .  10  ::  a  .  (io  k 

Or,  if  1  .  b  :  :  a  .  ( ba . 

So  the  Quantity  of  the  better  fort  of  Wine  j 
in  the  mixture  is  found  worth  .  .  .  .J 

4.  Find  likewife  the  worth  of  the  worferfortl 
of  Wine  in  the  mixture  at  6  d.  (or  c)  per  j 
Quart,  and  fay, 

If  I  .  6  ::  100 — a  .  (  doo — 6a  > 

Or,.  .  c  :  :  m — a  .  (  cm — ca.  ) 

So  the  Quantity  of  the  Worler  fort  of  j 
Wine  in  the  mixture  is  found  worth  .  .  J 

5.  Therefore  the  Sum  of  the  values  of  both  the  \ 

Quantities  mentioned  in  the  two  laft  fteps  is  ) 

6.  Which  Sum  muft  be  equal  to  the  Produft  made  by  the  Mu 
for  m)  the  total  mixed  Quantity,  by  7  for  f)  the  preferibed  mean  price  *  hence 
this  Equation  ariies,  to  wit, 

4^4  doo  =  700,' 

Or, . i  ...  .  ba-\-cm — ca>=.  fm. 

7.  Which  Equation,  after  due  Reduction,  dilcovers  the  value  of  tf,  to  wit,  the  num¬ 
ber  of  Quarts  that  muft  be  taken  of  the  better  fort  of  Wine  to  make  the  mixture,  viz.- 

_  fm — cm 

*  =  2$  =  - - . 

b — c 

$.  And  from  the  leventh  and  fecond  fteps  the  number  of  Quarts  that  ought  to  be  ta¬ 
ken  of  the  worler  fort  of  Wine  to  make  the  mixture  will  alio  be  made  known,  vvii 

bm — fm 

77  = 

9*  From  the  two  laft  fteps  it  is  evident.  That  27  Quarts  of  the  better  fort  of  Wine,  and 
7  7  Qyarts  of  the  worler  fort,  muft  be  taken  to  make  the  prelcribed  mixture  ^  for  thole 

Quantities 


doc — 6  a 


cm — ca 


4^4^00 


ba-\-cm — ca 
tiplication  of  100 
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quantities  tit  their  icipeobve  prices  will  be  worth  in  the  whole  700  pence,  which 
is  alio  the  _ju.lt  worth  of  ioo  quarts  at  7  pence  per  quart. 

Moreover,  If  the  latter  parts  of  the  two  Jail  Equations  be  refolved  into  Proportionals 
(according  to  Sect.  3.  Chap.  1 5.)  and  be  exprels’d  by  words,they  will  give  this  following 

THEOREM. 

As  the  difference  between  the  given  prices  of  two  forts  of  Wines  or  other  thinw 
whereof  a  mixture  is  defired,  is  to  the  total  Quantity  required  to  be  in  the  mixture 
So  is  the  excefs by  which  fome.  mean  price  preferibed  for  the  total  Qu antitv  mixed 
exceeds  the  lefler  of  the  two  given  prices,  to  the  Quantity  to  be  taken  of  the  better 
fort  of  Wine  :  And  fo  is  the  excefs  of  the  greater  of  the  two  given  prices  above  the 
mean  price,  to  the  Quantity  that  is  to  be  taken  of  the  worfer  fort  of  Wine. 

This  Theorem  contains  the  fubftance  of  the  Rule  of  Alligation-alternate  in  Vulgar 
Arithmetic.  But  how  Queftions  of  this  nature,  when  three  or  more  things  are  to 
be  mixed,  may  be  folved  more  generally  than  by  that  Rule,  I  fhall  hereafter  frew  in 
Chap.  13.  of  my  fecond  Book  of  Algebraical  Elements. 


QUEST.  14. 

.  .A  Clftern  in  a  certain  Conduit  is  Applied  with  Water  by  two  Pipes,  of  fuch  capa- 
cities,  that  by  both  their  Cocks  A  and  B  fet  open  at  once  theCiftern  will  be  filled  in 
12  (or J?)  Hours  5  but  by  the  Cock  A  alone  in  20  (or  c)  Hours:  The  Queftion  is 
to  find  in  what  time  the  Ciftern  will  be  filled  by  the  Cock  B  alone  >  U  7 

j.  Suppole  the  time  fought  to  be . 

2.  Then  find  what  part  of  theCiftern  will  be"'* 
filled  by  the  Cock  B  alone  in  12  forb) 

Hours,  and  lay  by  the  Rule  of  Three, 


a 


If 


a 


12 


a 

(ii 

a 


12 

a 


Or,  if  a  .  1  :  :  h  . 

whence  the  laid  part  is  found . 

3.  Find  likewife  what  part  of  the  Ciftern  will 
be  filled  by  the  Cock  A  alone  in  12  (or  b) 
Hours,  and  fay, 

If  20  .  1  ; :  12  .  (JL 

5 

Or,  if  c  .  1  ::  b  .  (A- 

c 

whence  the  laid  part  is  found . 

4.  But  thole  parts  found  out  in  the  lecond  and 
third  fteps  muft  be  equal  to  the  whole  Ci¬ 
ftern,  to  wit,  1  •,  hence  this  Equation  arifes, 

5.  Which  Equation,  after  due  Reduff  ion  ac¬ 
cording  to  Se8. 2,3,  and  7.  of  Chap.  12. 
difeovers  the  value  of  a,  to  wit,  the  time 
fought,  viz 


a 


1 

S 


II 

a 


44=*. 


a— 


30 


1+i*  1. 

a  c 


a=. 


be 


: — b 


.  W1leTnce  k  aPP^s  that  by  the  Cock  B  fet  open  alone  the  Ciftern  would  be  filled 
in  30  Hours  :  And,  if  the  lalt  Equation  of  the  literal  Refolution  be  refolved  into  Pro¬ 
portionals  according  to  Sett.  3.  Chap.  13.  there  will  arile  this  following 

C  A  NO  N 

.  the  difference  of  the  two  numbers  or  fpaces  of  Time  given  in  the  Queftion  is  to 

either  of  them,  lb  is  the  other  to  the  Time  fought,  viz% 

As  8  (  20 — 12  )  ,  12  •*  20  .  30, 

Or,  as  c—J?  -  b  :  :  c  ,  All. , 

1  The 


CHAP. 


which  produce  fimple  Equations. 


The  Proof  may  be  made  by  folving  this  Queftion,  viz. 

If  a  Cittern  wi.l  be  filled  with  Water  by  a  Cock  Am  20  hours,  and  by  another 
Cock  B  in  3o  hours;  in  what  time  will  the  Cittern  be  filled  by  both  Cocks  fet  ooen 
at  once  ?  Anfw.  1 2  hours.  ^ 

Firft  find  what  part  or  parts  of  the  Cittern  will  be  filled  by  each  Cock  in  one  and 
the  lame  time  ;  then  it  (hall  be,  As  the  Sum  of  thofe  parts  is  to  that  common  time 
lots  the  whole  Cittern  (to  wit,  i,)  to  the  time  wherein  the  whole  Cittern  will  be’ 
r  niied  by  both  Cocks  fet  open  at  once  5  viz. 

_  '  ho.  Ci ft.  ho. 

Firft,  If,  ....  30  .1  ::  20  .  (  ~  Ciftern. 

add  i  Ciftern. 


gum  ^  2 

So  it  is  found  that  i-f  Ciftern  will  be  filled  in  20  hours  by  both  Cocks  A  and  B  fet 
open  at  once  ;  then  fay  again  by  the  Rule  of  Three, 

Gift.  ho.  Cift. 

‘TC  ,  _  .  •  20  : :  1  (  12  hours. 

It  the  Operation  of  this  latter  Queftion  be  formed  Algebraically  by  Letters  it  will 
aftord  this  J  •  9 

CANON. 

As  the  Sum  of  the  two  given  numbers  expreffing  fpaces  of  time  in  the  latte  rQue- 
ltion,  is  to  either  or  them;  So  is  the  other  to  the  time  fought. 


•b+f 


rra 


QUEST,  ij. 

-  A  Shepherd  in  the  time  of  War  drivinga  Flock  of  Sheep, fell  into  the  hands  of  three 
Companies  of  plundering  Soldiers,  who  compell’d  him  to  deliver  the  half  of  his  flock 
with  half  a  Sheep  over  and  above  to  the  firft  Company  *  a'ifo  halfofhis  remaining  hock 
with  half  a  Sheep  to  the  fecond  Company;  likewile  the  half  of  the  reft of  theflock 
with  half  a  Sheep  to  the  third  Company  :  All  which  Divilions  the  Shepherd  exa&ly 
perform’d  without  killing  a  Sheep,  and  then  there  remained  only  20  (or  b)  Sheep  fof 
himfelf.  The  queftion  is,  to  find  How  many  Sheep  the  Shepherd  had  in  his  flock  at  firft  ? 

1.  Let  the  Number  of  Sheep  which  the  Shepherd  had  in  his  Flock  7 

at  firft  be  reprefenred  by  ........  . .  r  a 

2.  Then  the  half  of  that  number  is  4.^,  to  whichadding  4.,  ("that  is, 

half  a  Sheep)  the  fum  will  be  the  Number  of  Sheep  delivered 
to  the  firft  Company  of  Soldiers,  to  wit, . 

3.  And  by  fubtrafting  the  faid  fa+f  from  a,  the  remainder  will 
be  the  number  of  Sheep  that  were  left  to  the  Shepherd  after  he ' 
had  latisfied  the  firft  Company  of  Soldiers,  to  wit,  ....  1 

4.  Then  the  half  of  that  remaining  Flock  is  fa —  4,  to  which  ad-^ 
ding  4,  (that  is,  4  Sheep,)  the  fum  will  be  the  Number  of  Sheep  C 
delivered  to  the  lecond  Company  of  Soldiers,  to  wit,  . .  .  .  \ 

5.  Which  fa-ff  being  fubtra&ed  from  fa —  f  in  the  ’third  flep, 

the  remainder  will  be  the  number  of  Sheep  that  were  left  to  the 
Shepherd  after  he  had  fatisfiedthe  fecond  Company  of  Soldiers 
to  wit, . 

6.  Then  the  half  of  the  remaining  flock  in  the  laft  ftep  is  fa — 4,7 
to  which  adding  f,  (to  wit,  f  Sheep)  the  Sum  will  be  the  num-  >- 
her  of  Sheep  delivered  to  the  third  Company,  to  wit  .  .  .  \ 

7.  Which  fa-ff  being  fubtra&ed  from  fa  —  4  in  the  fifth  ftep, 
the  remainder  will  be  the  number  of  Sheep  that  were  left  to  the 
Shepherd  after  he  had  fatisfied  all  the  three  Companies,  to  wit,  , 

8.  But  the  remainder  in  the  laft  ftep  muft  be  equal  to  20  (or  b)  the  >  ,  7  _ ,  _ 

number  given  in  the  Queftion  5  hence  this  Equation,  .  .  . 

9.  Which  Equation,  after  due  Reduction,  difcovers  the  Number  7  o7  .  . 

‘fought,  to  wit, . . fast* 

So  it  appears  that  the  Shepherd  had  167  Sheep  in  his  Flock  at  firft,  :  •  -  *  ,j 

*  K  ,  7be 


ra — 4 


8a  "f 


X 


ra 


.  7 

T 
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The  Proof, 

i.  The  half  of  167  is  837,  to  which  adding  f,  the  fum  is  84,  which  was  the 
number  of  Sheep  delivered  to  the  firft  Company  of  Soldiers  *  and  then  there  remain¬ 
ed  83  Sheep  to  the  Shepherd. 

2/  Again,  the  half  of  83  is  41-7,  which  increafed  with  f  makes  42,  the  number 
of  Sheep  delivered  to  the  fecond  Company  *  and  then  there  remained  41  Sheep  to 

the  Shepherd.  ,  >  ,1. 

3.  Laftly,  the  half  of  3 1  is  407,  which  increafed  with  f  makes  21,  which  was 
the  number  of  Sheep  delivered  to  the  third  Company $  and  fo  there  remained  20 
S  heep  to  the  Shepherd,  as  the  Queftion  declares. 

Moreover,  the  Equation  in  the  laft  ftep  of  the  Refblution  fhews,  That  if  any 
whole  number  inftead  of  20  be  prefcribed  in  the  Queftion,  that  number  multiplied  by 
8,  and  the  Product  increafed  with  7  will  give  a  number  capable  of  the  like  Divifion 
as  167  that  anfwered  the  Queftion:  So  if  there  had  been  but  one  Sheep  left  for  the 
Shepherd,  then  his  Flock  at  firft  was  1 5  Sheep  ;  if  2  had  been  left,  his  Flock  at  firft 
was  23  ;  if  3  Sheep  had  been  left,  then  he  had  31  when  he  firft  met  with  the  Sol¬ 
diers  5  and  fo  by  a  continual  addition  of  8,  all  the  odd  Numbers  capable  of  that  Di¬ 
vifion  the  Queftion  requires  may  be  orderly  found  put.  But  to  have  nothing  left  af¬ 
ter  fuch  Divifion  is  made,  the  Number  firft  to  be  divided  is  7. 

It  is  alfo  Evident,  that  by  continuing  the  Refblution  an  odd  Number  may  be  found 
out,  that  fhall  be  capable  of  being  divided  according  to  the  import  of  the  Queftion, 
as  many  times  as  fhall  be  defired. 
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gJJE  ST,  16. 

Two  Merchants,  A  and  #,  were  Co-partners  in  Traffic  :  the  fum  of  their  Stocks 
was  300 1  (or  bh)  the  Stock  of  ^continued  in  Company  9  (or  c)  Months,  and  the 
Stock  of  B  11  (or  d)  Months;  they  gained  a  certain  fum  of  Money  which  they 
divided  equally.  The  Queftion  is,  to  find  what  each  Merchants  Stock  wtfs  at  firft  > 

1 .  For  the  Stock  of  A  when  he  entred  Partner-  7 

flfip,  put  . .  J  i 

2.  Then  fubtrafting  that  flock  from  the  Joy  nt 
ftock  3  co  l  (ox  b )  the  Remainder  will  be 
the  Stock  of  B,  to  wit,  .... 

3.  The  firft  ftock  multiplied  by  the  time  it  7 

continued  in  Company  produces  .  .  .  y 

4.  And  the  other  ftock  multiplied  by  its  time  > 

produces . j 

5.  Now  forafmuch  as  the  Merchants  divided  the  gain  equally,  therefore  the  Produffs 

in  the  third  and  fourth  fteps  muft  be  equal  to  one  another,  ( according  to  the  na¬ 

ture  of  the  Rule  of  Fellowfhip  with  TimeD  Hence  this  Equation  arifesj 

=  3300' —  11  ay 
Or,  .  .  .  ca  =  db  —  dot 

6.  Which  Equation,  after  due  Redu&ion,  according  to  Sett  3,  and  5.  of  Chef.  12. 
will  difeover  the  Stock  which  A  put  in,  viz. 

,  on  db 

1 6$  — 


ca 
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7.  And  from  the  6, and  2.fteps  the  ftock  which  B  put  in  will  alfo  be  made  known, to  wit, 

cb 

135  = 

So  it  is  found  that  the  ftock  of  A  was  16$  I.  and  that  of  5,  135  l.  For,  185  x  9 
=  135;  XII. 

Moreover,  If  the  latter  parts  of  the  two  Equations  in  the  fixth  and  feventh  fteps  be 
refolved  into  Proportionals,  according  to  Se8.  3.  Chap.  13.  there  will  arife  this 

CANON. 

As  the  fum  of  both  fpaces  of  time  given  in  the  Queftion,  is  to  the  given  fum  of 
the  two  particular  flocks  fought  *  fo  is  the  greater  time  to  the  particular  ftock  belonging 
to  the  leffer  time  ;  andfo  is  the  lefler  time  to  the  ftock  belonging  to  the  greater  time. 

•<-  . .  •  i  HUE  ST. 
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which  produce  fimple  Equations. 


75 


Traa 
y\aa  —  a 

-  *  '  ^  *  1 

d=zi2 


a 

bead 

bcaa  =  a 


a=\ 

be 


QUEST.  i7. 

A  certain  Man  being  asked  how  many  Years  old  he  was,  anlwered,  If  1.  (or  b)  part 
of  the  Number  of  Years  he  had  lived,  were  multiplied  by  4  (ore)  parts  of  the 
fame  number,  the  Product  would  give  his  Age.  What  was  his  Age  > 

1.  For  the  Number  of  the  Years  lought  put  . 

2.  Then  according  to  theQuettion, multiplying  ) 

~La  by  4 a  (oiba  by  ca)  the  Product  will  be  j 

3.  Which  rroduQ:  mult  be  equal  to  the  num-  7 

ber  of  Years  fought,  viz.  .....  3* 

4.  Then,  by  reducing  thatEquationaccording' 
to  Sett.  4,  and  of  Chap.  12.  the  number  | 
of  years  fought  will  be  difeovered,  viz. 

Whence  it  is  manifeft  that  the  Relpondent  was  32  Years  of  Age;  for  if  1  *  that 
is,  -ri-  of  3  2,  be  multiplied  by  20,  that  is,  4.  of  ;2  ;  the  Product  will  be  32,  to  wit 
the  Number  of  Years  fought.  It  is  alfo  evident  by  the  laft  Equation  in  the  literal 
Ref olution, that  if  1  (to  wit  U  nity)be  divided  by  the  Produft  made  by  the  multiplication 
of  the  two  numbers  given  in  the  Queftion*  the  Quotient  will  be  the  number  fought. 

QUEST,  is.  ’  ‘ 

There  are  two  Numbers,  the  greater  of  which  has  fuch  proportion  to  the  lefler  as 
3  to  2,  (or  asr  to*  5)  and  the  lum  of  the  faid  numbers  has  fuch  proportion  to  the 
fum  of  their  Squares,  as  1  to  13,  (or  as  b  to  c.)  What  are  the  Numbers  > 

1.  For  the  greater  Number  fought  put  .  . 

2.  Then,  (according  to  Qiiett.  2.  in  Sett.  4. 

Chap.  10  )  the  fum  of  the  two  Numbers 
will  be  found  . . 

3.  And  (according  to  J.  in  the  faid 

Sett.  Chap.  10)  the  fum  of  the  Squares 
of  the  two  Numbers  lought  will  be  .  .  w 

4.  Again,  by  the  help  ofthe  latter  Proportion' 
given  in  the  Queftion,  and  of  the  fum  ‘ 
found  in  the  lecond  ftep,learch  out  the  fum 
ofthe  Squares  of  the  two  numbers  fought  * 
viz.  fay  by  the  Rule  of  Three, 

'  If  I  .  13  i:  ?5 

?  3 

Or,  if  b  .  c .  **+«? 

r  br 

whence  the  fum  of  the  laid  Squares  is  founds 

•  •  ,  .  r>  <.  *  '  "  :  '  .  /  Aij;  .  *  ,  '4  . 

5.  But  the  fum  of  the  Squares  found  out  in  the  third  ftep  muft  be  equal  to  the  funf 
in  the  fourth  ;  hence  this  Equation,  viz. 
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6.  Which  Equation,  after  due  Redu&ion,  will  difeover  the  greater  of  the  two  Num¬ 
bers  fought,  viz. 

„  _  _  •  _  crr-\-crs 

a~  *5  —  r — !  »  Jihiimr1  -r 


*  brr-hbsi  »  ,4.  ' 

7.  Whence,  by  the  help  of  the  firft  proportion  given  in  the  Qjieftion,  the  lefler 
Number  fought  will  alfo  be  made  known,  viz: 


Ir>  __  css~\rcrs 
brr-xbsi 
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So  the  Numbers  fought  are  i  $  and  io ;  for  they  are  in  the  given  Reafon  of  3  to  2; 
and  their  Sum  25  is  to  325;  the  Sum  of  their  Squares,  as  1  to  13  *,  as  was  preferred. 

Moreover,  the  Letters  in  the  latter  parts  of  the  two  laft  Equations  give  a  Canon 
to  find  out  the  Numbers  required. 


QJJE  ST.  19. 


I  '' 


There  are  two  Numbers,  the  Greater  of  which  has  fuch  proportion  to  the  Lefler, 

as  3  to  2,  (or  as  r;to  s  ;)  and  the  Sum  of  the  laid  Numbers  has  fuch  proportion  to 

the-  Product  of  their  Multiplication,  as  1  to  6,  (or  as  b  to  c.)  What  are  the  numbers  > 

1.  For  the  greater  number  fought  put  .  . 

2.  Then  ( according  to  Qiejl.  2.  in  Sett.  4. 

Chap.  10  )  the  Sum  of  the  two  numbers 

,  will  be  . . .  _ 

3.  And  (by  Qttett.  4.  in  Sett.  4.  Chap.  io.jT 
the  Product  of  their  Multiplication  is  .  .  3 

4.  Again,  by  the  help  of  the  latter  proportion  ~ 
given  in  the  Queftion,  and  of  the  Sum 
found  in  the  lecond  ftep,iearch  out  the  Pro- 

. du£l  oftlie  multiplication  of  the  two  num¬ 
bers  fought;  viz.  fay  by  the  Rule  of  Three,  j 

r-r  'If  ri  .  6 ’:r¥ 
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whence  the  Produft  is  found  «  ;  .  .  ^ 

5.  But  the  Products  found  out  in  the  two  laft  fteps  muft  be  equal  to  qne  another  \ 
hence  this  Equation,  viz . 

2  aa 

—  =  10  a, 
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6 .  Which  Equation,  after  due  Reduction,  difeovers  the  greater  of  the  two  Numbers 
fought,  viz. 


15 
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7.  Whence,"  by  the  help  of  the  firft  Proportion  given  in  the  Queftion,  the  lefler 
number  fought  will  alio  be  made  known,  viz . 

cr-ycs  ;  >  -  \ 


10  = 


br 


So  the  numbersjfought  are  found  i?  and  10 ;  but  that  they  will  lolve  the  Queftion 
The  Pjoof  will  make  manifeft ;  For  the  greater  is  to  the  lefler  as  3  to  2  ;  and  their 
*Sum  27‘:fs:  to  .i?o  the  Produ&of  their  Multiplication,  as  1  to  6  ;  as  was  preferibed. 
Moreover,  the  two  laft  Equations  give  a  Canon  to  find  out  the  Number  iought. 


QUEST.  20. 

•  ;  ;  .  .  r  ■  ? 

There  are  two  Numbers,  the  greater  of  which  has  fuch  Proportion  to  the  lefler  as 
'2  to  r  to  5,4  and  the  luth  of  the  Squares  of  the  faid  Numbers  is  125  for 

b  :J  What  are  the  Numbers  ? 

VCW  ">T>  _ 

1.  For  the  greater  number  fought  put  .  .  .  a 

..  2.  (Then  according,  to  Quell.,  1 .  in  Sett.  4.  *)  a 

Chap.  1 67)  the  lefler  Number  will  be  found  y  2 

3.  Therefore  the  Sum  of  their  Squares  (hall  be  5 aa 
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4.  Which 
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lax  =  125 

aa+  iff?  =  Ip 

4 

rr 

'  -  1 

a  =  10 

<1  =  V-rrb. 

=  5 

=  v  ssb 

rr-\-ss 

4.  Which  Sum  muft  be  equal  to  J  2?  for  b) 

the  given  fum  of  the  Squares  *  hence  this 
Equation, . 

5.  Which  Equation,  after  due R eduction  (ac¬ 
cording  to  Sett.  2,  5,  and  7,  of  Chap.  1 2.) 
willdifcover  the  greater  number  fought, viz.  3 

6 .  But  if  a  had  been  put  for  the  leffer  number,  7 
it  would  by  the  like  procefs  have  been  found  3 

From  the  two  laft  fteps  the  numbers  fought  are  found  10  and  <>,  which  will  folve 
theQueftion :  For  the  greater  is  to  the  leffer  as  2  to  i,  and  the  fum  of  their  Squares 
is  125  *,  as  was  prefcribed. 

Moreover,  ro  find  out  the  Numbers  fought,  the  two  laft  fteps  of  the  literal  Refo- 
lution  give  this 

CANON. 

Multiply  feverally  the  Squares  of  the  Terms  of  the  given  Reafon,  by  the  given 
Sum  of  the  Squares  of  the  number  fought  •,  then  divide  the  Produfts  feverally  by  the 
Sum  of  the  Squares  of  the  faid  Terms  •,  laftly,  extra&  the  fquare  Root  out  of  each 
Quotient,  fo  mall  thefe  fquare  Roots  be  the  Numbers  fought. 

QUEST.  21. 

There  are  two  Numbers,  the  greater  of  which  has  fuch  proportion  to  the  lefler 
as  2  to  1,  (or  as  r  to  )  and  the  difference  of  the  Squares  is  75,  (or  d:J  What 
are  the  Numbers  >  .  > 

1.  For  the  greater  Number  fought  put  .  ;  * 

2.  Then  (according  to  Qietf.  1*  in  Sett.  4.7 
Chap.  10  )  the  leffer  number  will  be  .  .  3 

3.  Therefore  the  difference  of  their  Squares  is 
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4.  WhichDifference  muft  be  equal  to  the  given  V  3 aa 
Difference  7  5  (or  ^)hence  thisEquation,  viz.  j  4  — 

5.  Which  Equation,  after  due  Redu&ion,  7 
difcovers  the  greater  Number,  viz.  .  .  3. 

6.  But  if  a  had  been  put  for  the  leffer  Number  7 
it  would  have  been  found  by  the  like  procels  > 

So  the  Numbers  fought  are  10  and  ?,  which  will  folve  the  Quefti’on :  For  the  greater 
is  to  the  leffer  as  2  to  1,  and  the  difference  of  their  Squares  is  75  5  as  was  prefcribed. 

Moreover,  to  find  out  the  numbers  fought,  the  two  laft  fteps  of  the  literal  Re- 
folution  give  this 

CANON. 

'  *  t  '  —  _  *>;  ,  .  _  . 

Multiply  feverally  the  Squares  of  the  Terms  of  the  given  Reafon  by  the  given 
Difference  of  the  Squares,  then  divide  theProdu&s  feverally  by  the  Difference  of  the 
Squares  of  the  laid  Terms ,  laftly  extraSf  the  fquare  Root  of  each  Quotient,  fo 
lhail  thefe  fquare  Roots  be  the  Numbers  fought. 


,  \  w 


QU  E  S  T.  22. 

There  are  two  numbers,  the  fum  of  whole  Squares  is  125;  for  b)  and  the  Diffe¬ 
rence  of  their  Squares  is  75:  for  d  * )  what  are  the  Numbers  ? 

o '?  i  n .  *  ;  1  ’*  ~  ’  ’ 

-1.  For  the  greater  number  put  ...  . 

2.  Then  its  Square  will  be . 

3.  Which  fubtra&ed  from  125  (or  b)  the 7 
given  Sum,  leaves  the  Square  of  the  lefler * 

Number,  to  wit,  . . 


a 

aa 
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4.  And 
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^  , _ _ _ _ _  -  -  - 

4.  And  from  the  lecond  and  third  fteps  by  7 

fub tracing  the  leffer  Square  from  the?-  2 act  125 
greater,  their  Difference  is  ....  3 

5.  Which  Difference  mult  be  equal  to  the  / 

given  Difference 77  (or  d0)  whence  this?- 2^-—  125  =  75 
Equation  arifes, . .  J 

6  From  which  Equation  after  due  Reduction,  n 

according  to  Sett.  7,  5,  and  7.  of  Chap.  12.  {  a  ___  * 

the  greater  Number  fought  will  be  made  C 
known,  viz. 

-ji  But  if  a  had  been  put  for  the  leffer  Num-  / 

her  fought,  it  would  by  the  like  procefs  >  =  $ 

have  been  found  .  .  . . J 

So  the  Numbers  fought  are  found  10  and  ?,  which  will  folve  the  Queftion-,  for  the 
fum  of  their  Squares  is  1 2  5,  and  the  difference  of  their  Squares  is  7  j,  as  was  prefcribed; 

Moreover,  to  find  out  the  Numbers  fought,  the  two  laft  fteps  of  the  literal  Re¬ 
folution  give  this 

&  CANON.  . 

The  fquare  Root  of  half  the  Sum  of  the  given  fum  and  difference  of  the  Squares 
of  the  two  Numbers  fought*  is  equal  to  the  greater  Number,  and  the  fquare  Root  of 
half  the  difference  of  the  faid  given  Sum  and  Difference  gives  the  leffer  Number. 

£ UEST 1  23. 


2 aa  —  b 

2aa  —  b—<l 

a  as  Vb+d 
2 
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There  are  two  Numbers,  the  fum  of  whofe  Squares  is  340  for  b-J  and  the  Produft 
made  by  the  multiplication  of  the  two  Numbers  is  equal  to  4  for  c )  parts  of  the 
Square  of  the  greater  Number  *  what  are  the  Numbers  > 


1.  For  the  greater  Number  put  .  .  .  *  * 

2.  Then  its  fquare  is . . 

3*  And  4  (or  c)  parts  of  that  Square  is  .  .  . 

4*  Therefore  alfo  (according  to  the  condition  7 
in  the  Queftion)  the  Product  of  the  multi-  > 
plication  ofthe  two  numbers  fought, lhall  be  \ 
Which  Product  divided  by  the  greater  num-  f 
ber  a  will  give  the  leffer  number*  to  wit,  3 

6.  Therefore ^  from  the  laft  ftep  the  Square  \ 
of  the  lefl’er  number  is  ...... 3 

7.  And  by  adding  together  the  Squares  in  the  > 
fecond  and  fixth  fteps,  their  fum  will  be  .  3 

8.  Which  fum  mu  ft  be  equal  to  the  given  fum  \ 
540  for  by)  whence  this  Equation  arifes  ,  3 

9.  From  which  Equation,  after  it  is  duly  re-^ 

duced  according  to  Sett.  2,  5,  and  7.  ofQ 
Chap.  1 2.  the  greater  number  fought  will  C 
be  made  known,  viz . 

10.  And  from  the  ninth  and  fifth  fteps  the  7 
leffer  number  will  alfo  be  difcovered,  .  .  y 
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So  the  two  numbers  fought  are  found  14  and  12,  which  will  folve  the  Queftion  ; 
for  the  fum  of  their  Squares  196  and  144  is  340  *  alfo,  14  multiplied  by  12  makes 
168,  which  is  equal  to  4  of  the  greater  Square  196. 

EaS  T 24. 

A  Merchant  bought  a  certain  Number  of  Yards  oflinnen  Cloth  at  12  pencefor  h) 
Per  Yard  *  and  if  the  number  of  pence  paid  for  all  the  Cloth  be  multiplied  by  the  number 

of 
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which  produce  fimple  Equations. 


“r— 


79 


a 

12a 
12  aa 


of  Yards  bought,  the  Product  will  be  30000,  (or  c.)  TheQueftion  is,  to  find  the 
number  of  Yards  bought. 

1.  For  the  number  of  Yards  bought  put  .  . 

2.  Then  the  number  of  pence  paid  for  the  3 

whole  Cloth  wili  be  .  .  ,  .  .  ,3 

3  .  Which  Number  multiplied  by  a  (the  num-  7 
ber  of  Yards  bought,  produces  .  .  <  .  3 
4.  Which  Product  mull,  according  to  the  Que-  7  __ 

ftion,  be  equal  to  30000  (or  therefore  3  2aa  3C00° 

5  From  which  Equation,  after  due  Redu&ion,  7 
the  number  of  Yards  Ibhght  will  be  difco-  > 
vered,  viz.  .  . . 3 

i 

So  it  is  found  that  the  Merchant  bought  fo  Yafds  of  Cloth,  which  at  12  d.  per 
Yard  makes  600  d  this  6co  multiplied  by  70  (the  Number  of  Yards  bought,)  pro¬ 
duces  30000  j  as  was prefcribed  in  theQueftioh. 

...  ;  •  .  .  ....  - 

■  •  -  1  -  1  •  '  ■  —  '  -  '  


a 

ba 

J!  »i  'H 

baa 

baa  —  c 


wi 


ft  -3 


1  t 


&VEST.  25. 


Two  Merchants,  A  and  J3,  were  Co-partners  in  Traffic  ^  A  brought  in  a  certain 
•number  of  pounds,  which  continued  in  Company  4  (or  c) Months,  B  brought  in 
100  (or  b)  pounds,  which  continued  in  Company  fuch  a  time,  that  if  it  be  multi¬ 
plied  by  the  Stock  of  A  it  makes  50  (or  d.)  At  the  end  of  their  Partnerfhip  they 
had  gained  60  Pounds,  whereof  A  had  40  (orr)  Pounds  for  his  fhare,  and  B  thereft 
to  wit,  20  ( or  s)  Pounds.  What  was  the  Stock  which  A  put  in  at  firft,  and  .how’ 

many  Months  did  the  Stock  of  B  continue  in  Company  > 

•  ,  ,  •  •  *  *  *  ’  »  *■*■■••* 

4  •  *  • 

I  For  the  Stock  of  A  put  ....  ,  . 

2.  Then  multiplying  that  flock  by  the  time  it 
*  continued  in  Company,  to  wit,  by  4  (of  c,) 

it  makes  . '  ,  .  .  •  ♦  •  •  ■*  *  • 

3.  Then  divide 70  (or  d)  theProduft  given  in 
"  *  the  Queftion^by  a  the  (flock  of  AJ  and  the 

Quotient  will  give  the  time  that  the  flock 
of  B  continued  in  Company,  to  wit*  .  *  • 

„  The  flock  ol  £,to  wit,  100  l.(otb)  multi- 

plied  by  its  time  (or  — )  produces  .  * 

1  a  a  _ 

7.  Then  according  to  the  Nature  of  the  Rule  of  Fellowfhip  with  Time,  this  Analogy 
will  arile,  viz.  As  the  Product  made  by  the  mutual  multiplication  of  the  Stock 
and  Tune  of  A ,  is  to  the  Produft  of  the  Stock  and  Time  of  B  *  fo  is  the  gain  of 
A  to  the  gain  of  B:  viz. 

As,  4 a  .  : :  40 


a 

a 

4  a 

ca 

r» ,  ^ , 

yo 

d 

a 

,  ■ 

a 

5000 

bd 

'  CL 

a 

a 
bd 

Or,  ca  .  *  — 
a 


20. 


s. 


6.  Which  Analogy  (according  to  Se&.  t.Chap.  njmay  be  converted  into  this  Equation, 


VIZ, 


80  a  =  ggggg. 


a 


.7  HO 


Or, 


rbd 

sea  =  ___. 


a 


— »  * 

7.  From  which  Equation,  ( after  due  Reduction  according  to  Seft,  2 ,  y,  and  7.  of 

Chap.  i2.)  the  Stock  of  A  will  be  difeovered,  viz, 

.  .  „  ,rbd 

50=  V — . 
sc 


&  And 


lull  d 


/ 
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_ _  _  b  m  i ^ _ 

8.  And  from  the  feventh  and  third  Heps,  the  Time  that  the  Stock  of  B  * 

Company  will  alfo  be  made  known,  viz.  uedm 

5?  =  T  ~  W 

$o  rb 

9-  s°  is .found  that  the  Stock  which  ^put  in  at  firftwas  ;o  l.  and  the  timedurine- 
which-  the  Stock  of  B  continued  m  Company  was  one  Month  *  as  will  appear  by° 

The  Proof. 


J  Jm  ?o  x  4  =  200 
100  xi  =  100 


Then  if 

I 


300 


So  ::  $20° 

.  .  .  . I JOO 


40 

20 


—■ 


j  (  \J  • 

.  i  .j  A 


E  ST.  26. 


Certain  Noble-men  made  a  Progrels  for  theix  Pleafure*  every  noble  Man  carried 
along  with  him  the  fame  Sum  of  Pounds  *  theNumber  of  the  Noble-men  was  equal 
to  the  number  of  Servants  which  attended  upon  each  Noble-man-,  the  number  of 
Pounds  that  each  Noble-man  had  was  the  double  of  the  number  of  all  their  Servants- 
and  thefum  of  all  their  Mony  was  34^  Pounds:  the  Queition  is,tofind  outrhe  Num- 
her  of  Noble-men ;  alfo,  how  many  Poundsand  Servants  each  Noble  man  had  ? 

1.  For  the  number  of  Noble-men  put  a  . ' 

2.  Then  ( according  to  the  Queition)  the  number  of  Servants  that  ) 

* '  ‘  attended  upon  each  Noble-Man  was  alfo  . . 3  •  a 

3.  Therefore  the  Number  of  all  the  Servants  was  t  "  aa 

4.  Which  laft  Number  doubled  gives  the  number  of  Pounds  that)  *’ 

each  Nobleman  had,  to  wit,  .  A  ‘ .  .  .  .  .  #  3  •  2aa 

5.  And  if  the  faid  Number  of  Pounds  be  multiplied  by  the  number')  >  : 

of  Noble-men,  it  produces  the  Sum  of  all  their  Money,  to  wit,  3  .  * .  2aaa 

6.  Which  fum  mult  be  equal  to  the  given  fum  3456,  therefore 

7.  Therefore  by  taking  the  half  of  that  Equation,  there  arifes  . 

8.  Laftly,  by  extrafling  the  Cubic  Root  of  each  part  of  the  laft  ) 

Equation,  the  Number  of  Noble-men  is  dilcovered,  to  wit,  .  3 

So  it  is  found  that  there  were  12  Noble-Men  s  alfo  every  one  of  them  had  11  Ser  ¬ 
vants  and  288  Pounds,  as  will  appear  by  •  : 


2aaa  =  3454 
aaa  =  1728 

•  a  =  12 


*  \  r! 
)  , 


‘•ill  770 1  j 


The  Proof. 

' :J ' : i  v  !  • . h > 

12X12=  I44 

I44  X  2  =  288 
288  X  12  —  3456.  , 

V"'  ^  >"\  V  • 


ri  3ni 

i  J: 
JjVj  O  j 

Vi  *  .  * 

•  .  ) 


V 


QU  E  ST.  27. 


'iO 


A  Merchant  bought  as  many  Pounds  of  Pepper  for  one  Crown  as  was  half  the 
number  of  Crowns  he  laid  out,  thferi  in  felling  the  Pepper  he  received  for  every  2V 
ft  of  Pepper  as  many  Crowns  as  he  paid  for  all  the-  Pepper  ;  and  in  conclufion  he 
had  20  Crowns,  The  Queition  is,  to  find  how  many  Crowns  he  laid  out. 

1.  For  the  Number  of  Crowns  which  the  Merchant  laid  out,  let) 

there  be  put  .  .  .  ...  .  .  .  .  /  .  .  .  .f  •  •  a 

2.  Then  the  Number  of  Pounds  pf  Pepper  which  he  bought  for  )  ■  a 

one  Crown  was . . . 3  •  •  — 

3.  Whence  the  whole  quantity  of  Pepper  bought  will  be  found—  ? 

2  Y  aa 

for,  If  r  .  L  . .  .  :  .  C  “  7 

22 


4,  Then 


CHAP.  14.  which  produce  fwiple  Equations. 


To 


20 


4.  Then  find  how  many  Crowns  the  Merchant  received  for  the  totafo 
quantity  of  Pepper  fold  *  faying  by  the  Rule  of  Three, 

If  2J  .  *  :  :  f?  . 

2  jo 

whence  the  number  of  Crowns  for  which  all  the  Pepper  was  fold 
is  found  . ) 

5.  Which  number  of  Crowns  found  out  in  the  laft  ftep,  muft  be? 

equal  to  20  the  number  of  Crowns  given  in  the  Queftion  *  hence  — 
this  Equation, . 3  5° 

6.  From  which  Equation,  after  it  is  reduced  according  to  Se&.  2,7 

and  7.  of  Chap.  12.  there  will  come  forth  the  firft  coft  of  the>  :  a  =  10 

Pepper,  to  wit,  .  .  .  . . .  .  .3 

So  the  number  of  Crowns  which  the  Merchant  laid  out  was  io,  as  will  appear  by 
the  Proof-,  for  firft,  the  half  of  io,  to  wit,  j,  will  be  the  number  of  Pounds  of  Pep¬ 
per  which  he  bought  for  1  Crown  then  fay. 

If  1  .  5  5  :  10  *  Jo  j|  Pounds  of  Pepper  bought. 

If  2  j  .10  ::  50  .-  2q  i|  Crowns  received  for  Pepper  fold. 


8l 


QUEST.  28. 

There  are  two  Numbers,  the  greater  of  which  has  fuch  proportion  to  the  lefler  as 
3  to  2,  (or  as  r  to  5 *)  and  the  Sum  of  the  Cubes  of  the  two  Numbers  is  4377,  for 
b  5)  what  are  the  numbers  ? 

1.  For  the  greater  Number  put  .  ;  .  .  . 

2  Then  (according  to  Qiefi.  1.  inSeCt.  4.  of  7 
Chap.  10  )  the  lefler  number  will  be  found  y 

3.  Therefore  from  the  firft  ftep,  the  Cube  of  V 
the  greater  number  is  .  .  .  .  .  .  .  3 , 

4,  And  from  the  fecond  ftep  the  Cube  of  the  > ! 

lefler  Number  is . 

<?.  Therefore  from  the  third  and  fourth  fteps,  7 
the  Sum  of  the  Cubes  of  both  Numbers  is  y 


a 

2d 

T 

aaa 
8  aact 

"27" 

3  5  aaa 


•  v  § 


V 


a 

set 

r 

aaa 

sssaaa 


rrr 
sssaaa 


rrr 


f  aaa 


^  B  w1 

6.  Which  Sum  muft  be  equal  to  the  given  Sum  43 75,  (or  b  *)  whence  this  Equa¬ 
tion  arifes,  viz. 


3  $aaa 


=  4375- 


Or, 


sssaaa 


4  aaa  =  b. 


27  rrr 

7.  From  which  Equation,  after  due  Redu&ion,  ( according  to  Sett.  2,  y,  and  7.  of 
Chap.  12.)  the  greater  number  fought  will  be  made  known,  viz, . 

=  15  =  rnb 


a 


sss-\-rrr 

8.  And  from  the  feventh  and  fecond  fteps, the  lefler  number  will  alfo  be  difcovered5to  wit, 

10  =  _ 

sss-{-rrr 

So  the  numbers  fought  are  found  ly  and  10,  which  will  folve  the  Queftion  for 
they  are  in  the  given  Reafon  of  3  to  2  *  and  the  Sum  of  the  Cubes  of  the  faid  1 5 
and  10,  to  wit,  of  337j*and  1000  makes  4375  *  as  was  preftribed. 

Moreover,  to  find  the  Numbers  fought*  the  latter  parts  of  the  Equations  in  the 
leVenth  and  ‘eighth  fteps  give  this 

CANON. 

Multiply  feverally  the  Cubes  of  the  Terms  of  the  given  Reafon  (or  Proportion) 
by  the  given  Sum  of  the  Cubes  of  the  Numbers  fought  *  divide  the  Products  feverally 
by  the  Sum  of  the  Cubes  of  the  faid  Terms  -,  laftly,  extract  the  Cubic  Root  of  each 
of  the  Quotients,  fo  thefe  Roots  fhall  be  the  Numbers  fought. 


CHAR 


I 
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CHAP.  XV. 

Concerning  the  Refolntion  of  fuel  adfetted  or  compounded  Equations 
wherein  their  are  two  different  Powers  of  the  Quantity  fought , 
and  thofe  Powers  fuch 5  that  the  higher  of  them  is  a  Square 
whofe  Side  or  Square  Root  is  the  lower  Power v 

l.qpHE  Equations  treated  of  in  this  Chapter  fall  under  three  Heads  or  Forms  here* 
X  under  fpecified,  which  I  fhall  firft  explain,  and  then  fhew  how  they  may  be 

Arithmetically  refolved. 

Equations  of  the  frjl  Eorm . 


aa  +  6a  =  y?. 

aa  4-  ca  —  b. 

aaaa  -f  8 aa  —  48. 

aaaa  -f  daa  =  f. 

aaaaaa  -f  4 aaa  =  837. 

aaaaaa  gaaa  =  h. 

Equations  of  the  fecond  Form. 


aa  ■*—  io«  =  24. 

aaaa  —  6aa  —  27. 

aaaaaa' —  2  aaa  —  48. 

aa  —  ba  =  k. 
aaaa  —  paa  —  d. 
aaaaaa  —  maaa  —  g. 

Equations  of  the  third  Form. 

to  a  —  aa  ±=  24. 

ca  —  aa  —  ft. 

$aa  —  aaaa  =  4.^ 

raa  —  aaaa  =  s. 

gaaa  —  aaaaaa  =  8. . 

daaa  —  aaaaaa  =  t. 

II.  Every  Equation  which  falls  under  any  of  the  laid  three  Forms,  confiftsof  three 
diftinft  Terms  or  Members,  whereof  two  are  unknown,,  and*  the  third  is  known;  of 
the  two  unknown  Terms,  one  is  a  Square,  (by  which  in  this  place  I  mean  a  fquare 
number )  which  is  called  the  higheft  Term  in  the  Equation  •,  and  the  other  unknown 
Term  is  the  Product  made  by  the  Multiplication  of  the  fquare  Root  of  the  faid  fquare 
number  by  fome  known  number,  which  Product  is  called  the  middle  Term ;  and  the 
third  or  loweft  Term  is  a  number  purely  known :  So  in  this  Equation  aa\6a—  yy, 
the  higheft  Term  is  aa9  which  may  reprefent  an  unknown  fquare  number  whofe  Root 
is  ah  the  middle  term  is  6a,  which  is  the  Produtt  of  the  Multiplication  of  the  laid 
unknown  Root  a  by  the  known  number  6 ;  and  the  loweft  Term  (or  known  part  of 
the  faid  Equation)  is  the  number  yy,  which  for  diftin&ion  fake  is  ufually  called  the 
Abfolute  number  given. 

The  like  maybe  obferved  in  this  Equation  aa-\-ca—b ,  where  we  may  fuppofe  b  and 
c  to  reprefent  two  known  numbers,  and  a  fome  number  unknown  ;  then  the  higheft 
Term  is  the  Square  aa  •  the  middle  Term  is  ca ,  to  wit,  the  Produfr  made  by  the 
Multiplication  of  a  the  Root  of  the  faid  fquare  aa  by  the  known  number  c;  and  the 
loweft  Term  of  the  laid  Equation  is  the  known  Abfolute  number  b. 

Again,  in  this  Equation  $aa — aaaa= 4,  the  higheft  Term,  is  the  fquare  number  aaaa ; 
the  middle  term  is  jaa9  to  wit,  the  Produft  made  by  the  Multiplication  of  aa  the 
fquare  Root  of  the  faid  fquare  Number  aaaa  into  the  known  number  5 ;  and  the  loweft 
Term  is  the  abfolute  number  4. 

III.  In  every  Equation  which  falls  under  any  of  the  three  before-mentioned  Forms, 
there  are  two  different  Powers  or  Degrees  of  the  number  lought,  and  thole  fuch,  that  the 
IndexorExponent  of  the  higher  Power  is  the  double  of  the  Index  of  the  lower :  As  in  this 
Equation  aa\  6«=y  the  Index  or  Number  of  Dimenlions  in  aa  is  2,  which  is  the 
double  of  1  the  Index  of  a  (in  the  middleTerm  6a: )  fo  alfo  in  this  Equation  $aa — 
aaaa— 4,  the  Index  of  the  higheft  Term  aaaa  is  4,  which  is  the  double  of  2  the  Index 
of  aa  in  the  middle  Term.  Likewife  in  this  Equation  aaaaaa-f qxaa  —83 7,  the 
Index  of  the  higheft  Term  aaaaaa  is  6,  which  is  the  double  of  3  the  Index  of  aaa  in 


C  H  A  P.  !  5-  Refolution  of  Quadratic  Equations. 

the  middle  Term.  But  in  this  Equation  «**+<£=  J9  the  Index  of  the  highelt  Term 
ana  is  not  the  double  ot  the  Index  of  a  m  the  middle  Term,  ffor  the  Index  of  the 
former  is  ?,  and  of  the  latter  t  ■)  and  therefore  the  Equation  laft  propoied  cannot 
be  ranked  under  any  of  the  three  Forms  aforefaid,  and  confequently  it  is  not  refolva- 
ble  by  the  following  Rules  of  this  Chapter,  but  belongs  to  the  io  and  1 1  Chapters  of 
my  fecond  Book.  r 

IV.  Known  Numbers  which  are  drawn  into,  or  multiplied  bv  fome  Deeree  or 
Power  of  theNumber  fought  are  by  Viet  a  and  others  called Coefficients,  viz.  Fellow- 
factors,  or  Copartners  in  Multiplication  with  unknown  Powers  :  So  in  this  Equati¬ 
on  aa-\  6a=i>  7  the  Number  6  is  caLed  the  Co-efficient,  to  wit,  the  Fellow-multiplier 
with  the  unknown  Number  a  to  make  the  Produft  6*.  Likewife  in  this  Equation 
aa-\-ca—b,  we  may  fuppofe  the  Letter  £  and  c  to  reprefen t  known  Numbers,  and  the 
Letter  a  fome  unknown  Number  whole  Co-efficient  is  c. 

Bur  fometimes  the  Co-efficient  will  happen  to  be  express’d  by  many  Letters,  as  in  this 
Equation  aa-\-  for  ~~a)  --—,-5  w^ere  a  °ffiy  is  fuppofed  to  be  unknown, 

and  the  known  Number  —  is  the  Co-efficient,  which  fignifies  but  one  Number,  to 

wir,  the  Quotient  that  arifes,  when  the  Produft  of  the  Number  5  multiplied  by  the 
number  c  is  divided  by  the  number  r,  viz.  if  5  =  2;  c  =  and  r  =  i  then 

SC  SC  ^  ^ 

--  or  8  is  the  Co-efficient,  and  confequently  CLa  is  the  fame  with  8a 
r  r 

Likewife  in  this  Equation  ”±sa  (orHtf+i?)  —aar=  the  Co-efficient  is 

S  s  s 

which  is  to  be  efteemed  but  as  one  number^  to  wit,  the  Quotient  that  arifes 
s 

by  dividing  the  Sum  of  2r  and  j  by  i  ;fo  that  if  we  fuppofe  and  s=2,  then  the 

Equation  laft  propofed  may  be  exprels  d  thus,  4 a — aa=z^. 

Note.  When  no  known  number  appears  to  be  drawn  into  the  middle  Term  of  the 
Equation,  then  1  for  Unity;  muftinthatcalebealwaystakenfortheCo-efficient* 
fo  in  this  Equation  30,  the  middle  Term  a  implies  1*,  to  wit  the  Prod urf 

of  a  multiplied  Ey  1,  and  therefore  1  is  the  Co-efficient.  * 

N,te  alfo.  When  the  higheft  unknown  Power  or  Degree  is  multiplied  by  any  num. 
ber  greater  than  1  then  every  Term  or  Member  of  the  Equation  muft  be  divided  by 
that  number,  to  the  end  the  laid  higheft  unknown  Power  may  be  clear’d  from  any 
Co-efficient  urilefs  it  be  1  5  as  before  has  been  fhewn  in  Sell.  7  Chap.  12. 

Thele  things  being  preinifed  by  way  of  Explication,  1  proceed  to  the  Refolution  of 
Equations  which  fall  under  any  of  the  three  Forms  before  fpecihed. 

\  rv  \  v '  ’V  ;  _  "  •  * 

V.  The  Arithmetical  Refolution  of  Equations  which  fall  under  the  firfl  of  the 
three  Forms  before  j pec  ffed  in  Seft.  I.  of  this  Chapter. 

^UE  ST.  1. 

I  What  is  the  number  reprefented  by  a  in  this  Equation  >  .  .  .  da  +  6a  =  5 5 

2.  Which  Fquation,  if  c  be  aflumed  to  fignifie  6,  and  b  7 

may  be  exprels’d  thus, . ]  f  aa  ca  ~  b 

RESOLUTIO  N. 

3.  To  refolve  the  faid  Equation  imports  the  lame  thing  as  to  lolve  this  Queftion, 
viz  There  is  an  unknown  number  (reprefented  by  a)  which  is  fuch,  that  if  to  its 
Square  you  add  the  Product  made  by  the  Multiplication  of  that  unknown  number 
by  6,  fore,;  the  Sum  will  be  77,  (or  b  f)  what  is  that  unknown  number  a  > 
Jnjw.  7  •  found  out  thus, 

4*  _^ec  rhe  Square  of  half  the  Co-efficient  6  (or  c)  be  added  to  each  part  of  the 
Equation  propofed,  to  the  end  its  frit  part  may  be  made  a  compleat  Square, 
(according  to  Sell.  4.  Chap.  $  )  whence  this  Equation  arifes, 

<xa-\-6a-\-y=z6A  or,  aa-\-ca-\-lrCc=b-)r'j;c. 

L  2 


7.  Then 


3  4 
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5  Then  by  extracting  the  fquare  Root  of  each  part  of  the  laft  Equation  (according 
to  Sett.  4  and  5.  of  Chap.  8.)  this  Equation  arifes* 

«  +  3  —  8, _ 

Or,  a  Hr  4^  =  V:b+±cc: 

6.  Wherefore  by  tranfpofition  for  equal  fubtrattion)  of  3,  or  Ac,,  the  number  a 

fought  will  be  made  known,  viz.  _ 

a  =  y  =  Vib-'r-cc: — 4c. 

I  fay  the  number  a  fought  is  y,  which  will  folve  the  Queftion  propofed,  as  will 

appe3t  by  The  Proof. 

If  ...  . . *=  U 

Then  conlequently  .  .  .  .  aa  =  2y, 

And . 6a  =  30*, 

Therefore  ....  aa^ta  =  55. 

Which  was  the  Equation  propofed. 

Ate  Every  Equation  which  falls  under  this  firffc  Form  may  be  expounded  by  ei¬ 
ther  of  two  Roots,  whereof  one  is  Affirmative  or  greater  than  nothing,  and  the  other 
Negative  or  lefs  than  nothing.  As  in  the  Equation  propofed,  to  wit,  aa-\-6a—^  * 
forafmuch  as  according  to  the  Rules  of  Algebraical  Multiplication,  — multiplied  by 

_ produces  +,  and  16  in  thisSenfe  the  fquare  Root  of  64  maybe  —  8  as  well  as  + 

8  •  therefore  the  fquare  Root  of  the  Equation  aa-f  604-9  =  64  in  the  fourth  ftep 

may  be  this,  to  wit,  .  .  •  •  •  •  •  • .  •  •  •  •  aJr  3  —  8. 

Whence,  by  tranlpoiition  of 4-3,  a  Negative  Root )  .  a 

or  value  of  a  is  difcovered,  to  wit, . 3 

I  fay  the  Root  a  in  the  Equation  aa\6a=  55  may  be  expounded  by  —  u. 
fbefides  -f  as  will  be  manifeft  by^  '  ■  •  -  : 

If  •  . .  a  ~  T  Tot  the  Rules  of  -f  and  —  inAI- 

Then .  aa  __  C  gebraical  Multiplication  and  Ad- 

Therefore,  as  before  aa+6a-  +  K-J  .  /  , 

Negative  Roots  are  oftentimes  of  good  ufe  to  find  out  Affirmative  Roots,  as  here¬ 
after  will  appear  in  Chap.  1 1 .  of  the  fecond  Book. 

QUEST.  2.  ‘ 

1  What  is  the  number  reprefented  by  a  in  this  Equation  >  .•  .  actual  8a a  =  48, 

2.  Which  Equation,  if  d  be  put  for  8,  and  /  for  48,  may  be  \aaaa+daa  _  £ 

exprefs’dthus,  -R  ^OLui'i  ON.  * 

5.  To  refolve  the  faid  Equation  imports  the  fame  thing  as  to  folve  this  Queftion, 
viz.  There  is  an  unknown  number  reprefented  by  j,  which  is  fuch,  that  if  to  its 
Biquadrate  or  fquared Square  you  add  the  ProduCt  made  by  the  Multiplication  of 
the  Square  of  that  unknown  number  a  by  8,  ( or  d,)  the  Sum  will  be  48,  (or  / *) 
what  is  the  unknown  number  a>  Anfw.  2.  found  out  in  the  fame  manner  as  before 

in  Qiiejl.  1.  viz.  ,  .  ■  t  ,  c  ,■ 

4.  Let  the  Square  of  half  the  Co  efficient  8  for  dj  be  added  to  each  part  or  the 
Equation  propofed,  to  the  end  its  former  part  may  be  made  a  compleat  Square, 
according  to  Sett .  4.  Chap.  9.  whence  this  Equation  arifes  * 

aaaa-\-%aa-\-  1 6  —  64, 

Or,  aaaa\-daa\~dd  —  f\^dd. 

5.  Then  by  extracting  the  fquare  Root  of  each  part  of  the  laft  Equation  (according 
to  Sett.  4,  and  5.  of  Chap.  8.)  this  Equation,  arifes, 

aa  +  4  ==  8, _ 

Or,  aa-\-\d  ==  V:f-{-^dd: 

6.  Whence  by  equal  fubtraClion  or  tranfpoiitior^of  4  (or  aJ)  there  will  arife 

aa  —  4  •  .  '  -  • 

Or,  aa  =  Yf-\r?dd‘.-— 


7.  There- 


t 

•  . . — , —  ■ 
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7.  Therefore  by  extrafling  the  fquare  Root  of  each  part  of  the  laft  Equation,  the 
number  a  fought,  will  be  made  known,  viz,  _ 

a  —  2  =  Y(  2  ):Vf-)r~dd — \J: 

I  fay  the  number  a  fought  is  2,  which  will  folve  the  Queftion  propofed,  as  will 
appear  by 

The  Proof. 

if  ...  : . *=4,  , 

Then  confequently . act  ==  4,  \ 

And  aaaa  s=a  16, 

Alio .  Saa  .==  3  2y 

Therefore . aaaa-\-Saa  =  48. 

Which  was  the  Equation  propos’d  to  be  refolved. 

(  *  •  *  *  .  1  »  ■ 

•  * 

&UE  ST.  ?. 

1.  What  is  the  number  repreiented  by  a  in  )  ,  . 

this  Equation  j  •  •  **“*»+4*««  =  2?7-  • 

2.  Which  Equation,  if ^  be  put  for  4,  and  h  >  ,  , 

for  837,  may  be  exprels’d  thus  ;  .  ,y  *  *  aaaaaa+gaaa  —  h. 

RE  SOLUTION. 

3.  To  refolve  the  laid  Equation  imports  the  lame  thing  as  to  lolve  this  Queftion,  viz,. 
There  is  an  unknown  number  repreiented  by  a,  which  is  fuch,  that  if  to  its  cubed 
Cube  or  lixth  Power,  you  add  the  Produfl  made  by  the  Multiplication  of  theCube 
of  that  unknown  number  by  4  for g)  the  Sum  will  be  $37,  what  is  that  unknown 
numbers  ?  Anfw.  3.  found  out  in  the  lame  manner  as  before,  viz. 

4.  By  adding  the  fquare  of  half  the  Co-efficient  4  for  g)  to  each  part  of  the  Equa¬ 
tion  propoled,  this  Equation  ariles* 

aaaaaa-\- /\aaa-\-  4  =p  841. 

Or,  aaaaaa^gaaa+l-gg  =  h-\-±gg. 

5.  And  by  extrafling  the  fquare  Root  of  each  part  of  the  laft  Equation  this  ariles  $ 

aaa*\?  2  =^=  29:  ^  -v  - 

#  Or,  :  aaa-\-\g  gg: 

6.  Whence  by  tranlpolition  of  2  (or  ~g)  this  Equation  ariles  5 

aaa  27.  . 

\  '  T  j  '  -  -  Cl  11 

Or,  aaa  .==  Y -brf^gg; — Ig. 

7.  Therefore  by  extrafling  the  Cubic  Root  of  each  part  of  the  laft  Equation  the  num¬ 
ber  a  lought  will  be  made  known,  viz. 

r  a  —  3  =  Y(l):Yb-Y±gg—±g: 

I  fay  the  number  a  fought  is  3,  which  will  folve  the  Queftion  propoled,  as  will 
appear  by  - 

The  Proof  ‘ 

if  .  ;  .  .  .  :  3l 

Then  confequently  .  .  .  aaa  =  27, 

And  . . aaaaaa  =  729, 

Alfo  ...  .  ,(  .  .  .  .  4 aaa  =  108, 

.  ’Therefore  ..  .•  aaaaaa-\- <\aaa  =  837. 

Which  was  the  Equation  propos’d  to  be  relolved. 

.  ‘  V  *.  \  \  V’ 

VI.  From  theRelolution  of  the  three  laft  Queftions  the  following  Canon  is  deduced 
for  the  refolving  of  all  Equations  which  fall  under  the  firft  of  the  three  Forms  before 
Ipecified  in  SeB.  1.  of  this  Chapter.  ,  1 

CANON. 

Add  the  fquare  of- half  the  Co-efficient,  or  (which  is  the  lame  thing)  a  quarter 
of  the  lquare  of  the  whole  Co-efficient,  to  the  given  ablolute  number. 

Extract  the  lquare  Root  of  that  Sum,  . 
vi.  .  ■  From 
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From  the  faid  Square  Root  fubtraft  half  the  Co-efficient,  and  referve  the  Remainder 
Laftly  when  the  unknown  number  which  is  multiplied  by  the  Co-efficient  in  the 
middle  Term  of  the  Equation  is  exprels  d  by  a  fingle  Letter  only,  as  a  then  the  Re 
mainder  before  referved  is  the  number  fought  •,  but  if  the  faid  unknown  number  i  ]  the 
middle  Term  be  a  Square,  as  <m,  then  the  Square  Root  of  the  Remainder  referved  k 
the  number  fought ;  if  a  Cube,  as  aaa,  then  the  Cubic  Root  of  the  faid  Remainder 
ffiail  be  the  number  fought  *,  if  any  higher  Power,  then  the  Root  for  the  kind  muff  he 
extra&ed  out  of  the  faid  Remainder,  which  Root  fhall  be  the  number  fought 


6d  =  £  <y 

aa-fca  =  b 


b. 


fee. 


b-\-fcc 


An  Example  of  the  Canon . 

1.  Let  the  preceding  Quef,  1.  be  here  re 
pea  ted,  viz.  What  is  the  number  repre 
fen  ted  by  a  in  this  Equation  ?  ... 

2.  Or,  what  is  the  value  of  a  in  this  Equation, 

RESOLUTION. 

3.  To  the  given  abfolute  number . 

4.  Add  the  Square  of  half  the  Co-efficient  6,  f 
to  wit,  the  Square  of  3,  which  is  ;  .  .  j  ? 

$.  The  Sum  is . 64 

6.  The  Square  Root  of  that  Sum  is . 8 

7.  From  that  Square  Root  fubtraft  half  the  ) 

Co-efficient  6,  to  wit ......  .  .  )  3 

8.  The  Remainder  is  the  number  a  fought, to  wit,  5;  ,  _  ,  ... 

Whence  it  is  manifeft  that  the  Anfwer  is  the  fame  as  was  before  found  to  Quef.  1. 

A  fecond  Example  of  the  Canon. 

1.  Let  the  preceding  Qiieft.  2.  be  here  re¬ 
peated,  viz.  What  is  the  number  repre¬ 
sented  by  a  in  this  Equation  ?  .  -  .  /  .  .  . 

2.  Or  what  is  the  value  of  a  in  this  Equation, 

.  t  aU  oi  * 4  >  »<  Lwi  JiLi  .  t  1  )  4. , 

RESOLUTION. 

3.  To  the  given  abfolute  number  .  ..  .  .48 

quare  of  half  the  Co-efficient  8,  >  , 

j  Square  of  4,  which  is  .  .  .  >  1 


V:b-\-  fee: 

T C' 

V:b  -f  -fee:— 'c. 


aaaa-f  8^=48 
aaaa\ daa—f 


4.  Add  the  S 
to  wit,  'the 

5.  The  Sum  is . — .  .  .  .64 

6.  The  Iquare  root  of  that  Sum  is . 8 

7.  From  which  fquare  root  fubtraft  half  the  > 
Co-efficient  8,  to  wit,  .  .  ....  .  1 J  4 

8.  The  Remainder  is  the  value  of  a  a ,  to  wit  .  4 

9.  Laffly,  the  Iquare  Root  of  the  faid  Re-  ^ 

mainder  gives  the  number  a,  .  .  .  .  j 


% 

fdd 

f+fdd. 

V-j-f  fdd: 
id. 

~F  T  dd — fd _ 

V( 2 ):Vf  4-  'fdd—fd: 


U  - -  ;  -  X  * 

Whence  it  is  evident  that  the  Anfwer  is  the  fame  as  was  before  found  to  2- 

....  •  1  .t  . 

A  third  Example  of  the  Canon . 


1.  Let  the  preceding  3.  be  here  x&  l.  . 
peated,  viz.  What  is  the  number  repre- >  .  . 
fented  by  a  in  this  Equation?  .  .  .3 

2.  Or  what  is  the  value  of  a  in  this  Equation,  .  . 

RESOLUTION 

3.  To  the  abfolute  Number  .■ . 837 

4.  Add  theSquareof  halftheCoefficient4,towit,  4 

5.  The  Sum  is . •  .  .  .  .  841 

6.  The  fquare  Root  whereof  is . 29 

7.  From  that  fquare  Root  fubtraft  half  the 

Co-efficient  4,  to  wit, . y  2 


aaaaaa  -f  4  aaa  =837. 
aaaaaa  gaaa = h, 

hA  - 

igg- 


^’djf-fgg: 

&• 


8.  The 
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3 


8.  The  Remainder  is  the  value  of  aaa,  to  wit,  . 

9.  Therefore  the  Cubic  Root  of  that  Remain-  7  o  _ 

der  (hall  be  the  number  a  fought,  ...  3  ?  ^(3)^+ ^gg — fg: 

Whereby  it  is  manifeft  that  the  Anfwer  is  the  fame  as  was  before  found  to  jf hieji .  3. 

Example  4. 

If  ...  .  aa\a  —  b  for  35; J  what  is  a  =  ? 

_ .  .  a  =  — 4  =±  tftc. 

For  the  Co-efficient  drawn  into  the  middleTerm  a  being  1,  its  half  is  the  Square 

hprpnf'  ic  JL  whirh  JirMed  to  fb^abiolnto  mimlipr  tmlroo  i  U> 
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that  is,  inexpreffible  by  any  true  number,  but  by  continuing  theextra&ion  of  the  laid 
Square  Root  of  the  faid  354,  you  may  approach  infinitely  near  the  exa£t  number  a < 

Example  5. 

If  .  .  .  *  aa\~\ct  =  iii,;  what  is  a  =  > 

An.  Cm  a  —  . iy  —  11 

xmjw.  .  ....  a  —  y - Tt--rY. — -r - r- 

The  Learner  mult  remember  to  reduce  a  Fraction  to  its  leaft  Terms,  before  he 
goes  about  to  extract  any  Root  out  of  it. 


Example  6: 


If  . 


r  =  It 


i  =  2, 
.c  •=  4j 
And  if  .  :  .  .  aa+  s±a 

v  41T 

What  is  „  a 


Anfw.  ; 


1  *  •  f.  4 


2JC 

$  =  ~  =  12. 


/  07.? 


rfc:I 


2r 


Example  7. 

If  i  1  aaaa+^aa  ==  LZ444  what isa  =  ? 
Anfw.  ... 


£  = 


. 


VII.  7&e  Arithmetical  Reflation  of  Equations  which  fall  under  the  fecond 
of  the  three  Forms  before  exprejfed  in  Se£h  1.  of  this  Chapter. 

1 t?E  ST.  1. 

*  ‘  *  *  *  »  •  •  * 

1.  What  is  the  number  reprelented  by  a  in')  1  ' 

this  Equation  >  .  ...  .  .•  .  .f  *  •  *  aa—ioa  =  24. 

2.  Which  Equation,  by  affuming  Atorepre-*? 

fent  10,  and  h  tofignifie  24,  may  be  ex->  .  .  ,  aa — ba  =  k. 

prefs’d  thus,  * . .  .  .  .3 

' 

RESOLUTION. 

3.  Let  the  Square  of  half  the  Co-efficient  10  (or  b)  be  added  to  each  part  of  the 
Equation  propofed,  to  the  end  its  firft  part  may  be  made  a  compleat  Square,  fac- 
cording  to  Sell.  4.  Chap.  9.)  whence  this  Equation  ariles  5 

aa—  ioa-E  25  49, 

Or,  aa —  ba  •\-±bb  =  k  -f^. 

4.  Then  by  extracting  the  Square  Root  of  each  part  of  the  laft  Equation  (according 
to  Sell.  4,  and  5.  of  Chap.  8.)  this  Equation  arifes  ; 

a  —  $  —  7, 

Or,  a  —i.b  =  Y:k-\-*fbb: 

5.  Wherefore  by  equal  addition  of  j,  or  4^,  the  number  a  fought  Will  be  made  known, 

viz.  a  —  12  =  Lb  -f  V :k-\-L-bb: 

6 *  But  forafmuch  as  the  Square  Root  of  at*—jaa+2$  in  the  third  ftep  may  be  $—  a 
as  well  as  a—  5,  (for  either  of  thofe  Roots  being  multiplied  by  it  lelf  will  produce 

the 
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the  fame  Square  aa— 1 0*4-27,)  therefore  let  7—  a  be  fet  inltead  of  a — 5  in  the 
fourth  ftep  j  whence  this  Equation  arifes,  viz. 

5  a  =  7> _ 

Or,  l-b — a  =  V\k-\-j-bb: , 

7.  Therefore  by  tranfpofition,  another  value  of  a  ariies,  to  wit, 

<  -  a .=  —  2  =  :k-\-±hb: 

Which  latter  value  of  a  is  lels  than  nothing,  and  luch  it  will  always  be,  as  may 
ealily  be  proved  from  the  laft  Equation.  For  k-\-~bb  is  manifeftly  greater  than  -bb^ 
and  confequently  the  Square  Root  of  the  former  will  be  greater  than  the  Square  Root 

of  the  latter,  viz.  V-.k-\-±bb:  is  greater  than  -ib,  therefore  ±b-V:k-\-±U:  (that  is  a) 
will  be  lefs  than  nothing,  for  if  a  greater  Quantity  be  fubtra&ed  from  a  lefs,  the  Re¬ 
mainder  will  be  a  negative  Quantity,  that  is  lels  than  nothing,  as  before  has  been 
fhewn  in  Algebraical  Subtraction.  From  the  premifes  it  is  evident  that  the  Equation 
propounded,  to  wit,  aa — 10*  =  24  (and  likewile  every  Equation  which  falls  under 
the  lecond  form  of  Equations  before-mentioned)  is  explicable  by  two  Roots,  where¬ 
of  one  is  real  or  affirmative,  whofe  value  is  before  exprefs’d  in  the  fifth  ftep  •  and  the 
other  negative  or  lels  than  nothing,  the  value  whereof  is  exprefs’d  in  the  leventh  ftep. 
I  lay  the  real  or  true  number  a  fought  in  the  Queftion  propoled  is  1 2,  as  will  appear  by 

The  Proof. 

If  .  .  , .  i  .  .  .  .  :  '  .  a  —  12, 

Then  confequently  .  „.  ...  .  aa  =  144, 

And  .  . 10  a  =  120, 

Therefore  ....  aa — 100  =  24. 

Which  was  the  Equation  propoled. 

Moreover,  according  to  the  Rules  of  Algebraical  Multiplication  and  Subtraction,  the 
negative  value  of  a ,  to  wit  — 2  before  found,  will  conftitute  the  Equation  firftpropofed : 
For  if  a  =  —  2, 

Then  confequently  .  .  .  aa  =  -f  4, 

And . 10 a  ~  —  20, 

Therefore  ....  aa — 10 a  =  4-245 


QUEST.  2. 

i  <  X  '*  *  -  1  '*  3  j 

% 

1.  What  is  the  number  reprefented  by  a  in  >  . 

this  Equation?  ......'...S'''  = 

2.  Which  Equation,  if  p  be  put  for  6,  and  > 
d  for  27,  may  be  exprefs’d  thus,  ...>'* 


27 

aaaa — paa  =  d 


RESOLUTION. 

3<  Let  the  Square  of  half  the  Co-  efficient  6  for  p)  be  added  to  each  part  of  the 
Equation  propoled,  to  the  end  its  firft  part  may  be  made  a  compleat  Square  f  accord¬ 
ing  to  SeS.  4.  Chap.  9  J  whence  this  Equation  arifes  5 

aaaa — 6**4"  9=36, 

Or,  aaaa — paa-\--jpp  =  d-\-^pp. 

4.  Then  by  extracting  the  Square  Root  of  each  part  of  the  laft  Equation  (according 
to  Sett.  4.  and  5.  of  Chap.  8.)  this  Equation  ariies,  viz. 

aa  —  3  =  6, _ 

aa  — =  V'.d-\~\pp: 

7.  Whence,  by  equal  Addition  of  3  for  ~p)  there  will  arife 

**  —  _ 

Or,  aa  =  V:d+\pp:+^p. 

6.  Wherefore  by  extracting  the  Square  Root  of  each  part  of  the  laft  Equation,  the 
number  a  fought  will  be  made  known,  viz. 

'  a  =  ?#=v(2 yyj+typ  -F4p: 

I  lay  the  number  a  fought  is  3,  which  will  folve  the  Queftion  propoled,  as  will 

appear  by  The 


CHAP.  15. 


Rejolution  of  Quadratic  Equations. 
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If 


The  Proof. 


Then  conlequently 

And . 

Alio . "  4 

Therefore  .... 

Which  was  the  Equation  propofed  to  be  refolved. 


aaaa 


*  *  = 

**  = 

aaaa  ~  Sr, 
6aa  = 

6aa  =  27. 


QUEST.  3. 

#  1.  What  is  the  number  reprelented  by  0  in 

this  Equation  >  •  .  ; .  3  •  • 

2.  Which  Equation,  if  m  be  put  for  2,  and  "> 

£  lor  48,  may  be  expreft  thus,  .  .  .  3  •  • 

RESOLUTION. 


aaactaa  —  2000  =  48 
aaaaaa  —  w/aa#  =  g 


3.  Let  the  Square  of  half  the  Co-efficient  2  (or  m)  be  added  to  each  part  of  the 
Equation  propoled,  to  the  end  its  former  part  may  be  made  a  compleat  Square 
(according  to  heel.  4.  Chap.  9.)  whence  this  Equation  ariles  j 

aaaaaa  —  2 aaa.  4-  i  =:  49, 

Or,  aaaaaa  —  maaa  -f  \mm  —  g~\-  Emm. 

4.  Then  by  extraaing  the  Square  Root  of  each  part  ofthelaft  Equation  ^according 

to  Sett.  4,  and  5  of  Chap.  8.)  this  Equation  ariles  ; * 2 3 4 5  6 

aaa  —  1  =  -j. 

Or,  aaa  —  Em  —  V -g~Y  a-mm  • 

5.  Whence  by  equal  Addition  of  1  (or  Em)  there  ariles 

aaa  =  8, 

Or,  aaa  =  \g\  Emm\  -\-E?n.~ 

6.  Wherefore  by  extraaing  the  Cubic  Root  of.  each  part  of  the  Iaft  Equation  the 

number  a  fought  will  be  made  known,  viz.  1  5  ine 

a  =  2  =  V  (3) :  Vg-\-~mm.  -f  : 

I  fay  the  number  a  fought  is  2,  which  will  folve  the  Queff  ion  propofed  •  as  will 
appear  by  1  1  3 

The  Proof 

If  •  ■  7  '  r 

rf  *  *  *  •  •  •  *  •  ...  a  ~  2, 

Then  confequently  ....  aaa  =  8, 

•And . .  .-  aaaaaa  —  64, 

^lfo  •  •  *  .  .  .  .  .  iaaa  ==  16, 

t  1  heretore  .....  ammo*  —  2<w<*  =  48. 

Which  was  the  Equation  propoled  to  be  refolved. 

.  .•••  r.  ■.  c , 

,  vnr.  Erom  the  Refoiution  of  the  three  laft  Queftions  the  following  Canon  is  de- 
duced,  for  chg  relolving  of  all  Equations  which  fall  under  the  lecond  of  the  three 
Forms  before  fpfccified,  in  Sett.  1.  of  this  Chap. 

CANON. 

Add  the  Square  of  half  the  Co-efficient,  or,  (which  is  the  lame  thing)  a  quarter 
of  the  Square  of  the  whole  Co-efficient,  to  the  given  Abfolute  Number. 

Extra#  the  Square  Root  of  that  Sum. 

To  the  laid  Square  Root  add  half  the  Co-efficient,  and  relerve  this  Sum. 

Laltly,  when  theunknown  number  which  is  drawn  into  the  Co-efficient  in  the  mid¬ 
dle  term  of  the  Equation  is  exprelt  by  a  fingle  Letter  only,  as  a,  then  the  Sum  be- 
ore  relerved  is  the  Number  fought  •,  but  if  the  laid  unknown  number  in  the  middle 
erm  be  a  Square,  as  aa,  then  the  Square  Root  of  the  $pm  relerved  is  the  number 
lought;  if  a  Cube,  as  aaa,  then  the  Cubic  Root  of  the  faid  Sum  fhall  be  the  num- 
berlought  5  if  any  higher  Power,  then  the  Root  for  the  kind  mull  beextrafted  out 
or  the  laid  Sum,  which  Root  fhall  be  the  number  fought.- 

M  An 
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An  Example  of  the  f aid  Canon. 

j.  Let  the  preceding QueSt.  i.  mSetf.  7.  of  this 
Chap,  be  here  repeated,  viz.  What  is  the  ^ 

number  reprefented  by  a An  this  Equation  ?  _  _ 

2.  Or,  what  is  the  value  of  a  in  this  Equation  ?  >-  .  *  <*a  ba  —  k 


aa 


loa  =  2 


24 


RESOLUTION. 

24 


5.  To  the  given  abfolute  number  .  .  .  >■ 

4.  Add  the  Square  of  half  the  Co-efficient  10,  | 

to  wit,  the  Square  of  5,  which  is  .  *".) 

5.  The  Sum  is . *  •  •  ^ 

6.  The  Square  Root  of  that  Sum  Is  .  .  .  .  > 
y.  To  which  Square  Root  add  half  the  Co-  7 

efficient  10,  to  wit, . .  j 

8.  The  Sum  is  the  number  a  fought,  to  wit,  > 


25 

49 

7 

5 

12 


k. 


Qbb. 

k+Ub. 


V :  k-\-%bb: 
4  b. 


V:k+Sbb:  +ij. 


Whence  it  is  manifeft  that  the  Anfwcr  is  the  fame  as  was  before  found  to  QiieE,  t. 

in  Sett.  7. 

A  Second  Example  of  the  Canon  in  Sett.  8. 

1.  Let  the  preceding  Qjiett.  2.  in  Sett.  7.  of 7 
this  Chap,  be  here  repeated,  viz.  What  is  the  >  *  •  aaaa  &act  —  27 

number  reprefented  by  a  in  this  Equation  ?  j 

i.  Or,  What  is  the  value  of  a  in  this  Equation ?  >  .  •  aaaa-— •  paa  ~~  a .• 

RESOLUTION. 

3.  To  the  given  abfolute  number  .  .  .  ^ 

4.  Add  the  Square  of  half  the  Co-efficient  6 ,  L 

to  wit,  the  Square  of  3,  which  is  .  .  3 

5.  The  Sum  is  v 

6.  The  Square  Root  of  that  Sum  is  .  .  *  > 

7.  To  which  Square  Root  add  half  the  Co-  > 

efficient  6,  to  wit, . . .  •  •  j 

8.  The  Sum  is  the  value  of  aa ,  to  wit,  .  v 

<?.  Therefore  the  Square  Root  of  the  faid  Sum  9 

ffiall  be  the  number  fought,  to  wit,  .  .  j 


27 

9 

3  6 
6 

3 

9 

3 


d. 

i pp- 

V\d-\-ypp: 

tP-_ _ 

V:d-\-App-Jr?P- 


b 


V  (2 ):Y  d-\-  fpp-ffpi 

Jliaii  DC  U1C  lJUUlUtl  lUUgm,  w  v»n,  .  ,  v  _  -v  _  _ 

Whence  it  is  manifeft  that  the  Anfwet  is  the  fame  as  was  before  found  to  gue. SI.  2. 

in  Sett.  7.  .  .  .  .  , 

A  Third  Example  of  the  Canon  tn  Sect.  o. 

1.  Let  the  Preceding  Qiietf.  3.  in  Se8.  7.  of1  this 7 

Chap,  be  here  repeated,  viz.  What  is  the  >  .  .  aaaaaa-—  laaa  —  48, 

number  reprefented  by  a  in  this  Equation  ?  3 

2.  Or,  What  is  the  value  of  a  in  this  Equation?  >  .  •  aaaaaa  maaa  —  g . 

RESOLUTION. 

3.  To  the  given  abfolute  number  ...  > 

4.  Add  the  Square  of  half  the  Co-efficient  2,  7 
to  wit,  the  Square  of  1,  which  is  .  -  3 

5.  The  Sum  is  .  .  . . > 

6.  The  Square  Root  of  that  Sum  is  .  .  > 

7.  To  which  Square  Root  add  half  the  Co- 7 

efficient  2,  to  wit,  ) 

8.  The  Sum  is  the  value  of  aaaH  to  wit,  .  .  > 

5?.  Therefore  the  Cubic  Root  of  the  faid  Sum  7 

(hall  be  the  number  a  fought,  to  wit,  .  .  y 

Whereby  it  is  manifeft  that  the  Anfwer  is  the  fame  as  was  before  found  to  Quel 1.  3.’ 
in  Seft,  7, 


48 

g- 

I 

ymm. 

49 

g-t-ymm. 

7 

V  :g-\-~mm  1 

1 

pm. 

8 

V  -.g-Ppmm-.Ar  \m. 

2 

V  (3) ‘Ng+\mmp 

Example 
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Example  4. 

If  .  .  aa—  a  —  g  (or  1122,)  what  is  a  =a  > 
Anfw.  .  .  .  a  =  -f  7  =  34- 


Example  y. 

If  .  .  . 
Anfw.  .  . 

•  aa  —  fj-a  =  373  44,  what  is  a  =  > 

♦  *  •  &  — *  20 

Example  6 . 

If  .  ,  . 

Sr  ~ *> 

And  if  .  . 

6^  =  4, 

.......  aa  ,Ca  -  1  *mc 

What  is  . 

r  4  rr  3 

Anfw.  .  . 

>  . 

.  $SC 

*  o  «  •  ....  a  —  —  — ■  20., 

2r 

IX.  ' The  Arithmetical  Refolution  of  Equations  which  fall  under  the  lajl  of  the 
three  Forms  before  exprefl  in  Se£h  I.  of  this  Chapter. 


QUEST.  1. 

1.  What  is  the  Number  reprefented  by  a  in  this  Equation  >  .  .  >.  iQa—aa  =  24 

2.  Which  Equation, if  c  be  affumed  to  fignifie  10,  and  n  put  for  24,  >  ^ 

may  be  expreft  thus,  .  .  -  •  . . }  ‘  ca  aa  — 

RESOLUTION. 

3.  Let  the  Equation  propofed,  by  tranfpofition  of  its  Terms,  be  reduced  to  anEqu^ 
tion  of  the  fecond  of  the  three  Forms  before  expreft  in  Sett.  1,  viz.  Firft  bv 
fpofition  of  —  aa,  this  Equation  arifes  j 

10 a  =  24  -f  aai 

Or,  ca  =:  n  \  aa. 

4.  Likewife  by  tranfpofition  of  24  (or  n )  this  Equation  arifes  3 

10  a  —  24  =  aa. 

Or,  ca  —  n  =  aa. 

5.  And  from  the  laft  Equation  by  Tranfpofition  of  100  (or  ca)  there  will  arife 

—  24  =  aa —  io<7, 

r\  t  3 

Ur,  —  n  =  aa  —  ca. 

6.  Which  laft  Equation,  by  tranfpofing  each  part  of  it  to  the  contrary  Coaft  may 

be  expreft  thus  3  5  y 

aa  —  10  a  =  —  24, 

Or,  aa  — -  ca  =  —  n. 

7.  Now  let  the  Mowing  procefs  be  made  as  before  in  the  Refolution  of  Equations  of 
the  fecond  Form  (in  Sett,  j.)  viz.  Let  the  Square  of  half  the  Co-efficient  10  (01c) 
be  added  to  each  part  of  the  laft  Equation,  to  the  end  its  former  part  may  be  made 
a  compleat  Square  f according  to  Sell.  4.  Chap.  9.)  whence  this  Equation  arifes  3 

aa- —  loa+2?  =  25  —  24  =  1, 

Or,  aa  —  ca  -f  ^cc  ~  j-cc  —  w. 

8.  Then  by  extra&ing  the  Square  Root  of  each  part  of  the  laft  Equation,  (according 
to  Sell.  4,  and  5.  of  Chap.  8 .)  this  Equation  arifes,  viz. 

a  —  $  =  I, _ 

Or,  .  .  .  .  a  —  fc  =  V:fcc  —  n : 

9.  Whence  by  equal  addition  of  5  for  ~c)  one  value  of  a  will  be  made  known,  viz. 

a  —  6  —  -7 c-\-V v^cc  —  n : 

10.  But  forafmuch  as  the  Square  Root  of  aa  — ioa-\-2$  in  the  feventh  ftep  may  be 
5  — a  as  well  as  a — 5,  (for  either  of  thofe  Roots  being  multiplied  into  itfelf,  will 

M  2  >  produce 
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_  _  i  -  .  ■  1,111  J 

producer  — 1 00+25,)  therefore  let  5  — -0  be  let  inftead  of  a  —  5  in  the  eighth 
ltep,  whence  this  Equation  will  arife,  viz. 

5  —  a-  I, 

Or,  fc — a  ==  V’.^cc — n: 

1 1.  Whence  by  due  Tranfpofition  another  value  of  +isdifcovered,  to  wit, 

a  =  4  =  -jc  —  Vi-jcc  —  n  :  .  .  ,  ; 

12,  I  fay  theNumber  a  fought  may  be  either  6  or  4,  for  either  ofthefe  numbers  will 
conftitute  the  Equation  propofed,  as  will  appear  by 

The  Proof. 

If  . .  w . a  =  6, 

Then  confequently  .*  .  ^  .....  aa,  =z  36, 

And  .........  100  =  60, 

Therefore  .  .  .  .  .  100 —  00  =  24. 

Which  was  the  Equation  propos’d  to  be  refolved. 

Again, 


If  •  -TT  Cl  4, 

Then  confequently  .  .  *  .  .  00  =  16, 

And . .  100  =  40, 


Therefore . 100 — 00  =  244  as  before. 

1 3.  But  to  the  end  that  both  the  values  of  a  before  expreft  in  the  ninth  and  eleventh 
Equations  may  be  real  or  Affirmative  Numbers,  (that  is,  each  greater  than  nothing) 
the  given  Numbers  in  the  Equation  propofed,  and  likewife  in  every  Equation  -of 
the  Third  Form  aforefaid  muft  be  fubjeft  to  this  following 

DETERMINATION. 

The  Abfolute  number  given  muft  not  exceed  the  Square  of  half  the  Co-efficient. 
TheKeafonofthis  Determination  is  Evident  by  the  faid  ninth  aud  eleventh  Equati¬ 
ons  -,  for  the  latter  part  of  each  of  them  fhews,  that  the  given  Abfolute  Number  is 
to  be  fubtra&ed  from  the  Square  of  half  the  Co-efficient,  and  therefore  it  ought  to  be 
Tels,  or  equal  to  the  faid  Square :  Therefore  when  in  any  Equation  of  the  third  Form, 
the  given  Abfolute  number  exceeds  the  Square  of  half  the  Co-efficient  that  Equation 
is  impoffible,  and  likewife  the  Queftion  that  produced  it. 

It  is  alfo  evident  by  the  faid  ninth  and  eleventh  Equations,  That  when  it  happens 
that  n  =  icc,  then  icc—  n  —  o,  and  confequently  each  value  of  a  is  equal  to 
viz.  When  the  Abfolute  number  happens  to  be  equal  to  the  Square  of  half  the 
Co-efficient,  then  the  two  values  of  a  will  be' equal  to  one  another,  each  value  in  that 
cafe  being  equal  to  half  the  (  o-efficient :  But  when  it  happens  that  the  Abfblutenum- 
ber  is  lefs  than  the  Square  of  half  the  Co-efficient,  then  thofe  two  Roots  or  values 
of  a  will  be  unequal.  But  here  is  to  be  noted,  that  although  in  this  latter  cafe  the 
Equation  be  always  explicable  by  either  of  thofe  two  unequal  Roots  or  Numbers, 
yet  the  Queftion  that  produced  the  Equation  will  fometimes  be  anfwered  only  by 
one  of  thofe  Roots  or  Numbers,  (as  hereafter  will  appear  in  QueB.  10.  Chap.  16.  and 
by  the  latter  way  of  refolving  the  1 6.  Qiejl.  of  the  fame  Chap) 


QUEST.  2. 

1.  What  is  the  Number  reprefented  by  a  in  \ 
this  Equation  >  .  .  .  .  ,.  .  ...  f  *  * 

2.  Which  Equation,  if  r  be  put  for  5;,  and  5  T 

for  4>  may  be  expreft  thus  .  .  .  .  *  j  *  ’ 

RESOLUTION. 


500  —  aaaa  =  4. 
raa  — aaaa  —  s. 


%.  Let  the  Equation  propos’d,  by  Tranfpofition  of  its  Terms  (after  the  fame  manner 
as  in  the  third,  fourth,  fifth,  and  fixth  fteps  of  the  preceding  Queft.  1.  SeB.  9.) 
be  reduced  to  an  Equation  of  the  fecond  of the  three  Forms  before  expreft  in  SeB.i. 
fo  this  Equation  will  arife,  viz. 

aaaa —  $aa  ~  —  4, 

Or,  aaaa  —  raa  =  - —  s. 


4.  Then 
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4.  Then  by  adding  fas  in  the  former  Examples;  the  Square  of  half  the  Co-efficient? 
(orr)  to  each  pan  of  the  lalt  Equation,  there  arifes~ 

aaaa  —  5  00-t-Ai  =  A+j—  4  =  4, 

Or,  0000  —  raa-\-~rr  =  ~rr  —  5. 

5.  And  by  extruding  the  Square  Root  of  each  part  of  the  Iaft  Equation  this  arifes  - 

t  =  4 _ 

Or,  aa  —  ~r  =  V:~rr  —  s : 

6.  Whence  by  equal  Addition  of  4  (or  fy.)  this  Equation  arifes,  viz. 

aa  =  *  or  4, _ 

Or,  00  =  \r-\-V:±rr  —  s: 

7.  Therefore  by  extracting  the  Square  Root  of  each  part  of  the  lafl  Equation  one 

value  of  a  will  be  made  known,  viz. _  5 

a  =  2  5=  V  (2).:Ar-f  V-tr  —  $: 

8:  Butforafmuch  as  the  Square  Root  of  0001  —  5*00+14  in  the  fourth  ftep  may  be 
4 —  00,  as  well  as  00  —  4,  (for  either  of  thofe  Roots  being  multiplied  by  it  felf 
produce  aaaa—  5004-14  -  )  therefore  let  4  —  00  be  fet  inftead  of  00  —  4  in  the 
fifth  ftep,  whence  this  Equation  willarife  } 

4  —  00  =  A, 

;  4  2  a  >  _  ,  / 

Or,  Ay  —  00  =  ^rr  —  5  • 

9.  Whence  by  due  Tranfpofition  this  Equation  arifes  5 

.  00  =  4  or  1, 

Or,  aa  =  4r  —  ■/:  —  «  : 

10.  Wherefore  by  extracting  the  Square  Root  of  each  part  of  thelaft  Equation,  ano¬ 
ther  value  of  0  is  difcovered,  to  wit,  _ j 

0=.I  —  V  — V4  rr  — 7: 

I  fay  the  Number  a  fought  may  be  either  2  or  1,  for  either  of  thefe  numbers  will 
conftitute  the  Equation  propofed,  as  will  appear,  by 

.  The  Proof.  .... 

Tf  _ 

<11  *  •  *  •  *  4  •  4  -  m  t  ■  0  &  2^ 

Then  confequently  *  .  .  .  .  00  =  4, 

And . ,  .  *  .  aaaa  =  16, 

Alfo . .  500  =  20, 

Therefore'  /  v  .  ;  500—0000  =  4. 

!  '  !  .  .  .  . 

Which  was  the  Equation  propos’d  to  be  refolv’d. 

Ag&in>  If  •  -  •  .  i  •  .  4  .  0  =  1, 

Then  00  =  1, 

And  .  0000  =  1,  \ 

Alfo  ,  . . 5  00  =  5, 

Therefore,  .  .  „  .  .  500  —  aaaa  =  4 ;  as  before. 


^  daaa — 


000000  =  t. 


QUEST*  34 

1.  What  is  the  number  reprefented  by  0  in  this  Equation  ?  v  9000  —  000000  =  8.' 

2.  Which  Equation,  if  d  be  put  for  9,  and  t  for  8 
may  beexpreft  thus 

RESOLUTION* 

3.  Let  the  Equation  propos’d,  by  tranfpofition  of  its  Termsf  after  the  fame  manner  as 

in  the  third,  fourth,  fifth  andfixth  tteps  of  the  preceding  Qiieft.  i.SeS.  9.)  be  re¬ 
duced  to  an  Equation  of  the  fecond  of  the  three  forms  before  expreft  in  Sett.  1.  fo 
this  Equation  will  arife,  viz.  p 

000000  - —  9000  =  —  8, 

Or,  000000  —  daaa  —  • — t. 

4.  Then  by  adding  the  Square  of  half  the  Co-efficient  9  (or  d)  to  each  part  of  the  laft 
Equation,  there  arifes. 

000000 —  9000+  Aa  =  Aa 
Or,  000000  —  daaa  +  j^dd  =  %dd  —t. 


Q  - 4  9 

”  — TTj 


5.  And 
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5.  And  by  extracting  the  Square  Root  of  each  part  of  the  laft  Equation  this  arifes, 

aaa  —  ~  -  _  • 

Or-  aaa  ~  4^  —  V:j;dd  —  t : 

6.  Whence  by  equal  addition  of  4-  for  7 d )  this  Equation  ariles ; 

aaa  =  -4-  or  8,  _ 

Or,  aaa  —  — t: 

7.  Therefore  by  extratting  the  Cubic  Root  of  each  part  of  the  Equation,  one  value 

'  of  a  will  be  made  known,  viz.  ... 

a  —  2  =  V  {f)\~d-\-V:^dd  —  t : 

8.  But  forafmuch  as  the  Square  Root  of  aaaaaa  —  ?aaa  +  ^  in  the  fourth  ftep  may 
*  be  z. — aaa  as  well  as  aaa—  4,  ffor  either  of  thefe  Roots  being  multiplied  by  itfelf, 

will  produce  the  fame  Square  aaaaaa — yaaa-^3-^,)  therefore  let  i. — aaa  be  fet 
inftead  of  aaa  —  %  in  the  fifth  ftep,  whence  this  Equation  will  be  made,  viz, 

I  —  *aa  —  4-, _ 

Or,  7  d — aaa  —  V:^dd  —  t: 

0.  Whence  by  due  tranfpofition  this  Equation  ariles,  viz. 

aaa  =  £  =  I, _ cf 

Or,  aaa  =  7  d — V:^dd  —  t; 

10.  Wherefore  by  extrafting  the  Cubic  Root  of  each  part  of  the  laft  Equation,  ano¬ 
ther  value  of  a  is  made  known,  viz. _ _ _ 

a  =  1  =zV(l):Zd  —  V^dd  —  t:^. 

I  lay  the  Number  a  fought  is  either  2  or  1,  for  either  of  thele  numbers  will  con- 
ftitute  the  Equation  propofed  5  as  will  appear  by 

The  Proof.  '  •  '  °  -  - 

If . a  =  2, 

Then  confequently . aaa  =  8, 

And . .  .  .  aaaaaa  =  64, 

Alio  *  «  •  .  *  .  >»  ■*•  •  •  yaaa  —  72, 

Therefore  .  9 aaa — aaaaaa  ;=  8. 

Which  was  the  Equation  propofed  to  be  refolved. 

(  J  •  A  •  •  •  • 

Again, 

.  3  .  .  . 

If  .  .  ....  .  .  .  .  .  .  a  ~  1, 

Then  confequently  .....  aaa  =  1, 

And  .  .  .  .  .  .  i  .  .  aaaaaa  =  1, 

Alfo  .  . . .  .  9<*aa  =*=9,  ; * 

Therefore  ....  .  •  $aaa — aaaaaa  =  8*  as  before. 

_ _ , _ ( _ _ — - - - 

X.  From  the  Refolution  of  the  three  laft  Queftions  the  following  Canon  is  dedu¬ 
ced  for  the  refolving  all  Equations  which  fall  under  the  laft  of  the  three  Forms  be¬ 
fore  Ipecified  in  Sett.  1 .  of  this  Chap. 

CANON. 

From  the  Square  of  half  the  Co-efficient,  or  ( which  is  the  fame  thing)from  a  quarter 
of  the  Square  of  the  whole  Co-efficient,  fubtratt  the  Abfolute  number  given. 

Extratt  the  Square  Root  of  that  Remainder. 

Add  the  faid  Square  Root  to  half  the  Co-efficient,  and  alfo  fubtraft  it  from  half 
the  Co-efficient,  relerving  the  Sum  and  Remainder. 

Laftly,  when  the  unknown  number  which  is  multiplied  by  the  Co-efficient  in  the 
middle  term  of  the  Equation  is  expreft  by  a  fingle  letter  only,  as  a,  then  the  Sum  and 
Remainder  before  referved  are  the  two  Numbers  fought,  each  of  which  will  confti- 
tute  the  Equation  propofed  *  hut  if  the  faid  unknown  number  in  the  middle  term  be 
a  Square,  as  aa,  then  the  Square  Root  feverally  extracted  out  of  the  Sum  and  Remain¬ 
der  referved  lhall  be  the  two  Numbers  fought ;  if  a  Cube,  as  aaa ,  then  the  Cubic 
Root  feverally  extracted  out  of  the  laid  Sum  and  Remainder  lhall  be  the  two  Numbers 
fought  *  if  any  higher  Power,  then  the  Root  for  the  kind  muft  be  extracted  feverally 
out  of  the  faid  Sum  and  Remainder,  which  Roots  lhall  be  the  two  Numbers  fought. 

An 


C  H  A  P.  1 5. 


Resolution  of  Quadratic  Equations. 


An  Example  of  the  [aid  Canon. 

1.  Let  the  preceding  <%n£t.i.  in  Se8;j  of  this  Chap,  be  here  repeated  7 
viz.  What  is  the  number  reprefented  by  a  in  this  Equation'  >  ’  c  Jo<* — & 


2.  Or,  What  is  the  value  of  a  in  this  Equation  ?  .  . 

RESOLUTION. 

3.  From  the  Square  of  half  the  Co-efficient  10,  7 

to  wit,  the  Square  of  ?,  which  is  .  .  .  3 

4.  Subtrafl  the  given  abfolute  number  .  .  .  > 

5.  The  remainder  is . j  .  > 

6.  The  Square  Root  of  that  remainder  is  .  y 

7.  To  which  Square  Root  add  half  the  Co-  7 
efficient  10,  to  wit,  .......  3 

8.  The  Sum  is  the  greater  value  of  a  fought,  7 

to  wit, . . . 3 

9.  But  fubtra&ing  the  faid  Square  Root  from 
half  the  Co-efficient,  the  remainder  is  the 
lefTer  value  of  a,  to  wit 


aa~2  4 
>  ca  —  aa  —  ?/ 


25 

24 

I 

I 

5? 

6 


ice. 


71. 

yCC—n. 
V'.yCC - n  ; 

4c. 


ic  4-  Y’.yCC - n  ; 

ic  — V:  yCC  —  n  : 


5  a  a  —  aaaa  =.  4 
Yaa  —  aaaa  = 


Either  of  which  Numbers  6  and  4  found  out  in  the  two  laft  Reps  will  conftitute 

the  Equation  propofed,  as  before  has  been  proved  in  the  Anfwer  to  gueft.  1 .  in 

Sett.  9.  of  this  Chap. 

K  1  . 

A  Second  Example  of  the  Canon  in  Sedh  10. 

1.  Let  the  preceding  ghiett.  2.  in  Sett.  9.  of  this  Chap,  be  here' 
repeated,  viz.  What  is  the  number  reprefented  by  a  in 
this  Equation  >  ....  »  ......  . 

2.  Or,  What  is  the  value  of  a  in  this  Equation  >  .  .  . 

RESOLUTION. 

3.  From  the  Square  of  half  the  Co-efficient  5, 7  2  f 

to  wit,  the  Square  of  4,  which  is  .-  .  3 

4.  Subtract  the  given  abfolute  number  .  y 

5.  The  remainder  is . >. 

6.  The  Square  Root  of  that  remainder  is  .  .  V 

7.  To  which  Square  Root  add  half  the  Co-  7 

efficient  5,  to  wit,  .  .  .  <  ...  3 

8.  The  Sum  is  the  greater  value  of  to  wit,  >• 

9.  But  fubtrafling  the  laid  Square  Root  from 

half  the  Co-efficient,  the  remainder  is  the 
lefTer  value  of  aa,  to  wit,  ...  ... 

10.  Therefore  the  Square  Root  of  the  Sum  in  7 
the  8 th  ftep  is  the  greater  value  of  a,  to  wit,  3 

1 1 .  And  the  fquare  root  of  the  remainder  in  the  7 
ninth  ftep  is  the  lefTer  value  of  a,  to  wit,  3 


4 

£. 


~rr. 

s. 

~rr  ■ 


s. 


V:XrV‘ 

-r 

* r *  • 


t  . 


ir-iVfrr. —  s 


:  ~rr  —  s 


V{2  ):4r-FV'f7T —  s : 


I  I  V(2 ):4-r—Y±rr  —  s:- 

Either  of  which  numbers  2  and  1  found  out  in  the  two  laft  fteps  will  conftitute  the 
Equation  propofed,  as  before  has  been  proved  in  the  Anfwer  to  giiett.  2.  in  Sett  9 
of  this  Chap. 

A  Third  Example  of  the  Canon  in  Sedl.  1 0 

1.  Let  the  preceding  Qiiett.  3.  in  Sett.  9.  of  this  Chap.  beT 

here  repeated,  viz.  What  is  the  number  reprefented  >  yaad  —  aaaaaa  =  8 
by  a  in  this  Equation  ? . y 

2.  Or,  What  is  the  value  of  a  in  this  Equation  >  .  .  .  ^  daaa  —  aaaaaa  =  t 

RESOLUTION. 

3.  From  the  Square  of  half  the  Co-efficient  9, 7  „ 

to  wit,  the  Square  of  4,  which  is,  .  .  3  ~4 

4.  Subtraft  the  given  abfolute  number  .  .  >  8  t. 


5.  The 
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BOOK  I. 


y 

V 

} 


4  9 
4 
7 


~dd — t. 
V'..\dd—A : 

U 


~ d-\-  V :\dd  —  t : 


rd — V:~dd  —  t: 


V(S)^d-]r^\dd  —  t : 


5.  The  remainder  is . 

6.  The  Square  Root  of  that  remainder  is 

7.  To  which  Square  Root  add  half  the  Co¬ 
efficient  9,  to  wit,  ....... 

8.  The  fum  is  the  greater  value  of  acta,  to  wit,  >►  8 

9.  But  fubtraHing  the  laid  Square  Root  from’ 

half  the  Co-efficient,  the  remainder  is  the' 
lelfer  value  of  aaa,  to  wit,  ....  _ 

10.  Therefore  the  Cubic  Root  of  the  fum  in  the  ) 
eight  ftep  is  the  greater  value  of  a ,  to  wit,  y 

11.  And  the  Cubic  Root  of  the  remainder  in  7  T  r,  ,  ,  ,  /T7-7 - 

the  ninth  ft ep  is  the  lelfer  value  of  a ,  to  wit,  y  t  v^dd  t : 

Either  of  which  numbers  2  and  1  found  out  in  the  two  laft  fteps  will  conftitutc 
the  Equation  propoled,  as  before  has  been  proved  in  the  A?ifwer  to  gjuefl,  3.  in 
Sell.  9.  of  this  Chap .  •  •  •  *  , 

Example  4. 

1.  If  b,  d,  /,  g  reprelent  fuch  known  Numbers  that  bf  is  greater  than  dg  5  and, 

2.  if  %+rif+jf-  „ _ =  V—  %  . 

k  +  Js  +  l’f+df  L’g+Jz+l’f+df  ’ 

What  is  a  equal  to  > 

An fw.  a  is  equal  to  1,  and  alio  to  — 

bg-\-dg-\-  bf~f  df 

Which  values  of  a  are  alfo  found  out  by  the  Canon  in  the  Tenth  Settion  of  this 
Chap,  but  I  fhall  leave  the  Operation  as  an  exercile  for  the  induftrious  Learner,  and 
in  the  next  place  Ihew  the  ule  of  the  Rules  before  delivered  in  this  fifteenth  Chap,  in 
the  Refolution  of  various  Arithmetical  Queftions. 


CHAP.  XVI. 

Various  Arithmetical  Qiieflions ,  producing  Equations  that  fall 
under  fome  of  the  three  Forms  in  Se£t.  I*  of  the  foregoing 
Chap.  1 5.  and  are  refohable  by  their  refpeftive  Canons  in 
Se6t.  6 ,  8,  and  1  o.  of  the  fame  Chap* 


^UE  S  T. .  1. 

T Here  are  two  Numbers  whole  difference  is  16  for  c,)  and  the  Produft  of  their 
Multiplication  is  36  (or  b ^ )  what  are  the  Numbers  ? 


RE  SO  LUTIO  N.  Numeral.  Literal 

1.  Forthe  lelfer  of  the  two  numbers  lought  put  y  a  a 

2.  Then  by  adding  to  the  faid  lelfer  number? 

the  given  difference  16  (ore,)  the  greater?-  a-\- 16  a-fc 

number  fought  will  be  .......  3 

3.  Therefore  from  the  two  laft  fteps  the  Pro-  ) 

du£!  made  by  the  mutual  Multiplication  of  >  aa\iha  j  aa-¥ca 

the  two  Numbers  fought  will  be  .  .  .  3 

4.  Which  ProduH:  rauft  be  equal  to  the  given  Produ£l  3  6  for  b)  whence  this  Equa- 

tionarifes,  viz.  aa  4-  1 6a  =  36, 

Or,  aa  -f  ca  =  b. 

5.  Which  Equation,  being  refolved -by  the  Canon  in  Sell.  6.  of  Chap.  15.  the  value  of  a , 
or  the  lelfer  number  fought  by  this  Queftion  will  be  difeovered,  viz. 

a  =  2  =  Y''b-)ricc:  —  ±c. 


6.  To 


CHAP.  16.  producing  Quadratic  Equations. 


a 


ct — 1 6 


act — 1 6  a 


a 


a — c 


act — cct 


6.  To  which  leffer  number  adding  the  given  difference  i 

fought  will  alfo  be  made  known,  viz.  ^  ^  §reater  number 

e  *f  16  =  18  =  VS+3cc:+#i' 

Othemife  thus , 

1 .  For  the  greater  of  the  two  numbers  fought  put 

2.  Then  by  liibtra&ing  from  the  laid  greater  n 

number  the  given  difference  16,  (or  c)  the' 
leffer  number  fought  will  be  .  .  .  4 1 

3*  Therefore  from  the  two  lalt  fteps,  the  Pro- 
duft  made  by  the  mutual  Multiplication 1 
of  the  two  numbers  fought  will  be  .  \ 

4’  tton  adfeftf  ^  “ th6  ^  Ptodu£l  *  (°r  * 0  whence  this  Equa- 

act  i  Set  • — -  ^  S y  or  act  /  u 

5.  -Which  Equation  being  refolved  by  the  Canon  in  Sell.  8~o{ cfap  1  c  the  value  of 
a,  to  wit,  the  greater  number  fought  will  be  difeovered,  viz.  P‘‘  ’  tnevaIue  ot 

«  =  1 8  =  V:b-\-'cc:  4-  ±c 

6,  And  by  fubtraSing  from  the  raid  greater  number  the  given  different  ,a  tr.r  •,  \ 

the  leffer  number  lought  will  alfo  be  difeovered™  S  C®  16  (or  c’> 

_  ^ 

18  —  16  =  2  =  V:b-\-^cc‘ _ 

From  either  of  thole  wavs  of  Refolution,  the  numbers  fought  are  found  1 8  and  2’ 

r ■ r the  <^Ue^1?n  ProP°fed  5  for  their  difference  is  16,  and  the  Produd 
of  their  Multiplication  is  36,  as  was  preferred,  rroauct 

Moreover,  the  two  laft  fteps  of  each  Refolution  by  Literal  Algebra  give  one  and 
the  fame  Canon  to  folve  the  Queftion  propofed.  °  °  0ne  and 


— '>} 


CANON. 

To  the  given  Produa  add  the  fquare  of  half  the  given  difference,  and  extraa  the 
fquare  Root  of  that  firm ,  then  to  the  faid  fquare  Root  adding  halfthe  giren  differ 

site  a?  sstes1"6 m  uf  *  <■» 

Therefore  the  difference  and  the  Wangle  (or  Produa  of  the  Multiplication)  of 
by^faidCanon  §  7  glVe”’  the  numbers  themfelves  mi  aIfo  be  given 


<T 


iiij 


QUEST.  2. 


a 


There  are  three  numbers  in  Geometrical  proportion  continued;  the  difference  of 
the  extremes,  that  is,  of  the  firft  and  third  is  16  (or  c.)  and  the  mean  is  5  (o  x  ?n  ) 
what  are  the  extreme  Proportionals  >■  J  ^  >} 

■  '  Vi:.  .  Resolution. 

i-  For  the  leffer  of  the’  two  extreme  Propor-  7 
tionals  lought  put  .  r 

2.  Then  by  adding  to  the  laid  leffer  extreme 
the  given  difference  of  the  extremes,  to' 
wit,  1 6  (or  c,)  the  greater  extreme  will  be 
3-  Therefore  the  Re&angle  contained  un-' 
der  the  extreme  Proportionals,)  to  wit, 
the  Produft  made  by  their  mutual  Multi¬ 
plication)  lhall  be  . .  :.\  . 

4iSlCf.h  fReuaangle  Produa;  muff  (by  Sett.  i.  Chag.ii  )  be  equal  to  the 
q  o  the  given  mean  Proportional  6  (or  m J,  hence  this  Equation  5 
.I., .  ,  r  aa^- }6<x  or,  aa~\-ca  —  mm. 

5'  being  Solved  Vie  Canon  in  SiS.6.  Chav.  15.  the  value  of 

or  the  leffer  of  the  two  extreme  Proportionals  fought  grill  be  made  known,  viz. 

«  =  2  =  Vwm+icc:  — r“.  ic. 

N  * 


aa-\-i6a 


■  ■  jhr 

<z-pc 


aa\ca 


* 


6.  To 


,  To  which  leffer  extreme  Proportional  adding  1 6  (ore)  the  given  difference  of  the 

extremes  the  greater  of  the  two  extreme  Proportionals  will  alfo  be  difeovered,  viz. 

2-\-i6  =  1 8  =  Vwm+icc: 

I  fav  the  two  extreme  Proportionals  fought  are  2  and  18,  between  which  the  given 
nnmher  a  k  q  mean  Proportional  *  for,  as  2  is  to  6,  fo  is  6  to  18. 

Moreover,  the  two  lafc  fteps  of  the  Refoltition  give  the  following  Canon  to  find 
out  the  extreme  Proportionals  fought. 

CANON. 

To  the  Square  of  the  given  mean  Proportional  add  the  Square  of  half  the  given  dif¬ 
ference  of  the  extremes,  and  extraft  the  fquare  Root  of  that  Sum  ;  then  to  the  laid 
fauare  Root  adding  half  the  faid  difference, and  from  the  faid  fquare  Root  fubtraaing  the 
fame  half  difference^  Sum  and  Remainder  fhall  be  the  extreme  Proportionals  fought. 

Therefore  if  of  three  numbers  in  continual  proportion  the  mean  be  given,  as  alfo  the 
difference  of  the  extremes,  the  extremes  fhall  be  given  feverally  by  the  faid  Canon. 


a 


20 — a 


QU  E  ST.  9. 

There  are  two  numbers  whofe  Sum  is  20  ( or  cj  and  the  Produa  of  their  Multi¬ 
plication  is  3d  (or  w  j)  what  are  the  numbers? 

RE  SOLUTION. 

1 .  For  one  of  the  numbers  fought  put  . 

2.  Then  by  fubtraaing  that  number  from  the 

given  Sum  20  for  c,)  the  Remainder  will 
be  the  other  number  fought,  to  wit,  .  . 

5.  Therefore  the  Produa  of  the  Multiplica-  7  20_ 

tion  of  thofe  two  numbers  will be  •*.*-*,  a  .  ,  *  1  ,  w  ^ 

,  Which  Produa  mult  be  equal' to  the  given  Produa  36  (or  «,)  whence  tlhsEqua- 

tion  arifes,  viz.  20 a— act  —  3d, 

Or,  jm — =  -»*. 

?.  Which  Equation  being  relblved  by  the  Canon  in  SeB.  lo.Cto.iJ.  the  two  values 
5  of  a  which  are  the  numbers  fought  by  this  Queftion  will  be  difeovered,  viz. 


-aa 


c — a 


ca — act 


18  =  \c  -4-  V:^cc  —  ni 


k  2  —  ~c  —  V:~cc  —  n:  _  ,  _  „ 

I  fay  the  numbers  fought  are  18  and  2,  for  their  Sum  is  20,  and  the  Produtt  of 

their  Multiplication  is  36,  as  was  prefcribed.  „  _ 

Moreover,  if  the  two  values  of  «,•  which  are  exprels  d  by  Le  ‘  P. 

the  Refolution,  be  exprefs’d  by  Words,  they  wiil  give  the  following  Canon  to  folve 

the  Queftion  propofed.  CANON. 

From  the  Snuare  of  half  the  given  Sum  fubtraQ  the  given  ProduQ,  and  extraft 
the  fquare  Root  of  the  Remainder ;  then  to  the  faid  half  Sum  adding  theTa  id  fquare 
Root?  and  from  the  faid  half  Sum  fubtraaing  the  fame  fquare  Root,  the  Sum  and 

Remainder  fhall  be  the  two  numbers  fought.  r.  .  .  f  t 

Therefore  the  Sum  and  ReQaigle  (or  Produ£t  of  d*  Multmhcttt 
numbers  being  feverally  given,  the  numbers  themfelves  fhall  alfo  be  giyen  ieveral  y 

by  the  faid  Canon.  jW: 


(or 


QUEST.  4.  ...  5 

There  are  three  numbers  in  continual  proportion  •,  the  film  of  the  extremes  is  203 
r  ij  and  the  mean  proportional  is  6,  (or  »;)  what  are  the  extremes . 

RE  SOLUTION. 


I.  For  one  of  the  two  extreme  proportionals  7 


a 


fought  put . .  •  h  ~  *  2.  Then 


1 


2.  Then  by  fubtra&ing  that  extreme  from  20  y 
(or  c(  the  given  Sum,  the  Remainder  will 
be  the  other  extreme,  to  wit,  .... 
Therefore  the  Re&angle  contained  under' 
the  extreme  proportionals,  (to  wit,  the' 
Pfcductof  their  Multiplication)  fhall  be 


20 — a 


2  c  a — aa 


-a 


cci — aa 


Or,  ca — t ia  =z  mm.  „ 

s.  Which  Equation  being  refolved  by  the  Canon  in  SeS.  10.  Chan,  i the  two  values 
of  «,  which  are  the  numbers  fought  by  this  Queltion  will  be  difcovered  vil  * 

_ _  S  18  =  ic  ff-  V'~cc — mm: 

B  ~  7  — =**- - 

^  2  —  —  vTjCc  —  mm: 

I  fay  the  two  extreme  Proportionals  fought  are  18  and  2,  between  which  the  Nven 
number  6  is  a  mean  Proportional  *  for,  as  1 8  is  to  6,  fo  is  6  to  2  G 

.  Moreover,  ifjhe  tw0J?fs  of  •  wWch  are  exprefs’d  by  Letters'  in  the  laft  flep  of 
the  Refolution  be  exprefs  d  by  words,  they  will  give  the  following  Canon  to  find  out 
the  extreme  Proportionals  lought. 

-  .  -  CANON. 

From  the  Square  of  half  the  given  Sum  of  the  extreme  Proportionals  fubtraa  the 
Square  of  the  given  mean, and  extraft  the  fquare  Root  of  the  Remainder ;  then  to  the  faid 
half  Sum  adding  the  laid  Square  Root, and  from  the  faid  half  Sum  fubtraainv  the  lame 
fquare  Root,  the  Sum  and  Remainder  (hall  be  the  two  extreme  Proportionals  fought 
Therefore  it  of  three  Numbers  in  continual  proportion  the  mean  be  given  as  alfo  tlie 
Sum  of  the  extremes,  the  extremes  themfelves  fhall  be  given  feverally  by  the  faid  Canon 

‘  s  £ VEST.  ~ 

There  are  two  Numbers  whole  difference  is  ry,  (orrf,)  and  if  the  Produft  of  the 
Multiplication  of  the  faid  two  Numbers  be  divided  by  2,  (ore,)  the  Quotient  will 
give  the  Cube  of  the  lelfer  Number  5  what  are  the  Numbers  > 

RE  SOLUTION. 

1.  For  the  leffer  Number  fought  put  i  . 

2.  To  which  adding  the  given  difference  i$ 

(or  d,)  the  Sum  fhall  be  the  greater  Num¬ 
ber,  to  wit, . . 

3.  Therefore  the  Produft  of  theMuItiplicati-  \ 
on  of  the  two  Numbers  is  .  .  .  .  .3 

4.  Which  Product  being  divided  by  2  (or  c)  \ 

the  Quotient  will  be . 3 

5.  From  the  firft  ftep  the  Cube  of  the  lefler  \ 

Number  is  ....  * . 3 

6.  Which  Cube  muft  ( as  the  Queftion  requires)  be  equal  to  the  Quotient  in  the 
fourth  ftep,  whence  this  Equation ; 


aa-\-i$a 

2 

aaa 


a-\-d 

aa-\-da 

aa-yda 

c 

aaa 


Or, 


aaa  =  £ i±I?£ 
2  ’ 

aaa  =  M  +  ia 


7.  Which  Equation  being  duly  reduced  ("according  to  SeS.  2.  4,  3,  5  of  Chap  10  ) 
there  will  arife 


Or,  aa  — 


aa—\*  = 

1  d 

—a  —  — 
c  c 


8.  Therefore  the  laft  Equation  being  refolved  by  the  Canon  in  Sell.  S.  Chap.  15.  the 
value  Qt  «,  to  wit,  the  lefler  number  fought  will  be  difcovered,  viz. 

«  =  3=yTrX  +  .'. 
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To  which  leffer  number  adding  the  given  difference  15  (or  i)  the  Sum  fhall  be 
the  greater  number  fought,  to  wit,  j___ _ 

54-15  =18  =  V:—  ■+■ 

5  ’  c  4  cc  2  c  •  - 

io  I  fay  the  two  numbers  fought  are  3  and  18,  which  will  fatisfie  the  conditions  in 
the  Queltion,  for  their  difference  is  1  7,  and  if  the  Produft  of  their  Multipliffrion 
be  divided  by  2,  the  Qtibtient  is  27,  which  is  the  Cube  of  the  leffer  number  3, 
cis  was  required. 

1 1.  But  if  the  Equation  in  the  eighth  ftep  be  exprefs’dby  words,  it  will  give  the  fol¬ 
lowing  Canon  to  find  out  the  leffer  number  fought,  to  which  adding  the  given  dif¬ 
ference,  the  greater  number  is  alfo  given.  .  ,  .  :  /  C 

.CANON . 

Divide  the  given  difference  by  the  given Divifor,  alfo  divide  1  (  or  Unity  )  by  the 
quadruple  of  the  Square  of  the  given  Divifor,  ;add  thofe  two  Quotients  together,  and 
extraft  the  fquare  Root  of  the  Sum  *  then  to  this  fquare  Root  add  the  Quotient  that 
arifes  by  dividing  1  by  the  double  of  the  given  Divifor  *  fo  fhall  the  Sum  be  the  leffer 
of  the  two  numbers  fought,  which  increafed  with,;their  given  difference  will  give  the 
greater  number. 


E  ST.  6. 

There  are  two  numbers  whole  difference  is  2  (or  d ,)  and  the  Sum  of  their  Squares 
is  130  (orc$)  what  are  the  numbers  > 

RE  S  O  LUTION. 

1.  For  the  leffer  number  fought  put  . 

2.  Then  to  that  leffer  number  adding  the' 

given  difference  2  (or  d)  the  Sum  fhall 
be  the  greater  number,  to  wit,  .  .  ■  _ 

3.  Therefore  from  the  firft  ftep  the  Square  of  7 


the  leffer  number  is 


.  v . 


a  < 

■  a  .  :i  . 

-  a\2 

a-\-d 

aa 

aa  7; 

r  .  -  *  i  ' 

aa  4*  4^  “F  4 

aa\2da\di 

2aa-\-  apx -p  4 

2aa-\-2da-\-ddl 

of  the  Squares  130  (or  c,)  whence 

•  \  •  J  .  i  <j  ;  ,  . .  i 

v  I  ?0, 

•  ,  ■  cTW 

4.  And  from  the  fecond  ftep  the  Square  of ) 

the  greater  number  is  .  .  .  .  •  •  •  j 

5.  Therefore  from  the  twolaft  ffeps  the  Sum  1 
of  the  Squares  of  the  two  numbers  fought  is  ) 

6.  Which  Sum  muft  be  equal  to  the  given  Sum 
this  Equation  arifes,  viz. 

2  aa  -f  4a  "V  4  ^ 

Or,  2  aa  4-  2 da  4 -  dd  —  ~  . 

7.  Which  Equation,  after  due  Reduaion  according  to  the  Rules  of  the  twelfth  Chap. 

will  give  this  Equation,  viz .  aa  2.a  —  63-, 

Or,  act  +  da'=  ±c  —  iJd. 

8.  Therefore  the  Equation  in  the  laft  ftep  being  refolved  according  to  the  Canon  in 

Sea.  6.  Chap.  1 7.  the  value  of  a,  to  wit,  the  leffer  number  fought  by  theQueftion 
will  by  made  known,  viz.  _ 

a  ■=.  ~j  —  V  4-c — 4  dd\  — '£  d. 

<3.  To  which  leffer  number  adding  the  given  difference  2  (or  d)  the  Sum  fhall  be  the 

greater  number  fought,  to  wit,  _ _ ___ 

7  4~  2  —  9  —  V:*-C — —dd:  -\~~rd. 

10.  I  fay  the  two  numbers  fought  are  9  and  7*,  for  their  difference  is  2,  and  the  Sum 
of  their  Squares  is  130,  as  was  prefcribed  by  theQueftion. 

1 1 .  Moreover,  from  the  eighth  and  ninth  ftep  arifes  this 

CANO  N. 

From  half  the  given  Sum  fubtraa  the  Square  of  half  the  given  difference,  and  ex- 

trafl  the  Iquare  Root  of  the  Remainder  $  then  from  this  fquare  Root  ibbtract  halt 

the  given  difference,  the  Remainder  (hall  be  the  leffer  number  fought,  to  which  adding 

the  given  difference  the  Sum  lhall  be  the  greater  Number-  0  U  E  ST 


CHAP.  1 6.  producing  Quadratic  Equations. 


ioi 


UJ  .  .  J  ;•  a •  ..  A .  -^jui  •  1.  ■  i 

&UE  S  T.  7. 

There  are  two  Numbers  whofe  Sum  is  14  (or  i,)  and  theSum  of  their  Squares  is 
>o  (or  c,)  what  are  the  Numbers  ?  •  “ 


;  t 

031 : 


•  • 


14 — a 


i i  c 


b — a 


100 

*  J  RESOLUTION. 

r.  For  one  of  the  Numbers  fought  put  .  . 

2.  Which  fubtra&ed  from  the  given  Sum  14 
(or  b  )  leaves  the  other  Number  , 

3.  The  Square  of  the  firft:  number  is  .  .  .  •  aa  ;  az 

4.  The  Square  of  the  other  Number  is  .  .  •  aa-iS„+i96  j  aa-2ba+bb 

l'  mueSu'? °f  th£i\d  SqUa,teS  'S  •/  •  •  ‘  2^-28^+196  2az—2ba+bb 

6.  Which  Sum  mutt  be  equal  to  ioo  (ore)  the  given  Sum  of  the  Squares,  whence 

this  Equation  arifes,  viz.  2 aa — 28^+196=100 

.Or,  2 aa — 2 ba-\-  bb  =  c. 

7.  Which  Equation  after  due  Reduction,  according  to  the  Rules  of  the  twelfth  Chap, 

will  give  this  following  Equation  j  :  :  -  * 

14  a — aa  =  48,,  .  - 

Or,  ba  — aa  —  J-bb — -  Lc 

8.  Which  Equation  being  refolved  by  the  Canon  in  Sell.  ro.  Chap.  re.  the  two  values 
.  of  a,  which  are  the  numbers  fought  by  this  Queftion,  will  be  difeovered,  viz  ... 

„  =  S  8  =  jj  +  V-.jc—jbb. 

’  \  6  —  ~b  —  Y  ’—c _ —bb 

9.  I  fay  theNumbers  fought  are  8  and  6;  for  their' Sum  Vi4,  and  the  Sum  of  their 

Squares  is  ioo,  as  was  preferred.  • 

I°„  Moreover,  if  the  two  values  of- a  which  are  exprefs’d  by  Letters  in  the  eighth 
ffep  be  exprels  d  by  words  there  will  artie  this  6 

C  A  NO  N.  ; 

From  half  the  given  Sum  of  the  Squares  fubtra£b  the  Square  of  half  the  mvpn  ?nm 
of  the:two  numbers,  and  extract  the  fquare  Root. of  the  Rerrmndpr  *1^  en 
the  faid  fquare  Root  to  the  iaid  half  Sum  of  theNumbers  the  Sum  of  rhi^/ldd—"5 
toll  be  the  greater  Number,  but-  fubtraffing  thelidfquareRootfrom  rh  faldM  f 
Sum  of  the  Numbers,  the  Remainder  ihall  be  the  lefler Number.  the  “ d  “ 


'QUEST.  8. 

There  are  three  Numbers  in  Geometrical  proportion  continued  and  r„rh  .w  -e 

‘bfeeproportioi^i^^t^^ 

5  -  -•  *  '  ?  4  J  1  J  wi  /  4  j 

RE  SOL  UTIO  N. 

i.  For  the  difference  of  the  Sum  of  the") 

Extremes  and  Mean  put . c 

4.  Then,  according  to  the  Queftion’  thefuni> 
of  the  extremes  is . r 

3.  From  which  fum  if  the  difference  s  the 
firft  ltep  be  fubtrafted,  the  Remainder  will 

be  the  mean  proportional,  to  wit,  .  .  3  «  1  a 

4.  Therefore  from  the  two  laft  fteps  the  fum  T  2240  2 b 

of  all  three  proportionals  is  ...  .y  a  a  ~ 

5‘ Pl,^Jc KCC°tK1IJ§-5r  the(^u<lfti°n)  if  the  fum  of  all  the  three  proportionals  be  mul- 
•  hei  dlfteren/e/of  fum  of  extremes  and  the  mean,  the  Product 

ing  EquauonarifeffL01  C°  *"»».  the  firft  and  fourth  fteps  this  follow- 


1120 

•  .  a 

1120 


a 


a 


a 


—  a 


Or, 


2240  —  aa  =  14J6 
2  b  —  =  7. 


6.  Which 
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6.  Which  Equation  being  reduced  according  to  the  Rules  of  the  twelfth  Chap,  the 

value  of  a  will  be  difcovered,  viz.  J  -  ' 

a  —  28  =  V:2  b—c. 

7.  Therefore  from  the  fixth  and  fecond  fteps, the  Sum  of  the  extremes  is  alfo  known,™*. 

40  =  —  ft. — .  =  the  Sum  of  the  extremes.  m 

V:2b—c:  m 

8.  And  from  the  fixth  and  third  fteps,  the  mean  proportional  is  allb  given,  viz . 

1 2  —  -  C~I-—  ==  the  mean. 

V\2  b — c: 

9.  Laftly,  the  Sum  of  the  extremes  of  three  continual  proportionals  being  given  40, 
’  as  alfo’the  mean  12,  the  extremes  (hall  alio  be  given  feverally  by  the  Canon  of  the 

fourth  Quejlion  of  this  Gfyap.  to  wit,  4  and  36  *,  therefore  the  three  continual  pro¬ 
portionals  fought  are  4*  12  and  36,  which  will  fiitisfie  the  conditions  in  the 
Queftion  propofed,  as  will  dppear  by 

The  Proof. 

I.  4,  12,  3 6  are  -  j  for,  4x36  —  12  x  12. 

II.  4-f  36  —  12  into  36  4~  4  —  il,2o. 

III.  44-36 — 12  into  44- 12  -f  36  —  1456. 


- - - 


- - 


)i  61 

IN  r  i> 

m  on ) 


a 


aaa 


E  ST.  9. 

There  are  two  Numbers  whole  Sum  is  10  (or  £,)  and  the,Sum  of  their  Cubes  is 
520  for  c  what  are  the  Numbers  > 

R  E  SOLUTION. 

1.  For  one  of  the  Numbers  fought  put  ....  a 

o.  Then  by  fubtrafting  that  Number  from  the 7 
given  Sum  10  for  b,)  the  other  Number  >  J  10— a 
remains,  to  wit,  . . .  •  O 

3.  The  Cube  of  the  former  is  .  * .  aaa  ■  I 

4.  And  from  the  fecond  ftep  the  Cube  of  the  latter  Number  is 

loco  —  2,00a  4~  ^oaa  —  aaa , 

Or,  bbb  —  %bba  fbaa  —  aaa . 

4.  Therefore  the  Sum  of  the  two  Cubes  in  the  third  and  fourth  fteps  is 

loco  —  300a  4-  30 aa. 

Or,  bbb  — '3  bba  4-  3 b&a. 

7.  Which  Sum  muft  be  equal  to  520  for  c)  the  given  Sum  of  the  Cubes,  whence 
this  Equation  arifes,  viz.  1000  —  3000  4-  3  oaa  =  720, 

Or,  bbb  —  3  bba  4-  3  baa  =  c. 

6.  Which  Equation,  after  due  Redu&ion  according  to  the  Rules  of  the  twelfth  Chap. 

will  give  this  Equation ;  16  =  ioa  —  aa, 

,,  bbb — c  _  r 

Or,  - —  ba  —  aa. 

3  b 

7.  Therefore  the  laft  Equation  being  refolved  by  the  Canon  in  Sett.  10.  Cbap.  15.  the 
two  values  of  a,  which  are  the  numbers  fought  by  this  Queftion,  will  be  difcovered, 7;iz. 


a 


&  +  V-‘-  b±  =  8. 

1  3  b  12 


'3b.  12  c,  .  . 

8.  I  fay  the  two  Numbers  fought  are  8  and  2  5  for  their  Sum  is  10,  and  the  Sum  of 
their  Cubes  is  5  20,  as  was  prefcribed. 

9.  Moreover,  if  the  two  values  of  a  which  are  exprefs’d  by  Letters  in  the  feventhftep 
be  exprels’d  by  words,  they  will  give  this 

C  ANO  N 

From  the  Quotient  that  arifes  by  dividing  the  given  Sum  of  the  two  Cubes,  by  the 
triple  of  the  given  Sum  of  their  fides,  fubtraft  77  of  the  Square  of  the  laft  mentioned 

Sum, 


C  H  A  P.  16.  producing  Quadratic  Equations. 


V  v 


Ct 

b — a 
2a — b 


QUEST,  io. 

There  are  two  numbers  whole  Sum  is  io  for  b  )  and  the  . 

Sites  f h  t0  °f  thdl  SqMreS  i$  1 *  2  t0  ("  «  r  to"  rT  wtt  W 

RESOL  UTIO  N. 

1.  For  the  greater  number  fought  put  ...  a 

2.  Which  fubtra&ed  frofmthe  given  Sum  ic  V 

(or  b)  leaves  the  lefler  number  .  .  ,j  10 — <* 

3.  Therefore  the  difference  of  the  two  numbers  is  2  a 10 

4.  And  from  the  firft  itep  the  fquare  of  the  ) 

greater  number  is  .  . . j  aa  eta 

S-  And  from  the  fecond  ftep  the  Square  of  the  lefler  number  is 

loo  1  20 a  — b  aa^ 

Or,  bb  2  ba  A-  aa. 

6,  And  from  the  two  laft  fteps  the  Sum  of  the  Squares  of  the  two  numbers  fousht  is 

loo  —  20 a  A-  2 aa,  ® 

Or,  bb  —  2 ba  A-  2  aa. 

7-  /hen  according  to  the  Queftion,  the  difference  in  the  third  ftep  muft  be  to  the 
fum  of  the  fquares  in  the  fixth  ftep  as  2  to  29,  (or  as  r  to  s  viz. 

2  .  29  :  :  2a  — ■  10  loo  —  20 a  A-  2 aa 
Or,  t  ,  s  .  ;  2  a  —  b  .  bb  2  ba  A~  2  aa 

8.  Which  Analogy  may  be  converted  into' this  following  Equation, '(according  to  the 

Theorem  m  Chap.  i.Sett.  13.)  viz.  ^  ,v  s  torne 

200  —  40 a  A*  Aaa  =  —  290 

Or,  rbb  —  2rba  +  2  raa  =  2sa  —  sb.  * 

9.  Which  Equation,  after  due  Reduaion  according  to  the  Rules  in  the  *2  Chan  will 

produce  this  Equation;  iii  3=  i±a  — act,  1 

Or  -  rbb-\-sb  s-^rb 

ur5  - =  — — a  —  aa. 

2  r  r 

10.  Therefore  by  revolving  theEquation  in  the  laft  ftep  according  to  SeS.  10.  Chap,  vs 
he  two  values  of  a,  or  the  two  Roots  of  that  Equation  will  be  made  known,  viz. 

"  4  =  -  +  -  4-  V:—  —  3  : 

2r  2  4  rr  4 

7  =  i.+ 

<-  2r  2  4 rr  4  L 

°J- Whkh  T  Ro°tS  or Numbers,  to  wit  7,  is  thegreater  number  fought 

bLh,  ^fftD0n  5  -a.nd  the  faid  7  being  fubtraaed  from  the  given 

lum  10,  the  Remainder  3  is  the  lefler  number  fought.  6 

ic  LrUrnd  l  T1?  f?lve  the  for  their  fum  is  10  5  and  their  difference  4 

s  the  fum  of  their  fquares  98,  as  2  to  295  which  was  prefcribed. 

12\  ,e'  Altho  the  value  of  a  in  the  Equation  in  the  ninth  ftep  may  be  either 

wir°rrfc  ft?  tha  1  ube  expounded  by-i4  as  well  as  7,;  yet  7  only,  to 

,  the  leffer  value  of  a,  fhall  be  the  greater  number  fought  by  this  Queftion. 

For  that  the  greater  value  of  to  wit,  i-A-  can  never  be 

equal  to  either  of  the  two  numbers  fought,  I  prove  thus  s  Firft,  it  is  manifeft  by  each 

of  the  values  of  a  exprels’d  by  Letters  in  the  tenth  ftep,  That  if  ±=  t,  then  con- 

-  ~  2r  2 


a  = 


fcquently  and  the  two  values  of  a  ate  equal  one  to  the  other  ,  each 

being 
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being  equal  to  —  -f  that  is,  b  ;  and  therefore  in  this  firft  cafe,  neither  of  the 

two  values  of  a  can  poflibly  be  equal  to  either  of  the  two  numbers  fought  ;  for  that 
which  is  equal  to  the  fum  of  two  numbers  muft  needs  be  greater  than  either  of  them. 

Secondly  If  J-  c r  A  which  is  a  neceffary  Determination  to  make  the  Queftion 

2r  2  t 


pofiible,  then  the  greater  value  of  a,  that  is, 


i_+  L+  v.sJ—bA. 

2  r  2  4  rr  4 


V 


is  manifeftly 


greater  than  b  the  given  fum  of  the  two  numbers  fought,  and  therefore  it  cannot  be 
equal  to  either  of  them.  Wherefore  the  fa'id  greater  value  of  a  cannot  in  any  cafe  be 
equal  to  either  of  the  two  numbers  fought.  Which  was  to  be  proved. 

But  the  faid  leffer  value  of  a  is  the  greater  of  the  two  numbers  fought,  and  confe- 
quently  they  are  given  feverally  by  this  following 

CANON. 

1 3 .  From  the  Quotient  that  arifes  by  dividing  the  Square  of  the  latter  term  of  the  given 
Reafon  by  the  Quadruple  of  the  Square  of  the  firft  Term,  fubtraft  a  quarter  of  the 
Square  of  the  given  Sum  of  the  two  numbers  fought,  and  extrafl  thelquare  Root  of 
the  Remainder ;  then  fubtraft  that  iquare  Root  from  the  Sum  of  the  Quotient  that 
ariles  by  dividing  the  latter  Term  of  the  given  Reafon  by  the  double  of  the  firft,  and 
the  half  of  the  given  fum  of  the  two  numbers,  fo  the  Remainder  fhall  be  the  greater 
number  fought;  which  fubtra&ed  from  the  faid  given  fum  leaves  the  leffer  number. 

14.  From  the  premifes  this  following  Queftion  may  eafily  be  folved,  viz.  The  fum 
of  two  numbers  being  given,  fuppofe  4  (or  b})  and  their  difference  being  equal  to 
the  fum  of  their  Squares,  to  find  the  numbers. 

Firft,  fuppofe  r  =  s  =  1  ^  (becaufe  the  Terms  of  the  Proportion  in  this  Queftioii 
are  equal  to  one  another,)  then  the  two  values  of  a  before  exprefs’d  in  the  tenth  ftep 
will  be  converted  into  thefe,  viz. 

6 


a 


— bb 


2 

1  \b 


—  Vi 


4  , 

1 — bb. 


lli  fi 


e 


52  4 

The  leffer  of  which  values  of  to  wit,  4,  is  the  greater  of  the  two  numbers 
fought,  and  therefore  the  faid  4  being  fubtra&ed  from  4  the  given  fum,  leaves  4  for 
the  leffer  number.  I  fay  4  and  4  will  folve  the  Queftion,  for  their  difference  4  is 
equal  to  the  Sum  of  their  Squares, 


&UEST.  11.  ,  ■/  ;  |  :  • 

There  are  two  numbers,  the  Product  of  whofe  Multiplication  is  48  (or  p,)  and 
the  difference  of  their  Squares  is  28  (or  d ;)  what  are  the  numbers? 

RESOLUTION. 

1.  For  the  greater  number  [put . 

2.  Then  dividing  48  (or  p)  by  a ,  the  Quoti-  > 

ent  is  the  leffer  number,  to  wit,  .  .  3 , 

3.  From  the  firft  ftep  the  fquare  of  the  grea¬ 
ter  number  is 

4.  And  from  the  fecond  ftep  the  Square  of 
the  leffer  number  is 


ep  the  fquare  of  the  grea-  ? 1 
•  •  .  •  •  •  .  .  •  ^ 1 
ftep  the  Square  of? 

»•  .  .  .  .  •  _)  j 

5.  Therefore  the  difference  of  the  faid  Squares  is 


ft 

a 

48 

£ 

a 

a 

aa 

an 

2304 

P£ 

aa 

aa 

aaaa — 2304 

aaaa—pp 

aa  |  act 

6.  Which  difference  muft.  be  equal  to  the  given  difference  of  the  fquares,  whenct 
this  Equation  arifes, .viz.  '  .  .  - 


aaaa  --2304  __  ^ 
act  ■  ? 


Or, 


aaaa 


~  IP 


=  d. 


act 


•rcr 


7.  Which 


CHAP,  x  6.  producing  Quadratic  Equations. 

7.  Which  Equation,  after  due  Reduction  according  to  the  Rules  of  the  twelfth  Chap, 

will  produce  this  *  cutaa  —  28aa  =  2304, 

Or,  aaaa  —  daa  =  pp. 

8.  Therefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  Sett.  8.  Chap * 
15.  the  value  of  a ,  to  wit,  the  greater  number  fought  will  be  dilcovered,  viz. 

a  =  8  =  V  (l):V  pp+^dd-^-d: 

Whence  the  greater  number  is  found  8,  by  which  if  the  given  Produft  48  be  divided, 
the  Quotient  6  is  the  leffer  Number  fought. 

I  fay,  the  Numbers  8  and  6  will  folve  the  Queftion  ;  for  the  Product  of  their 
Multiplication  is  48,  and  the  difference  of  their  Squares  64  and  36  is  28,  as  was 
prefcribed. 

Moreover,  the  Equation  in  the  eighth  ftep  gives  a  Canon  to  find  the  greater  of  the 
two  numbers  fought,  by  the  help  whereof  and  the  given  Product  the  leffer  number 
fhall  be  alfo  given. 

CANON. 

r.  L.V'  r,  r%  .  '  S  *  ,  .  ^ 

p  To  the  Square  of  the  given  Produft  add  the  Square  of  half  the  given  difference  of 
the  Squares,  andextraQ:  the  Square  Root  of  that  Sum  5  then  to  the  faid  Square 
Root  add  the  faid  half  difference,  and  extraft  the  Square  Root  of  this  bum,  fo 
fhall  the  laft  Square  Root  be  the  greater  of  the  two  Numbers  fought  *,  laftly,  by 
the  faid  greater  number  divide  the  given  produft  of  the  multiplication  of  both  num¬ 
bers,  and  the  Quotient  fhall  be  the  leffer  Number. 

5  ;  '  •  v 

- l - i - ! — — — - “  '  '  f 


QUEST.  12. 

There  are  two  Numbers  the  Product  of  whole  Multiplication  is  48  (or  p,)  and 
the  Sum  of  their  Squares  is  ico  (ore  •,)  what  are  the  Numbers  ? 

RESOLUTION. 

1.  For  one  of  the  numbers  fought  put 

2.  Then  dividing  48  for p)  by  a,  the  Quotient  7 
will  give  the  other  number,  to  wit,  .  .  > 

3.  From  the  firft  ftep,  the  Square  of  one  of ) 

the  Numbers  is  . j 

4.  And  from  the  fecond  ftep  the  Square  of  the  7 

other  Number  is  j 


a 

48 

a 

act 

2304 


aa 

aaaa-\-  2304 


a 

p_ 

a 

act 

PP. 

aa 

aaaa-\-pp 

aa 


5.  Therefore  the  Sum  of  the  faid  Squares  is  .  >  - ~ 

6.  Which  Sum  muft  be  equal  to  the  given  Sum  of  the  Squares,  whence  this  Equati- 
on  arifes,  viz. 


daaa\  2? 04  __  IOO 


aa 

Or,  aaaa-\-pp  _  c 

7.  From  which  Equation,  after  due  Reduflion  by  the  Rules  in  Chap.  12,  this  will  arife, 

2304  =  ico  aa  —  aaaa , 

•  pp  —  caa  — •  aaaa.  # 

8.  Which  laft  Equation  being  refolved  by  the  Canon  in  Sea.  10.  Chap.  15.  the  two 
values  of  a,  which  ate  the  Numbers  fought,  will  be  difeovered,  viz . 

_  _  f  8  =  S  (2) -.ic+V^cc  —  pp: 

\6  =  V  ... 

9.  I  fay,  8  and  6  are  the  Numbers  required  ;  for  the  Product  of  theirMultiplication 
is 48,  and  the  Sum  of  their  Squares  64 and  is  zoo,  as  was  preimbed,  tiom 
the  laft  ftep  alfo  arifes  this 

CANON.  ,  r  , 

From  the  Square  of  half  the  given  Sum  of  the  Squares  of  the  two  num  ers^  pug  x 
fubtraft  the  Square  of  the  given  Produft  of  their  Multiplication, mA exmO  the  fquare 
Root  of  the  Remainder ,  then  to  half  the  faid  Sum  add  the  laid  Square  Root,and  from 


rp  r\ 

.  V  (*  wV. 


105 


Ml 
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the  faid  half  Sum  fubtraft:  the  faid  Square  Root  ;  lattly,  extraft  the  Square  Root  of 
the  Sum  of  that  Addition,  and  alio  of  the  Remainder  of  the  latter  Subtra&ion  fo 
(hall  theie  two  Square  Roots  be  the  numbers  lough'c  by  the  Queftion  propos’d.  5 


--  to 


4 uE  ST.  13. 

There  are  two  Numbers  whofe  Sum  is  14  (or  b ,)  and  if  the  Sum  of  their  Squares 
be  multiplied  by  the  Sum  of  their  Cubes,  the  Produft  is  72800  (orc5)  what  are 
the  Numbers  > 

RESOLUTION. 


nct-\-ba-\-L.bb 

aa—ba+±bb 

2aa-\-±bb 


1.  For  one  of  the  Numbers  fought  put  ...  <*+ 7 

2.  Then,  that  their  Sum  may  be  14  (ot-fy  1  .  , 

the  other  number  muft  be . f  • 

3.  The  Square  of  the  firft  Number  is  .  .  .  00+140+49 

4.  The  Square  of  the  latter  Number  is  _  .  .  .  00 — 140+49 

5.  Therefore  the  Sum  of  their  Squares  is,  .  .  .  200+98 

6.  Again,  the  Cube  of  the  firft  Number  will  be 

000+  2100+ 1470+343, 

Or,  aaa^\baa\^bba^ibj)b. 

7.  And  the  Cube  of  the  latter  Number  Will  be 

—  000+2100 —  1470+343, 

Or,  —  000  -\-±b&a  —  -U?ba + jbbb. 

S.  Therefore  the  Sum  of  the  Cubes  in  the  two  lalt  fteps  is 

4200  +  686,  Or,  ibaa  +  \bbb. 

9.  Which  Sum  of  the  Cubes  in  the  laft  ftep  being  Multiplied  by  the  Sum  of  the  Squares 

in  the  fifth  ftep,  produces  840000  +  508800  +  £7228,  °  .  .1 

Or,  6baaaa  +  2  bbbaa  4 bbbbb. 

10.  Which  Produff  in  the  laft  ftep  muft  be  equal  to  72800  for  c )  the  Produff  gf. 

ven  in  the  Queftion,  whence  this  Equation  arifes,  viz.  6’ 

840000+  548800  +  67228  =  72800, 


•'  t 
!-{ 

> * 
I J 

1 


Or, 


6baaaa  +  ibbbaa  +  ~bbbb  =  c. 


11.  And  from  that  Equatien,  after  due  Reduttion  according  to  the  Rules  of  the 
twelfth  Chapter ,  this  will  arile  \  0000  +  -^+00  =  1 9  9 


i  •> 


Or,  0000  +  \bbaa  =  L.  —  -^bbbb. 

—  -  Jy  ' '  •  6b 

1 2.,  Which  Equation  being  refolved  by  the  Canon  in Sett  6.  of Chap.  iy.  the  value  of 

0  will  be  difcovered,  viz.  1  ,  .  •  . . . 

 - . - — -  - 


0  —  I  =  V  (2) :  V  —  -{--r^bbbb.  — ibb : 

6b 

13.  Therefore  from  the  twelfth,  firft  and  fecond  fteps  the  two  numbers  (ought  are 
made  known :  ,  _ 

7+1  =  8==  iHVfc)://  ~  +  17+  bbbb.  —  ±bb  : 


7—1  =  6  —  \b—V(i)W  -.  r  Jr-r^^bbbb.  —  ^bb: 

>  6b 

I  fay  the  numbers  fought  are  8  and  6*,  for  their  Sum  is  14,  and  if  100  the 
Sum  of  their  Squares  be  multiplied  by  728,  the  Sum  of  their  Cubes,  the  Produft  will 

be  72800,  as  was  prefer i bed. 

Moreover,  the  thirteenth  ftep  gives  a  Canon  to  find  out  the  Numbers  fought. 

CANON. 

Divide  the  given  Produft  by  fix  times  the  given  Sum  ;  then  to  the  Quotient  add 
of  the  Biquadrate  of  the  given  Sum,  and  extraft  the  Square  Root  of  the  Sum  of  that 
addition;  then  from  the  faid  Square  Root  fubtratt  4  of the  Square  of  the  given  Sum,  and 
extract  the  Square  Root  of  the  Remainder;  laftly,  add  this  Square  Root  to  half 
the  given  Sum  and  Subtract  it  from  the  faid  half  Sum,  fo  (hall  the  Sum  and  Remain¬ 
der  be  the  two  numbers  fought. 

gUE  S  T : 


&VEST.  I* 

There  aretwo  numbers  the  Piodua  of  whofe  Multiplication  is  to  for  b)  and  the 
fum  of  their  Cubes  is  1 89  (or  c  b)  what  are  the  numbers :  ' 

resolution,  i 

1.  For  one  of  the  Numbers  fought  put  .  ,  .7 

2.  Then,  by  dividing  the  given  Produft  20  ) 

{oib)  by  <7,  the  other  Number  will  be  .  3 

Therefore  from  the  firft  ftep,  the  Cube  of  > 
the  firft  Number  is  .  .  .  .  *  ;  .  .  3 

4.  And  from  the  lecond  ftep  the  Cube  of  the  ) 

other  number  is  * . *  3 

5.  Therefore  the  Sum  of  the  faid  Cubes  is  .  * 


a 

20 

a 

1 

aaa 

8000 


aaa 

aaaaaa-+-  8000 


a 

a 

aaa 

bbb 

aaa 

aaaaaa bbb 


aaa  j  aaa 

6.  Which  fum  muft  be  equal  to  1 89  (or  c)  the  Sum  given  in  the  Queftion,  whence 
this  Equation  arifes,  viz. 

aaaaaa  A-  8000 

=  18?» 


aaa 


Or, 


aaaaaa  4-  bbb 
- - -  =  c. 


aaa 


7.  Which  Equation  being  reduced  according  to  Sett.  2, 3,  and  3.  of  Chap.  12.  there 

will  arife  8000  =  iSyaaa  —  aaaaaa h 

Or,  bbb  =  caaa  —  aaaaaa. 

8.  And  by  refolving  the  Equation  in  the  lalf  ftep  by  the  Canon  in  Sell. 10.  Chap.  15.  the 
two  values  of  a,  which  are  the  numbers  fought  by  this  Qpeftion, will  be  made  known  viz. 

a  =  S  *  ”  —  bbb  : 

C  4  =  V( 3):±c—y^c  —  bbb: 

9.  1  fay,  the  numbers  fought  are  3  and  4  ^  for  the  Product  of  their  Multiplication 
is  20,  and  the  Sum  of  their  Cubes  123  and  6 4  is  189,  as  was  prefcribed. 

Moreover,  from  the  two  values  of  a  expreft  by  Letters  in  the  eighth  ftep  the 

following  Canon  arifes  to  find  out  the  number  fought.  ’ 

CANON. 

From  the  Square  of  half  the  given  Sum  fubtraft  the  Cube  of  the  given  Produ£l; 
and  extraEf  the  Square  Root  of  the  Remainder  5  then  add  the  faid  fquare  Root  t6 
half  the  given  Sum,  and  alfo  fubtraft  it  from  the  faid  half  Sum  *  laftly,  extraft  the 
Cubic  Root  of  the  Sum  of  that  Addition,  and  likewife  extraQ  the  Cubic  Root  of 
the  latter  Remainder,  fo  fhall  thefe  Cubic  Roots  be  the  Numbers  fought. 

QUEST.  13. 

There  are  two  numbers  the  ProduEl  of  whofe  Multiplication  is  20  (or  b ,)  and  the 
difference  of  their  Cubes  is  61  (or  d^)  what  are  the  numbers? 

RESOLUTION. 

•  /  \  * 

1.  For  the  greater  ofthe  two  Numbers  fought  put 

2.  Then,  by  dividing  the  given  ProduEl  20  \ 

(or  b)  by  <*,  the  leffer  number  will  be  .  .3 

3.  Therefore  from  the  firft  ftep  the  Cube  of) 

■  the  greater  number  is  ....  *  ^  .  3 

4.  And  from  the  fecond  ftep  the  Cube  of  the  > 

leffer  number  is . .  .  3 

3.  Therefore  from  the  two  laftfteps,  the  dif-' 
ference  of  the  Cubes  of  the  two  Numbers ' 
lought  is  -  .  -  ^  ^  -  \  aaa 


a 

20 
a  „ 

ft 

aaa 

8000 
aaa  ' 
aaaaaa  —  80O0 


a 

b 


aaa 

bbb 


aaa 

aaaaaa  — •  bbb 


aaa 


6.  Which  difference  muft  be  equal  to  6t  (or  d)  the  difference  given  in  the  Queftion, 
whence  this  Equation  arifes,  viz .  - 

aaaaaa  —  8000  ^  f  aaaaaa  —  bbb  _  ^ 


aaa 


0  2 


aaa 


7.  Which 


<0  8 
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7.  Which  Equation,  after  due  Redufticp,  (according  to  Sett.  2,  3,  and  7.  of Chap.  12.) 

Will  give  this  that  follows.,  viz.  aaaaaa  6iaaa  =  8000, 

Or  aaaaaa  —  daaa  ~  bbb. 

8.  Therefore  by  refolving  the  Equation  in  the  laft  ftep  by  the  Canon  in  Sett.  8.  Chap. 

'  I5.  the  value  of*,  to  wit,  the  greater  Number  fought  will  be  made  known,  viz. 

]  a  =  7  = 

9.  Whence  the  greater  Number  fought  is  found  7,  by  which  if  the  given  Produft  20 
be  divided,  the  Quotient  will  give  4  for  the  leffer  number  required. 

I  fay  the  Numbers  7  and  4  will  folve  the  Qiieftion  propoled*  for  the  Produ£f  of 
their  Multiplication  is  20,  and  the  difference  of  their  Cubes  125,  and  641s  61,  as  was 

prefer ibed.  hi  .  .  t 

Moreover,  the  Equation  in  the  eighth  ftep  gives  a  Canon  to  hnd  out  the  greater  of 
the  two  numbers  fought,  by  the  help  whereof  and  the  given  Produfl  the  leffer  num¬ 
ber  is  alfo  given.  :  '  *  •• >  ■  • 

CANO  N 

,  .  .r-  (  -e  .  *  <**--;■>  C*>r'-  •#  .  '  •  i  t  )  ' v  ;  ^  *  (J  J  j  I  j  1 1  j  j  l  f .. '  \ 

i  ,  .  *>  %•  :  *  -  >  *  •*  *  ')  ■*  • J  ■ J  ^  "*  \  ■  /  \  w 

To  the  Square  of  half  the  given  difference  add  the  Cube  of  the  given  Prod  u ft, 
and  extract  the  Square  Root  of  the  Sum  of  that  Addition  *  then  add  the  laid  Square 
Root  to  half  the  given  difference  and  extraft  the  Cubic  Root  of  this  Sum,  fo  fhall 
the  faid  Cubic  Root  be  the  greater  of  the  two  numbers  fought  *,  by  which  greater 
number  if  the  given  Produft  be  divided  the  Quotient  fhall  be  the  leffer  number  fought. 


<^U  E  S  T.  16. 

i + «  r.  _  '  , 

A  Merchant  having  bought  certain  Cloths,  fells  them  at  i-j^l  (or  b)  the  Cloth, 
and  then  found  that  by  every  100 l.  (ore)  that  he  had  laid  out,  he  gained  as  many 
Pounds  as  he  paid  for  one  Cloth  *,  what  was  the  firft  coft  of  a  Cloth  > 

R  E  S  O  L  U  T  JO  N. 


17a,— a 


1.  For  the  firft  coft  of  one  Cloth  put  .  .  >■ 

2.  Which  firft  coft  being  fubtrafted  from  the 
"  money  for  which  the  Merchan  t  fold  one 

Cloth,  there  will  remain  the  gain  of  one 

Cloth,  to  wit, . . 

•?.  Thenfind  what  was  gained  inlaying  out  100  l.  (or  c,)  viz.  lay  by  t 
_ .  112$ — 100  a 

If  ‘  -  *  *  T — 


a 


b  —  a 


ie  Rule  of  Three. 


a 


Or,  a 


17*  —  * 

b - BL 


IOO 


a 

cb  —  ca 


„7<  ,  .  r  7  .  r  A  1727  IQO0  cb - ca 

Whence  the  gain  of  100 1  is  found*  — ‘—J. - -  ,  or  - - 

a  a 

4.  But  according  to  theQueftion  the  gain  of  100  l  (or  c)  muft  be  equal  to  the  firft 
colt  of  one  Cloth,  therefore  from  the  firft  and  third  fteps  this  Equation  anfes,  vizs 

a  =  172;-  100“  Or,  a  =  c±. 
a  r,  a 

5.  Which  Equation, after  due  Redu£lion(according  to  Sell.  2,  and  3.  of  Chap.  12.)  will 
give  this  that  follows,  viz.  aa+icob  =  1727, 

Or,  aa-\-  ca  =  cb. 

6.  Therefore  by  refolving  the  Equation  in  the  laft  ftep  by  the  Canon  in  Sett.  6.  Chap , 
17.  the  value  of  a-0  to  wit,  the  firft  coft  of  a  Cloth  will  bedifeovered,  viz. 

a  =  17  =  V-.cb-Y^cc-:  —  ic.  •  •  • 

I  fay  the  firft  coft  of  a  Cloth  was  17  /.  as  will  appear  by  the  Proof :  For  if  a 
Cloth  be  bought  for  1 7  l  and  fold  for  1 7^  l  the  gain  is  2-f  Z.  Then  if  1 7  Z.  gain  2~  /. 
it  will  follow  that  rco  Z.  will  gain  1.5  Z.  which  is  equal  to  the  firft  coft  of  a  Cloth  ;as 
was  preferibetf. 

Another 


•  ^  r 


CHAP.  16. 


■ 


producing  Quadratic  Equations . 

_  ^  -c 


a 


If 

Or, 


I7i 


-3/: 


a 


*fc  — 


,  0  :: 

j  nte  ! 


IOO 


ti 


m  —  a 


ca 


b  —  a 


Whence  the  gain  of  ioo  Z.  is  found 


iooir 


or 


o  o; 


>us: 


“4* 


•aa  = 


4  7  <5  i' 
i  «T 


• : o ;  rt  ’//  o 


nil 

;,rtir 


04-40 


1200 


1200 

«+4° 

^+1400 


c 

a 


a.\b 


a-{-b 


&  But 


10p 


Another  way  ofrefohing  the  preceding  Quell.  1 6. 

1.  Let  the  fame  things  be  given  as  before,  }  a 

then  for  the  gain  of  one  Cloth  put  .  .  y 

2.  Which  gain  being  Subtra&ed  from  the  7 

Money  for  which  one  Cloth  was  fold,  will  >  174  —  a  b  — 

leave  the  firft  coft  of  a  Cloth,  to  wit,  .  .3  ‘ 

3.  Then  find  what  was  gained  in  layingout  100  /.  (or  c,)  and  fay  by  the  Rule  of  Three, 

1000 


I  'J:k—-a  ”  b  —  a 

4.  But,  according  to  the  Queftion,the  gain  of  a  100  Z.  (or  c )  muft  be  equal  to  thefirfl 

'  coft  of  one  Cloth  j  therefore  from  the  fecond  and  third  fteps  this  Equation  ariles,  viz. 

ioo  a  ,  ca  , 

- Or,  r—^  =  b—a. 

iji  —  a  b  —  a. 

y.  Which  Equation,  after  due  Reduction  according  to  Sett,  2,  and  3.  of  Chap.  12 1 
will  give  this  that  follows,  viz. 

Or,  ca-\-2ha  —  aa  —  bb. 


6.  Therefore  by  relolving  the  Equation  in  the  laft  ftep  by  the  Canon  in  Sett  10  Chap. 1 y. 
the  two  values  of  0,  or  the  two  Roots  of  thatjiquation  will  be  made  known,  viz. 

C  4^4  =  U  +  b  Hr  VSfic  4-  cb: 

n  = . j,  ~  ~  •  a — _  >  ... 

.  !  =  'ic  -f  b _ Y'/icc  4-  cb %  0 

The  lefler  of  which  two  Roots  or  Numbers,  to  wit,  4  or  2ft  is  the  gain  of  a 
Cloth  which  fubtrafted  from  17^  Z.  leaves  1 5:  Z.  for  thefirfl  coft  of  a  Cloth,  as  before. 

Note.  Although  the  value  of  a  m  the  Equation  in  the  fifth  ftep  may  be  either  124 
or  i-  (for  that  Equation  may  be  expounded  by  £24  as  well  as  4,)  yet  4  only,  to  wit, 
the  Wer  value  of  a  (hall  be  the  gain  of  a  Cloth  *  for  144  is  greater  than  174,  and 
confequently  the  gain  of  one  Cloth  would  exceed  the  Money  for  which  one  Cloth  was 
fold.  Which  abfurdity  appears  alfo  by  the  greater  value  of  a  as  ’tis  expreft  by ‘Letters 

in  the  fixth  ftep,  for  jc+b+V^c+cfc  is  manifeftly  greater  than  b. 

*  )  <[ve7t.  17. 

Each  of  two  Captains,  whereof  one  had  a  lefTef  number  of  Soldiers  in  his  Com¬ 
pany  by  40  (or  b)  than  the  other,  diftributed  equally  among  the  Soldiers  of  his  own 
Company  1 200  (or  c)  Crowns,  whereby  it  happened  that  the  Soldiers  of  the  lefler 
Company  had  5  (or  d)  Crowns  a  piece  more  than  the  Soldiers  of  the  greater  Com¬ 
pany  •,  the  Queftion  is  to  find  the  number  of  Soldiers  in  each  Company,  and  how 

many  Crowns  each  Soldier  received.  .  .  . 

RESOLUTION. 

1.  For  the  number  of  Soldiers  in  the  lefler  >  a  j  a 

Company  put  .  .  .  *  ,  .  .  fa 

To  which  adding  40  (or  b)  the  fumwill 
give  the  number  of  Soldiers  in  the  greater 1 
Company,  to  wit, . .  •  • 

3.  Then  if  1200  (or  c)  Crowns  be  equally . 

divided  among  the  _  Soldiers  of  the  lefler 
Company^  the  Quotient  or  fhare  of  every 
Soldier  will  be  i  .  •  *  • 

4.  Likewife,if  1 200  (or  c)  Crowns  be  equally  , 

divided  among  the  Soldiers  of  the  greater 
Company,  the  Quotient  or  fhare  of  every 
Soldier  will  be  .  r  i  .  .  •  *  •  ' 

5.  To  which  latter  Quotient  adding  5  (or  d) 

Crowns,  the  fum  is  .  .  -  »  »  •  «  S  «+4° 


no 


6-  But  according  to  the  Queftion  the  Sum  in  the  laft  ftep  muft  be  equal  to  the  Quo 
tient  in  the  third  ftep,  whence  this  Equation  ariles.  viz.  ^  ^U0 

$<H'I400  1 2oo  Q  da+db-\-c  'c 


i2-J" 40  a  a-\-b  ci  |  •’ 

7.  Front  which  Equation  after  due  Reduaion  according  to  Sell.  2,  j,  and  ofCto 
i  2.  this  will  arile,  viz.  aa~\~  d.oa  =  o /ion  .  * 

Or, 


aa-j-c^oa  ■=  9600, 
da  -f  ba  = 

d 


S  Therefore  the  Equation  in  the  laft  ftep  being  refolvedby  the  Canon  in  Sett  6 
bet IcoveS^  ’ t0  ^  nUmberofS°ldlers  “  the  k®r  Company  wifi 


*  =  = 

d  ^4 


ib. 


rhnVftS  q  eigh?’«  and  feCo¥  ^ePs  lt  is  ev^ent  that  the  letter  Company 
conhfted  of  80,  and  the  greater  120  Soldiers*,  which  numbers  will  fatisfie  the  Corf 

dmons  m_the  a-ft,on.  For  the  difference  of  the  two  Companies  is  4o  Soldic^at 
^  ~  1b  ana -m— 10  *  whence  it  is  mamteftthat  the  Soldiers  of  the  lAfcp 
ompany  received  1  $  Crowns  a  piece,  the  Soldiers  of  the  greater  Company  10  Crowns 
a  piece  and  conlequently  the  Soldiers  of  theleffer  Company  had  ;  Crowns  a  ^ 
more  than  the  Soldiers  of  the  greater  Company,  as  was  prefcribed  5  P 


QUEST,  is. 

,nJ^ftMMrChftlrr!lLinnen;CIothjn  this  manner>  each  fells  6a  (or  b)  Ells  and 
the  firft  Merchant  felling  2  (ore;  Ells  lefs  for  one  pound  than  the  fL,j  ’  ?nd 

for  his  6°  Ells?  for  d)  pounds  more  than  the  fecond  Merchant  for  his  do  ElIs^The 
Queftion  is  to  find  how  many  Efts  each  Merchant  fold  for  i  Pound  ?  tlis*  The 

resolution. 


1.  For  the  number  of  Ells  which  the  firft  ) 

Merchant  lold  for  i  /.  put . 5 

2.  To  which  number  of  Ells  adding  2  (or  c\) 
the  Sum  will  be  the  number  of  Ells  which 
the  latter  Merchant  fold  for  1  /.  to  wit,  .  . 

3.  Then  find  how  much  Money  the  firft  Mer-' 
chant  received  for  his  do  Ells,  viz.  fay  bv 
the  Rule  of  Three, 

If ■  *  •  1  ::  do  .  £2; 


fl-F  2 


a+c 


Or,  a 


J.J3 

b 


a 


do 

a 


a 

whence  the  firftMerchantstotalMony  is  founds 
4.  Find  likewile  how  much  Money  thelatten 
Merchant  received  for  his  do  Ells,  viz.  lay. 

If  a+2  .  I  ::  do  .  h 

«+2 

whence  the  latter  Merchants  total  Money 
is  found . 

$.  To  which  latter  Sum  of  Money  adding *7 
^  (or  d)  pounds,  the  Sum  will  be  .  .  j* 


Or,  a-\-c 


do 

«+2 


^+70 

«-|-2 


b_ 

a 


laft 


da  -{-  h 

. a-\-c 


6.  But  according  to  the  Queftion  the  Sum  ofMoncv  itin  the  hft  '  "+c , 

qualto  theSumm  the  third  ftep,  whence  this  Equation  arifes  rfz^  m“ft  le  e‘ 

_  «?,£  0r  la- Wc-hA  b  ’ 

«+2  •-  a  =  7: 

,  7*  Which 


C  H  A  P.  1 6, 


producing  Quadratic  Equations* 


will  give  this  that  follows,  viz. 

Or, 


act  +  2a  =  24, 

1  i  be 
act  +  ca  =  — . 

d 

8.  Which  Equation  in  the  laft  ftep  being  refolved  by  the  Canon  in  Sett.  6  Chap  1  <-  +e 

.  "%alue  of  a ,  to  wit  the  Number  of  Ells  which  the  firft  Merchant  fold  will  be  made 

knovra,  .  ,  be  t  cc 

viz.  a  =  4  =  V:  --  +  —  :  —  ic. 

d  4 

I  lav  the  firft  Merchant  fold  4  Ells  for  1  Pound,  andthefecond  6  Ells  for  1  Pound 
as  will  appear  by  the  Proof.  For  if  4  Ells  give  1  Pound,  then  60  Ells  will  give  1? 
Pounds  Again,  if  6  Ells  give  one  Pound,  then  60  Ells  will  give  10  Pounds  whence 
it  is  manifeft  that  the  firft  Merchant  fold  his  do  Ells  for  5  Pou  nds  more  than  the  fennrf 

fold  his  60  Ells,  and  fold  2  Ells  lefs  for  1  pound  than  the  fecond  Merchant  fold  for 
one  Pound. 


'  1  QUEST.  1 9. 

Two  Societies  whereof  one  exceeds  the  other  by  4  (or  b)  men, divide  two  equal  fums 
orCrowns ;  the  Men  of  the  leffer  Society  have  8  (ore)  Crowns  apiece  more  than  thole 
or  the  greater  :  And  the  number  of  Crowns  which  each  Society  receives  exceeds  the 
number  of  Men  of  both  Societies  by  172  for  d.)  The  Queftion  is,  to  find  the  number 
of  Men  in  each  Society,  and  the  number  of  Crowns  which  each  Society  had  > 

RESOLUTION. 

1  For  the  number  of  Men  of  the  leffer  Society  put  a 

2.  To  which  number  adding  4  fo x  b^)  the1- 
fum  will  be  the  Number  of  Men  of  the 
greater  Society,  to  wit,  .  .  .  .  i  .  ^ 

3.  Then,  according  to  the  Queftion,  if  172  * 
for  d)  be  added  to  the  Sum  of  the  Men  of / 
both  Societies,  it  will  give  the  number  of  C 
Crowns  fhared  by  each  Society,  to  wit,  .  ^ 

4.  Which  number  of  Crowns  being  divided  by. 

(a)  the  number  of  Meh  of  the  leffer  So¬ 
ciety,  the  Quotient  or  (hare  of  every  Man 
in  that  Society  will  be  .....  .  ; 

5.  Like  wife  if  the  fame  number  of  Crowns  be- 3 
fore  expreft  in  the  third  ftep  be  divided  by  f 

3+  4,  ("or  3+3,  the  number  of  Men  of>  _ 

the  greater  Society  J  the  Quotient  will  give\  <*+ 4 
thefhare  of  every  man  in  this  Society  to  wit,  3 

6.  To  which  Quotient  in  the  laft  ftep  adding  }  103+208 

8  (or  c)  the  Sum  will  be  . 3  a-\-\ 


23+176 


23+176 

a 


23+176 


3+3 


23+3+<| 


23+3  +  i£ 


a 


23+3+  d 
3  +  3 

2 +abid+cah'b 
3  +  3 


7.  But,  according  to  the  Queftion,  the  fum  in  the  laft  ftep  muft  be  equal  to  the 
Quotient  in  the  fourth  ftep,  whence  this  Equation  arifes,  viz. 

103+208  _  23+176  0r  2 3+3+i+ca+c3  23+3+i 

3  4  3  a  +  # 

8.  From  which  Equation,  after  due  Reduaion  according  to  Sett.  2, 3,  and  5.  of  Chap, 

12.  this  Eqution  will  arife,  viz.  aa  +  33  =  88,  '  1 


Or, 


33  +  a  =  bb-\-bd 


9.  Therefore  by  refolvingthe  laftEquation  according  to  the  Canon  in  SeB.  6.  Chap.i  7. 
the  value  of  3,  to  wit,  the  number  of  Men  in  the  leffer  Society  will  be  difeover’d,  viz. 

a  =  8  =  V  •  c ^  m A  +  A 

cc  2  c 

10  Laftly,  from  the  ninth,  firft,  fecond,  and  third  fteps,  it  is  manifeft  that  the  number 
otinen  m  the  leffer  Society  was  8, that  of  the  greater  12,  and  the  number  of  Crowns 
divided  by  each  Society  192  3  which  numbers  will  fatisfie  the  Conditions  in  the 

Queftion, 


l  t  i 


7.  Which  Equation,  after  due  Reduaion  according  to  SeB .  2, 3,  and  7.  of  Chan  12 

arill  crivf1  t hie  til'll"  follow? <1  itirr.  /in  _L_  o/v  — -  r\  i  d' 


x  x  2  Refolution  of  Arithmetical  Quejiions  BOOK  I. 

Queftion  as  will  appear  by  the  Proof:  For  iij.  =  24,  and  i44  =  16  ;  whence 
it  is  evident  that  the  Men  ofthelefler  Society  had  8  Crowns  a  piece  more  than  thoieof 
the  greater  •,  alfo  192,  the  number  of  Crowns  which  each  Society  divided,  exceeded 
20  the  number  ofMen  in  both  Societies  by  172,  and  12  the  number  of  Men  in  the 
greater  Society  exceeded  8  the  number  of  Men  in  the  teller  by  4  *  aswaspreicribcd. 


®^UE  ST.  20. 

A  Grafier  having  bought  certain  Oxen  for  270  (or  b)  Pounds,  finds,  that  if  he  had 
paid  that  fum  for  7  (or  c)  Oxen  fewer,  every  Ox  would  have  coft  him  f  I.  (or  d) 
more  than  he  paid  for  an  Ox  :  What  was  the  number  of  Oxen  bought? 

RESOLUTION. 


1.  For  the  number  of  Oxen  bought  put  .  . 

2.  Then  find  out  the  coft  of  an  Ox,  and  fay,''. 

If  a  .  270  : :  I  .  j  1 

%  \ 

Or,  a  .  b  : :  1  ,  — 


a 


270 


a 


3 


whence  the  price  of  an  Ox  is  ;  .  .  .  j 
Subtra£t  7  for  c)  from  the  number  of" 
Oxen  bought,  and  then  find  what  the  reft 
would  colt  a  piece,  laying. 

If  y* _ *•  .  .  T  2  7° 


«  —  7  .  270 
Of,  a  —  c  .  b 


*  — S 
b 

a  — c 


2fO 


a  —  c 


Whence  the  price  of  an  Ox  is  found  .  . 

4.  Then  according  to  the  Queftion,  the  laft  mentioned  price  of  an  Ox  muft  exceed  that 
in  the  fecond  ltep  by  £  l  (or  d ,)  therefore  if  the  former  price  be  fubtra&ed  from 
the  latter,  the  remainder  muft  be  equal  to  %  or  d 0  whence  this  Equation  arifes  viz. 

Or,  *  h 


2~]0  270  _  , 

■ - —  - 7  » 

a  — 5  a 


a — c  a 

7*  Which  Equation,  after  due  Reduction  according  to  the  Rules  \nCbap.  12.  will  gi  ve 
this  that  follows,  aa  —  <$a  =  1800, 


Or, 


be 


aa  —  ca  =  _ _ 

d 

6.  Therefore  the  Equation  in  the  laft  ftep  being  refolved  by  the  Canon  in  Sett f.  12.  Chap, 
1 5:.  the  value  of  0,  to  wit  the  Number  of  Oxen  bought  will  be  dilcovered,  viz.  * 

r  be  |  cc  | 

a  =  45  =  v  :  -j  +  —  :  +  4v. 
d  4 

I  lay  the  Number  of  Oxen  bought  was  47,  and  every  Ox  coft  6  Pounds,  as  will 
appear  by  the  Proof:  For  firft,  —  6  •,  then  from  47  Oxen  fubtra&ing  7,  the  re¬ 
maining  40  Oxen  valued  at  270  /.  will  yield  f  a  piece,  which  exceeds  the  former 
price  6  1.  by  i  l.  as  was  preferibed. 

~  ~  QUE  ST.  21.  " 

A  Merchant  buyes  linnen  Clothes  of  two  forts,  viz.  90  for  b)  Ells  of  one  fort, 
together  with  40  (or  c)  Ells  of  a  worler  fort  for  42  f or  d)  Pounds  ;  and  he  finds 
that  in  laying  out  1  Pound  upon  each  fort  he  has  4  (or  m)  of  an  Ell  more  of  the 
worfer  lort  than  the  other  :  What  was  the  price  of  an  £11  of  each  fort* 

RESOLUTION. 

1.  For  the  Number  of  Ells  of  the  better  fort  of  ) 

Cloth  which  theMerchant  bought  for  1 /.  put  y 

2.  Then  according  to  the  Queft.  the  number  of  >  ,  ,  s 

Ells  of  theworfer  fort  bought  for  il  will  be  y 

3.  Find 


a 


CHAP.  1 6. producing  Quadratic  Equations. 


113 


3.  Find  the  coft  of  all  the  Ells  of  the  worfer" 
fort,  and  fay, 


If  *-K 
Or,  a-\-m 


40 


_4°_ 

c 


a-\-?n 


JCL 

«+■ 7 


whence  the  faid  full  Coft  is  found 
4.  find  likewile  the  coft  of  all  the  Ells  of  then 
better  fort,  and  fay, 


If 


a 


90 

Of*  ct  .  I  :  :  b 
whence  the  laid  full  Coft  is 


90  ; 

■  -> 
a 

b 


a 


9° 

a 


5.  Then  the  two  fums  of  Money  found  out  in 
the  third  and  fourth  fteps  being  added  toge¬ 
ther  will  give  the  full  coft  of  both  forts  of  ( 
Cloth,  to  wit, 


1300-1-30 


aa-^-a 


b_ 

CL 


ca-\-  ba\bm 
aa\ma 


6.  Which  total  Coft  exprefs’d  in  the  laft  ftep,  muft  (according  to  the  Queftion)  be 
equal  to  42  for  d$)  whence  this  Equation  arifes,  viz. 

•  42  = 


_  1300+30  ^  Qr  ^  _  ca+ba+bm 


aa-\-\a  '  '  aa-\-ma 

7.  Which  Equation,  after  due  Reduflion  (according  to  the  Rules  in  Chap.  12.)  will 


00- 

00- 


*  *  75 

c~\-  b — dm  _  mb 

■  j- 


give  this  that  follows,  viz. 

Or, 

In  which  laft  Equation,  if  inftead  of  the  known  Co-efficient  we  tak ef 

that  Equation  may  be  exprefs’d  thus  *, 


act-— fa  ~ 


mb 


* 

8.  Therefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  Sett.  8.  Chap. 
15.  the  value  of  0,  to  wit,  the  number  of  Ells  of  the  better  fort  of  Cloth  which 
were  bought  for  1  /.  will  be  dilcovered,  viz. 

s  =  3  =  ^ +  £  +  ,-/ 
d  4 

Thus  it  is  found  that  3  Ells  of  the  better  fort  of  Cloth  did  coft  1  l  and  confe- 
quently  1  Ell  coft  1 l.  and  90  Ells  30  /.  which  fubtra&ed  from  42  l.  ( the  full  coft  of 
both  forts, )  leaves  12 1  for  the  full  coft  of  40  Ells  of  the  worft  fort  •,  and  confe- 
quently  1  Ell  coft  /,  and  at  this  rate  1 1.  will  buy  34  Ells,  which  is  more  by  \  of 
an  Ell  than  was  bought  of  the  better  fort  of  Cloth  for  1  /.  Therefore  all  the  Condi¬ 
tions  in  the  Queftion  are  latisfied. 


&UE  S  T.  22 . 

Ion;-'  .  ,  ,•  •  , 

A  Merchant  having  Spices,  to  wit,  80/tb  weight  (oib)  of  Mace,  and  100  lb 

weight  (or  c)  of  Cloves,  fells  both  Quantities  for  4  $  for  d)  Pounds  in  Money  ; 
whereby  it  happened  that  he  fold  a  quantity  of  Mace  for  10  /.  for  mj  and  the  like 
quantity  of  Cloves  with  60  tb  weight  (or  ri)  more  of  Cloves  for  20/.  (or  r  )  The 
Queftion  is,  to  find  how  many  lb  weight  of  Mace  he  fold  for  10  /. 

RESOLUTION. 


1.  Let  the  number  of  lb  weight  of  Mace  that  > 
the  Merchant  fold  for  10I.  be  reprefented  by  J 

2.  To  which  number  adding  6 o,  the  fum  will 
give  the  number  of  tb  weight  of  Cloves  j 

.y*  that  he  fold  for  20 1  to  wit,  .  .  •  . 

P 


a\6  0 


a 


a-\-n 


3,  Then 


whence  the  Money  for  which  the  faid  80  ft 

of  Mace  was  fold  is  .  •  *  •  •  *  4  *: 

l  Find  likewile  how  much  Money  ioo  ft 
weight  of  Cloves  was  fold  for,  and  fay, 

°  2000 
If  a-\-6o  .  20  :  :  100  . 


Or,  a-\-n  *  r 


a-\-6o‘ 
rc 


.  > 


a-\-n 


2000 

a-¥  60 


whence  the  Money  for  which  the  laid  100  ft 

of  Cloves  was  fold  is  .  .  •  •  •  •  J  -0  4-^8000 

e.  The  fum  of  both  the  faid  fums  of  Money  7  2800  +4 .  - 

found  out  in  the  third  and  fourth  fteps  is  j 
;,7,  -  u  o..„  ,I,„  loft  ftpr.  mnft  (according  to  the  Quefti 


rc 

a-+n 


<« nr 


r  ^ 

7nbci\mbn\rcct 

found  out  in  the  third  and  fourth  lteps  is  y  ,  aa+”a  , 

6  Which  Sum  in  the  laft  ftep  mull  (according  to  the  Queftion)  be  equal  to  65  7. 

'  for  d.)  hence  this  Equation  arifes,  viz. 

(  _  2800.1+48000 .  Or.  d  = 

aa4-6oa  5  5  aa\nct 

7  Which  Equation, -after  dueReduflion  (according  to&&  2.  ?,  5.  Chap.  12.)  will 

'  give  this  following  Equation,  viz.  .if  : 

6  .  An — mb — rc  vibn 

Or,  ««+ - f —  “  =  -j- 

In  which  laft  Equation  if  we  take  /  inftead  of  the  known  Co-efficient  — 

and  g  inftead  of  the  known  number  that  Equation  may  be  exprefs’d  thus,  d • 


QUE  ST.  23. 

Two  Merchants  entred  into  Partnerlhip  ;  f™°f 

Pounds  which  continued  in  Company  12  (or  h)  Months  and ^fecond pu  ?  ^ 
(ore)  for  17  for  d)  Months*  they. gained  together  iS&Z.  (or  m)  whereot  tne  firit 
Merchant  had  26  l  (or  n)  for  his  Principal  and  Gain.  It  is  required  to  find  how  ma¬ 
ny  Pounds  the  firit  Merchant  brought  into  the  common  Stock  .  .  . 


RESOLUTION. 


r 


1.  For  the  firit  Merchant’s  Stock  put 

2.  Which  Stock  being  multiplied  by  the  time  > 

it  continued  in  Company,  produces  *  .  •  ) 

q.  The  fecond  Merchant’s  Stock  being  multi¬ 
plied  by  the  time  it  remained  in  Company, 
produces  . .  • 


12a 


$10 


ba 


cl 


4.  Then 


CHAP.  1 6.  producing  Quadratic  Equations. 

4.  Then  proceeding  with  thole  two  Produ&s  according  to  the  Rule  of  Fellowfllm 
with  Time,  find  the  gain  of  the  firft  Merchant,  and  lay, 

If  12^+510 


Or, 


bay  cd  i 


m 


?n 


12  a 


ba 


225 \a 

12^+510’ 
mb ci 


bayed' 

Whence  the  gain  of  the  firft  Merchant  is  found  — 22If or 

X  2^4-510  bayed' 

5.  Which  gain  added  to  the  firftMerchantsStock  ogives  for  theSum  of  hisStock  and  gain, 
1 2aci\ 73?^ .  Qr  baa-\rcda-\-yiba 


l2a-\-^lo  oa-\-ca 

6.  Which  Sum  mult  be  equal  to  the  26  /.  ( or  n)  given  in  the  Queftion,  whence  this 
Equation  ariles,  viz. 

l2cta-\--]‘2)')Ci  __  ,  n  baaycdaymba 

- - - zo  }  - - , - - - =  71. 

12^4"  5 10  bayed 

7.  Then  by  reducing  that  Equation  according  to  the  Rules  in  Chap.  12.  there  will  arife, 

aa  -t-  =  1107, 

Or,  cut  +  cA±mb~nK  = 

b  b 

S.  Which  lall  Equation  being  refolved  by  the  Canon  in  Se8. 6.  of  the  1$  Chap,  the 
value  of  to  wit,  the  firft  Merchant’s  Stock  will  be  found  20  Pounds,  viz.  If 

inftead  of  the  known  Co-efficient  — 7l!b  We  take/,  and#  inftead  of  the  gi- 

ven  number  — -  *  Then  by  the  faid  Canon, 

A 


bayed 


*  =  20  =  V:g  4-  W:  —  t/' 

Whence  the  firft  Merchants  Stock  is  found  20  l.  The  Proof  may  be  made  by  the 
Rule  of  Fellowfhip  with  Time,  in  manner  following. 

20  x  12  =  240 

30  *  17  =  Sio 

m  5  24°  •  « 

*  i  ;i° 


750  * 


1 2-\. 


a 


a 


&UE  S  1.  24. 

Two  Merchants  entred  intoPartnerfhip,  the  firft  put  in  a  certain  number  of  Pounds 
for  g  (or  b )  Months*,  the  fecond  put  in  50  /.  (or  c)  more  than  the  firft  for  5  (or  d) 
Months:  They  gained  together  140/  (or  ?«,)  whereof  the  firft  Merchant  had  fuch 
part,  that  if  60/,  (orw)  be  added  to  it,  theSum  will  be  equal  to  the  Stock  wherewith 
he  entred  Partnerfhip  :  What  was  the  Stock  and  gain  of  each  Merchant  ? 

RESOLUTION. 

1.  For  the  Stock  of  the  firft  Merchant  put  .  . 

2.  To  which  adding  50  l.  (or  c, )  the  Sum  ) 
will  give  the  fecondMerchanf  sStock,to  wit,  y 

3 .  Then  multiplying  the  firftMerchanf  sStock 
by  the  time  it  remained  in  Company,  the ' 

Produft  is  »  .  •  .  '  ^ «  •  •  « 

4.  Likewile  by  multiplying  the  fecond  Mer¬ 

chant’s  Stock  by  the  time  it  continued  inS-  5^4-250 
Company,  the  Product  is . j 

5.  Then  proceeding  with  thofe  two  Produ&s  according  to  the  Rule  of  Fellowfhip 
with  Time,  find  the  firft  Merchant’s  Gain,  and  lay, 


ay  50 


aye 


ba 


daydc 


If  S^-l-250  , 

' iV — 

Or,  baydaydc  . 

* 


140 


7)1 


3* 


ba 


420  a 

8^+250  5 
mb  a 


jiu  y 


Whence  the  gain  of  the  firft  Merchant  is  found  — ‘ 

8^4*250 

P  2 


baydaydc 
42  oa  n  7nba 


5  Or, 


bay  day  dc 


6,  To 


V'5 
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6.  To  which  gain  add  So  (  or  w, )  fo  the  Sum  will  be 

oooa-\- 1  scoo  Qr  mba-\- nba-t-nda 4- ndc 

&14-250  J  5  ba-\-da-\-dc 

7.  But,  according  to  the  Queftion,  the  Sum  in  the  laft  ftep  muft  be  equal  to  (a) 
the  firft  Merchant’s  Stock,  whence  this  Equation  arifes ; 

900^4- 1 5:000  a  mba-\- nba-\- nda 4- ndc 

8^4"  250  ba+da+dc 

8.  Which  Equation,  after  dueRedu&ion  according  to  the  Rules  in  Chap.  12,  will  pro- 
*  duce  this  following  Equation,  biz.  aa—Si±a  =  187?, 

?nb-\-7ib-\-nd — dc„  _  ndc 

0  ’  b+d  b+i' 

9.  In  which  Equation  the  value  of  a,  to  wit,  the  firft  Merchant’s  Stock,  will  be  dif- 
covered  by  the  Canon  in  Sett.  8,  Chap.  17.  viz.  a  =  100/.  And  confequently 
from  the  premifes  the  fecond  Merchant’s  Stock  was  150  /.  the  gain  of  the  firft  40 1. 
and  the  gain  of  the  fecond  100 1.  All  which  will  be  evident  by  the  following  Proof 
wrought  by  the  Rule  of  Fellowftiip  with  Time. 

icox  3  =  300 

150X  5  =  770 


IOJO  .  140  :  :  {  ; 


40 

IOO. 


QU  E  ST.  27. 

A  Citizen  having  bought  a  Houfe  for  a  certain  fum  of  Pounds,  fells  it  for  64  7. 
for  <7,)  and  finds  that  his  lots  in  100  Pounds  for  c)  was  equal  to  a  fourth  part  (or  m ) 
of  the  Money  that  he  paid  for  the  Houle.  What  number  of  Pounds  did  the  Citizen 
pay  for  the  Houfe  > 

RE  SOLUTION. 

j.  For  the  number  of  pounds  which  the  Citizen  7 
paid  for  the  Houfe,  put . y 

2.  Then  will  the  whole  lofs  by  fale  of  the  Houfe  be  a — 64 

3.  Find  how  much  was  loft  by  100 1  (or  ct)  and  lay, 

,  ,  100 a — 5400 

a  .  a — 64  —? :  100  - - - — t 

a 

_  . .  ,  -  ca — cd 

Or, 


a 

a~d 


If 


a 


a — d 


a 

ca — cd 


Whence  the  lofs  per  Cent,  is  found  j  Or, 

a 

4.  But  according  to  the  Queftion  the  lofs  perCent.  was  equal  to- 4  part  of  the  Money 
which  the  Citizen  paid  for  the  Houfe,  therefore  from  the  firft  and  third  fteps  this 

Equation  arifes,  viz. 

100 a — 6400  ct  r\..  ca — cd 


Or, 


=  m. 


a  4  a 

5.  Which  Equation, after  due  Redu&ion  according  to  the  Rules  in  Chap.  12.  will  give 

,  c  cd  . 

40  ort — act  =  2?6oo  1  •  Ur,  — a — aa  —  • — -. 

T  m  m 

6.  Therefore  by  refolving  the  faid  Equation  according  to  the  Canon  in  8e&.  10.' 
Chap.  15.  both  the  values  of  a  will  be  dilcovered,  either  of  which  will  folve  the 
Queftion  j  which  values  or  numbers  are  thele  following,  viz. 

c  .  ,  cc — 4  cdm 

320  =  — -  4-  v: - - —  : 

a  ~  S  2 m  4mm 

80  =  _L  - 
-  .  2JW  Amm 

I  fay  either  of  the  numbers  320  and  80  will  latisfie  the  Conditions  in  the  Queftion, 
as  will  be  evident  by  the  Proof:  For  if  a  Houle  coft  320 1.  and  be  fold  for  6^1.  the  lols 
is  256 1  and  100 1.  at  that  rate  of  lofs  will  lofe  80,  which  is  ^  part  of  the  firft  Coft  3  20  7. 
.  •  '  -  1  ASain, 


t 
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Again,  if  a  Houle  coft  80  /.  and  be  fold  for  64 1.  the  lols  is  i6l.  and  ioo  l.  at  this 
rate  of  lofs  will  lofe  20  /.  which  is  likewile  4  part  of  the  firft  Coft  80 /. 

Q UE  S  T.  26. 

Two  Merchants  entred  into  Partnerfhip  5  the  Sum  of  their  Stocks  was  16  j  (or  b) 
Pounds  :  the  firft  Merchant’s  Stock  continued  in  Company  12  (ore)  Months,  and  the 
Stock  of  the  fecond  8  (or  d)  Months  :  they  gained  a  certain  fum  of  Pounds,  which 
together  with  their  Stocks  they  divided  between  themfelves  in  fuch  manner,  that  the  firft 
Merchant  received  67  (or/)  Pounds  for  his  Stock  and  Gain,  and  the  fecond  126  (or  #) 
Pounds  for  his  Stock  and  Gain.  It  is  defired  to  find  out  each  Merchant’s  Stock  and  Gain, 


RESOLUTION. 


a 


165 — a 


67 — a 


a— 19 


a 


b — a 


1.  For  the  firft  Merchant’s  Stock  put  .  . 

2.  Then,  by  fubtra&ing  that  Stock  ( a )  from 

165  (or  £,)  there  remains  the  lecond  Mer¬ 
chant’s  Stock ;  to  wit, . 

3.  And  if  you  fubtraQ;  (a)  the  firft  Mer¬ 

chant’s  Stock  from  67  (or /)  the  fum  of 
his  Stock  and  Gain,  there  will  remain  his 
Gain  only  5  to  wit, . 

4.  Likewile,  if  you  fubtra£!  the  lecond  Mer¬ 
chant’s  Stock  (in  the  fecond  ftep)  from  126 
(or#)  the  Sum  of  his  Stock  and  Gain, 
there  will  remain  his  Gain  only  •,  to  wit, 

5.  Now  according  to  the  Nature  of  the  Rule'of  Fellowlhip  with  Time,  the  Gain  of 
the  firft  Merchant  67 — a  muft  be  in  fuch  proportion  to  a — 39  the  Gain  of  the  le¬ 
cond,  as  the  Product  of  the  firft  Merchant’s  Stock  a  multiplied  by  its  time  12 
Months,  is  to  the  Product  of  the  fecond  Merchant’s  Stock  165 — multiplied  by 
its  time  8  Months  :  Hence  this  Analogy,  viz. 

67 — a  .  n  12  a  .  1320 — 8tf, 

That  is,  f—a  .  a-\-g — b  : :  ca  .  db — da. 

6.  WhichAnalogy^by  comparing  the  Produfl  made  by  the  Multiplication  of  the  Means 
one  into  the  other,  to  the  Product  of  the  Extremes,  produces  this  Equation,  viz. 

12  aa — 468^  =  8  aa — I  S$6a-\-  88440, 

That  is,  caa\cga — eba  =  daa — dba — dfa-{-clbf. 

7.  From  which  Equation  after  due  Reduction  this  arifes,  viz. 

aa+ 34.7a  =  221 10, 

-f  -dbJrdf-+-  eg  — cb ^  dbf 


That  is, 


aa 


c — d  c — d 

8.  Wherefore  by  refolving  the  laft  Equation  according  to  the  Canon  in  Sett.  6.  Chap. 
15.  the  value  of  0,  that  is,  the  number  of  Pounds  exprelfing  the  firft  Merchant’s 
Stock  will  be  found  75;  *  which  fubtra&ed  from  165  l.  the  fum  of  both  their  Stocks, 
leaves  no/,  for  the  fecond  Merchant’s  Stock  :  then  each  of  their  Stocks  being  fub- 
tra&ed  from  their  relpeftive  Stock  and  Gain,  viz .  55;  7.  from  67  /.  and  no/, 
from  126  /.  there  remains  12  /.  for  the  Gain  of  the  firft  Merchant,  and  16  /.  for 
the  Gain  of  the  fecond  j  whence  the  total  Gain  was  28  /.  Which  numbers  will  lolve 
theQueftion,  as  may  ealily  be  proved  by  the  Rule  of  Fellowlhip  with  Time  *  thus, 
5?  x  12  =  660 
IIOX  8  =  880 

C  660 


1740 


28 


(880 


12 

16. 


QUEST  27. 

A  certain  Foot-man  A  departs  from  London  towards  Lincoln ,  and  at  the  lame  time 
another  Foot-man  B  departs  from  Lincoln  toward  London ,  each  keeping  the  lame 
Road.  When  they  met,  A  fays  to  B ,  I  find  that  I  have  travelled  20  (  or  c)  miles 
more  than  you,  and  have  gone  as  many  miles  in  6-|-  (or  d)  days,  as  you  have  gone 

miles 


1x8 
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Miles  in  all  hitherto :  Tis  true  faith  £,  I  am  not  fo  good  a  Foot  man  as  you,  but  I 
find  that  at  the  end  of  15  (or/)  days  hence,  Ifhall  be  at  London^  if  I  travel  as’  many 
Miles  in  every  one  of  thofe  1 j  days,  as  I  have  done  in  every  day  hitherto.  The 
Queftion  is,  to  find  how  many  Miles  thofe  two  Cities  are  diftant  one  from  another, 
and  how  many  Miles  each  Foot-man  had  travelled  when  they  met  one  another 

RESOLUTION.  ’  ,_r 

For  the  defired  diftance  between  the  two  7 


Cities  put . . / 

2.  Then  forafmuch  as  the  number  of  Miles-* 
eachFoot-man  had  travelled  when  they  met, 
being  added  together  make  the  Sum  (3,) 
and  the  difference  between  thofe  two  num¬ 
bers  was  20  (or  c,)  for  A  had  travelled  20 
Miles  more  than  B  :  Therefore  (  by  the 
Theorem  at  the  end  of  1.  Chap.  14.) 
the  number  of  Miles  which  A  had  travel¬ 
led  was  . . , ' 

5.  And  (by  the  fame  Theorem)  the  number  7 
of  Miles  which  B  had  travelled  was  .  .3 

4.  Then  fay,  If  in  6- f  days  A  had  travelled 

Ta' — 10  Miles,  how  many  Miles  did  he/ 
travel  in  one  day  ?  fo  by  the  Rule  of  r 
Three,  you  will  find . ) 

5.  Say  again,  If  in  15:  days  B  mult  travel  La 
■+10  Miles,  (that  is,  all  the  Miles  which 
A  had  travelled,)  how  many  Miles  muft 
B  travel  in  one  day  ?  fo  you  will  find  .  . 

6.  Say  again,  If  Miles  were  travel¬ 

led  by  B  in  one  day,  in  how  many  days 
did  he  travel  43 — ioMiles ?  fbyou  will  find 

7.  Say  again,  If  Miles  were  tra- 


a 


43+ io 


La — 10 


~a — io 


<54 


6L 


43+10 

_ 


7-1-3— I  ?o 
IO 


-IO 


La — Lq 


f 

Lfa—Lfc 

Lda-^Ldc 


> 


veiled  by  A  in  one  day,  in  how  manydays' 
did  he  travel  43+ 10  Miles?  fo  you  will  find  ^  , 

8.  But  the  numbers  of  days  found  out  in  the  two  laftfteps  muft  be  equal  to  one  another  $ 
for  when  A  and  B  met,  each  had  travelled  the  lame  number  of  days,  becaufe  they 
began  their  Journey  at  one  and  the  fame  time :  Hence  this  Equation  arifes,  viz. 

Hafr  66-f  __  yLa  —  iyo 
4-3 —  10  43  +  IO  ’ 

Lda  +  Ldc  Lfa  —  Lfc 
That  i’s,  4  a__  46-  ^  43  +  4c  * 

9-  In  which  Equation,  if  you  double  both  the  Numerators  and  Denominators,  and 
then  reduce  the  Equation  refulting,  to  a  common  Denominator,  and  caft  away 
the  common  Denominator,  the  new  Numerators  being  compared  to  one  another 
will  give  this  following  Equation,  viz. 

"  LLaa  +  LLLa  +  Illl  —  1  <faa  —  6coa  +  6 000  5 

That  is,  daa  +  2 dca  +  dec  =:  j faa  —  2fca  +  fee. 

10.  Which  laft  Equation  duly  reduced  gives  this  that  follows,  viz. 

1043  — 33  =  400, 

That  is,  ^L±Aa-aa=  cc. 

11.  Wherefore  by  refolving  the  Equation  in  the  laft  ftep  according  to  the  Canon  in 
Sett,  10.  Chafft.  iy,  the  two  values  of  a  will  be  found  thefe,  viz. 

«  =  ICO  =  dcfffc-Y  V^dfcc 

f-i  :ir  !,t» 

adt  a  =  fc+fc—V ^Afcc 
'  4  -  7  '■ 


12.  But 
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12  But  altho  by  either  of  thofe  values  of to  wit,  100  and  4,  the  Equation  in  the 
tenth  ftep  may  be  expounded,  yet  the  greater  value  only  is  the  defired  number  of 
Miles  expreffing  the  diftance  between  the  two  Cities  ;  for  ’tis  evident  by  the  Quefti- 
on  that  20  is  but  part  of  the  number  of  Miles  between  the  two  Cities,  and  there- 
fore  '4  the  lefler  value  of  a  is  much  left  than  the  faid  Diftance :  Wherefore  100  the 
greater  value  of  a  is  the  defired  number  of  Miles  between  the  two  Cities.  And 
coufequently  the  fecond,  third,  fourth  and  fifth  fteps  being  refolved  into  number 5, 
will  (hew  that  when  the  two  Foot-men  ^and  B  met  one  another,  A  had  travelled 
60  Miles’  and  B  40  Miles:  Alfo,  A  travelled  6  Miles,  and  B  4  Miles  every  day; 
as  will  eafily  appear  by  the  Proof 

15.  But  the  numbers  in  this  Queftion  mult  not  be  given  at  random,  for  the  Denonfo 

nator  of  the  Fra&ion  2^^~-2£  in  the  Equation  in  the  tenth  hep  (hews  that  the 

f- — d  ■ 

number  d  muft  belefs  than  the  number;/,  otberwife  the  Queftion  is  impofhble ;  as 
may  eafily  be  infer’d  from  the  literal  Equation  in  the  ninth  ftep :  for  if  Ih  that  Equa¬ 
tion  d  be  fuppofed  greater  than/,  then  confequently  dec  is  greater  than  fee,  and  af¬ 
ter  due  tranfpofition  this  Equation  will  arlfe,  viz.  dee— fee  =faa—daa—-2dca—?fcci ; 
where  if  d  be  greater  than /  then  the  firft  part  of  the  Equation  will  bea  real  Quan¬ 
tity  that  is,  greater  than  nothing,  and  the  latter  part  lefs  than  nothing ;  but  to 
affirm  that  a’ Quantity  greater  than  nothing  is  equal  to  a  Quantity  lefs  than  nothing 
is  abfurd ;  the  like  abfurdity  will  follow  if  we  fuppofe  d  -  f 
14  Having  fhew’d  that  d  muft  neceflarily  be  lefs  than/,  I  (hall  prove  that  the  lefler 
^value  of  0,  as  it  is  exprefs’d  by  Letters  in  the  eleventh  ftep  can  never  be  equal  to 
the  whole  diftance  between  the  two  Cities.  For  if  we  (hould  fuppofe  tfo)  leifer  va¬ 
lue  to  be  equal  to  the  faid  diftance,  it  muft  fifcceflarily  be  greater  than  c,  Which  the 
Queftion  (hews  to  be  but  parr,  of  the  faid  diftance  :  But  from  that  Supposition,  it 
will  follow  by  undeniable  confequence,  that  d  is  greater  than/,  which  is  contrary 

to  what  has  been  before  proved.  Now  to  prove  the  find  confequence ; 

dc-\-fc — V4  djee 


c r  c 


f—a 

■  -j  ■  ■  \  •  t  /  1  ^  ■ 

dc-\-fc — V \dfcc  trfc  — dc 

dc-\-fc  cr  fc — dc-\-V  ^d fee 
2  dc  -j -fc.  c t  fc-fV 4-dfcc 
2  deer  V  /\dfcc 
qddcc  cr  4 dfec  /  : 


IJ.  Suppofe  the  lefler  value  of  a  to  exceed  c,  viz. 

16.  Then  by  multiplying  each  part  by/—/  it  ) 

follows  that  .  (  .  •  •  j ; . j 

17.  And  by  adding  V^dfcc,  to  each  part,  . 

18.  And  by  adding  dc  to  each  -part,  ... 

19.  And  by  fubtra&ing  fc  from  each  part,  .  ,  i 

2.0.  And  by  fquaring  eachqiart,  •  • 

21.  And  by  dividing  each  part  by  <\dcc .  .  .  -  ;  y  ,  A  . 

22.  Thus  from  a  Suppofition  that  the  leifer  value  of  a  in  the  eleventh  ftep  is  greater 

than  c,  it  follows  by  juft  confequence  that,  d  is  greater  than/  which  is  impofftble, 
for  it’has  before  been  proved  that  d  muft  be  left  than  /.  And  becaufe  the  Series 
of  Inferences  deduced  from  the  faid  Suppofition  ends  in  an  impoffibility,  therefore 
that  which  was  fuppofed  cannot  be  true  ;  viz.  The  lefler  value  of  a  is  not  grea¬ 
ter  than  c,  and  confequently  it  cannot  be  equal  to  the  diftance  between  the  two 
Cities.  Which  was  to  be  proved.  • 

23.  Again,  by  fuppofing  d  to  be  left  than/,  as  it  ought  to  be,  to  the  end  theQuefti- 
on  may  be  poflible,  we  may  prove  the  lefler  value  of  a  to  be  lefler  than  c,  by  re¬ 
turning  backwards  from  the  21  ftep  to  the  15,  in  this  manner,  viz. 

24.  Suppofe  .  .  .  . . d~nf 

2y.  Then  by  multiplying  each  part  by  4 dec,  .  /\ddcc  4 dfec 

26.  And  by  ex  trading  the  Square  Root  out  of  7 

each  part ,  .  .  •  •  •  •  C  O 

27.  And  by  adding  fc  to  each  part,  .  ‘  .  . 

28.  And  by  fubtrafifing  dcfiom  each  part,  .  . 

29.  And  by  fubtra'fring  V^dfcc From  each  part, 

30.  Wherefore  by  dividing  each  part  by/—/ 
it  is  manifeft  that  the  lefler  value  of  a  is  lefs 
than  c,  viz. 


2  dc  ~n  V 4 dfee 

2  dc-\-fc  fc-fV \dfcc 

dc-\-fc  td  fc — dc  -f  V A^dfcc 
dc-\- fc — V \dfcc  "3  fc — dc 

dc-\-fc — V  /{.dfee 


f-i 


-3  c 


Which  was  to  be  proved.  Wherefore  the  lefler  value  of  a  cannot  poflibly  be  equal 
to  the  diftance  between  the  two  Cities,  for  the  (aid  diftance  muft  neceffarily  be 
greater  than  part  of  it  felf  5  Ij  ^ur 
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31.  But  it  may  beobjeded,  Thataltho/be  greater  than  d ,  yet  how  does  it  appear 
that  dc+fc  is  greater  than  V 4 dfcc ,  to  the  end  that  this  may  be  fubtraded  from  that 
as  the  leffer  value  of  a  requires,  to  make  it  felf  a  poffible  Root  of  the  Equation  in 
the  tenth  ftep  >  In  anfwer  to  this  Objection,  I  (hall  in  the  next  place  prove  that  dc 
-\-fc  is  greater  than  V 4 dfcc. 

32.  Forafmuch  as  thefe  Quantities  are  Pro-"? 

portionals,  (  for  the  Produd  of  the  Ex-  S-  dd  \  df  : :  df  .  ff 
tremes  is  equal  to  theProdud  of  the  means,)  3 

33.  Therefore  (per  25  Prop.  Elem.  Euclid.)  dd+ff  cr  2if 

34.  And  by  multiplying  all  in  thelaft  ftep  by  cc,  ddcc\ffcc  cr  2 dfcc 

3?.  And  by  adding  2 dfcc  to  each  patt,  .  .  .  ddcc \ffcc -f  2 djcc  cr  4 dfcc 
36.  Wherefore  by  extracting  the  fquare  Root  T  ,  .  c  _  r  jr 
'  out  of  each  part  in  the  Iaft  ftep,  .  .  it+/cr''# 

Which  was  to  be  proved. 


CHAP.  XVII. 

Concerning  Arithmetical  P ROG  RESSIO N. 


t.  A  Eithmetical  Progreffion  is,  when  many  numbers  (or  other  Quantities  of  one  and 

II  the  fame  kind)  proceed  by  a  common  difference  or  excefs^  as  in  thefe,  2,  4* 
6,  8,  10,  12,  14,  &c.  here  2  is  the  common  difference  betwixt  2  and  4,  4  and  69  6 
and  8,  8  and  10,  &c.  So  1,  2,  3, 4,  y,  6 ,  &c.  are  in  Arithmetical Progeffion,  1  be- 
‘  ing  the  common  difference  :  Likewife  7,  n,  15, 19,  &c.  or  19,  15,  n  7  and  3 
where  4  is  the  common  difference.  * 

II.  Arithmetical  Progreffion  is  either  continued,  as  in  the  Examples  above  ex prefs’d 
where  every  two  terms  that  ftand  next  to  one  another,  have  one  common  difference  - 
or  elfe  difcontinued  or  interrupted,  as  in  thefe  numbers,  3,  5:  9,  ii,  where  5  exceeds 
3  by  2,  and  fo  does  1 1  exceed  9  $•  but  9  does  not  exceed  $  by  2,  for  the  excefs  of 
9  above  $  is  4.  In  like  manner  18,14: 21,17,  are  in  Arithmetical  Progreffion  difcontinued. 

III.  For  the  better  Manifeftation  of  the  following  Propofitions  concerning  Arithme¬ 

tical  Progreffion,  let  there  be  a  rank  of  numbers  in  a  continued  Arithmetical  Pro¬ 
greffion,  as,  3,7,1  i,t  j, 1 9,23,27,  which  numbers  may  be  reprefented  by  afr 

d,efg,  &c.  Alfo,  let  105  the  fum  of  all  the  Terms  of  the  Progreffion  be  reprelented 
by  Z  5  the  common  excefs  or  difference  4  by  X  5  and  the  number  of  Terms  7  by  T ; 
all  which  are  here  orderly  exprefs’d  underneath. 


Quantities  in  Arithmetical 
Progreffion  continued : 


3  =  a  ss  a 
7  =z  b  =  a  X. 

n  =  c  =  a  -j-  2X. 
<  I?  =  d  =  a  4-  3X. 

19  =  e  =  «  +  4X. 
23  =/  =  4+  5X. 
L27  =  g  ==  a  -f"  6X. 


The  Sum  of  all  V  -  -  ’  _  ^  __  ^ 

the  Terms  is  3  ‘  *  I0?  ~  ~  ^ 

The  common  difference  is  .  4  =  X  =  X 

The  number  of  Ter  ms  is  .  .  7  =  T  =  ,  T. 

•  ,  -  •  -  IL 

IV.  Whence  it  is  manifeft,  that  if  a  be  put  for  the  firft  and  leaft  Term  of  an  Arithme¬ 

tical  Progreffion  continued,  and  X  for  the  common  difference,  then  ("according  to  the 
Definition  in  Sett.  1.)  the  fecond  Term  (hall  be  a- fX,  the  third  tf+2X,  the  fourth 
a-f  3X,  the  fifth  <*4*4X,  Qfc.  Moreover,  according  to  the  Suppofitions  in  Sett.  3. 
a  —  a.  b  =s  a-pX.  c  —  a-\-  2X.  d—a-fiX..  e  ~  4X,  &c. 

V.  Therefore  it  follows,  that  the  laft  and  greateft  Term  of  every  Arithmetical 
Progreffion  continued  is  compos’d  of  the  firft  (towfit,  the  leaft)  term,  and  of  the  Pro- 
dud  of  the  common  difference  multiplied  by  a  number  lefs  by  1  (or  Unity)  than  the 

number 
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number  of  Terms;  as  or  *+6X  is  compos’d  of  thefirft  Term  »  and  the  Product 
ofX  multiplied  by  6,  which  is  lefs  by  1  than  7  the  number  of  Terms  °d “  1 

VI.  Therefore  the  firft  and  laft  Terms,  as  alfo  the  number  of  Terms  being  feverallv 
given  the  common  difference  fhall  be  alfo  given,  for  if  thefirft,  (to  wit,  thifmaS 
Term  be  fubtrafled  from  the  laft  and  the  Remainder  be  divided  by  a  number  leg  ,V 
1  (or  Unity)  than  the  number  of  Terms,  the  Quotient  is  the  common  difference7 

«*■£=£  =X. 

VII.  It  is  alfo  manifeft  from  SeS.  3.  That  if  the  firft  (to  wit,  the  leaft)  Term  be 
equal  to  the  common  difference,  then  the  laft  Term  is  equal  to  the  Produft  of  the 
common  d|ference_(or  firft  Term)  multiplied  by  the  number  of  Terms,  viz.  If  a  Lx 

.  VIIL,  Therefore  in  an  Arithmetical  Progreflion  continued  whofe  firft  or  leaft  Term 
is  equal  to  the  common  difference,  if  the  laft  Term  and  the  number  of  Terms  be  fe 
verafty  given  the  firft  Term  (or  thecommofi  difference)  fhall  alfo  be  given  •  For  if 
the  lalf  Term  be  divided  by  the  number  ofTerms,  the  Quotient  is  the  firft  Term  or 

common  difference  ;  as,  if.t  =  X,then  5  =  X+6X  =  -jX-,  therefore  2?  =  X  =  „ 

IX  ft  is  alfo  manifeft  from  Sett,  7  That  when  the  common  difference  divides  anv 
without  any  Remainder,  then  thecommon  difference  is  the  fime  with  the 
leaft  Term  in  that  Progreflion,  and  theQuotient  is  the  number  ofTerms  •  but  if  anv 
number  remain  after  the  Divifion  is  finifhed,  then  that  Remainder  is  the’leaft  Term 
and  theQuotient  mcreafed  with  1  (or  Unity)  gives  the  number  of  Terms  (per  Se£u’ 
O  ;.)  Therefore  if  any  term  greater  than  the  leaft  be  given,  as  alfo  the  common  diP 
ference,  the  leaft  term,  as  alio  the  number  of  terms  in  that  Progreffion  fhall  alfo  he 
given  ,  as  if  27  be  fome  term  greater  than  the  leaft,  and  ?  the  common  difference 
by  dividing  27  by  3,  the  Quotient  9  is  th©  number  of  rerms,  and  the  leaft  term  il 
equal  to  the  common  difference  3  •,  as  in  this  Progreffion,  3,6,9  12  it  1 8  ?t  ^  15 

But  if  27  be  given  as  before  and  4  be  prefcribed  for  the  common  difeeLct  then 
27  divided  by  4  gives  6  in  theQuotient,  and  there  remains  3  for  the  leaft  term  and 
7  (to  wit  6+ 1)  is  the  number  of  terms ;  as  in  this  Progreffion,  a  n  , ,  ,5  , 

23,27-  >  *7,  11,17,19, 

-  XvJfuthf 6  lumbers,  fuppofe  a,bA  be  in  a  continued  Arithmetical  Progreflion 
v,z.  If  the  Excels  of  0  above :  A  be  equal  to  the  Excefs  of  b  above  *  the  Sum  of  the 
Extremes,  that  is,  of  the  firft  and  laft  terms  fhall  be  equal  to  the  double  of  the  mean 
or  middle  term ;  viz.  a-\-c  =  ib.  For,  dI1 

1.  By  Suppofition, . ;  .  .  ,  .  c~b  =  b—a 

2.  Therefore  by  adding  b  to  each  part,  it  gives  .  .  *  ,  c  -  2b—a  ’ 

3.  And  by  adding  a  to  each  part  of  the  laft  Equation  .  .  .  aA-c  =  ib 

Which  was  to  be  proved. 

XI.  If  four  Numbers  ^  fuppofe  a,  b,  c,  d,  be  in  Arithmetical  Progreflion  whether 

continued  or  interrupted,  viz.  If  the  excefs  of  b  above  a  be  equal  to  the  excefs  of  d 
above  c,  the  Sum  of  the  Extremes  fhall  be  equal  to  the  Sum  of  the  Means  viz  aA-d 
—  b-\-c.  For,  5  '  ‘ 

1.  By  Suppofition,  .  .  . . . . d—c  =  b—a 

2.  Therefore  by  equal  addition  of  <r,  . . a-\-d—c  =  b 

3.  Therefore  by  equal  addition  of  o . aA-d  =  A-u/ 

Which  was  to  be  proved. 

XII.  If  there  be  as  many  numbers  as  you  pleafe  in  a  continued  Arithmetical  Pro¬ 
greffion,  theSum  of  the  Extremes  is  equal  to  the  Sum  of  any  two  Means  equally  diftant 
from  the  Extremes, and  alfo  to  the  double  of  the  Mean  when  the  number  of  Terms  is  odd  / 

Let  a,b,c,d,ej, be  in  Arithmetical  Progreffion  continued,  and  increafing.  from  a  •  1  fay 
theSum  of  the  Extremes  a  and  /  is  equal  to  theSum  of  any  two  terms  equally  d’iftant 
from  the  extremes,  that  is,  to  the  Sum  of  b  and  e,  and  to  the  Sum  of  c and  d.  For 

1.  By  Suppofition,  in  regard  of  the  continued  Progreffion,  .  /—  e  =  b—a,  * 

2.  Therefore  by  equal  addition  of  e  and  a  to  each  part,  4  .  a+f  =  b-\-e\ 

3*  Again,  by  fuppofition  .  . . .  1  t  .  .*  .  c— b  =  e—d* 

7 

Q.  4.  There* 


I  2 1 
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4,  Therefore  by  equal  addition  of  d  and  by  to  each  part  c-\-d  =  b- fe, 

5,  Therefore  from  the  fecond  and  fourth  fteps  (perl  ,  «  , 

I.  Axiom.  i.Elem.  Euclid .)  j  aiJ  £~\-d  b+e. 

Which  was  to  be  proved. 

And  if  more  numbers  were  propos’d  the  Demonffration  would  hot  be  otherwife  • 
therefore  the  firft  part  of  the  Theorem  is  manifeft. 

But  if  the  number  ofTermsbeodd  as  in  this  continued  Progreflion,  aybycydye.f  g 
then  the  Sum  of  the  Extremes  a  and  g  is  equal  to  the  double  of  the  middle  Term  / 
viz.  a-k-g  —  2 which  I  prove  thus: 

1.  By  fuppofition,  in  regard  of  the  continued  Pro-  \ 

grelfion,  .  .....  .  ■  <  ......  3 

2.  And  coniequently  by  equal  addition  of  c  and  </,  .  ; 


d — c 
2d 
aJvg 

■> 

aJrg 


=  c-\-ey 
— 

~  id* 


3.  But  by  what  has  been  proved  concerning  the  firft  / 
part  of  the  Theorem  in  this  twelfth  SeB.  .  .  .  S 

4.  Therefore  from  the  two  lalt  lteps,  (per  Axiom.  1.  \ 

Elem.  1.  Euclid)  ■  ) 

Which  was  to  be  demonftrated.  Therefore  the  Theorem  is  everyway  manifeft. 
XIII.  In  every  Arithmetical  Progreflion  continued,  the  Sum  of  the  Extremes  multi¬ 
plied  by  the  number  of  terms  produces  the  double  of  the  Sum  of  all  the  terms. 

The  number  of  terms  is  either  even  or  odd :  Firlt,let  there  be  an  even  number  of  terms 
viz.  fuppofe  thefe  lix  numbers  ayb,cydyejy  to  be  in  Arithmetical  Progreflion  continued 

1%,  •  •  •  •  •  «*+«/  =  {+£+$.2c+2* 

DEMONSTRATION. 

1.  It  is  evident  that . .  .  .  204-2/  =  204-2/ 

2.  And  by  Sett.  12.  .  .  .  . . 2*4-2/=  2H-20’ 

3.  Likewife,  by  the  fame  Sett.  .  • . 2a 4-2 f  =  2c- 4- 2/ 

4.  Therefore  by  adding  the  three  laft  Equation  together,  604-6/  ~  {  ^2a4-2^-f2C, 

Which  was  to  be  demonftrated  And  fo  of  others  when  the  number  of  terms  is  even! 

Secondly,  let  there  be  an  Arithmetical  Progreflfion  confuting  of  an  odd  number  of 
terms,  fuppofe  thefe  five,  a,  0,  dy  e. 

I  fay,  .  .  .  .  =  204*  2^4"  ic-\-id\ie. 

DEMONSTRATION 


1.  It  is  manifeft  that  .....  204-20  =  20-1-20, 

2.  And  by  SeB.  12 . 204-20  =  ib-\-idy 

3.  Likewife  bv  SeB.  12 . 0-i-  0  =  2 c. 


;e  =  204-2^4-204-2^4-20. 


Likewife  by  Sett.  12 . 0-f  e 

4.  Therefore  by  adding  the  three  laft  >  , 

Equations  together,  .  .  .  .  j  >a'r5i 

And  fo  of  others  when  the  number  of  terms  is  odd. 

XIV.  Therefore  from  the  laft  SeB.  the  firft  and  laft  terms,  as  alfo  the  number  of 
terms  in  an  Arithmetical  Progreflion  continued  being  given,  the  fum  of  all  the  terms 
fhall  be  alfo  given :  For  if  the  fum  of  the  firft  and  laft  terms  be  multiplied  by  the  num¬ 
ber  of  terms  theProduft  is  the  double  fum  of  all  the  terms,  and  coniequently  the  half 
of  that  Product  is  the  fum  it  felf  For  example,  If  0,  bycydyeyfgy  be  in  Arithme¬ 
tical  Progreflion  continued,  and  T  be  put  for  the  number  of  terms,  alio  Z  for  their 
fum  (as  before/)  Then'll 4- T#  —  2Z,  and confequently  AT a-\-~Tg  =  Z. 

XV.  Mr.  William  Oughtred  in  Vrob.  4.  Chap.  19.  of  his  incomparable  Clavis  Mathe- 
mat.  has  very  elegantly  handled  20  Propofitions  about  Arithmetical  Progreflion  con¬ 
tinued,  which  (for  the  more  ample  Illuftration  of  the  preceding  Rules  in  this  Book,) 
I  fhall  explain  in  this  SeBiony  ufing  his  own  Symbols,  which  are  thefe,  viz. 

r-  The  leaft  (or  firft)  term. 

^The  greateft  (or  laft)  term. 

TS  Stands  for/  The  number  of  Terms. 

Xk  /The  common  difference  of  the  Terms. 

Z  j  C  The  fum  of  all  the  terms. 


Any 
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—  —  -  ■■■  4k  ~  - - 

Any  three  of  thefe  five  things  being  given,  the  other  twoihaU  bealfo  given,  by  the 
refpettive  Canons  of  the  following  20  Propofitions,  which  Mr.  Oughtred  ftates  thus ; 


Given, 

Sought, 

*  , 

By  Propof 

v 

ett  ft),  T 

Z  and  X 

- 

T*  1  and  •  2  • 

<t,  ft).  X 

T  and  Z 

9  and  4 

rr 

ft).  Z 

T  and  X 

5  and  6 

«,  T,  X 

«  and  Z 

7  and  8 

T,  Z 

and  X 

9  and  10 

X,  z 

• 

w  and  T 

11  and  12 

T,  X 

«  and  Z 

19  and  14 

«,  T,  Z 

a.  and  X 

ij  and  16 

X,  z 

a  and  T 

1  •• 

17  and  18 

I  T,  X,  Z 

1 

and  u 

■■  i 

19  and  20 

PROP.  1. 

-  -  r  5  a>  Uf  T  are  given  feverally  j 
1  Z  is  fought. 

RESOLUTION. 

2.  By  Se&.  14.  of  this  Chap . . . .  ;  T« -f  T*  =  2Z. 

Which  Equation,  if  exprels’d  by  words,  gives  this 

CANO  N 

Multiply  the  Sum  of  the  firft  and  laft  Terms  by  the  numbet  of  Terms,  theProdufr* 
(hall  be  the  double  of  the  Sum  of  all  the  Terms,  and  confequently  the  half  of  that 
Product  is  the  required  Sum  of  all  the  Terms. 

Which  Canon  may  be  exemplified  by  the  following  (or  any  other)  rank  of  num¬ 
bers  in  Arithmetical  Progreffion  continued,  viz . 

c;-  0:  ...  •  ;rioa  ;  . 

3j  7r  ^^5  ^ 9 3  ^3)  27. 

*  .*'■*•*  . -  .  -  "j  •  -  -  . 


PROP.  It. 


ft) ' 


a. 


T  —  1 


=  X. 


-  -  •  -  C  a,  v,  T  are  given’  feverally  r 

1 . 1  X  is  fought. 

RESOLUTION. 

2.  By  SeB.  6.  of  this  feventeenth  Chap.  ...... 

Which  Equation  gives  this  following 

CANON. 

Divide  the  excefs  of  the  greateft  (or  laft)  Term  above  the  leaft,  by  the  number  of 
Terms  leflened  by  1  (or  Unity,)  and  the  Quotient  is  the  common  difference  required. 

Which  Canon  may  be  exemplified  by  the  following  (or  any  other)  Series  of  num¬ 
bers  in  Arithmetical  Progreflion  continued,  viz. 

9,  7,  11,  19,  19,  29,  27.  •  . 

From  the  Equation  in  the  fecond  ftep  of  Prop.  1.  and  the  Equation  in  the  fecond 
ftep  of  Prop.  2.  the  Canons  of  all  the  following  1 8  Propofitions  are  deduced. 

\  *  1  n.  >  .  »  a ■  i  4  Ju.ijUi’An,  r. 

PROP.  III. 

T  r  C  a,  <•>>  X  are  given  feverally  i 
. 1  T  is  fought. 

RE  SOLUTION. 

2.  The  Letters  put  for  the  things  given  and  fought,  without  any  other  Letter,  are 
contained  in  the  Equation  in  the  fecond  ftep  of  Prop.  2.  therefore  the  work  here  is 
only  to  fet  T  alone  in  that  Equation;  which  may  be  done  thus,  viz. 

,  0*2  9-  By 
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3.  By  the  Canon  of  Prop.  2.  .  . . ^ _ f  —  X, 

4.  Therefore  by  multiplying  each  part  of  that  Equation  > 

by  T— 1,  this  arifes,  viz . ...  .^  — ^  =T X— X, 

?.  And  by  addition  of  X  to  each  part  of  the  laft  Equation,  >  v 

this  arifes  i  .  ...........  4  .  |  ^  A  =  TX, 

6.  Therefore  each  part  of  the  laft  Equation  being  divided  >  _ 

by  X,  the  number  T  will  be  ihade  known,  viz.  .  .  y  '“x-'’*'* 1 
The  laft  Equation  gives  this  following 

;  CANON. 

from  the  laft  (to  wit,  the  greateft)  Term  fubtraa  the  firft,  and  divide  the  Remain¬ 
der  by  the  common  difference «,  then  to  the  Quotient  add  1  (or  Unity)  fo  (hall  thr 
Sum  be  the  required  number  of  Terms. 

This  Canon  maybe  exemplified  by  the  following  (or  any  other)  Rank  of  Numbers 
in  Arithmetical  Progreffion  continued : 

3,  7,  11,  ij,  19/23,  27. 


PROP.  4. 

C  a,  «,  X  are  given  leverally* 

1 . 7  Z  is  required. 

RE  SOLUTION. 

,  i.  By  the  Canon  of  Prop.  1 . .  T*>  +  T*  =  2Z, 

3-.  And  by  the  Canon  of  Prop.  3 . *  *  '  *>  pi  =  T, 

4.  Now  if  inftead  of  T  in  the  firft  part  of  the  Equation  in  the  fecond  ftep,  you  mul¬ 
tiply  into  *>+a  that  which  in  the  laft  Equation  is  found  equal  to  T,  the  former 
Equation  will  be  converted  into  this,  viz . 


4-  *  +  A  =  2Z, 


Which  in  words  is  this  following 

CANON. 

From  the  Square  of  thegreateft  (or  laft)  Term  fubtrafl  the  Square  of  the  leaft  (dr 
firft,)  then  dividing  the  Remainder  by  the  common  difference,  and  to  the  Quotient 
adding  the  Sum  of  the  firft  and  laft  Terms,  the  half  of  the  Sum  of  this  Addition  (hall 
be  the  required  Sum  of  all  the  Terms. 

The  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  Numbers 
in  Arithmetical  Progreffion  continued  : 

3,  7 >  i?,  19,  23,  27. 


[.  .  .  . 


PROP.  V. 

At  «>  Z,  are  given  feverally  5 
T  is  tequired. 


T«  4.  T*  =  2Z, 


RE  SOLUTION. 

1.  By  the  Canon  of  Prop.  1.  'I 

3.  Therefore  by  dividing  each  part  of  that  Equation  by  V  =  2Z 

u  4”  this  arifes,  viz.  .  .  .  .  •  ...  .  .  .  u  4- 

Which  Equation  gives  this  following 

CANON. 

Divide  the  double  of  the  Sum  of  all  the  Terms  by  the  Sum  of  the  firft  and  laft' 
Terms,  the  Quotient  is  the  number  of  Terms  fought  *,  as  may  be  proved  by  this  fol¬ 
lowing  (or  any  other)  Rank  of  numbers  in  Arithmetical  Progreffion  : 

J,  7,  H,  «5,  19,  *h  *7-  -  ■  pRQp 
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PROP.  VI. 

a,  7j  are  given  feverally ; 

X  is  required. 

RE  SO  LUTIO  N. 


By  the  Canon  of  Prop.  . . . 

Which  Equation  multiplied  by  X  produces,  .  . 
And  by  fubtrafiing  «X-E  <* *X  From  each  part  of  7 

the  laft  Equation,  this  arifes,  viz . jT 

Therefore  by  dividing  each  part  of  the  laft"1 

.  •  1  --  r'-  • _ _  1  _  1 


U&) - Act 


X 


-f  U  4-  A  =  “iZjy 


ecu- 


0 — aa  -E  &X  -e  «X  =  2ZX, 
=  2ZX— «X— c«X, 

Equation  by  the  Co-efficients  that  are  drawn  >  —  =  X. 

into  X,  you  will  find,  . " — 46 

Which  laft  Equation  gives  this 


CANON 


From  the  Square  of  the  laft  Term  fubtraft  the  Square  of  the  firft  (to  wit,  the  leaft) 
Term-,  divide  the  Remainder  by  the  excefs  whereby  the  double  Sum  of  all  the  Terms 
exceeds  the  Sum  of  the  firft  and  laft  Terms,  fo  (hall  the  Quotient  be  the  common 
difference  required.  . 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Series  of  numbers 
in  Arithmetical  Progreffion  : 

3,  7,  11,  15,  19,.  23,  27. 


1. 


PROP.  VII. 


X  are  given  leverally  ; 

*0  is  fought. 

RESOLUTION, ; 


2.  By  the  Canon  of  Prop.  2. 


CO  A 


T— i 


=  X, 


3.  Therefore  by  multiplying  each  part  of  the  faid  7  __  v 

Equation  by  T — 1,  this  will  be  produced,  .  .3  tt  *  ~~ 

4.  And  by  adding  *  to  each  part  of  the  laft  Equa-  7  u  _  ^  .  a—Y 

tion  this  arifes,  vit.  t  .  .  4  ...  .  y  u  ~  1A ‘  *  A’ 
•  Which  laft  Equation  gives  this 


CANON. 

To  the  Produft  made  by  the  Multiplication  of  the  number  of  Terms  into  the  com¬ 
mon  difference,  add  the  firft  (to?  wit,  the  leaft)  Term,  and  from  the  Sum  fubtra& 
the  faid  difference,  fo  fhall  the  Remainder  be  the  laft  Term  fought. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers 
in  Arithmetical  Progreffion  continued : 

3,  7,  'h  *7,  19,  25,  27. 


PROP.  VIII. 


{ 


a,  T,  X  are  given  feverally  * 
Z  is  fought. 


RE  SOLUTION. 

2.  By  the  Canon  of  Prop.  1 . T«  +  T*  =  2Z, 

3.  And  by  the  Canon  of  Prop.  7 . TX-E  *  — X  =  a. 

4.  Now  to  find  an  Equation  that  may  confift  only  of  the  things  given  2nd  lotight  in 
this  Prop.  8.  multiply  each  part  ol  the  Equation  in  the  third  ftep  by  T,  and  there 
will  be  produced 

TTX-ET*  -  TX  s  T* 


125 


5.  Then 


f  Resolution  of  Queflions  B  O  O  K- 1 

_ _  — . . . .  *  ■  '  - -  ■  .  ■■  - - - - - 

5.  Then  if  inltead  of  T®  in  the  lecondftep,  you  take  that  which  in  the  fourth  is  tound 

*  equal  to  T«<  the  Equation  in  the  fecond  Itep  will  be  reduced  to  this,  to  wit, 

TTX+2T* — TX  =  2Z, 

That  is,  TX+ 2*  —  X  into  T  =  2Z. 

Which  lalt  Equation  gives  this 

CANON. 

6  To  the  Produft  of  the  Multiplication  of  the  number  of  Terms  by  the  common  dif¬ 
ference  add  the  double  of  the  firft  (to  wit,  the  leaft)  Term,  and  from  the  Sum  of 
that  Addition  fubtraft  the  common  difference  5  then  multiply  the  Remainder  by  the 
number  of  Terms*  foihall  the  Produ&bethe  double  Sum  of  all  the  Terms,  and 
confequently  the  half  of  that  Produft  is  the  required  Sum  of  all  the  Terms. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers 
in  Arithmetical  Progreffion  continued : 

3,  7,  ii,  IV23'*  27* 


PROP.  IX. 

C  «,  T,  Z  are  given  feverally  * 

1 . 7  <y  is  fought. 

RE  SOLUTION 

2.  By  the  Canon  of  Prop.  1. . T»-t-  T*  =  2Z, 

3.  Therefore  by  equal  fubtra&ion  of  T*>  .  .  T»  =  2Z  —  T <*» 

4.  Therefore  by  dividing  each  part  of  the  7  w  _  2Z— T*  . 

faff  Equation  by  T,  this  arifes  *  .  .  .  3  T 

Which  laft  Equation  gives  this 

4  CANON. 

From  the  double  of  the  Sum  of  all  the  Terms  fubtraft  the  Produfl  of  the  Multipli¬ 
cation  of  the  number  of  Terms  by  the  firft  (  to  wit,  the  leaft;  Term,  and  divide  the 
Remainder  by  the  number  of  Terms*  fo  fhall  the  Quotient  be  the  laft  Term  fought. 

This  Canon  may  be  exemplified  by  the  following  for  any  others  Rank  of  Num¬ 
bers  in  Arithmetical Progreffion  continued: 

3,  7,  11,  17,  19,  23,  27. 

*  m  i  ^ 


r  "  S 

r . “S 


P  RO  P.  X.  ~  * 

a,  T,  Z  are  given  feverally  * 

X  is  fought. 

RESOLUTION. 

2.  By  the  Canon  of  Trop.  8, . TTX-E2T* — TX  =  2Z, 

3.  Therefore  by  equal  fubtraaion  of  2T*  >  TTX-TX  =  2Z  —  2T», 
from  each  part,  this  will  arile  *  to  wit,  y 

4.  And  by  dividing  each  part  of  the  laft  1  _  2Z — 2T* 

Equation  by  TT — T,  the  common  differ- >  ^  TT  T  * 

ence  X  will  be  made  known,  viz.  .  .  3 

Which  laft  Equation  gives  this  ^  ^  ^ 

From  the  double  Sum  of  all  the  Terms  fubtraft  the  double  Produft  made  by  the 
Multiplication  of  the  number  of  Terms  by  the  leaft  Term,  and  divide  the  Remainder 
by  the  excefs  of  the  Square  of  the  Number  of  Terms  above  the  number  of  Terms,  fo 
(hall  the  Quotient  be  the  common  difference  fought. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Series  of  numbers 
in  Arithmetical  Progreffion  continued : 

3>  7>  23,  27. 


PROP.  XI. 

%  V  «  *  • 

C  a.,  X,  Z  are  given  feverally  *  . 
i*  '  *  *  *7  «  is  fought 

RESOLUTION 

1  COCO  aaa  (Let 

2.  By  the  Canon  of  Prop.  4.  .  :  .  .  — — 

n:-iiT  .■>  r 


+  ®  + *  =  2  2, 


\ 


3.  There- 


3.  Therefore  by  multiplying  thatEquarion  by  X,  > 

this  will  be  produced  *  to  wit, . j  aeo  =  2ZX, 

4.  And  by  tranfpofition  of  — thisarifesi  .  .  <y«4 -X®4-X<fc  =  o7Y 

5.  And  from  the  laft  Equation  by  tranfpofition  >  ,,  '  a* 

of  X*  this  arifes  5  .  .  .  .  .  .  -+X«  =  aZX+^-X-, 

6.  Which  laft  Equation  falling  under  the  firft  of  the  three  Forms  in  Sett  1  Chan 

of  this  Book,  the  value  of  «  fhall  be  given  by  the  Canon  in  Sett.  6. ‘of  the 
Chap.  viz.  c 

*  =  v'-.f  XX  4-  2ZX + X* :  —  4-X. 

Which  Equation  gives  this 

CANON. 

From  thefum  of  thefe  three  numbers  to  wit,  the  Square  of  half  the  common  dif¬ 
ference  ;  -the  double  Produft  of  the  Multiplication  of  the  fum  of  all  the  terms  by  the 
common  difference  ;  and  the  Square  of  the  firft  (to  wit,  theleaftj  term,  fubtraftthe 
Produa  of  the  firlt  term  multiplied  by  the  common  difference,  and  extraft  thefouare 
Root  of  the  Remainder ,  then  from  thefaid  fquare  Root  fubtraft  half  the  common 
difference,  lo  llmll  this  laft  Remainder  be  the  laft  and  greateft  term  fought 

.  This  Canon  may  be  exemplified  by  the  following  (or  any  other;  Rank  of  numbers 
m  Arithmetical  rrogreftion  continued  : 

7>  *5b  19,  23,  27. 


1. 


■{ 


PROP.  XII. 
«,  X,  Z  are  given  feverally  ; 


T  is  fought. 

RE  SOLUTION. 

2.  The  Canon  of  Prop.  8.  gives  this  Equation,  .  .  XTT-p2VT — XT  = 

3.  Where  in  regard  X  is  drawn  into  TT  (  which 


TT+ 


2*T-XT 

X 


2Z5 

2Z 

X* 


is  the  higheft  degree  of  the  Quantity  fought,  ) 
let  every  term  of  the  Equation  be  divided  by 
X,  whence  this  Equation  will  arife  5 ^ 

4.  Now  it  muft  bedifcovered  from  the  things  given  whether  2*  exceeds  X,  or  is  left' 
or  equal  to  X.  Ftrft  then  fuppofe  2*  c-  X,  and  then  the  laft  Equation  may  be  ex- 
prefs  d  thus  ;  } 

TT  4-  2a  XT  — 

1  X  X* 

5-  Which  Equation  falling  under  the  firft  of  the  three  Forms  in  SeS. 1.  Chap.  1  y.  the 
value  of  T  fhall  be  given  by  the  Canon  in  SeS.  6.  of  the  fame  Chap.  viz. 

T  _  ^X  +  4XX+22X  2CC—X 

XX  2X 

6.  Secondly,  If  2<*  X,  then  the  Equation  in  the  third  ftep  fhall  be  exprefs’d  thus  ; 


TT— 


X — 2a. f 


2Z 


X  x  * 

7.  Which  Equation  falling  under  the  fecond  of  the  three  Forms  in  SeS.  i.  Chap.  1T. 
the  value  of  T  fhall  begiven  by  theCanon  in  SeS.  8.  of  thefame  Chap.  viz. 

T  =  y.yXX — aX-f  2ZX  _j_  X— 2a.  •  * 

~  ^  ~  *  A"  • 

8.  Laftly,  If  2 &  —  X,  then  the  Equation  in  the  third  ftep  will  be  exprefs’d  thus; 

—  2Z  ^ 


TT  = 


Whence,  T  =  / 


zZ 


X  r  '  X 

The  threeEquations  in  the  5, 7, and  8  fteps  give  a  threefoldCanoh  to  folve  this  1  iProp.viz. 

Canon  I.  b  hen  the  double  of  the  leaf  term  exceeds  the  common  difference. 

<?.  o  the  Square  of  1 the  excels  of  the  leaft  term  above  half  the  common  difference  add 
the  double  Produff  of  the  Multiplication  of  the  Sum  of  all  the  Terms  by  the  com¬ 
mon  difference,  divide  the  Sum  of  that  Addition  by  the  lquare  of  the  common  dijft 
ference  and  extracf  the  fquare  Root  of  the  Quotient ;  then  from  the  double  of  the 
lealt  term  fubtraft  the  common  difference  and  divide  the  Remainder  by  the  double 
or  the  common  difference:  laftly,  fubtra&ing  this  Quotient  from  the  fquare  Root 
before  found,  the  Remainder  fhall  be  the  number  of  terms  fought. 


This 


BOOK  1. 


Resolution  of  Quefticns 

This  Canon  may  be  exemplified  by  the  following  or  the  like  Series  of  Numbers  in 
Arithmetical  Progreffion  continued,  where  the  double  of  the  leaft  Term  exceeds  the 
common  difference  of  the  Terms  : 

3,  5j  7,  9?  13,  &c. 

Canon  II.  When  the  double  of  the  leaf  Term  is  lefs  than  the  common  difference  cf  the  Terms ] 

10.  To  the  Square  of  the  excefs  of  half  the  common  difference  above  the  leaft  Term, 
add  the  double  Produtt  of  the  Multiplication  of  the  Sum  of  all  the  Terms  by  the 
common  difference  5  divide  the  Sum  of  that  Addition  by  the  Square  of  the  com¬ 
mon  difference,  and  extra&  the  fquare  Root  of  the  Quotient  5  then  from  the  com¬ 
mon  difference  fubtraff  the  double  of  the  leaft  Term,  and  divide  the  Remainder  by 
the  double  of  the  common  difference  5  laftly,  adding  this  Quotient  to  the  fquare 
Root  before  found,  the  Sum  (ball  be  the  number  of  Terms  fought. 

This  Capon  may  be  exemplified  by  the  following  or  the  like  Rank  of  numbers  in 
Arithmetical  Progreffion  continued,  where  the  double  of  the  leaft  Term  is  lefs  than 
the  common  difference  : 

2,  7,  I2>  22>  27i  32,  37- 

Canon.  III.  When  the  double  of  the  leaJITerm  is  equal  to  the  common  difference  of  the  Terms, 

11.  Divide  the  double  of  the  Sum  of  all  the  Terms  by  the  common  difference,  fo 
fhall  the  fquare  Root  of  the  Quotient  be  the  number  of  Terms  fought. 

This  Canon  may  be  exemplified  by  the  following  Rank  of  numbers  in  Arithmetical 
Progreffion  continued,  where  the  double  of  the  leaft  Term  is  equal  to  the  common 
difference  of  the  Terms : 

3,  9,  i J,  2i,  27,  33,  39- 


PROF.  XIII. 

f  T,  X  are  given  feverally  5 
*•  •  •  *  *")  cl  is  fought. 

RESOLUTION. 

2.  By  the  Canon  of  Prop.  7 . .  TX — X-f*  = 

3.  Therefore  by  tranfpofition  of  TX — X,  thisEqua-7  A  __  a  .  ^ 

tion  will  arife,  which  makes  known  the  value  of  *  5  ~ 

Which  Equation  gives  this 

CANON. 

To  the  laft,  (that  is,  thegreateft)  Term  add  the  common  difference,  and  from  the 
Sum  fubtraff  the  ProduQ:  of  the  number  of  Terms  multiplied  by  the  common  differ¬ 
ence  *  fo  (hall  the  Remainder  be  the  firft  (or  leaft)  Term  fought. 

This  Canon  may  be  exemplified  by  the  following  or  any  other  Rank  of  numbers  in 
Arithmetical  Progreffion  continued : 

3,  7i  23,  27. 


\ 


PROP.  XIV. 

T,  X  are  given  feverally  *, 

Z  is  fought. 

RESOLUTION. 

2.  By  the  Canon  of  Prop.  . . .  •  *  T®  "^^ctZ^r2?5 

3.  And  by  the  Canon  of  Prop.  13 . .  *  +  _  , 

4.  Which  latter  Equation  if  it  be  multiplied  by  T,will  produce  T«+TX — TTX— T*» 

5.  Then  if  inftead  of  T*  in  the  Equation  in  the  fecond  ftep,  7 

you  take  that  which  in  the  fourth  ftep  is  found  equal  toT*.  >2T»+TX — TTX— 2Z, 
the  Equation  in  the  fecond  ftep  will  be  converted  into  this ;  3 _ 

6.  That  is  ...  . 2«-fX— TXintoT=2Z. 

Which  Equation  gives  this 

CANON. 

To  the  double  of  the  laft  (to  wit,  the  greateft)  Term,  add  the  common  difference  * 
from  the  Sum  fubtraft  the  Product  of  the  number  of  Terras  multiplied  by  the  common 

differences 


■fi. 


CHAP.  17.  concerning  Arithmetical  Progreffion. 


12? 


difference :  then  multiply  the  Remainder  by  the  number  of  Terms  theProduft  fhill 
be  the  double  of  the  Sum  of  all  the  Terms,  and  confequently  the  half  of  that  Prod  nff 
is  the  required  Sum  of  all  the  Terms.  cc 

This  Canon  may  be  exemplified  by  the  following  (or  any  other  Rank)  of  numbrrc 
in  Arithmetical  Progreffion  continued :  ; ,  •  rs 

?}  ?3  I  f  3  27,  31* * 


v  .  ;  c  P  R  o  P  XV. 

-  -  -  f  a,  T,  Z  are  given  leverally  *, 

. . 1  *  is  fought. 


RESOLUTION. 


gfib  *-*■ 
^rueo  ii» 
j  tjtiv 


i 

lid  ibi 
,ff  j  mo 


2.  By  the  Canon  of  Prop.  9. 


2Z— T« 


=  *>. 


2.  Therefore  multiplying  each  part  of  that  Equation  7  ^  ~ 

by  T,  this  will  arife  ;  . . .  .  J  2Z  — T«  =  T«, 

4.  And  by  tranfpofition  of  —  T*  in  the  laft  Equation  7  2Z  =  T*>  4-  T 

this  will  arife  j . J  •  ^  ■ 

<  5.  Likewife  by  tranfpofition  of  T«,  this  Equation  arifes,  2Z —  T«  =  T«> 

6.  Therefore  each  part  of  the  laft  Equation  being  du  \  2Z _ w  __ 

vided  by  T,  the  value  of  &  will  be  made  known,  viz.  j  T  J'  ‘ ' ;  •  ’  :  r’  ; ... 

Which  Equation  gives  this  :  «'J  c'  • 

CANO  N. 

Divide  the  double  Sum  of  all  the  Terms  by  the  number  of  Terms,  and  from  the 
Quotient  fubtraft  the  laft  (to  wit,  the  greateft  term  3  fo  fhall  the  Remainder  be  the 
firft  and  leaft  term  fought.  f:  ; 

This  Canon  may  be  exemplified  by  tfie  following  (or  any  other)  Rank  of  numbers  in 
Arithmetical  Progreffion  continued  :  ■  ; 

73  17,  1  %  23,  27. 


T] 


V  /•  


,  5 

. . 7 


PROP.  XVI. 

»,  T,  Z  are  given  leverally  *  -  ,  j  .  ^ 

X  is  fought. 

R  E SOLUTION. 

2.  By  the  Canon  of  Prop.  14 . . .  ,  2«+X—TX  into  T  =  2Z 

3.  That  is  .  .  .  .  ;  ........  .  2Tft>-t-TX— TTX  ±=  2Z,  ’ 

4.  Therefore  by  due  tranfpofition  thisEquation  will  ariie,  2T« — 2Z  =  TTX _ TX 

5.  Therefore  by  dividing  all  in  the  laft  Equation  by  7  2T» — 2Z  __  y 

TT — T,  the  value  of  X  will  be  made  known,  viz.  TT — T 

Which  Equation  gives  this 

C  A  NO  N. 

From  the  double  Produft  of  the  Multiplication  of  the  number  of  Terms  by  the 
greateft  Term,  fubtraft  the  double  of  the  Sum  of  all  the  Terms  5  divide  the  Remain¬ 
der  by  the  excels  of  the  Square  of  the  number  of  Terms  above  the  number  of  Terms, 
lo  fhall  the  Quotient  be  the  common  difference  -lought. 

This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Rank  of  numbers 
in  Arithmetical  Progreffion  continued : 

3,7,11,17,19,23,27. 


1 1 71 


[.  •  ^ 


PROP.  XVII. 

a,  X,  Z  are  given  leverally  5 
a  is  fought. 

RESOLUTION. 


act> 


~x, 


2.  By  the  Canon  of  Prop.  6.  : .  _  , 

*  •  .  2Z — a—~ct 

3.  Therefore  each  part  of  that  Equation  being  multi-  \  f  ^  _  2XZ— X*>— X*. 
plied  by  2Z — « — a,  there  will  ariie,  .  .  .  .  y ,  ■ 

4.  Whence  by  equal  addition  of  X»-fi  X*  you  will  find,  ««+ X«A”X*—« **  ==  2ZX, 

£  Now 


1 


m. 


I^O 


Refolution  of  Queflions 


BOOK  I. 


Now  before  known  Quantities  can  be  feparated  from  unknown  in  the  laft  Equation* 
wemuft  difcover  from  the  things  given  in  thePropofition,  whether  be  equal* 

greater,  or  lefs  than  2ZX  >  Firft  therefore, 

y.  Suppole  ....♦•••••*  ««-f  X»  =  2ZX, 

6.  And  then  by  fetting  ««+X»  in  the  place  of7  .  .  , 

2ZX  in  the  Equation  in  the  fourth  ftep,>  «»+X«4-X* — &&  =  uu 4-X*>» 
there  will  arife,  .  . . ;  •  3 

7.  Whence  by  fubtra£ling  from  each  part,  and  by  7  y^a 

tranfpofition  of — this  Equation  arifes  3 . } 

~  ”T*  *  ’  1  ^  r - X  =i  " 


8.  Which  laft  Equation  being  divided  by  *>  gives 
From  the  premifes  arifes  this 

’  '  .  CANON I. 

7.  When  thefumoftheSqiiare  ofthe laft  (to wit,  thegreateft)  term  and  the Produft 
of  the  multiplication  of  the  faid  laft  term  by  the  common  difference  of  the  terms  is 
equal  to  the  double  of  the  Produ&  made  by  the  multiplication  of  the  fum  and  common 
difference  of  the  terms,then  the  laid  difference  is  equal  to  thefirft  or  leaft  term  lought. 
This  Canon  may  be  exemplified  by  the  following  Series  of  numbers  in  Arithme¬ 
tical  Progreffion  continued : 

2,  4,  6y  8,  10,  12,  14. 

10.  Secondly,  fiippofe . .  *"-FX*,  cr  2ZX. 

11.  Then  from  the  Equation  in  the  fourth  >  _  BM+Xo_2ZX 

ftep,  after  due  Reduction,  there  will  arile,  y  ‘ 

12.  In  which  laft  Equation  all  things  are  known  but  <*,  and  the  faid  Equation  falls 
under  the  lecond  of  the  three  Forms  in  Se&.  1.  Chap.  1$.  Therefore  the  value  of  *» 
to  wit,  the  firft  (or  leaft)  term  fought  fhall  be  given  by  the  Canon  in  Sett.  8.  of 
the  fame  Chap.  viz. 

a  =  ~X  -F  V:  »*  +  X«  -F  -XX  — '  2 2X; 

From  the  tenth  and  twelfth  fteps  arifes 

r 

CANON.  II. 


1 3.  If  the  fum  of  the  Square  of  the  laft  ( to  wit,  the  greateft )  term,  and  the  Product 
of  the  multiplication  of  the  faid  laft  term  by  the  common  difference  of  the  terms, 
exceeds  the  double  of  the  Produft  made  by  the  multiplication  of  the  fum  and  com¬ 
mon  difference  of  the  terms  ^  then  to  the  fum  firft  mentioned  add  the  Square  of  half 
the  common  difference  3  from  this  fum  fubtraft:  the  double  Produft  above  mentioned, 
and  extract  the  fquare  Root  of  the  Remainder :  laftly,  add  the  faid  fquare  Root  to 
half  the  common  difference,  fo  fhall  the  Sum  be  thefirft  (or  leaft)  term  fought. 

This  Canon  may  be  exemplified  by  the  following  Progreffion : 


3,  5,  7 >  %  IJ>  *3-  w  „ 

14.  Thirdly ,  fuppofe  .* . « *>-pX«  -3  2ZX, 

15.  But  in  this  third  cafe,  to  the  end  a  poffi-7 

ble  Equation  may  arife,  this  Determina-^-  *>«+X«-p-£XX,  not  "3  2ZX, 

tion  is  neceffary,  viz . 3 

1 6  Then  from  the  Equation  in  the  fourth  ftep  T  =*2ZX-«— X»: 

by  tranfpofition  of  this  will  arile  \  y 

17.  In  which  laft  Equation  all  things  are  known  but  and  the  Equation  falls  under 
the  laft  of  the  three  Forms  in  Sett.  1.  Chap .  15.  Therefore  the  two  values  of*  in 
that  Equation  fhall  be  given  by  the  Canon  in  Sett. 10.  of  the  fame  Chap,  viz . 

a.  =  4.X4V  :  4XX— -2ZX: 


Or,  a  =  i.x — V  ;  X«-F4-XX — 2ZX: 

18.  Whence  it  is  manifeft,  that  if  in  this  third  Cafe  it  happens  that  ««+X«-E^XX 
=  2ZX,  then  =  -i-X  i  that  is  to  fay,  the  firft  (or  leaft)  term  fought  fhall  be 

equal  to  half  the  given  difference  of  the  terms.  But  if  in  the  laid  third  Cafe  it  happens 

'  '  '  that 


CHAP.  17.  concerning  Arithmetical  Progreffion.  1  2 1 

that  X*>-FfXX  cr  2ZX,  then  there  will  be  two  unequal  Roots  or  values  of 
to  wit,  thofe  above  exprefs’d,  by  either  of  which  the  Equation  in  the  iixteenth 
ftep  may  he  expounded  *  yet  (as  may  eafily  be  apprehended)  only  one  of  thofe 
values  of  &  can  be  fuch  a  frit  (or  leaft)  term  as  will  agree  with  the  things  given 
in  the  Propofition :  But  which  of  thofe  two  values  of  &  is  the  leaft  term  fought 
you  may  diicover  by  the  Proof  formed  thus,  viz.  Firft,  by  the  help  of  one  of  thofe 
unequal  values  of  *  found  out  as  above,  together  with  the  given  lift  (to  wit  the 
greateft)  term  and  the  given  common  difference  of  the  terms,  you  may  find  out 
(by  the  Canon  of  the  third  Prop,)  the  number  of  terms,  (which  muft  always  be  a 
whole  number,)  and  then  by  the  fame  value  of  together  with  the  faid  laft  term 
and  the  number  of  Terms  you  may  by  the  Canon  of  Prop.  1.  find  out  the  fum  of 
all  the  terms  ;  then  if  this  fum  be  equal  to  the  fum  given  in  the  Propof.  propos’d, 
that  value  of  A  by  which  the  Proof  was  made,  is  the  leaft  term  fought  But  if 
that  Proof  will  not  fucceed,  then  the  other  value  of*  fhall  be  the  leaft  term  fought  - 
as  will  be  evident  by  the  Proof  made  as  before.  to  ? 

From  the  five  laft  tteps  there  will  arife 

CANON.  HI. 

19.  When  the  fum  of  the  Square  of  the  laft  (to  wit,  the  greateft).  term,  and  the  Pro- 
duff  of  the  Multiplication  of  the  laid  laft  term  by  the  common  difference  is  lefs 
than  the  double  of  the  Produff  made  by  the  multiplication  of  the  fum  and  common 
difference  of  the  terms  5  but  the  Aggregate  of  the  fum  firft  mentioned  and  the  fquare 
of  half  the  common  difference  is  not  lefsjdian  the  faid  double  Product  j  then  from 
the  faid  Aggregate  fubtraff  the  faid  double  PrOduff  and  extraff  the  fquare  Root  of 
the  Remainder,that  done, add  the  faid  fquare  Root  to  half  the  common  difference  of 
the  terms,  and  alfo  fubtraff  the  faid  fquare  Root  from  the  faid  half  difference  fo 
the  Sum  or  elfe  the  Remainder,  ( viz.  fuch  of  them,  which  by  the  Proof  made’ ac¬ 
cording  to  the  direction  in  the  preceding  eighteenth  ftep  will  be  found  to  agree  with 
the  things  given  in  the  Propofition,;  fhall  be  the  firft  for  leaft;  term  fought 
This  Canon  may  be  exemplified  by  the  two  following  Ranks  of  numbers  in 
Arithmetical  Progreffion  continued :  n 

I  ?,  8,  II,  14,  17. 

I  2,  7,  12,  17,  22,  27. 


PROP.  XVIII.  -  - 

%  J  A  / 

<  *,  X,  Z  are  given  leverally  5 
. \  T  is  required.  - 

,  *  *  •  * 

RESOLUTION. 

2.  By  the  Canon  of  Prop.  14 .  2*>T-EXT _ XTT  =  2Z. 

3 .  Therefore  dividing  every  member  of  the  faid  Equation  by  X,  ( becaufe  it  is  drawn  into 
TT  the  higheft  degree  of  the  number  fought, ;  this  following  Equation  will  arife  viz 

2«TffXT  w  2Z 

x - TT  =  X’ 

That  is,  22±*r-rr  =  ??.  ■  „  , 

{•  \  ■  X  .  •.  .. I;'/  . .  .  i.  a  •// 

4.  In  which  all  things  are  known  but  T,  and  the  faid  Equation  falls  under  the  laft 
of  the  three  borms  in  Sett.  1.  Chap.  ry.  Therefore  the  two  values  oft  will  be  made 
known  by  the  Canon  in  Sett.  10.  of  the  fame  Chap.  viz. 

T  —  4-  1/.«j*,+ft>X-E  yXX — 2ZX 

X  *  XX  ’  *  I  t 

Of  T  — .  W+-5-X  _  +  - 2ZX 

5  X  XX  3 
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/ 


Resolution  of  Que [lions  BOOK  J. 


5.  But  altho  the  Equation  in  the  th* 2 * 4 5rd  ftep  may  be  expounded  by  either  of  the  two 
Roots  or  values  of  T  above  expreis’d  in  the  fourth  ftep,  yet  only  one  of  them  can 
be  the  number  of  terms  fought  *  but  which  of  the  laid  numbers,  or  values  of  T  will 
folve  the  Propofition  you  may  difcover  thus:  Firft,  If  one  of  the  two  numbers  or 
values  of  T  before  found  out  be  a  Fradion  or  a  mixt  number,  that  value  cannot  be 
the  number  of  terms  fought;  for  the  number  of  terms  in  an  Arithmetical  Progreftion 
is  alwnys  a  whole  number.  Secondly.,  If  both  the  values  of  T  happen  to  be  whole 
numbers,  then  the  true  number  of  terms  fought  may  be  difcovered  by  this  Proof- 
viz.  Firft,  by  the  help  of  one  of  thole  values  of  I  in  whole  numbers,  together  with 
the  given  lalt  (or  greateft)  term,  and  the  given  common  difference,  find  out  (by 
the  Canon  of  Prop.  13.)  the  firft  (to  wit,  the  leaft)  term  ;  and  then  by  the  fame 
number  T,  togetherwith  the  firft  and  laft  terms,  findout  (bytheCanon  of  Prop.  1.) 
the  fum  of  all  the  terms;  laftly,  If  thefum  fo  found  out  be  equal  to  the  fum  given 
in  the  Propofition  propos’d,  then  that  number  or  value  of  T  by  which  the  Proof 
was  made  (hall  be  the  true  number  of  terms  fought.  But  if  the  Proof  will  not  fuc- 
ceed  to  find  out  a  number  equal  to  the  fum  firft  given,  then  the  other  value  of,  T 
is  the  number  of  terms  fought ;  which  will  be  evident  by  the  Proof  made  there¬ 
with  in  the  fame  manner  as  before. 

From  the  premiffes  there  arifes  this 

canon. 


6.  From  the  Square  of  the  fum  of  the  laft  (to  wit,  the  greateft)  term,  and  half 
the  common  difference,  fubtrad  the  double  of  the  Produd  of  the  Multiplication  of 
the  fum  of  all  the  terms  by  the  common  difference;  divide  the  Remainder  by  the 
fquare  of  the  laid  difference,  and  extrad  the  fquare  Root  of  the  Quotient.  That 
done,  add  the  faid  Iquare  Root  to  the  Quotient  which  arifes  by  dividing  the  fum  of 
the  laft  term  and  halt  the  common  difference  by  the  difference  itfelf,  and  alfo  fub- 
trafl  the  faid  fquare  Root  from  the  laid  Quotient;  fo  the  Sum,  or  elfo  the  Remain¬ 
der  (viz.  fuch  of  them  which  according  to  the  preceding  fifth  ftep  will  be  found  to 
agree  with  the  things  given  in  the  Propof.)  (hall  be  the  number  of  terms  fought. 

This  Canon  may  be  exemplified  by  the  three  following  Progreffions ;  in  the  firft 
of  which  the  greater  of  the  two  values  of  T  (in  the  fourth  ftep)  is  the  number  of 
terms  fought ;  but  in  each  of  the  two  latter  Progreffions  the  leffer  value  of  T  is  the 
number  of  terms  fought. 


I. 

II. 

III. 


2,  7,  12,  17,  22,  27,  32. 
2,  5,  8,  11,  14,  17,  20. 
12,  20,  28,  36,  44,  52,  60. 


PROP.  XIX. 


1. 


{T,  X,  Z  are  given  fevcrally ; 
*  is  fought. 


RESOLUTION. 


2.  By  the  Canon  of  Prop.  10. 


2Z — 2T  ct 
TT—T 
2Z— 2T*  =  TTX— TX 


X, 


+  vX-I-TX, 


5.  Therefore  multiplying  each  part  of  that  Equation  T 
by  TT—T,  this  will  be  produced,  to  wit,  .  .  3 

4.  In  which  laft  Equation  all  things  are  known  but  1 

whofo  value  after  due  Reduction  of  that  Equation  > 
will  be  found  out,  viz . \ 

Which  in  words  gives  this 

CANON. 

5.  Divide  the  given  fum  of  all  the  terms  by  the  given  number  of  terms,  to  the  Quotient 
add  half  the  given  difference  of  the  terms,  and  from  the  fum  of  that  addition  fubtraft 
half  the  Product  of  the  Multiplication  of  the  laid  number  of  terms  by  the  common 
difference;  fo  fhall  the  Remainder  be  the  firft  (to  wit,  the  leaft)  term  required. 
This  Canon  may  be  exemplified  by  the  following  (or  any  other)  Series  of  numbers 

in  Arithmetical  Progreffion  continued  : 

2j  7,  12,  17,  22,  27,  32, 


\ 


PROP . 
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PROP.  XX. 

f  T,  X,  Z  are  given  feverally : 

1 . t  -is  fought. 


2.  By  the  Canon  of  Prop.  1 6. 


RE  SOLUTION. 


2T® — 2Z 
TT— T 


=  X, 


^  J.  —— — 

3.  Therefore  multiplying  each  part  of  that  Equation  7  ^ 

by  TT— T,  this  will  be  produced,  to  wit,  .  .  f  2T“  -  2Z  =  TTX  —  TX, 

4.  In  which  lalt  Equation  all  things  are  known  butTfWI  v 

whofe  value,  after  due  Redu&ion  of  that  Equa-  >  *>  =  t±  4-jlTY— 

tion,  will  be  difcovered,  viz.  .  . . ^  T  1  T 

Which  in  words  gives  this 

CANON. 

5.  Divide  the  given  fum  of  all  the  terms  by  the  given  number  of  terms  5  to  the  Quo¬ 
tient  add  half  the  Produft  of  the  Multiplication  of  the  number  of  terms  by  the 
common  difference  given,  and  from  the  fum  of  that  Addition  fubtraft  half  the  faid 
difference  ;  the  Remainder  fhall  be  the  laft  (to  wit,  the  greateft)  term  required. 

.  This  Canon  may  be  exemplified  by  the  following  or  any  other  Rank  of  numbers 
m  Arithmetical  Progreffion  continued  : 

2,  5,  8,  11,  14,  17,  20. 


Quejlions  to  exercife  fome  of  the  Canons  of  the  preceding  Propofitions . 

Quf  1 .  S  uppofe  40  Stones  be  fo  placed  in  1  {freight  line, that  the  firft  is  diftant  from 
a  Basket  one  Yard,  thefecondtwo,  the  thira  three,  and  the  reft  in  the  fame  excels  •  now 
if  fome  Footman  undertakes  to  go  from  the  Basket  to  fetch  into  it  every  Stone  one  after 
another,  how  many  Yards  mu  ft  he  go  to  perform  that  work?  Anfw.  1640  Yards. 

Forafmuch  as  the  Footman  muft  go  2  Yards  ( to  wit,  one  forwards,  and  the  lame 
backwards,;  to  fetch  the  firft  Stone  into  the  Basket;  4  Yards  for  the  fecond  ;  6  for 
the  third,  &c.  here  is  an  Arithmetical  Progreffion  continued  whole  firft  (orleaft)  term 
is  a,  the  common  differenceof  the  terms  is  alfo  2,  and  the  number  of  Terms  is  40- 
therefore  the  lum  of  all  the  terms,  to  wit,  the  number  of  Yards  fought  will  be  found 
1640,  by  the  Canon  of  the  preceding  eighth  Prop. 

2.  Two  Footmen,  A  and  R,  depart  at  the  lame  time  from  London  towards 
lovk,  and  travel  in  this  manner,  viz.  A  travels  8  (ore)  Miles  every  day  •  B  tra¬ 
vels  1  Mile  the  firft  day,  2  Miles  the  fecond  day,  3  Miles  the  third  day,  and  fo  for- 
ward  ;  travelling  every  day  one  Mile  more  than  in  the  day  next  preceding  :  The 
Queition  is,  to  find  in  how  many  days  B  will  overtake  A  ?  Anfw.  At  the  end  of  1  <? 
days,  found  out  by  this  following  ,  ,  * 

RESOLUTION. 

.  ForthenumberofdaysthatBhadtravelled  when  he  overtook  ^  out"* 

Than  r _ A  A  !  1  D  1  J  _ 11  1  .  ’  ^  . 


2. 


Then  to  find  how  many  Miles  B  had  travelled  when  he  overtook 
A ,  there  is  an  Arithmetical  Progreffion  continued  wherein  the  firft 
and  lealt  term  is  i,  (to  (Vit,  i  Mile  which  B  travelled  the  firft  day  ) 
alfo  the  common  difference  is  i,  (Tor  theQueftion  faith  that  B  tra¬ 
velled  every  day  i  Mile  more  than  in  the  day  next  preceding,)  and  * 
the  number  of  terms  is  a,  (which  we  alfumed  for  the  number  of 
days  that  A  had  travelled  when  he  overtook  Af)  therefore  the  fum 
of  all  the  terms  ( or  number  of  Miles  that  B  had  travelled;  will 
by  the  Canon  of  the  preceding  Prop.  8.  be  found  to  be  ...  . 
And  becaule  A  travelled  8  (ore;  Miles  daily,  and  had  travelled' 
the  fame  number  of  days  as  B  when  B  overtook  A ,  therefore 
8  T  °r  c  )  multiplied  by  a  produces  the  number  of  Miles  that 
A  had  then  travelled  ;  to  wit,  ...... 


a 


Laa+ia 


ca 


4.  But 


,  But  when  B  overtook  A  each  had  travelled  the  fame  number  of , 

Miles  ^  therefore  the  numbers  found  out  in  the  two  lalt  rteps  mult  > ^aa~{- -a 

be  equal  the  one  to  the  other,  viz.  * . *  * 

5  Which  Equation  after  due  Reduftion  gives  .......  ..... 

'  Which  in  words  is  this  CANON. 

From  the  double  of  the  number  of  Miles  that  A  travelled  daily,  fubtraft  i  (  of 
Unitv  1  lb  (hall  the  Remainder  be  the  number  of  days  fought. 

U  Whence  the  number  of  days  required  will  be  found  i; ;  for  the  double  of  S  is  id 
from  which  fubtrjtaing  i,  the  Remainder  i  j  is  the  number  of  days  fought  5  v,%.  B 
will  overtake  A  at  the  end  of  15  days,  as  will  be  evident  by 

-  The  Proof. 

If,-  be  the  number  of  terms,  and  1  the  firft  (or  leaft)  term,  as  alfo  the  common 
difference  of  theterms  of  an  Arithmetical  Progreflion  continued  ;theium  ofall  theterms 
wiM  r  tin  Canon  of  Prop  80  be  found  120,  being  the  number  ofMiles  which  B  had  tra- 
veiled// .  /Days  (Wording  to  the  Progreflion  "of  t  Mile  the  firft  Day,  a  Miles  the  fe- 
cond  3  Miles  the  third,  £*.)  Alfo,  A  travelling  8  Miles  every  day,  would  in  15 
days  have  travelled  1 20  Miles.  Therefore  the  conditions  in  the  Qiieftion  arefausfied. 

§mfl  ,.  A  Merchant  difcharged  a  Debt  of  1370  l.  by  feveral  Payments  made  in 
thismanner,  vk.  the  firft  payment  was  id- 1  the  fecond  payment  exceeded  the  firft  by 
>  ,  the  third  exceeded  the  lecond  by  the  fame  excefs,  and  the  reft  of  the  payments 
\n  like  manner.  The  Queftion  is,  to  find  how  many  payments  the  Merchant  made 
•  riifrharmnu’  the  faid  Debt?  Artfv.  120,  found  out  thus  : 

■phere  if  given  in  the  Queftion  if.  to  wit,  the  firft  and  leaft  term  of  an  Arithmeti¬ 
cal  Progreflion  continued  ,  alfo  7  the  difference  of  the  terms,  and  137c .the  fern,  of 
all  the  terms,  to  find  the  number  of  terms,  which  (by  Canon  1  of  the  foregoing 

Frt'l'  f  if' a  difcharged  by  feveral  Payments  made  in  Rich 

J£-  /ha  tl  e  foe  nd  payment  exceeded  the  firft  by  i  /..the  third  the  fecond  the 
fourth  She  third,  &c.  in  the  fame  excefs,  vk.  every  following  payment  exceeded  the 
next  preceding  by  i  /.  and  that  the  laft  payment  was  2  if-  /.  What  was  the  firft  (to 
wk  the  leaft)  Payment,  and  how  many  feveral  Payments  did  the  Debitor  make? 
Avfw.  The  firft  and  leaft  Payment  was  1 ±1.  (found  out  by  the  Canon  2.  of  Prop.  17.) 
and  the  number  of  Payments  was  120,  found  out  by  the  Canon  of  Prop.  18. 

7-  A  Footman  travelled  1 24  Miles  in  8  Days  at  this  rate,  vt&.  The  fecond 
Da"vs  journey  exceeded  the  firft  by  3  Miles,  the  third  the  fecond  by  3  Miles,  and  fo 
forward  in  that  excels.  How  many  Miles  was  his  firft  Days  journey,  and  how  many 
his  laft  ?  Avfw.  5,  and  26  Miles  •,  found  out  by  the  Canons  of  Prop.  19  and  20. 

®  ip/i  /  a  Draper  bought  20  Cloths  for  20  Crowns  a  piece,  and  lold  the  fidl 
Cloth  for  a  certain  number  of  Crowns  •,  the  fecond  for  two  Crowns  more  than  the  hrlt  5 
the  third  for  two  Crowns  more  than  the  fecond  5  and  fo  by  increafing  he  price 
of  every  following  Cloth  by  two  Crowns  more  than  the  next  preceding  Cloth,  he  fold 
the  laft  Cloth  for  41  Crowns.  It  is  defired  to  find  the  number  of  Crowns  for  which 
he  fold  the  firft  Cloth,  and  what  he  gained  or  loft  by  all  the  Cloths. 

1  This  Queftion  implies  an  Arithmetical  Progreflion,  whole  numberof  Terms  is  20  j 
the  common  difference  of  the  Terms  is  2 ,  and  the  laft  Term  is  41  s  Therefore  by  the 
Canon  of  Prop.  13.  of  this  Chap,  the  firft  and  leaft  term  will  be  found 3  •,  and  then  by 
the  Canon  of  trap.  1.  (or  by  the  Canon  of  Prop.  14.)  the  fum  of  all  the  terms  will 
be  found  440.  Whence  it  is  manifeft  that  the  Draper  gamed  40  Crown  by  the  20 
Cloths  5  for  he  bought  them  for  400  Crowns,  and  fold  them  tor  440. 

§uefl  7.  One  diftributed  456  Pence  among  a  certain  number  of  poor  Perlons 
in  this  manner  vk.  Tothefirft  he  gave6Pence,  to  the  laft  Si  Pence,  the  number 
ofPencegiven  to  thefccondexceeded  that  given  to  the  firft,  the  third  the  lecond,  an 
fo  forwafd  m  the  laft  by  an  equal  excefs.  ^The  Queftion  is  to  find  how  many  poor 
perfons  there  were ,  and  how  many  Pence  every  one  between  the  firft  and  laft  received^ 


a 


8— <* 


-a 


CHAP.  17.  concerning  Arithmetical  Progrefion. 

To  folve  this  Queffion,  an  Arithmetical  Progreflion  mnft  Kp  I  "T*"* — 

Term  is  6  5  thelaff  Term  is  51  s  and  the  fum  of  all  the  Terms  a  if'  ^hofe  ^ 

non  of  Prop.  5.  the  number  of  Terms  will  be  found  1 6  •  and  bvthe  b^tiie  Ca" 

the  common  difference  of  the  Terms  will  be  found  3  •  wherefore  rhSl  ofProP- 6 • 

Perfons:  and  if  this  Arithmetical  Progreflion,  to  wit  '<  £& 16  Poor 

the  fixteenth  Term  inclufive,  it  will  fhew  the  number  offence  which  eve™ T*  % 

the  poor  Perions  received ;  and  all  thofe  1 6  Terms  or  Numbers  beineaddM V  u  of 
make  the  given  fum  4  j<5.  1  oemg  added  together, 

Queft.  8  A  Stationer  fold  7  (or  t )  Reams  of  Paner  t-hp  7 
were  certain  numbers  of  Shillings  in  Arithmetical  Progreffion?  the  price^t"?6160/ 
Ream,  that  is,  of  that  next  above  the  cheaneft  w?s  q  rL  1  !  K  ot  rhe  fecond 

Kt  | » “  « — aj-LSSfeslS 

R  E  SO  L  UTIO  N 

1.  For  the  price  of  the  cheapeft  or  firft  Ream  put 

2.  Then  becaufe  the  price  of  the  fecond  Ream  W3s 
8,  (or  bO  therefore  by  fubtra&ing  a  from  8  f 
(or  b^)  there  remains  tbe  common  difference  oft 

the  Terms  of  the  Progreflion,  wzj  .  ' 

3.  Then  by  the  help  of  the  leaf!  term,  the  common 
difference  of  the  terms,  and  the  number  of  terms  1 
leek  (by  the  Canon  of  Prop.  7.  of  this  Chap.)  the  r  48—?* 
laltand  greateff  term,  which  will  be  found  S 

*'  SC?  T"”  “  *"*  “  “»  ”l“l »  »  («  <■)  hoc  this 

_  , .  ,  48— =  2?;  Or,  ia—t*+tb~b  =  c 

$.  from  which  Equation  after  due  Redu&ion  this  arifes  viz. 

i  mtm  \  «=y=£^±rf. 

■  •  i  t— -2 

Which  in  words  is  this 

ca  no  n. 

abOTe^echMpeft^^ultipli^'by thenunib«rrfR'eams<:>^bbtrafl:^h> °£Rlat nexe 

of  the  fecond  and  laft  Reams ,  then  divSRemaMer^fh?P  ^{the  prices 
of  Reamsabove  2  :  fo  lhall  theOuotient  be  fficeof  thJfi?ft?Cefs,  °f  th*  ™«ber 
Whence,  by  the  help  of  the  numbersgivenin^he  Reatn 

•>  cuita, 

and  by  the  fameexcels  the  fecond  exceeded  the  th  M  ,t  “A2  ^or  *>  Years 
the  fifth  or  youngeft  Child’sage  ;  and  if  thc^age^of^the^e!deft<CMM°m tfl>  thfom* 
hy  the  age  of  the  y  oungeft  it  would  product for et 

out  the  age  of  every  one  of  the  five  Children.  Ias  lts  defir*d  to  find 

The  numbers  fought  by  the  Queftion  are  in  Arithmetical  Progreflion. 

„  ,  resolution. 

1.  For  the  age  of  the  voungeft  Child  (being  the? 

leaft  Term  of  the  Arithmetical  Progreflion  inC 
the  Queftion  J  put . °  C 

2.  Then  by  the  help  of  17,  at  and  t,  viz.  the  agel 
of  the  youngeft  Child,  the  common  difference  I 
of  their  ages,  and  the  number  of  Children,  feek  * 

W  *he  £a™n  of  Prop-  7-  of  this  Chap.)  the  age  \  8  «+ tx—x 

of  the  eldeft  that  is,  the  greateff  Term  of  the 
Progreflion,  fo  you  will  find  .  .  >  I 

3.  Therefore  the  Product  of  the  multiplication  of) 

the  firit  and  laff  Terms  of  the  Progreflion  is  .  y  <*a-\-txa—xz 

4-  Whii 
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,  Which  ProduO:  muft  be  equal  to  128  (or  c,)  the  Produd  given  in  the  Queftion* 
hence  this  Equation,  viz.  aa-{-Sa  =  128-,  Or,  aa-\-txa — xa  ==  c. 

^ .  Wherefore,  by  refolving  the  laft  Equation  according  to  the  Canon  in  Sett.  6.  Chap.  1 7 
^  *  the  value  of  a,  that  is,  the  age  of  the  youngeft  Child  will  be  difcovered,  viz. 

_  V  ‘ttxx — 2  txx  -f  XX  4-  4c: — tx X 

a  =  o  — - - 

2 

Which  in  words  is  this  .  .  ■  y/m-  j  sm 

CANON. 

From  the  Product  of  the  number  of  Children  multiplied  into  the  common  differ¬ 
ence  of  their  ages  fubtraft  the  faid  difference  5  then  to  the  Square  of  the  Remainder 
add  four  times  the  Produft  of  the  age  of  the  eldeft  Child  multiplied  into  the  age  of 
the  youngeft,  and  extract  the  fquare  Root  of  the  fum  of  that  Addition :  then  from  the 
faid  fquare  Root  fubtraft:  the  Product  of  the  common  difference  of  their  Ages  multi¬ 
plied  into  the  excefs  of  the  number  of  Children  above  Unity  *  fo  the  half  of  the  Re¬ 
mainder  (hall  be  the  age  of  the  youngeft  Child. 

Whence  thefe  five  numbers  are  difcovered,  viz.  8, 10, 12, 14,  16  5  which  fhew  the 
number  of  Years  exprefling  the  age  of  every  one  of  the  five  Children:  for  the  Produft  of 
the  firft  and  laft  numbers  is  1 28,  and  the  common  difference  is  2,  as  was  required. 

ghiejl.  10.  If  the  fum  of  6  (or  t)  numbers  or  terms  in  Arithmetical  Progreflion  be 
48°  (or  and  the  Produd  of  the  common  difference  multiplied  into  the  leaft  Term 
be  equal’to  the  number  of  Terms  5  what  are  the  Numbers  of  that  Progreflion? 

RE  SOLUTION. 

1.  For  the  common  difference  of  the  Terms  put  .  . 

2.  Then  according  to  the  condition  in  the  Queftion, 
if  the  number  of  Terms  be  divided  by  the  common 
difference,  the  Quotient  is  the  leaft  Term,  to  wit, 

- ,  Now  by  the  help  of  the  common  difference,  the 
leaft  Term,  and  the  number  of  Terms,  feek  (by 
by  eighth  Prop,  of  this  Chap.)  the  double  liim  of 
all  the  Terms,  fo  you  will  find  .  :  .  ;  .  .  ^  , 

4.  Which  double  Sum  muft  be  equal  ta  -twice  48,  the  Sum  given  in  the  Queftion  $ 
hence  this  Equation  arifes,  viz. 


30  Z?  tta^  —  — 

a.,  1,  ;  a 


■ta 


. 


■  O  Ji  -A' 


loa+H  ==  96* 


That  is. 


tta-\-  —  —  ta 
a 


=  2Z. 


5- 


Which  Equation  duly  reduced  gives 


That  is, 


2Z 


tt—t 


-Ct 


-a 


aa 


eta 


2 1 

t — I 


6.  Wherefore  by  refolving  the  laft  Equation  according  to  theCanon  in  Sett.  10.  Chap ,  15 
the  two  values  of  a  will  be  found  thefe,  viz. 


a 


a 


z-\-V:zz-\-2  ttt — 2  tttt 


tt—t 


6  __  Z — V:ZZ-\-2 ttt — 2tttt' 

T  - - - 

tt—t 


7.  Each  of  which  values  of  0,  to  wit,  2  and  4  may  be  taken  for  the  common  differ¬ 
ence  (ought.  Then  becaufe  6  is.  prelcribed  in  the  Qpeftion  for  theProdud  of  the 
leaft  Term  multiplied  into  the  common  difference,  let  6  be  divided  by  the  laid  2 
and  -f  feverally,  and  the  Quotients  3  and  5  (hall  be  the  two  leaft  Terms  of  two 
Arithmetical  Progreflions,  each  of  which  will  (blve  the  Queftion  :  And  therefore 
The  fix  numbers  fought  may  be  either  thefe,  3,  ?,  7,  9>  Ir>  > 

Or  thefe, . .  %  <$4,7^  8-f,  9r,  11.  • 

In  each  of  which  Progreflions,  the  number  of  Terms  is  6  *  the  fum  of  all  the  Terms 
is  48*  and  the  common  difference  multiplied  by  the  leaft  Term  produces  the  number 
of  Terms.  Which  was  preferibed  in  the  Queftion. 


The  End  of  the  Firft  BOOK. 
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t' 


THE 


OF  THE 


BOOK  II. 


C  H  A  P.  I. 

/ 

T’  ’ ,  -  #  •  ,|* '  '<  ■  — — •  •'  1  try  •  f  ,  '  t * 

Concerning  the  Ge?iefis  or  Procfuftion  of  Powers  from  Roots  Bino¬ 
mial \  Trinomial \  dec. 

•  •  * 

I,  ngP’-  Shall  take  it  for  granted,  that  the  Reader  of  this  Second  Book  of  Algebrai- 
||  cal  Elements  is  well  exercifed  in  the  Firft;  and  therefore  without  making 
0  any  repetition  of  what  has  been  there  explained  at  large,  I  fhall  proceed 
to  the  handling  of  new  matter  in  this  Myfterious  Art.  Firft  then,  foraf- 
much  as  the  Extra&ion  of  Roots  is  undoubtedly  the  hardeft  Leffon  in  Vul- 
gar  Arithmetic,  and  the  Reafon  of  the  Rules  delivered  in  moll  Treatifes  of 
Arithmetic  for  extra&ing  of  the  Square  and  Cubic  Roots  is  known  but  to  few  pra&i- 
cal  Arithmeticians,  I  fhall  explain  what  our  learned  Divine  and  famous  Mathemati¬ 
cian  Mr.  jTilliamOughtred ,  hath  fuccin&ly  delivered  upon  this  Subject  in  the  twelfth, 
thirteenth,  and  fourteenth  Chapters  of  his  Incomparable  Clavis  Mathematics  ;  to 
which  end  in  this  and  the  following  fecond  Chapters  I  fhall  firft  fhew  the  Genefis  or 
Produtti on  of  Powers  from  Roots  Binomial,  Trinomial,  &c.  and  then  in  the  third 
and  fourth  Chapters  their  Analyfis,  or  the  Extrattion  of  the  Root  or  Side  out  of  any 
given  Power,  whether  it  beexprefs'd  by  the  Number  or  Letters. 

II.  If  a  Line  or  Number  be  divided  into  any  two  parts,  fuppofe  a  the  greater  and 
t  thelefler,  thefe  connected  by  the  Sign  -f  or  —  doconftitute  a  Binomial  Root,  as 
a  -F  e  or  a  —  e,  the  latter  of  which  fome  call  a  Refidual  Root,  becaufe  it  imports  a  Re¬ 
mainder,  viz.  the  difference  ofthe  two  Names  or  Parts  of  the  Root.  In  like  manner  thefe 
Compound  Quantities  a  -f  b  4  c,  a — b — c  ;  and  the  like,  may  be  called  Trinomial 
Roots,  becaufe  each  of  them  confifts  of  three  Names  or  Parts;  and  a 4  ^4 c 4  d  a 
Quadrinomial  Root,  that  is,  a  Root  confifting  of  four  Parts :  And  fb  of  others. 

III.  From  a  Root  Binomial,  Trinomial,  &c.  Algebraical  Powers  may  be  produced 
in  like  manner  as  from  a  funple  Root,  viz.  by  a  continued  Multiplication  of  the  Root 
into  it  felf  As  for  Example:  The  Binomial  Root  a\e  being  multiplied  by  it  felf, 
that  is,  a\e  by  a-+e,  produces  aa-{-2ac-\-ee,  the  Square  of  a -\-e.  Again,  if  the 
Square  aa+iae+ee  be  multiplied  by  its  Root  a- j-e,  the  Product  will  be  aaa-\-?aae 
4-  iaee-\-eee ,  which  is  the  Cube  of  the  Root  a\ e ;  and  if  the  laid  Cube  be  multipli¬ 
ed  by  its  Root  a-\-e,  it  will  produce  the  fourth  Power  :  and  fb  you  may  proceed  to 
find  a  fifth,  iixth,  or  what  Power  you  pleafe  from  the  Binomial  Root  a-\-e.  But 
for  the  greater  evidence  view  the  following  Operation. 


S 


Binomial 
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■  - -  — ■-  '  "  '■  ■  ■■  . . . 

Binomial  Root,  .  a+e 

a+e 

•  r _ i"-  \ 

aa\ae 

\ae-\-ee 


Square,  ....  aa-\-2ae\ee. 

a\e 


aaa-\-2aae-\-aee 

4-  aae-\- 2aee-\- eee 


Cube,  ....  aaa+iaae+taee+eee 

a-\-e 


aaaa~\-  ^aaae\  3  aaee -{•  aeee 

4-  aaae  4  3  aaee  4  3  aeee  4  eeee 


Biquadrate,  .  .  aaaa-\-^aaae*\-6aaee-\-/\aeee-\-eeee. 

After  the  lame  manner,  if  the  Refidual  Root  a— e  be  multiplied  by  it  felf,  the  Pro¬ 
duct  will  be  aa — 2ae-\-ee  the  Square  of  a — e.  Again,  if  the  Square  2ae-\-ee 
be  multiplied  by  its  Root  a — the  ProduSl  will  be  aaa — ^aae-^^aee — eee,  which 
is  the  Cube  of  the  Root  a^e.  And  fo  you  may  proceed  to  find  a  fourth,  fifth,  or  what 
Power  you  pleale  from  the  Refidual  Root  a — view  the  following  Work. 

Refidual  Root  .  .  <*— e 

T  -  U - e  — ; ; 

•JtlUS  ~  tv  lO'XOOi*  :  ••  ‘  * 


Square,  .  «  .  . 


aaa — 2aae\aee 
— aae  4  %aee — ees 


Cube,  ....  aaa — %aae-\-  ?>aee — eee. 

a — e 


aaaa —  5  aaae  4  3  aaee — aeee 

— aaae  4  3  aaee —  3  aeee  4  eeee 

Biquadrate,  :>  .  aaaa — ^aaae~\-6aaee — ^aeee-\-eeee. 

By  thole  two  Examples  it  is  manifeft,  that  the  Powers  from  the  Refidual  Root  a — t 
differ  only  in  the  Signs  4  and  —  from  like  Powers  formed  from  the  Binomial  Root 
a  4  e-,  for  in  every  Power  of  a  Refidual  Root,  the  Signs  prefix’d  before  the  Parts  or 
Members  of  the  Power  are  alternately  4  and — •,  viz.  the  greateft  or  firft  Member 
is  Affirmative,  the  fecond  Negative,  the  third  Affirmative,  the  fourth  Negative,  and 
fo  forwards :  as  you  may  fee  in  the  Cube  of  a — <?,  where  aaa  the  greateft  extreme  Mem¬ 
ber  is  Affirmative ^  the  next  Number  in  order  being — 3 aae  is  Negative-,  the  third 
Member  4  %aee  is  Affirmative  -,  and  the  laft  (to  wit,  the  leaft)  Member — eee  is  Ne¬ 
gative.  But  in  every  Power  produced  from  a  Binomial  Root,  whofe  Parts  are  con¬ 
nected  by  4>  as  a 4?,  all  the  Members  of  the  Power  are  Affirmative. 

IV.  If  according  to  the  Conftru&ion  in  the  laft  preceding  Se&ion  a  Scale  or  Rank 
of  Powers  be  formed  from  a  Binomial  Root,  as  from  a-\-e,  the  Members  of  each 
Power  to  the  tenth  inclufive  will  be  luch  as  you  lee  in  the  following  Table,  where  the 
two  laft  Powers  are  compendioufly  exprels’d  according  to  Cartejius  his  way. 

A 


aa — ae 
•—ae  4*0 


aa — tae-\-ee 
a — e 


from  a  Binominal  Root , 


A  Table  of  Powers  produced  from  the  Binominal  Root  e. 


*  54  The  Root. 


V.  By  the  foregoing  Table  it  is  evident,  that  the  Sauare  of  „„  ra  r 

of  a  "HjWhK ' h  V  that  ‘f  a  Numb«  be  divided  mto  any  two  pms^Sn®'4' 
of  that  Number  fhall  be  equal  to  the  Sou  a  res  nf  thr  mrtt  y  j  p ti]e  Square 

made  by  the  Multiplication  of  the paS ole  imo 

10  and  2,  wmch  may  be  fignified  by  a  and  e,  then  5  *  f  b  divided  into 


The  Square  of  io  is  .  . 
Produff  of  io  multiplied  by  2 
is  20,  which  doubled  makes  [ 
The  Square  of  2  is  .  . 


100 

40 

•  4 


aa 
2a  3 


Which  three  Numbers,  to  wit,  100,  40,  and  4  ) 
added  together  make  the  Square  of  1 2,  viz.  j  I44  =  ^+2^+^. 

nal  Roo! «+ e'ronfifts of't^Cubesfrf the'NamesOT^PMts^f 'the'^R ^t0^ ^d ®*noIn'" 
ther  w,th  the  triple  of  the  folidProduamade  by  theM^  tiD  icatlnn  of  ^ 

flluftrated  by  Numb S  Incoofe  to  kffer  Part  *•  Tllis  ™Y «* 

before)  be  /eprefented  bj^ 

the  Sum  of  thefe  four  folid  Numbers!  viz.  b  *  a^c>  wlU  be  equal  t0 

s  2  The 


* 


,.3,1  ...I . -  . . . Vr  . f 
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1000 

6co 


The  Cube  of  10  is  .  .  .  •  •  • 

The  Square  of  10  is  100,  which  mul¬ 
tiplied  by  2  produces  200,  this 

tripled  makes  •••••*•  ^ 

Again,  10  multiplied  by  4  the  Square  7 

of  2  produces  40,  the  Triple  where-  >  .  120 

of  is  .  . 3  1 

The  Cube  of  2  is . 8 


aax 
7,  a  ae 

%aee 

eee 


Which  four  Numbers,  viz.  1000, 600,  ? 

1 2 o,and  8, added  together  make  £he>  .  i-]2%=aaa-\-iaae+iaee-*reee 
Cube  of  1 2,  (or  12x12x12)  that  is  } 

After  the  fame  manner  the  reft  of  the  Powers  in  the  Table  might  be  exprefs’d  by 
Words.  Whence  ’tis  evident,  that  this  literal  Method  difcovers  many  Properties  in 
Powers,  which  in  Numeral  Calculations  do  lie  in  oblcurity. 

Vi.  Moreover,  by  a  bare  In(pe£tion  into  the  faid  Table  it  may  be  perceived,  that 
the  Number  prefix’d  to  every  oneof  the  mean  Members  of  every  Power  produced  from 
the  Binomial  Root  <?,  is  compofed  of  the  two  Numbers  prefix’d  to  the  next  fuperi- 
our  and  inferiour  Members  of  the  next  preceding  Power.  As  for  example  :  If  you 
conceive  theLine  upon  which  3 aae  is  fet  to  be  continued  forth  at  length,  it  will  pafs 
between  aa,  that  is,  iaa  and  2<w,  in  the  foregoing  fecond  Power  (or  Square.)  Now 
I  fay  that  the  number  3  prefix’d  to  aae  is  the  fum  of  1  and  2  the  Numbers  prefix’d  to 
aa  and  ae.  Likewife  the  number  l  prefix’d  to  aaee^  one  of  the  Members  of  the  fourth 
Power  is  compofed  of  3  and  3,  the  Numbers  prefix’d  to  aae  and  aee  in  the  third 
Power!  Again,  the  number  15  prefix’d  to  aaaaee  is  the  fum  of  5  and  10,  the  Num¬ 
bers  prefix’d  to  aaaae  and  aaaee  in  the  fifth  Power.  Hence  a  Table  may  be  made  to 
fhew  what  Numbers  are  to  be  prefix’d  to  the  mean  Numbers  of  every  Power. 

A 

2  For  the  Square* 

3  .  3  For  the  Cube. 


4.6.4  For  the  fourth  Power. 
5  .  10  .  10  .  5  For  the  fifth  Power. 


6  .  ij  .  20  .  15  .  6  For  the  fixth  Power. 


7  .21.  35  .35.  21.  7  For  the  feventh  Power. 

8  .  28  .  56  .  70  .  56  .  28  .  8  For  the  eighth  Power. 


9  .  36  .  84  .  126  .  126  .  84  .  3 6.9  For  the  ninth  Power. 

10  .  47  .  120  .210  .  272.  210  .120  .  47  .  10  For  the  tenth  Power. 

i - - "c 

# 

In  this  Table  the  Numbers  from  A  to  £,  and  likewife  from  A  to  C,  do  proceed 
from  2  in  an  Arithmetical  Progrelfion,  having  1  (to  wit.  Unity)  for  a  common  dif¬ 
ference  5  and  every  one  of  the  mean  Numbers  (landing  between  the  fame  Term  of 
each  Progrelfion,  is  compofed  of  the  two  Numbers  which  ftand  next  above  each  mean 
Number  refpeUively  :  As  6,  which  (lands  between  4  and  4,  is  the  Sum  of  3  and  3, 
which  ftand  above  and  on  each  fide  of  6  :  likewife  10,  which  is  fet  between  7  and  7  j 
is  the  Sum  of  6  and  4  which  ftand  above  10  5  and  fo  of  the  reft.  So  that  this  Table 
may  be  eafily  continued  further  at  pleafure. 

VII.  Any  Power  of  a  Binominal  or  Refidual  Root  exprefs’d  by  Letters, may  without 
a  continued  Multiplication  of  the  Root  into  it  felf  be  eafily  formed  by  the  following 
Method,  which  is  deduced  from  the  Premifes,  viz.  Suppofe  the  fifth  Power  of  the 
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aaaaa 

aaaa 

aaa 

aa 


Binominal  Root :a+e  be  defired;  Firft,  I  write  all  the  Ample  Powers  of  a,  defcendine 

orderly  from  the  fifth  Power  downwards  to  the  Root  a  ,  as  aaaaa,  aaaa,  aaa  aa 
and  a,  as  here  you  fee  in  the  firft  Columel :  then  to  >53 

all  thofe  Powers,  except  the  uppermofta^a  I  joyn  (1)  /s\ 

fuchlimple Powers  of  e,  that  the  Sum  of  thelndi-  ^ 

ces  of  both  Powers  may  make  y,  viz.  To  aaaa  I 
joyn  e to  aaa ,  ee,  to  aa ,  eee-,  and  to  a ,  eeee then 
1  write  eeeec  underneath  •,  fo  that  there  are  fix  di- 
ftin&M  embers  orTerms, every  one  of  which  confifts 
of  five  Dimenfions,  as  you  fee  in  the  fecondColumel. 

That  done,  by  the  Table  in  the  foregoing  Se&.  6. 

I  find  that  the  Numbers  5,  10,  10,  and  5;  are  to  be 
prefix’d  before  the  mean  Members  of  the  fifth  Power  *  and  accordingly  I  fet  5  before 
aaaae,  10  before  aaaee,  likewife  10  before  aaeee,  and  5  before  aeeee  •  laftly  by  prefix- 
mg+,or  fuppofing  it  to  be  prefix’d  before  every  one  of  the  faid  five  Members  the 
fifth  Power  of  the -Binominal  Root  a+e  iscompleated,  as  you  fee  in  the  third  Columel 
and  in  every  refpeft  agrees  with  the  fifth  Power  in  the  Table  in  the  foregoing  Sett  4 
But  if  the  Signs-fand — be  alternately  prefix’d  before  the  Members  of  the  laid  fifth 
Power,  according  to  what  has  been  faid  at  the  latter  end  of  SeS.  3.  it  will  be  the 
fifth  Power  of  the  RefidualRoot  a — e. 


(2) 

aaaaa 

aadac 

aaaee 

aaeee 

aeeee 

eeeee 


aaaaa 
y aaaae 
I  oaaaee 
1  o  aaeee 
$  aeeee 
eeeee 


VIII.  Laftly,  from  a  Root  confifting  of  three,  four,  or  any  number  of  parts  the 
Square,  Cube,  or  any  higher  Power  of  the  Root  may  be  produced  by  a  continued 
Multiplication  of  the  Root  into  it  felf :  As  the  Trinomial  Root  *+  b-\-  c  being  mul¬ 
tiplied  by  it  felf,  its  Square  will  be  found  aa+2ab-\-iac+bb-\-ibc+cc  •  and  this 
Square  multiplied  again  by  its  Root  a+b+c  produces  the  Cube  of  the  fame  Root 
that  is,  aaa-\- ^aab\ ^aac-\- lahh^r 6abc-\- ^accA- bhb-\- ibbc^- %hcc+  ecc.  After  the 
fame  manner  Powers  may  be  produced  from  a  Root  confifting  of  four,  or  any  Num¬ 
ber  of  Parts.  And  if  th$  Conftitution  of  Powers  exprefs’d  by  Letters  be  lerioully 
confidered,  it  will  befome  help  to  difcover  whether  an  Algebraic  Quantity  confifting 
of  more  than  three  Members  orTerms  be  a  perfeft  Power  or  nor,  and  alfo  give  fnmS 
light  to  difcover  its  Root.  B 


chap,  11. 


Concerning  the  Compofition  of  Powers  in  Numbers  from  a 

Binominal  Root , 

Se£K  I.  Of  the  Compofition  of  a  Square  from  a  Number  (fivzn  for  the 

Side  or  Boot. 


1 

1.  QUppofe  the  Square  of  the  Root  28  be  defired :  Firft,  write  down  the  Root  28  in 
Q  fuch  manner  that  there  may  be  fpace  enough  to  fet  one  Figure  between  2  and 

8,  and  let  a  Line  be  drawn  under  them  *  as  alfo  two  downright  Lines,  the  one  next  after 

2,  and  the  other  after  8,  to  the  end  the  Numbers  which  are  to  be  found  out  may  be 
orderly  placed  for  Addition :  then  let  the  Root  28  be  conceived  to  be  divided  into 
thefe  two  parts  20  and  8,  and  let  a  be  put  for 
the  greater  part,  and  e  for  the  lefler.  Now- 
forafmuch  as  the  Square  of  a\e  is  aa-\-2ae 
•\ee,  therefore  the  Square  of  28,  or  of  20 
4  8  may  be  compofed  thus,  viz.  The  Square 
of  20  is  400,  (or  aa  *,)  the  double  of  20  is 
40,  (or  2  a)  which  multiplied  by  8  (ore)  pro¬ 
duces  320,  ( that  is, 2 aef)  and  the  Square  of  8 
is  6 4  (or  ee.)  Laftly,  the  faid  three  Numbers  400,  320,  a*id  64,  being  fet  under  one 

ano* 


a  =  20 
e=  8 


4 

3 


8 

00 

20 

64 


Root  propoled. 


aa 
2  ae 
ee 


841  Square  required. 


/ 


I 


/ 
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1  1,1  "" 

„„„  thpr  ;n  f„rb  order  that  Units  may  ftand  under  Units,  Tens  under  Tens,  &c.  and 
added^ together the  Sum  makes  784,,  the  Square  of  the  Root  28  }  as  may  eafily  be 

proved  bymultiplylng  or  jq00t  whofe  Square  is  defired  confifts  of  three  or 

more  places,  as  *7803  ;  firft,  the  Square  of  the  two  foremoft’Figures  towards  the  left 
Hand,  that  is,  of47,  be  found  out  m  like  manner  as  before  in  the  firft  Example, 
£  there  will  be  produced  2209  for  the  Square  of  47,  as  you  fee  in  the  following  Exam- 
^  ,  Qpmndlv  write  47  in  a  void  place,  and  annex  a  Cypher  to  it,  fo  itmakes47o, 
rhis  Number  muff  now  beefteemeda,  and  8  the  next  following  Character  of  the  Root 
mufr  be  taken  for  e  •  and  then  according  to  thefe  values  of  a  and  e  the  Numbers  iigni- 
ZL  hv  aa2 ae  and  ee9  being  added  together  make  228484  for  the  Square  of  478,  (as 
von  Tee  here  underneath.)  Where  obferve,  that  to  find  the  Square  of  470  (that  is, 
yQca\  you  need  only  annex  two  Cyphers  to  2209,  which  was  before  found  for  the 
SnmreofA7  Thirdly,  annex  a  Cypher  to  478  in  a  void  place,  and  it  makes  47  80  for 
amew  Value  of  a  and  the  next  following  CharaUer  of  the  Root,  to  wit  o,  is  the  new 
Value  of  e  then  according  to  thefe  Values  of  a  and  e,  the  Value  of  aa+2ae+ee  is 
22848400  ’to  wit  aa  only  ^  for  e=o,  and  confequently  zae+ee-o  :  fo  the  faid 
2  28l8loo’is  found  for  the  Square  of  4780.  Laftly,  by  annexing  a  Cypher  to  4780  it 
makes  47800  for  a  new  Value  of  <*,  and  3  the  laft  Figure  of  the  Root  is  the  new  Va¬ 
lue  of  e-  then  according  to  thefe  Values  of  a  and  e  the  Sum  of  the  Numbers  fignified 
by  aa9  2 ae,  and  w,  makes  2285126809  which  is  the  Square  of  the  faid  given  Root 
4780^  as  may  eafily  be  proved  by  multiplying  the  faid  Root  by  it  felt  Compare 

the  following  Example  with  the  precedent  Direftions. 

* 

,  Example  z,  of  Se£b.  I. 

Root  propofed. 


4=40 

«  -  7 

a—AfjO 

e=  8 

0=4780 
e—  o 

0=47800 
e—  9 


4 

1 

8 

0 

3 

E 

16 

00 

aa 

5 

60 

2  as 

49 

ee 

22 

09 

00 

aa 

75 

20 

2  as 

64 

ee 

22 

'U~ 

00 

84 

00 

aa 

00 

2  ae 

00 

ee 

22 

84 

84 

00 

00 

aa 

28 

68 

00 

2  ae 

09 

ee 

22 

001 
'-a  l 

12 

6  8J09 

~S 

Square  required. 


Se£f.  II.  Of  the  Oompofition  of  a  Cule  from  a  Number  given  for  the  Side  or  Roof. 

1.  Let  the  Cube  of  the  Root  28  be  defired  :  Firft,  I  write  the  Root  28  in  fuch 
manner,  that  there  may  be  fpace  enough  to  fet  two  Figures  between  2  and  8;  then  ha¬ 
ving  drawn  a  Line  under  28,  and  down- 

•  1  T  •  1  P  •  |  1 


8 


0= 20 
e  =  8 


Root  propofed. 


8000 
9600 
840 
5f2 
952 


21 


aaa 

^aae 

laee 

cee 

Cube  defired. 


right  Lines  as  before  in  the  Square,  I 
conceive  the  Root  28  to  be  divided  in¬ 
to  20  and  8,  that  is,  a  and  e.  Now 
forafmuch  as  the  Cube  of  a-\-e  is 
compofed  of  thefe  four  Members,  viz. 
aaa ,  3000,  %aee,  and  eee ,  (as  appears 
by  the  Table  in  Sett.  4.  Chap.  1.  )  there- 


fore  the  Cube  of  20-F8  (that  is,  of  28)  may  be  compofed  thus,  viz.  Firft,  the 
Cube  of  20  is  8000,  (that  is,  aaa.)  Secondly,  the  triple  of  the  Square  of  20  being 

mul- 


2. 


CHAP. 


multiplied  by  8  produces  9600,  (that  is,  thirdly  the  tritW  r~“ - * 

tiplied  by  the  Square  of  8  produces  3840  fthar  is  2  Ll  )  f  f  ,  ,of  20  beingmul- 

is  5.2,  fthat  is  bftly!  the  fiiffi  NumbS  Socfo toft  ^  ft'*  °fS 
un^er  one  another  in  fuch  order  that  Units  may  ffand  under  Unh-  1  2’  xbei2?  fet 

&e:  avv,addehd  “eette  make  21952,  the  Cube  of  the  given  RwI|  dttTens> 
2.  W  hen  the  given  Number  or  Root  whole  Cube  is  defiled  co-ihlk  Zh 
places,  as  2850,  ;  Firft,  tlieCube  of  the  two  foremoft  b  icures  rhlr  il  h T  01  more 
be  found  out  in  like  manner  as  before  in  Example  i,  f0  there  will  it  nf’a  0t  f’  mult: 
&condly,  write  f8  in  a  void  place,  and  annexing  a  Cypher  toi^  ^mt^o2195?' 
Number  muft  now  beelteemed^,  and  ,  the  next  following  rtf’  lL™akeS28o,  this 
muit  be  taken  for  *  ;  then  according  to  theft  XsoSa  f  erheNut  bt  ^  Rfi°°i 
by  aaa  3aae,  we,  and  eee9  being  added  together  make  >2  „  J  he?S  ^niM 
287,  (as  you  fee  in  Example  2.)  where  obferve  that  to  find  the  Cw  w.  ^  ob 
oia  you  need  only  annex  three  Cyphers  to  219,2  wWcVuLh.r  °f/8°^  thatis' 
Cube  of  28.  Thirdly,  annex  a  Cypher  to  285  after  it  is  fit  in  a  1 1°^  f°Hnd  *or  ?h.e 
makes  2850  for  anew  value  of  a,  and  the  next  following  C  ha  rafter  of  ? UCp’  and  ^ 
wit,  o,  is  the  new  value  of  e  :  Then  according  to  thefe  values  of  .  a  le  u°0t\ t0 
of  aaa- f  3aa&-\-$ace-\-eee  is  23149125:000,  that  is  aaa  only  fn/  ^  th.e  Va  ue 
quently  iaae-\-zaee4-eee=0  fo  the  (aid  i3i,n„’,„  /  ™r  e~°,  and  confe- 

2850.  Laftly,  by  annexing  a  Cypher  to  2850  it  makes  frf  f  d°f  tfle  ('ul,e  oi 
«,  and  3  the  la  ft  Figure  of  the  Root  is  the  new  value  ofe^lhe/Z  2  a-W  value  of 
values  of  a  and  ,  the  Sum  of  the  Numbers  %  M  by  ftf  l  “°rdmS  ro  ,thefe 
makes  231584,6019527,  which  is  the  Cube  of  the  given VootA^l  and  T’ 
be  proved  by  multiplying  the  faid  Root  into  it  felfCuWcalN  r’  h  aS  miy  ea% 
mg  Example  with  the  precedent  Direflions  Lubl"!if-  Compare  the  follow- 


1  O 


Example  2.  of  Sect.  If. 


*4i 


0  =  20 
*=  8 


0=280 
e=z  5 


0=2850 
e=  o 


0=285:00 

3 


5 

c 

1  3 

£ 

00c 

9 

60c 

3 

84c 

$12 

21 

95  2 

000 

j 

176 

000 

21 

000 

• 

125 

23 

>4  9 

125 

000 

000 

000 

000 

23 

149 

125 

000 

000 

7 

310 

250 

000 

769 

0 

0 

27 

23 

156 

1 36 

0x9, 

>27 

_Root  propofed. 

aaa 


We 

We 

eee 

aaa 

7,aae 

Wt 

eee 

aaa 

3<*ae 

We 

eee 


aaa 

3ciae 

aee 

eee 

Cubedefired. 


I  J  :  - 


Seft. 


v 


144 


The  Produttion  of  Powers.  BOOK  II. 


2 

8 

Root  propofed. 

a— 20  16 

8  25 

15 
4 

0000 

6oo<*> 

3606 

0960 

4096 

aaaa 

4  aaae 

6aaee 

4  aeee 
eeee 

61 

4656 

Biquadrate  defired. 

\ 

Se£t.  III.  Of  the  Compofition  of  a  Biquadrate ,  or  the  fourth  Bower,  from  a 

Number  given  for  the  Root, 

i .  Let  the  Root  28  be  propofed,  and  its  Biquadrate  or  fourth  Power  defired.  Firft, 

I  write  the  Root  28  in  fuch  manner  that  there  may  be  fpace  enough  to  let  three  Figures 
between  2  and  8-,  then  having  drawn  a  Line  under  28,  and  downright  Lines,  as  in  for¬ 
mer  Examples,  I  conceive  the  Root  28  to  be  divided  into  20  and  8,.  that  is,  a  and  eh 
now  forafmuch  as  the  Biquadrate,  or  fourth  Power  produced  from  the  Binomial  Root 
a-Ve  is  aaaa-\-  4aaaeJr  haaee-\-  ^aeee  -p  eeee,  (as  appears  by  the  Table  in  Sett.  4. 
Chap .  1.)  therefore  the  fourth  Power  of  20+8,  (that  is,  of  28^  may  be  compofed 
*  thus,  viz.  Firft,  the  fourth 

Power  of  20  is  160000, 
(that  is  aaaaf)  fecondly, 
four  times  the  Cube  of  20 
being  multiplied  by  8  pro¬ 
duces  256000,  (  that  is, 
4 acme  *,)  thirdly,  fix  times 
the  Square  of  20  being 
multiplied  by  the  Square 
of  8  produces  153600, 
/  that  is  6aaee )  fourthly,  four  times  20  multiplied  by  the  Cube  of  8  produces 
40960  that  is,  4 aeee  h  fifthly,  the  fourth  Power  of  8  is  4096,  (that  is,  eeee  h)  laftly, 
the  Sum  of  all  the  faid  five  Numbers,  to  wit,  160000,  256000,  153600, 40960,  and 
4096  makes  614656,  which  is  the  fourth  Power  of  28  the  Root  propofed  *  as  will 
eafilv  appear  by  the  Multiplication  of  2  G  four  times  into  itfelf. 

2 7  When  the  givenNumber  or  Root  whofe  fourth  Power  is  defired  confifts  of  three 
Places  as  285  •  Firlt,  the  fourth  Power  of  the  two  foremoft  Figures  28  mult  be  found 
out  in  like  manner  as  in  Example  1.  of  this  Sett,  fo  there  will  be  produced  614656 
for  the  fourth  Power  of  28.  Secondly,  let  28  be  fet  in  a  void  place,  and  annex  a 
Cvpher  to  it  fo  it  makes  280,  which  muff  now  be  efteemed  a,  and  5  the  next  fol¬ 
lowing  Chara&er  of  the  Root  muft  be  taken  for  e  h  and  then  according  to  thefe  values 
0f  a  and  e  the  Numbers  fignified  by  aaaa,  4 aaae,  6aaee,  4 aeee,  and  eeee  being  added 
together  make  6597500625,  which  is  the  fourth  Power  of  the  given  Root  285,  and 
the  work  will  ftand  as  you  fee  in  the  following  Example  2.  After  the  fame  manner 
the  work  is  to  be  continued  when  the  given  Root  confifts  of  more  than  three  places, 
as  is  manifeft  by  the  following  Example  3, 

.  '  tT': 

Example  2.  of  Se&.  III. 


2 

8 

5 

Root 

a —  20 

16 

0000 

aaaa 

*=  8 

25 

6000 

4  aaae 

15 

3600 

• 

6aaee 

4 

0960 

4096 

4  aeee 

eeee 

<2=280 

61 

4656 

0000 

aaaa 

e=  5 

4 

3904 

0000 

4  aaae 

1176 

14 

0000 

0000 

625 

6aace 

4  aeee 
eeee 

6$ 

975° 

0625 

Biqua 

Example 
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from  a  Binomial  Root . 


Example  3.  of  Sefr.  III. 


a—  20 
e=  8 


<2=280 
e  —  o 


tf=28co 
*=  5 

r,-  -  ■ 


*  -  ■ 


frl  Root  propofed. 


Biquadrate  defired. 


a~  20 
e=  8 


2 

8 

32 

00000 

aaaaa. 

64 

00000 

%aaaae 

51 

20000 

I  oaaaee 

20 

48000 

1 0  aaeee 

4 

09600 

yaeeee 

 „  . 

32768 

eeeee 

172 

10368 

*45 


Sett.  IV.  0/  the  Compofitiois  of  the  fifth  Power  from  a  Namier  givenfor  its  Root. 

i  Let  the  Root  28  be  propofed,  and  its  fifth  Power  defired  :  Firft,  let  the  Root  28 
be  written  in  fuch  manner,  that  there  may  be  fpace  enough  to  fet  4  Figures  between 
2  and  8  *  then  having  drawn  a  Line  under  28,  and  downright  Lines,  as  in  the  Exam¬ 
ples  of  the  precedent  Seftion,  let  28  be  conceived  to  be  divided  into  20  and  8,  that  is, 
a  and  c  •  now  foralmuch  as  the  fifth  Power  produced  from  the  Binomial  Root  e  is 
aadaa+^aaaae^ T oaaaee\ioaaeee-\-  $aeeee+eeeee,  (as  is  manifeft  by  the  Table  in 
Sea.  4.  Chap.  1.)  Therefore  the  fifth  Power 
of  20+8  (that  is,  of  28)  may  be  compo- 
led  thus  i  Firft,  the  fifth  Power  of  20  is 
5200000,  (that  is,  aaaaa  j )  feco.ndly,  five 
times  the  fourth  Power  of  20  being  multi¬ 
plied  by  8  produces  6400000,  (that  is, 

5 aaaaei)  thirdly,  ten  times  the  Cube  of  20 
being  multiplied  by  the  Square  of  8  produ¬ 
ces  5120000,  that  is,  ioaaaee^)  fourthly, 
ten  times  the  Square  of  20  multiplied  by  the  . 

Cube  of  8  produces  2048000,  (that  is,  10 aaeee  5)  fifthly,  five  times  20  multiplied 
by  the  fourth  Power  of  8  produces  409600,  (that  is,  $aeee-J  fixthly,  the  fifth 
Power  of  8  is  32768,  (that  is,  etiee^  laftly,  the  Sum  of  all  thofe  fix  Numbers,  viz, 
5200000,  6400000,  5120000,  2048000,  409600,  and  32768  makes  17210368, 
which  is  the  fifth  Power  of  2 8  the  Root  propofed,  as  will  eafily  appear  by  multiplying 

2  8  2^  When  the  given  number  or  Root,  whofe  fifth  Power  is  defired,  confiftsof  three 
places  as  285  5  Firft, the  fifth  Power  of  the  two  foremoft  Figures  28  muft  be  found  out 
in  likemanner’as  in  Example  1.  of this&S.  fo  there  will  be  produced  17210368  for 
the  fifth  Power  of  28.  Secondly,  let  28  be  fet  in  a  void  place,  and  annex  a  Cypher 
to  it  fo  it  makes  280,  which  muff  now  be  efteemed  a,  and  5  the  next  following  Cha¬ 
racter  of  the  Root  muft  be  taken  for  e  •,  then  according  to  thefe  values  of  a  and  e  the 
Numbers  fignified  by  aaaaa,  5 aaaae,  loaaaee,  10 aaeee,  5 aeeeei  and  eeeee,  being  added 
together  make  1880287678125,  which  is  the  fifth  Power  of  the  given  Root  285, 
and  the  work  will  ftand  as  you  fee  in  the  following  Example  2.  Nor  will  the  Ope¬ 
ration  be  more  difficult  (though  more  laborious)  to  find  the  fifth  Power  of  a  Num¬ 
ber  (or  Root)  confifting  of  four  or  more  places. 


Example 
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The  Extraction  of  the  Square  Root 


a  — 20 
e~  8* 


«  =  28o 
e=  5 


Example  2.  of  Sedt.  IV. 


2 

8 

5 

Root  propoled. 

32 

00000 

aaaaa 

64 

00000 

5 aaaae 

51 

20000 

1 0 aaaee 

2C 

4.8000 

1 0  aaeee 

*,  4 

09600 

$aeeee 

V 

52768 

eeeee 

172 

10368 

ooooo 

aaaaa 

15 

36640 

©0000 

5 aaaae 

-  ■ 

5488  - 

00000 

1 0  aaaee 

980 

00000 

1  oaaeee 

8 

7 *>000 

faeeee 

eeeee 

I8S 

20876 

78i25 

Fifth  Power  defired. 

By  the  Precedent  Rules  and  Examples  of  this  Chapter,  the  Ingenious  Reader  will 
eafily  apprehend  how  to  compofe  ti.e  lixth,  leventh,  or  any  higher  Power  from  a 
Root  given  in  Number,  and  confidered  as  a  Binomial  as  before  hath  been  wf 
refted.  The  main  Bufinefs  confiftingin  a  right  undemanding  of  the  Number  fiznifed 
by  a  and  e,  and  in  finding  out  the  Numbers  anfwering  to  the  Members  of  the  defirprl 
Power  of  a+e,  according  to  the  Table  in  Self,  4.  of  the  precedent  Chap  1 


chap.  hi. 

Concerning  the  Reflation  of  Powers  expreft  by  Numbers,  or  the 

bxtr allion  of  all  kinds  of  Roots  out  of  Rowers  'given  in 
Numbers. 


Seft.  I.  Of  the  Extraction  of  the  Square  Root  out  of  a  Number  given. 

1  T  Et*t  be  obferved  in  general,  that  the  Refolution  of  every  Power  given  in 
~  Numbersconfifts  in  a  Regular  Subtraaion  of  thofe  Numbers  which  are  fun- 
pofed  to  be  added  together  in  the  Compofition  of  each  Power  refpeaively  accord 
mg  to  the  Rules  of  the  laft  preceding  Chapter,  wherein  l  prefuppofe  the  Reader  to 
be  well  exerciled.  And  for  the  more  ready  Extraaion  of  any  Root,  it  will  be  conve- 
ment  to  have  m  a  readinefs  the  refpeaive  Powers  of  the  nine  fingle  Figures  •  as  if 
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propofed  muff  be  prepared  for  Extraftion,  by  diftributingit  into  parts  or  members  af¬ 
ter  this  manner,  viz.  Firft,  fet  a  point  over  the  firft  or  Units  place  of  the  given  Num¬ 
ber,  then  palling  over  the  fecond  place  fet  another  Point  over  the  third  =  alfo  pafline 
oyer  the  fourth  place  let  another  Point  over rhefifth :  and  in  that  order  if  there  be  more 
places  in  the  given  Number,  Points  are  to  be  fet,  fo  that  between  every  two  Points 

.  .  .  ^h.ldl  “anc!  next  to  one  another,  there  will  be  one  place  without  anv 
1 1 9025;  Point  over  it.  As  for  Example :  If  the  Square  Root  of  119025  be  defi- 

,  .  .  red’ 1  .  ^olntsashere  you  fee,  whereby  the  faid  Number  is  diffributed 

into  3  Members, to  wit  1 1,90,25.  In  like  manner  if  the  Square  Root  of  785  be  defired, 

the 
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out  of  a  Number  given. 


*47 


the  Points  will  Hand  as  you  fee  here,  whereby  the  faid  784.1s  diftributed  into  two 
Members  7  and  84.  The  Points  fet  as  aforefaid  fhew  the  number  of 
places  that  will  be  found  in  the  Root  5  for  if  there  be  two  Points,  *0  * 
there  will  be  two  places  in  the  Root  5  if  three  Points,  then  the  Root5  7  <>  4 
will  confift  of  three  places,  &c,  The  Points  alfo  fhew  what  Member  of  the  Number  gi¬ 
ven  beloiigs  to  the  finding  out  of  every  (ingle  Chara&er  of  the  Root  fought,  as  is  evi* 
dent  by  the  Rules  in  Sett.  1.  of  the  precedent  Chap.  2.  Thefe  things  being  p’remifed  as 
preparatory  to  the  Extra&ion  of  the  Square  Root,  I  fhall  proceed  to  Examples. 

nple  1. 

3-  Let  it  be  required  to  extract  the  Square  Root  of  784.  By  the  Preceding  Rule  2 
it  is  evident  that  the  defired  Root  confifts  of  two  places,  viz.  of  fome  number  of  Tens 
under  roo,  and  of  fome  number  of  Units  under  10  h  which  two  numbers  (agreeable 
to  the  compofitionofa  Square  in  Sett.  1.  of  the  ptecedent  Chap.  2.)  may  be  reprefen  ted 
by  a  and  e,fo  that  a  and  efignifie  the  Root  fought  and  confequently  the  Square  of 
that  is,  aa-\-2ae-\-ee  is  equal  to  the  propofed  Number  784.  Now  to  find  out 
the  number  of  Tens,  (that  is,  a)  in  the  Root ;  (after  a  crooked  Line  is  drawn  on  the 
right  hand  of  the  given  Number,  that  the  Root,  like  theQuotient 
in  Divifion,  may  be  let  next  after  the  faid  crooked  Line,  as  alfo 
a  downright  Line  next  after  each  of  the  Points,  as  here  you  fee  5) 
thefirft  work  in  the  Extraffion  is  always  to  fubtrafr  thegreateft 
Square  whole  Number  contained  in  the  firft  Member  towards  the 
left  hand  from  the  faid  Member,  and  to  write  the  Root  of  the  faid 
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fquare  Number  in  the  Quotient  for  the  firft  fingle  Figure  of  the  defired  Root :  fo  4  be¬ 
ing  the  greateft  Square  contained  in.  the  firft  Member  7, 1  fubfcribe  4  under  7,  and  fet 
2  the  Root  of  the  faid  4  in  the  Quotient ,  then  after  a  Line  is  drawn  under  4  I  fub- 
traft  4  from  7,  or  400  from  784,  and  there  remains  the  Refolvend  2  84,  that ’is  that 
part  of  the  given  Number  784,  which  is  yet  to  be  refolved.  Now  obferve,  that  the 
faid  2  in  the  Quotient,  inrefpeft  of  the  next  following  unknown  CharaUer  of  the 
Root,  is  really  20,  which  isthe  Number  fignified  by  a  in  the  Compofition  *  and  the 
Square  of  20,  to  wit  400,  is  aa,  which  being  thefirft  Number  found  in  the  Compofiti¬ 
on-,  isthe  firft  Number  to  be  fubtra&ed  in  the  Refolution.  Obferve  alfo,  that  the  next 
fingle  Chara&er  of  the  Root,  whither  it  happen  to  be  a  Figure  or  a  Cypher,  is  called  ^ 
which  is  yet  unknown.  5  * 

4-  Then  I  proceed  to  find  the  value  of  e,  that  is,  thegreateft  fingle  Chara&er  with 
this  Condition,  that  the  fumof  the  Numbers  fignified  by  2ae  and  ee  may  not  exceed  the 
Refolvend  384  $  for  from  this  Number  that  fum  muft  be  fubtrafted.  Now  becaufe(for 
the  reafon  aforefaid)  a  is  20, therefore  2 a  is  4o,which  muft  be  elteemed  a  Divifor  and  fet 
under  the  Refolvend  ^  then  I  divide  the  laid  Refol¬ 
vend  3  84  by  40,  and  find  the  Quotient  9  for  the 
Number  e,  provided  it  will  anfwer  the  Condition  Subtract 
before  mentioned  ^  and  therefore  I  make  Tryal 
(in  a  waft  Paper)  to  fee  whether  9  will  fatisfie 
the  faid  Condition  or  not  in  this  manner,  viz.  If 
e  be  9,  and  2 a  40,  then  confequently  2 ae  is  360, 
and  ee  is  81  5  therefore  2<w -p  **=441,  this 
ought  to  be  fub trailed  from  the  Refolvend  Subtraft 
but  441  exceeds  384,  and  therefore  cannot  be 
fubtracfed  from  it,  fo  as  to  leave  a  real  Remain- 
der ,  whence  1  conclude,  that  e  muft  be  lefs  than  9 :  and  therefore  I  make  trvat  with 
8  in  like  manner  as  before  with  9,  viz.  Ife=8  and  2^=40,  then  confequently 
5"d  ee-6i'->  therefore  2oe+ee=^,  which  may  be fubtraaed  from 
the  Refolvend  3  84 ;  wherefore  I  conclude  that  e,  that  is  the  Figure  which  muft 
follow  2  m  the  Quotient)  is  8  which  I  fet  in  the  Quotient :  then  I  fubfcribe  a  20 
and  64  (before  found)  under  the  Refolvend  384,  (in  fuch  order  that  Units  may  ftand 
under  Units,  and  Tens  under  Tens)  and  adding  the  faid  320  and  64  together,  the 
iu®  84,  winch  fome  Authors  call  the  Gtiomen,  others,  the  Ablatitium)  which 
lubtraued  .torn  the  Refolvend  384  leaves  o  ■,  fo  the  whole  Extraction  isfinilh’d 

T  2  and 
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and  the  Square  Root  of  the  given  Number  784  is  found  28,  which  is  the  true  Root 
fought,  for  28  multiplied  by  28  produces  784. 

NOTE  1. 

The  firft  Operation  in  the  Extrattion  of  the  Square  Root  is  alwavs  tofubtracf  the 
greateft  fquare  whole  Number,  (that  is,  aa)  contained  in  the  firft  Member  (towards 
the  left  hand;  of  the  given  number,  from  the  faid  Member,  and  to  fet  the  Root  of 
the  faid  Square  in  the  Quotient,  (as  has  been  (hewn  in  the  third  ftep)  which  Root  is 
the  firft  Figure  of  the  Root  fought.  This  Work  is  no  more  repeated  in  the  whole 
Extrafhon,  but  the  work  in  the  fourth  ftep  is  to  be  renewed  for  the  finding  out  of 
every  following  Character  in  the  Root. 

NOTE  2. 

Aftet  the  firft  Figure  of  the  Root  fought  is  known,  and  fet  in  the  Quotient,Iet  'it  be 
written  in  a  void  place,  and  multiplied  by  10,  (by  annexing  to  the  faid  firft  Figure  a 
Cypher  towards  the  right  hand;  then  is  the  Produft  to  be  taken  for  the  value  of  a  in 
order  to  the  finding  out  of  the  firft  Divifor.  Alfo  when  the  firft  and  fecond  CharaUers 
of  the  Root  are  fet  in  the  Quotient,  and  there  be  yet  another  to  come  forth,  then  the 
Number  conhlting  of  thofe  two  Charaaers  with  a  Cypher  annexed  to  them  is  to  be 
taken  for  a  new  value  of  a,  in  order  to  the  finding  out  of  the  fecond  Divifor.  Likewife 
when  the  firft,  fecond,  and  third  Charaders  of  the  Root  are  fet  in  the  Quotient  and’ 
there  be  yet  another  to  come  forth,  then  the  number  confuting  of  thofe  three  Cha¬ 
raaers  with  a  Cypher  annexed  to  them,  is  to  be  taken  for  a  new  value  of  a  •  and  fo 
forwards,  when  there  be  more  Charaaers  in  the  Root.  The  reafon  of  which  Work 
ismanifeft  from  the  Compofition  of  Powers  in  the  precedent  Chap.  2. 

But  the  Letter  e  reprefents  every  fingle  unknown  Figure  or  Cypher  next  followin'* 
that  part  of  the  Root  which  is  already  difeovered  and  fet  in  the  Quotient  This  Note 
concerning  the  Eftimationof  a  and  e  is  to  be  obferved  not  only  in  the  Extraaion  of 
the  Square  Root,  but  of  any  Root  whatever.  11  01 

NOTE  3. 

After  the  Number  dignified  by  a  is  found  out  by  Note  2.  the  Divifor ,  which  fhews 
how  to  begin  the  Tryal  in  fearching  out  the  unknown  fingle  Charader  reprefented 
by  e,  is  confequently  known  :  for  in  the  Refolution  of  every  Power  produced  from 
the  Binomial  Root  a-\-e,  the  Divifor  confifts  of  fuch  Powersoft  as  are  multiplied 
into  the  Powers  of  e 5  and  becaufe  the  Square  Root  of  a+e\s  aa-\-  2ae+ee  therefore 
in  the  Extraaion  of  the  Square  Root  the  Divifor  is  2 ah  fo  that  when  the  Number  a 
is  known,  the  Divifor  2 a  is  conlequently  known. 

NOTE  4. 

When  the  Divifor  is  found  out  by  Note  3.  as  alfo  the  Jblatitivm,  (That  is  the  Num¬ 
ber  to  be  fubtraded;  which  in  the  Extraaion  of  the  Square  Root  is  compos’d  of  2*e 
and  ee,  the  two  numbers  fignified  by  2 ae  and  ce  muft  each  of  them  be  fet  in  fuch  order 
under  the  prefent  Refolvend ,  ( that  is,  the  number  remaining  to  be  refolved)  that 
Units  may  itand  under  Units,  Tens  under  Tens,  &c.  to  the  end  that  the  Ablatitium 
may  be  rightly  compofedand  fubtraUed  from  the  prefent  Refolvend . 

NOTE  y. 

When  the  Divifor  is  not  contained  once  in  the  particular  or  prefent  Refolvend  a 
Cypher  (to  wit,  o)  muft  be  let  in  the  Quotient  $  and  then  the  Refolvend  muft  be  aug¬ 
mented  with  the  next  Member  (towards  the  right  hand)  of  the  Power  propofed  for 
a  new  particular  Refolvend.  Alfo  a  new  Divifor  muft  be  found  out  by  Note  3  and’  the 
like  is  to  be  done  as  often  as  the  Divifor  is  not  contained  once  in  the  particular  Refol- 
vend.  The  PraUice  of  thefe  Notes  will  be  (hewn  in  the  following  Example. 


Example 


Example  2. 

5.  If  the  Square  Root  of  2287126809  be  defired,  it  will  be  found  4780?  by  the 
precedent  Rules,  and  the  work  will  ftand  as  here  you  fee  underneath,  Y 
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Explication  of  Example  2. 

Figure  of  the  Root  is  4,  (by  the  foregoing  Note  1.)  whole  Square  1 6 
fubtraaed  from  22  the  firft  Member  towards  the  Left-hand  of  the  number  propofed 
leaves  6,  to  which  the  fecond  Member  8?  being  annexed,  there  arifes  685  for  the 
next  Refolvend:  Or  to  caufe  the  fame  EfFea,  fuppofe  o  to  be  annexed  to  4  the  firft 
figure  of  the  Root,  and  it  makes  40,  (that  is,  a,)  whofe  Square  1600  (or  ad)  fub¬ 
traaed  from  2285:  the  two  firft  Members  of  the  Number  firft  propofed  leaves  (as 
before)  the Refolvend  687.  5  v 

Then,  the  firft  Figure  of  the.Root  being  found  4,  the  value  of*  is  40,  (by  Note 
2.)  which  doubled  gives  80  for  a  Divifor  to  the  Refolvend  685  by  Note  3.)  and 
then  by  dividing  and  making  Tryal  as  is  direaed  in  the  precedent  fourth  ftep,  the 
number  e  will  be  found  7  for  the  fecond  Figure  of  the  Root,  and  confequently  the 
numbers  figmfied  by  2 ae  and  ee  are  ?6o  and  49  *  thefe  being  fet  orderly  and  added  to¬ 
gether  (according  to  Note  4.)  make  the  Ablatitium  609,  which  fubtraaed  from  the 
laid  Refolvend  6  85,  there  remains  76,  to  which  annexing  1 2  the  third  Member  of 
the  Number  firft  propofed,  it  makes76i2  for  a  new  Refolvend. 

Again,  the  two  formoft  figures  of  the  Root  being  found  47,  the  new  value  of  * 
is  47°,  (by  Note  2.)  which  doubled  gives  940  for  a  Divifor  to  the  faid  Refolvend 
7612,  (by  Note  3.)  then  by  dividing  and  making  Tryal  as  F;  direaed  in  the  fourth 
Itep,  rhe  value  of  e  is  found  8  for  the  firft  Figure  of  the  Root  ;  whence  the  number 
lignified  by  2 ae  and  ee  are  7520  and  64*,  thefe  being  let  orderly  and  added  together 
(according  to  Note  4.)  make  the  Ablatitium  75:84,  which  fubtraaed  from  the  Re- 
folyend  7612  before-mentioned,  leaves  28,  to  which  annexing  68  the  fourth  Member 
of  the  Number  firft  propofed,  it  makes  2868  for  a  new  Refolvend . 


Again 


The  Extraction  of  the  Square  Root  BOOK  IL 

Again,  the  three  foremoft  figures  of  the  Root  being  478, the  value  of  a  is  4780, (by 
Note  2.) which  doubled  gives  9560  for  adiviforto  the  faid  Refolvend  2 868, by  Note  3.) 
then  by  dividing  as  aforefaid  the  valueof  eis  found  o-,  therefore,(accordingtoNote  5.) 
j  fet  0‘  in  the  Quotient,  and  becaufe  in  this  cafe  the  Abhtitinm  is  alfo  o,  the  Refolvend 
^868  from  which  the  faid  Ablatithim  ought  to  be  fubtraCted  remains  the  lame  with¬ 
out  alteration  •,  therefore  by  annexing  09  thelaft  member  of  the  number  firlf  propofed, 
to  the  faid  2868  it  makes  2868o9fora  new  (and  thelaft)  Refolvend.  Laftly,  by 
proceeding  as  before,  the  laft  Figure  of  the  Root  will  be  found  3  ;  fothat  the  Square 
Root  fought  is  47803  j  for  this  multiplied  by  it  felfproduces  2287126809,  the  num¬ 
ber  whole  Square  Root  was  defired. 

The  Premifles  may  luffice  to  (hew  a  perfeCt  Method  of  extraCl ing  the  Square  Root 
of  a  whole  number  having  an  exaCf  Square  Root,  which  I- have  explain’d  at  large,  that 
the  Reafon  and  certainty  of  the  Rules  might  be  apparent.  But  this  Method  may  be 
contracted  into  more  practical  and  compendious  Rules,  as  I  have  fhewn  in  the  32 
Chap,  of  Mr.  Wingates  common  Arithmetic. 

6.  But  when  a  whole  Number  has  not  a  Square  Root  exactly  exprefiible  by  any  ra¬ 
tional  or  true  Number,  then  to  approach  infinitely  near  the  exaCt  Root,  firft,  pairs  of 
Cyphers  as  ©o,  0000, 000000,  or  c©ooooon3  CvV.  are  to  be  annexed  to  the  Number 
given  ;  then  efteeming  the  number  given  with  the  Cyphers  annexed  to  be  one  whole 
Number  let  its  Square  Root  be  extracted  according  to  the  Precedent  (or  other  practi¬ 
cal)  Rules  ;  that  done,  look  how  many  Points  were  fet  over  the  Number  firft  given, for 
fo  many  of  the  foremoft  places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the 
Root,  and  the  reft  following  tliofe  Integers  exprefs  the  Fractional  part  of  the  Root  in 
Decimal  parts.  As  for  Example  :  If  the  Square  Root  of  1 2  be  defired,  I  annex  fix  Cy¬ 
phers  to  1 2, thus  1 2.000000,  and  then  the  Square  Root  of  12.000000  being  extracted, 
it  will  be  found  3.464,  that  is,  3t444-  Bur  becaufe  after  the  Extraction  is  finifhed, 
there  happens  to  be  a  Remainder,!  conclude  that  3t444-  islefsthan  the  true  Root,  but 
3.444  is  greater  than  it.  So  that  by  annexing  three  pairs  of  Cyphers  you  will  not 
mifs  °-_4  part  of  an  Unit  of  the  true  Root,  and  by  annexing  eight  Cyphers  you  will 
not  want  °-°r~4  part :  and  in  that  order  you  may  approach  as  near  as  you  pleale,  when 
you  cannot  obtain  the  exaCt  Square  Root  of  a  whole  Number  given. 

7.  The  Square  Root  of  a  Vulgar  FraCtion  is  found  out  thus,  viz.  Firft,  if  the  Fract¬ 
ion  be  not  in  its  leaft  terms,  let  it  be  reduced  to  the  leaft  Terms  •,  then  extraCt  the 
Square  Root  of  the  Numerator  for  a  new  Numerator,  and  the  Square  Root  of  the 
Denominator  for  a  new  Denominator,  lb  (hall  this  new  FraCtion  be  the  Square  Root 
of  the  FraCtion  propoled.  As  for  Example  :  The  Square  Root  of  T4is-|-;  likewile 
the  Square  Root  of  4  is  4. 

But  when  either  the  Numerator  or  Denominator  of  a  vulgar  Fraction  has  not  a 
perfect  Square  Root,  then  to  find  the  Square  Root  of  that  FraCtion  very  near  ;  firft 
reduce  the  FraCtion  to  a  Decimal  FraCtion,  whofe  Numerator  may  confift  of  an  even 
number  of  places,  viz.  of  two,  four,  or  fix  places,  tfc.  then  extraCt  the  Square  Root 
that  Decimal  as  if  it  were  a  whole  Number,  and  the  Root  that  comes  forth  fhallbe 
a  Decimal  FraCtion,  exprefling  nearly  the  Square  Root  of  the  FraCtion  propofed.  As 
for  Example:  If  the  Square  Root  of  44  be  defired,  I  firft  reduce  it  to  this  Decimal 
FraCtion,  .81250000;  (for  as  16.  13 ::  iocoooooo.  81250000)  then  by  extracting 
the  Square  Root  of  .81250000  as  if  it  were  a  whole  Number,  I  find  .9013,  that  is, 
t4444,  which  is  near  the  Square  Root  of  44.,  for  it  wants  not  T_4part  of  an  Unit 
of  the  exaCt  Square  Root  of  44.  ;  - 

8.  Laftly,  if  the  Square  Root  of  amixt  number  be  defired,  firft  reduce  it  to  an  im¬ 
proper  FraCtion,  and  then  extraCt  the  Square  Root  of  that  improper  FraCtion  as  before  5 
but  if  it  has  not  an  exaCt  Square  Root,  then  reduce  the  Fractional  part  of  the  mixt 
number  firft  propoled  to  a  Decimal  FraCtion  of  an  even  number  of  places,  and  after 
this  Decimal  is  annexed  to  the  Integers  of  this  mixt  number,  extraCt  the  Square  Root 
out  of  the  whole,  then  fo  many  Points  as  were  let  over  the  Integers,  fo  many  of  the 
foremoft  places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the  Root,  and  the 
reft  exprels  the  Fractional  part  of  the  Root  in  Decimal  Parts.  As  for  Example  :  The 
Square  Root  of  3444?  that  is,  of  2444^  will  be  found  ^4  or  54  *  and  the  Square 
Root  of  74,  that  is,  of  7 .665666,  £?’c.  is  2.708,  £?c.  that  is;  2T44|,  0V. 
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Sea.  II.  Of  the  Extraction  of  the  Cuke  Root  out  of  a  Number  given. 
bical  whole  Number  lefs  than  1000  tfight  theCub,c  Root  of  anV  Cn* 
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•  rviZu  ana  ™  Cubic  Root  defired  the  Number 

given  mult  be  prepared  for  Extraftion,  by  diftributing  it  into  parts  or  members  after 
this  manner  5  wr.Firft,  a  point  is  to  be  fet  over  the  Units  niarplf  X*  •  D rs  ,  ter 
then  parting  over  the  lecond  and  third  places  towards  the  left  hancj 
be  fet  over  the  fourth  place  3  alfo  parting  over  the  fifth  nnrl  fivrh  p,  nt  .r 

is  to  be  fet  over  the  (eventh  place :  L  i/to 
number  propos’d  will  admit,  and  confequently  between  every 
two  adjacent  points  there  will  lie  two  Places  without  Points 
So  if  the  Cubic  Root  of  1 33 1  be  defired,  after  Points 
are  fet  as  is  above  dire&ed,  the  faid  1351  will  bediftri- 
buted  into  2  Members,  to  wit,  1,  and  331.  In  like  manner 
if  the  Cubic  Root  of  21*52  be  required,  the  Poims 
will  Hand  as  you  fee  in  the  Example,  and  the  faid  21952 
wiU  he  diftributed into  twomembers  21  and  952-,  likewife  this  Number 94iIQ2  be:n„ 
pointed  in  the  fame  order  will  bediftributed  into  the  two  members  941  and  /o,  T! 

this  number  23156436019527  into  thefe five  members  22  1*6  9  5£nd 

points  fhew  the  number  of  places  that  will  be  found  in  the  Root  •  for  form9’  The 
there  be,  fo  many  places  will  the  Root  confilf  of.  S^^points 


1331 

21952 

.  .  ,94^92 

156436019527 


there  be,  fo  many  places  will  the  Root  confilf  of  they lftewife  fhtTHyP°imsas 

£'S,l"p",pc‘'d  “"s » ,ta  E”a»; 

i-  The  given  number  whofe  Cubic  Root  is  defired  mav  be  conrWwvi 
duced  from  the  Cubical  Multiplication  of  the  Binomial  Root  a+e,  and  then  the  flid 
number  will  be  compos  d  of  thefe  four  members  or  folid  numbers  viz  laid 

and  eee  (as  appears  by  the  third  Power  in  the  Table  in  SeS  a  Chao  ,~Y  1M  '  f  ?ae£ 
the  Reiblution  of  the  Cubic  number,  the  EmaaionoftheCubic 
ducible  from  the  fteps  of  the  Compofition  of  a  Cubic  numberfrom  iw  Root  rfS 
fuch  numbers  as  are  added  in  the  Compofition  are  to  be  fubtrafted  in  the  Ro&Zl; (  » 
refpea  muft  be  had  to  SeS.  2.  Chap.  I  of  this  Book.  aCtea  ln  tJleR‘-folution,; 

Example  i. 

4.  Let  it  be  required  to  extraathe  Cubic  Root  of  2x952.  Bv  the  t  , 

Rule  it  is  evident  that  the  defired  Root  confifts  of  two  places  vh  off, -men!,  f?C0I4 
Tens  under  ,00,  and  of  fomenumbetof  Units  under  rl,Srtwo NnStSef 
able  to  the  Compofition  of  a  Cube  mSeS.i  ofthe  precedent  Chap.  2.)may  be  reorffen 
ted  by c -and  «,  fo  that  a+e  figmfies  the  Root  fought,  and  confequently  the  Pub/  of 
a+e,  thitis  aaa+saae+iaee+eee  is  equal  to  .the  givennumber  21952  Now  to 
find  out  the  Number  of  Tens,(that  is,«)in  the  Root,  (aftera  crooked  linens  drawn  on 
the  right  hand  of  the  given  number,  that  the  Root,  like  the  Quotient  in  DiviUo 
be  fet  next  after  the  faid  crooked  Line,  as  alfo  a  downright  line1  ‘  may 

next  after  each  of  the  Points,  as  here  you  fee.J  The  firft  Work 
m  the  Extraaion  is  always  to  fubtraa  the  greateft  Cubic 
whole  number  contained  in  the  firft  Member  towards  the  Left 
hand,  from  the  faid  member,  and  to  write  the  Root  of  the  laid 
Cube  number  in  the  Quotient  for  the  firft  fingle  Figure  of  the  «  9^2  • 
defired  Cubic  Root :  So  8  being  the  greateft  Cube  contained  in 
the  firft  member  21,  I  fubferibe  8  under  21,  andfet  2  theCubic  Root  ofthe  faid  8  in 
the  Quotient  then  after  a  line  is  drawn  under  8, 1  fubtraa  8  from  21,  or,  8000  from 
21952,  and  there  remains  the  Refolvend  1595  2,  that  is,  that  part  of  thepropoied  num¬ 
ber  21952  which  is  yet  to  bexeiolved.  Now  obferve,  that  the  faid  2  in  theQuorient, 
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in  refpett  of  the  next  following  unknown  Chara&er  ofthe  Root,  is  really  20,  which  is 
the  number  fignified  by  a  in  the  Compofition,  and  the  Cube  of  20,  to  wit  8000,  is  000, 
which  being  the  firft  Number  found  in  the  Compofition,  isfirft  to  befubtra&ed  in  the 
Refolution  Obferve  alfo,  that  the  next  fingle  Chara&er  of  the  Root,  whether  it 
happen  to  "be  a  Figure  or  a  Cypher  is  called  e,  which  is  yer  unknown. 

5.  Then  1  proceed  to  find  thfe  value  of  *,  that  is,  the  greateft  fingle  Chara&er  with 
this  condition,  that  the  Sum  ofthe  Numbers  fignified  by  300s,  %aeet  and  eee,  may  not 
exceed  the  remaining  Refolvend  1 395  2,  for  from  thisNumber  that  fum  muft  be  fubtra&ed. 
Now  becaufe  (for  the  Reafon  aforefaidj  a  is  20,  therefore  300=1200,  and  30=60  * 
then  fubferibing  the  faid  1200  and  60  under  the  Refolvend  13952,  (in  fiuch  order  that 
Units  may  ftand  under  Units,  and  Tens  under  Tens,  &c.)  and  adding  them  together 
the  Sum  is  1260,  which  muft  be  efteemed  a  Divifor,  and  fet  under  the  Refolvend . 
Then  by  fuppofing  I  were  to  divide  the  laid  Refolvend  1395  2  by  1260,!  find  the  Quo¬ 
tient  exceeds  9,  but  e  always  reprefents  a  fingle  Figure  or  a  Cypher,  and  therefore  it 
cannot  exceed  9  •,  wherefore  I  make  tryal  with  9  (in  a  void  place)  to  fee  whether  it  will 
anfwer  the  before  mentioned  Condition,  to  which  e  isfubjeU,  in  this  manner,  viz  For- 
afmuch  asit  was  before  found  that  300=1200  and  30=60,  it  will  follow,  ifwefuppofe 

e=9,  that  3005=10800,  alfo  3 aee— 
4860,  and  eee  =  729  j  therefore  3 aae 
-\-2aee-feee=  16389:  this  ought  to  be 
fubtraUed  from  the  Refolvend  13952 
but  16389  exceeds  139522 and  there¬ 
fore  cannot  be  really  fubtraffed  from 
it  *  whence  I  conclude  that  c  muft  be 
left  than  %  and  therefore  I  make  tryal 
with  8  in  like  manner  as  before  with  9, 
viz.  having  before  found  that  300= 
1200.  and  30=60,  it  will  follow  if  we 
fuppofee=8,  that  3002=9600,  alfo 
30^=3 840,  and  555=5  12;  therefore 
3 aae  4*  3055  +  eee  =  13952,  which 

may  be  fubtraaed  from  the  Refolval  J?95*.5  wherefore  I  conclude  that  e  (that is, 
the  Figure  which  muft  follow  2  in  the  Quotient,)  is  8,  which  I  fet  in  the  Quotient : 
then  I  fubferibe  the  three  Numbers  before  found,  to  wit,  96oo  5840,  and  512,  under 
the  Refolvexi  13942, (in  filch- order  that  the  Units  may  itandunder  Units,  Tens  under 
TensA.jand  adding  together  the  faid  three  Numbers  fo  fubfenbed, their  Sum  makes 
1,952,  (the  Abhtitivm )  which  fubtraUed  from  the  Refolvend  1,952  leaves  o.  So 
the  Extraaion  is  finifh’d,  and  28  is  found,  to  be  the  Cubic  Root  of  the  propofed 
Number  21952;  for  28  multiplied  into  ltlelf  cubtcally,  viz.  28x28x28  produces 

11952. 

NO  TE  1. 

The  firft  Operation  in  the  Extraaion  of  the  Cubic  Root  is  always  to  fubtraa  the 
greateft  Cubic  whole  Number,  (that  is,  aaa)  contained  m  the  firft  Member  (towards 
the  left  hand)  of  the  given  Number  ;  from  the  faid  Member  and  to  let  the  Root 
of  the  faid  Cube-number  in  the  Quotient;  which  Root  is  the  firft  Figure  of  die 
Root  fought,  as  hath  been  Ihewn  in  the  fourth  ftep.  This  Work  is  no  more  repeated 
in  the  whole  Extraaion,  but  the  Work  in  the  filth  ftep  is  to  be  renewed  for  the  find- 
ing  out  of  every  following  Charaaer  in  the  Root. 

NOTE  2. 

The  Number  fignified  by  a  is  to  be  found  out  byNote  2  in  SeS.i.  of  this  Chap,  and 
then  the  Divifor  for 1 the  finding  of  the  unknown  fingle  Charaaer  reprefented  by e  is 
confequently  known  :  For  infhe  Refolution  of  every  Power  produced  from  the  Bino¬ 
mial  Root  a-K  the  Divifor  confifts  of  fuch  Powers  of  a  as  are  multiplied  into  the 
Powers  of  e ;  and  becaufe  the  Cube  of  «+e  isaaa-E  yaaef-  jaee+eee,  therefore  m  the 
Extaaion  of  the  Cubic  Root  the  Divifor  is  compoied  of  ,aa  and  ?a  lo  that  when 
the  Number  a  is  known,  the  Divifor  300+  30  is  confequently  known. 
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NOTE  3. 

When  the  Divifor  is  found  out  by  the  precedent  Note  2.  as  alfo  the  Ablatithim 
which  in  the  Extra&ion  of  the  Cubic  Root  is  compos’d  of  300*,  3000,  and  000  •  the 
Numbers  fignified  by  the  faid  3000,  300*,  and  eee,  muft  each  of  them’ be  fet  in  Vuch 
order  under  the  particular  or  prefent  Refolvend ,  that  Units  may  Itand  under  Units 
Tens  under  Tens,  &c.  to  the  end  the  Ablatithim  may  be  rightly  compofed  and  fub- 
tra£led  from  the  Refolvend. 

NOTE.  4. 

When  the  Divifor  is  not  contained  once  in  the  particular  or  prefent  Refolvend ,  a  Cy¬ 
pher  (to  wit,  o)  muft  be  fet  in  the  Quotient  5  and  then  the  Refolvend  muft  be  aug¬ 
mented  with  the  next  Member  (towards  the  right  Hand)  of  the  Power  propofed,  for 
a  new  particular  Refolvend.  Alfo  a  new  Divifor  muft  be  found  out  by  Note  2.  of  this 
Sett,  and  the  like  is  to  be  done  as  often  as  the  Divifor  is  lefs  than  the  Refolvend. 

The  Pra&ice  of  thefe  Notes  will  be  ftiewn  in  the  following  Example. 

Example  2.  * 

6.  If  the  Cubic  Root  of  23156436019527  be  defired,  it  will  be  found  28503  by 
the  precedent  Rules,  and  the  Work  will  ftand  as  here  you  fee  underneath. 
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Explication  of  Example  z. 

The  firft  Figure  of  the  Root  is  2  (by  Note  1.)  whofeCube  8  fubtra&ed  from  23,  the 
firft  Member  of  the  Number  propos’d  leaves  1 5, to  which  the  fecond  Member  156  being 

V  an 
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annexed,  there  arifes  15156  for  the  next  Refolvend.  Or  to  caufe  the  fame  effed,  fup- 
pofe  o  to  be  annexed  to  2,  the  frit  Figure  of  the  Root,  and  it  makes  20,  (that  is,  a) 
whole  Cube  8oco  for  aaa)  fubtraded  from  2315 ;6,  the  two  foremoft  Members  of 
the  Number  firft  propos’d,  leaves  (as  before,)  the  Refolvend  15156. 

Then  the  firft  Figure  of  the  Root  being  found  2,  the  value  of  a  is  20,  and  theD/w- 
for  is  1260,  (by  Note  2.)  and  then  by  dividing  and  making  tryal,  as  is  directed  in  the 
foregoing  fifth  ftep,  the  Number  e  will  be  found  8  for  the  fecond  Figure  of  the  Root, 
and  confequently  the  Numbers  fignified  by  %aaey  3 aeey  and  eee^  are  9600,  3840,  and 
512  5  thefe  being  fet  orderly  and  added  together  ('according  to  Note  3  J  make  the 
Jblatitium  13952,  which  fubtraded  from  the  Refolvend  15156  leaves  1204,  to  which 
annexing  436,  the  third  Member  of  the  Number  firft  propofed,  it  makes  1204436 
for  a  new  Refolvend.  The  reft  of  the  Operation  in  Example  2.  being  but  a  Repetition 
of  what  has  been  direded  for  finding  out  the  fecond  Figure  of  the  Root,  I  fhall 
leave  it  to  the  Learner’s  Pradice. 

The  precedent  Rules  and  Notes  in  this  Sett.  2.  for  extracting  the  Cubic  Root  of  a 
whole  Number,  having  an  exad  Cubic  Root, are  exprefs’d  at  large, that  theReafon  of  the 
Work  might  be  apparent  5  but  this  Method  may  be  contracted  into  more  practical  and 
compendious  Rules, as  I  have  (hewn  in  the  3  3  Ch.  of  Mr.  Wingate's  Common  Arithmetic. 

7.  But  when  a  whole  Number  has  not  a  Cubic  Root  exadly  expreflible  by  any  ra¬ 
tional  or  true  Number,  then  to  approach  infinitely  near  the  exaCt  Root,  firft,  Ternaries 
of  Cyphers,  viz.  three,  or  fix,  or  nine,  or  twelve,  C $c.  Cyphers  are  to  be  annexed  to  the 
whole  Number  given  ;  then  elteeming  the  Number  given  with  the  Cyphers  annexed  to 
be  one  whole  Number,  let  its  Cubic  Root  be  extruded  by  the  precedent  (or  other  pra¬ 
ctical)  Rules.  That  done,  look  how  many  Points  were  fet  over  the  Number  firft  given, 
for  fo  many  of  the  foremoft  places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the 
Root,  and  the  reft  following  thofe  Integers  exprefs  the  Fractional  part  of  the  Root  in 
Decimal  Parts.  As  for  Example :  If  the  Cubic  Root  of  8302348  be  defired,  I  annex 
fix  Cyphers  to  8302348  thus,  8302348.000000,  and  then  the  Cubic  Root  of 

8302348  000000  being  extraded,it  will  be  found  202.48,  that  is,  20244  but  becaufe 
after  the  Extradion  is  finifh’d  there  happens  to  be  a  Remainder, I  conclude  that  20244 
is  lefs  than  the  trueCubicRoot  fought,but  2024!  is  grater  thanit,fo  that  by  annex¬ 
ing  fix  Cyphers  you  will  not  mils  part  of  an  Unit  of  the  true  Root,  and  by  annexing 

nine  Cyphers  you  will  not  want  TVT4  part*,  and  in  that  order  you  may  approach  as  near 
as  you  pleafe  when  you  cannot  obtain  the  exad  Cubic  Root  of  a  whole  Number  given. 

8.  The  Cubic  Root  of  a  Vulgar  Fradion  is  found  out  thus,  viz.  firft,  if  theFradion 

be  not  in  its  leaft  Terms,  let  it  be  reduced  to  the  Ieaft.Terms  *,  then  extrad  the  Cubic 
Root  of  the  Numerator  for  a  new  Numerator,  and  the  Cubic  Root  of  the  Denomi¬ 
nator  for  a  new  Denominator,  fo  fhall  this  new  Fradion  be  the  Cubic  Root  of  the 
Fradion  propofed.  As  for  Example  :  The  Cubic  Root  of  -rf-is-f,  and  the  Cubic 
Root  of  4  is  4.  #  • 

9.  But  when  either  the  Numerator  or  Denominator  of  a  Vulgar  Fradion  has  not  a 
perfed  Cubic  Root,  then  to  find  the  Cubic  Root  of  that  Fradion  very  near,  firft  re¬ 
duce  theFradion  to  a  Decimal  Fradion, whofe  Numerator  may  confift  of  Ternaries  of 
places,  viz.  either  of  three,  fix,  nine,  or  twelve,  &c.  places,  and  then  extrad  the  Cubic 
Root  of  that  Decimal  as  if  it  were  a  whole  Number, and  the  Root  that  comes  forth  fhall 
be  a  Decimal  Fradion  exprefiing  nearly  the  Cubic  Root  of  the  Vulgar  Fradion  propo¬ 
fed.  Asfor  Example:  Ifthe  Cubic  Root  of  -f  be  defired,  I  firft  reduce  it  to  this  Decimal 
Fradion,  .666666666666,  and  then  by  extrading  the  Cubic  Root  of  the  faid  Decimal 
as  if  it  were  a  whole  Number,  I  find  .8735,  that  is,  -4444  5  which  is  near  the  Cu¬ 
bic  Root  of  y,  for  it  wants  not  T --4-  part  of  an  Unit  of  the  exad  Cubic  Root  of  4 

10.  Laftly,  if  the  Cubic  Root  of  a  mixt  Number,  that  is,  of  a  whole  Number  with  a 
Fradion  in  its  leaft  Terms,  be  defired  ^  firft  reduce  it  to  an  improper  Fradion,  and  then 
extrad  the  Cubic  Root  of  that  improper  Fradion  in  like  manner  as  before  in  the  eighth 
ftep^but  if  it  has  not  an  exad  Cubic  Root,  then  reduce  the  Fradional  part  of  the  mixt 
N  umber  firft  propofed  to  a  Decimal  Fradion, whofe  Numerator  may  confift  of  Ternaries 
of  places, and  after  thisDecimal  is  annexed  to  the  Integers  of  the  mixtNumber,  extrad  the 
Cubic  Root  out  of  the  whole, then  fo  many  Points  as  were  fet  over  the  Integers, fo  many 
of  the  foremoft  places  in  the  Quotient  are  to  be  taken  for  the  Integers  in  the  Root,  and 
the  reftexprefs  the  Fradional  part  of  the  Root  in  Decimal  parts.  As  for  Example :  The 

Cubic 


i 


CHAP.  3.  out  of  a  Number  given . 

Cubic  Root  of  1244,  that  is,  of  5  44,  will  be  found  4-  or  2-f  •,  and  the  Cubic  Root  of 
that  is,  of  9.375:000000,  ©c.  will  be  found  1.334,  etc.  that  is,  iT444i  etc. 

-  .  ...  . _ 

Seft.  III.  0/  the  Extraction  of  the  Biquadratic  Root  out  of  a  tfumler  given. 

1.  The  briefed  Way  to  extraft  the  Root  of  a  Biquadratic  Number,  that  is  of  a 
Number  produced  by  theMultiplication  of  fomeNumber  or  Root  four  times  into  it  felf 
is  firft  to  extraft  the  Square  Root  of  the  Number  propofed,  and  then  to  extraft  the’ 
Square  Root  of  that  Root.  As  for  Example :  If  the  Root  of  the  Biquadratic  Number 
or  fourth  Power  256  bedefired;  firft,  the  Square  Root  of  256  being  extruded  is  1 6 
and  then  the  Square  Root  of  16  is  4,  which  is  the  Root  of  the  fourth  Power  256  •  for  A 
4x4x4  produces  256.  But  my  purpofe  being  to  explain  the  general  Method  for  the 
Extraction  of  all  kinds  of  Roots,  I  fhall  upon  that  Foundation  fliew  how  to  extnft 
the  Root  of  a  Biquadratic  Number. 

2.  For  the  more  ready  Extraftion  of  the  Biquadratic  Root,  the  following  Tabulet 
Will  be  ufeful,  which  Ihews  at  firft  fight  the  Root  of  any  Biquadratic  whole  Number 
under  iocoo. 


Roots  .  .  * 

1 

2 

3 

4 

5 

6 

7 

8 

9 

Fourth  Rovers 

1 

l6 

81 

256 

625 

1296 

2401 

4096 

6561 

—  — 

3.  When  a  whole  Number  is  propofed,  and  itisdefired  to  extraft  the  Biquadratic 
Root  of  that  Number,  fet  Points  over  the  given  Number  in  this  manner  viz  firft 
fet  a  Point  over  the  Units  place,  then  palling  over  the  three  next  places  towards  the 
left  Hand  fet  another  Point  over  the  fifth  place,  and  in  that  order  as  many  Points  are 
to  be  fet  as  the  given  Number  will  admit*  that  there  may  be  three  olaces  fierier, 
every  two  adjacent  Points*  So  if  the  Biquadratic  Root  of  61465  6 

-bedefired,  after  Points  are  let  as  is  above  direfted,  the  laid  614656  6146 <6 

will  be  diftributed  into  two  Members,  to  wit,  61  and  4656.  In  ^  5 

like  manner  this  Number  6597500625  being  pointed  in  th^fame  6597500625 
order  will  be  diftributed  into  thele  three  Members,  65,  97515,  and  7  ’ 

0625.  The  Points  fhew  the  number  of  places  that  will  be  found  in  the  Root  as  alfo 
what  Member  of  the  Number  propos’d  belongs  to  theExtraftion  of  every  fingle  Cha- 
rafter  of  the  Root  fought*  6 

4.  The  given  Number,  whofe  Biquadratic  Root  is  defired  may  be  conceived  to  be 
produced  from  ^Multiplication  of  the  Binomial  Root  a-\e  four  times  into  it  felf 
and  then  the  faid  Number  will  be  compofed  of  thefe  five  Members  or  Numbers  viz 
aaaa,  4 aaae,  6aaee,  4 aeee.eeee,  (  as  is  manifeft  by  the  fourth  Power  in  the  Table  in 
Sett.  4.  Chap  1.  of  this  Book*)  Now  becaufe  theRefolution  of  a  Biquadratic  Num¬ 
ber,  viz  the  Extraft  ion  of  the  Biquadratic  Root  is  deducible  from  the  fteps  of  the 
Compofition  of  a  Biquadratic  Number  from  its  Root,  (for  fuch  Numbers  as  are 
added  in  the  Compofition  are  to  be  fubtrafted  in  theReldlution)  refpeft  mult  be  had 
to  Sett.  3.  Chap.  2.  of  this  Book. 

Example * 


5.  Let  it  be  required  to  extraft  the  Biquadratic  Root  of  614656.  After  the  Num= 
ber  given  is  prepared  by  Punftations  as  before  is  direfted,  Ifeek  in  the  Tabulet  in  the 


61 

16 


4656 


precedent  fecond  ftep  of  this  Sett.  3.  for  the  greateft  Biquadratic 
whole  Number  contained  in  61,  the  firft  Member  (towards  the 
left  Hand)  of  the  Number  propofed,  and  finding  it  to  be  16,  I 
fubfcri'oe  16  under  61,  and  Write  2  the  Root  of  the  laid  fourth 
Power  16  in  the  Quotient,  for  the  firft  Figure  of  the  Root 
lought  *  then  after  a  Line  is  drawn  under  16  I  fubtraft  16  from  45  6 

61,  or  160000  from  614656,  and  there  remains  to  be  refolved  454656. 

V  2 
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The  Extraction  of  the  Root  of  B  O  O  K  II- 


The  Divifor  for  the  finding  out  of  e that  is,  every  Character  which  is  to  follow  2, 
the  firft  Figure  of  the  Root,  is  always  in  the  Extraction  of  the  Biquadratic  Root  com- 

poied  of  thele  Numbers,  viz  4 aaa,  6aa , 
and  4 a,  for  thele  are  all  the  Powers  o fa 
that  are  drawn  into  the  Powers  of  e  in  the 
fourth  Power  of '<*4  e  ^  (as  is  evident  by 
theTablein  Sett.  4.  Chap.  1.)  and  becaule 
the  firft  Figure  of  the  Root  is  found  2, 
and  confequently  (by  Note  2.  in  Seft.  1.  of 
this  Chap.)  the  Number  fignified  by  a  is 
20,  therefore  the  Sum  of  the  Numbers 
fignified  by  4 aaa,  6aa,  and  4 a,  is  34480, 
which  is  the  Divifor then  fuppofing  I 
were  to  divide  the  Refolvend  45:465:6  by 
the  Divifor  3  4480, 1  find  the  Quotient  ex¬ 
ceeds  9  ^  but  in  regard  e  always  reprefents 
either  a  fingle  Figure  or  a  Cypher,  it  can¬ 
not  exceed  9 :  and  therefore  I  make  tryal 
(in  a  waft  Paper)  with  9,  to  lee  whether  it 
wiH  conftitute  an  Ablatitium  that  does  not  exceed  the  Refolvend  4546  56,  viz.  I  fuppole 
:o  •  then  becaufe  a  was  before  found  20,  the  Ablatitium ,  which  in  the  Extraction  of 


61 

4656 

(28.  Root 

Subtract  16 

aaaa. 

45 

4656 

Refolvend. 

a —  20  3 

2000 

4  aaa 

2400 

6  a  a. 

80 

4  a 

3 

4480 

Divifoti 

0  =  8  25 

6000 

4  aaae 

15 

3600 

6aaee 

4 

0960 

4  aeee 

4096 

eeee 

Subtract  45 

4656 

Ablatitium 

0 

0000 

the  Biquadratic  Root  is  always  compos’d  of  4 aaae,  6aaee,  4 aeee,  and  eeee,  will  exceed 
the  Refolvend ,  from  which  it  ought  to  be  fubtraCted.  But  if  e= 8,  then  the  Ablatitium 
will  be  equal'to  the  Refolvend,  and  confequently  that  being  fubtraCted  from  this,  there 
will  remain  o,  wherefore  I  let  8  in  the  Quotient,  and  conclude  that  the  Biquadratic 
Root  of  the  given  Number  614656  is  28  5  for  28x28x28X28  produces  614656. 


Sett.  IV.  Of  the  Extrattion  of  the  Root  of  the  fifth  Tower  given  in  Number. 

1.  For  the  more  ready  Extraction  of  the  Root  of  any  fifth  Power  given  in  Fjfam- 
Fer,  this  Tabulet  will  be  ufeful,  which  Ihews  at  firft  fight  the  fifth  Powers  of  every 
fingle  Figure,  and  confequently  any  fifth  Power  in  Number  under  ioqqqq  being 
given,  its  Root  is  hereby  difcovered. 


Roots. 

*ytb  Powers. 

1 

I 

2 

32 

3 

243 

4 

1024 

5 

3125 

6 

7776 

7 

16807 

8 

32768 

9 

5904  9 

2.  When  a  whole  Number  is  given  for  a  fifth  Power,  and  its  Root  defired,  that  is, 
fuch  a  Number  which  being  multiplied  five  times  into  it  felf  will  produce  the  given 
Number,  it  mult  be  prepared  for  Extraction  by  PunCtations  in  this  manner,  viz.  Firft, 
let  a  Point  be  fet  over  the  Units  place  of  the  given  Number,  then  palling  over  the  four 
next  places  towards  the  left  Hand,  let  another  Point  over  the  lixth  place  j  and  in  that 
order  as  many  Points  are  to  be  let  as  the  given  Number  will  admit,  that  there  may  be 

four  places  between  every  two  adjacent  Points.  So  if  the  Root  of 
1-21026*8  the  fifth  Power  17210368  be  defired,  after  Points  are. fet  as  is 
7  ~  5  above  directed,  the  laid  17210368  will  be  dilfributed  into  two 

iftRnoA-rk- Members,  to  wit,  172  and  10368.  In  like  mannerthis  Number 
^  ^  }  1880287678125  will  be  dilfributed  into  thele  three  Members, 

188,  02876,  and  78125.  The  Points  (as  before  hath  been  laid)  fhew  the  number 
of  Places  that  will  be  found  in  the  Root,  as  allb  what  Member  of  the  Number  given 
belongs  to  the  Extraction  of  every  fingle  Character  of  the  Root  fought. 

3.  Every 
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3.  Every  Number  confidered  as  a  fifth  Power  may  be  conceived  to  be  produced  From 
the  Multiplication  of  theBinomial  Root  a+  e  five  times  into  it  Self,  and  then  the  faid 
Number  will  be  compofed  of  thefe  fix  Members  or  Numbers,  viz.  aaaaa,  $aaaae, 

10 aaaee,  io aaeee,  5 aeeee,  and  eeeee,  (as  is  manifeft  by  the  fifth  Power  in  the  Table  in 
Sett.  4.  ’ Chap  1.  of  this  Book.)  Now  becaufethe  Refolution  of  the  fifth  Power,  viz. 
the  Extraction  of  ^(5)  out  of  a  given  Number,  is  deducible  from  the  fteps  of  the 
Compofition  of  a  fifth  Power  from  its  Root  given  in  Number  *  ( for  fuch  Numbers 
as  are  added  in  the  Compofition  are  to  be  Subtracted  in  the  Refolution  )  the  Learner 
mult  be  exercis’d  in  Sett.  4*  Chaji.  2.  of  this  Book, 


172 

32 

10368 

iqo 

10368 

Example. 

Let  it  be  required  to  extraCt  ^(5)  out  of  1721036S,  viz.  to  find  a  Root  or  Number, 
which  being  multiplied  five  times  into  it  felf  will  produce  172 10368.  After  the  given 
Number  is  prepared  by  PunCtations  as  before  is  directed,  I  Seek  in  theTabulet  in  the 
firft  Itep  of  this  SeCtion  4.  for  the  greateft  fifth  Power  contained 
in  172  the  firft  Member  (towards  the  left  Hand)  of  the  given  17210268  ( 2 
Number,  and  finding  it.  to  be  32,  Ifubfcribe32  under  172,  and 
write  2  the  Root  of  the  faid  fifth  Power  32  in  the  Quotient,  for 
the  firft  Figure  of  the  Root  fought-,  then  after  having  drawn  a 
Line  under  32,  I  fubtraCf  32  from  172,  or  3200000  from 
17210368,  and  there  remains  to  be  refolved  14010368. 

Then  to  difeover  the  Divifor ,  which  (hews  how  to  begin  the  tryal  in  the  finding 
out  of  e,  that  is,  every  Charaaer  (whether  it  be  a  Figure  or  Cypher)  which  is  to 
follow  the  firft  Figure  of  the  Root,  I  take  fuch  Powers  of  a  as  are  multiplied  into  the 
Powers  of  e  in  the  fifth  Power  produced  from  a+e,  viz.  5 aaaa,  ioaaa,  ioaa,  and  $ah 
fo  the  Sum  of  thefe  four  Numbers  make  the  Divifor.  And  becaufe  the  firft  Figure 
of  the  Root  is  found  2,  and  consequently  (by  Note  2.  in  Sett.  1.  of  this  Chap.)  the 
Number  fignified  by  a  is  20,  therefore  the  Sum  of  the  Numbers  fignified  by  $aaa, 
loaaa,  ioaa,  and  $a  is  884100,  Which  is  the  Divifor  5  then  fuppofing  I  were  to  di¬ 
vide  the  Refolvend  14010368  by  the  Divifor  884100,  I  find  the  Quotient  exceeds  95 
but  in  regard  e  always  reprefents  a  Single  Figure  or  Cypher,  it  cannot  exceed  9  *  there¬ 
fore  1  make  tryal  (in  a  void  place)  with  9,  to  fee  whether  it  will  conftitute  an  Jbfo* 
titium  that  does  not  exceed  the  Refolvend  14010368,  viz.  Ifuppofe  then  becaufe 
a  was  found  20,  the  Ablatitium  ^aaaae\ioaaaee-\-\oaaeee-\-  faeeee  exceeds  the  Refol¬ 
vend  from  which  it  ought  to  be  fubtraaed.  But  if  e—8,  then  the  Ablatitium  will  be 
equal  to  the  Refolvend,  and  confequently  that  being  fubtraaed  from  this,  there  will 
remain  o,  wherefore  I  Set  8  in  the  Quotient  5  fo  28  is  found  to  be  the  V($)  of  the 
givenNumber  17210368,  for  28x28x28x28x28  produces  17210368.  Compared^ 
following  Work  with  the  precedent  Rules  of  Sett.  4. 


172 

32 

10368 

00000 

(28.  Root  4 
aaaaa 

140 

10368 

Refolvend. 

8 

00000 

80000 

4000 

IOC 

faaaa 

loaaa 

10  act 

8 

00 

§ 

Divifor . 

64 
51 
.  .20 

4 

0000c 

20000 

48000 

'09600 

(32768 

5 ‘aaaae 
loaaaee 

loaaeee 

faeeee 

eeeee 

140(10368 

Ablatitium. 

ooolooooc 

By  the  precedent  Rules  and  Examples  of  this  Chap,  the  Ingenious  Reader  will  eafily 
perceive  howto  extend  this  general  Method  to  theExtraaionof  the  Roots  of  all  kinds 
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of  Powers  in  Numbers,  viz.  of  the  fixth*  feventfa,  eighth,  Cfc.  Powers  5  as  alfo 
to  find  out  the  Roots  infinitely  near  of  fuch  Powers  as  have  not  Roors  exa£tly  ex- 
prelfible  by  any  rational  or  true  Number. 


C  H  A  R  IV* 

Concerning  the  Extraction  of  Roots  out  of  Powers  exprefs  J 

by  Letters . 

I.  TN  a  Series  or  Scale  of  Powers  produced  from  a  Root,  fuppofe  from  a  as  in 

A  this  Series,  a^aaa^aaa^aaaaa^6  ^  ^  ^  etc.  thofe  Powers  only  whofe  Indices 
are  even  Numbers  are  Squares  •,  as  aa,aaaa,a6,a\  etc.  (  whole  Indices  are  2  4  6  8 
tfc.)  are  Squares,  And  thofe  Powers  only  whofe  Indices  are  divifible  by  3,  are 
Cubes,  as  aaa^aaaaa,a^  etc.  (  whofe  Indices  are  3,  6,  9,  etc.)  are  Cubes.  There¬ 
fore  every  Power  whofe  Index  is  a  Prime  Number  greater  than  3,  as  aaaaacv  a" 
&c.  (  whofe  Indices  are  9,  7, 11,  etc.)  is  neither  a  Square  nor  a  Cube,  But  every 
Power  whofe  Index  is  divifible  by  6 ,  as  aVV'8,  etc.  is  both  a  Square  and  a  Cube 
becaufe  the  Index  is  divifible  both  by  2  and  by  3.  9 

II.  If  a  Simple  Quantity  beexprefs’d  by  the  fame  Letter  repeated  an  even  number 
of  times,  the  Square  Root  thereof  is  eafily  extrafted  ;  for  the  Root  mull  be  fuch  that 
its  Index  may  be  the  half  of  the  Index  of  the  Quantity  propofed  :  As  Yaa  fthat  is 
the  Square  Root  of  aa)  is  a  *  for  1,  the  Index  of  the  Root  a:  is  the  half  of  2  '  the  In¬ 
dex  of  the  Square  aa.  In  like  manner  Yaaaa  is  aa,  whofe  Index  2  is  the  half  of  4 
the  Index  of  the  Square  aaaa.  Again,  Ydaaaaa  is  aaa,  whole  Index  3  is  the  half  of 
,  6,  the  Index  of  the  Square  ar\ 

III.  And  with  the  like  facility  you  may  extraa  the  Cubic  Root  of  a  Simple  Quan¬ 
tity,  which  is  exprefs’d  by  one  and  the  fame  Letter  repeated  fuch  a  Number  of  times 
as  is  divifible  by  3  *  for  the  Cubic  Root  muft  be  fuch  that  its  Index  may  be  of  the 
Index  of  the  Cube  propofed  :  As  Y(s)aaa  (that  is,  the  Cubic  Root' of  the 
Quantity  aaa)  is  «,  whole  Index  1  is -f  of  3  the  Index  of  aaa.  In  like  manner  Y(rt 
a*  is  aa,  whofe  Index  2  is  -f  of  6  the  Index  of  the  Cube  a*. 

IV.  If  the  Index  of  a  Simple  Power  exprefs’d  by  the  fame  Letter  be  fome  Prime- 
Number  greater  than  3,  as  5,  7,  ri,  etc.  then  neither  V(2)nor  Y( 3),  nor  any  other 

'  Root,  except  that  denoted  by  fuch  Index  or  Prime  Number  can  be  exaftly  extraded 
out  of  the  faid  Power ;  fo  no  Root  can  be  exaftly  extrafted  out  of  aaaaa  or  as  but 
V(5),  which  is  as  nor  any  Root  out  of  a*  but  Y(y),  which  is  alfo  a.  But  when  the 
Root  cannot  beexaaiy  extraaed,  the  Sign  of  the  Root  is  to  be  prefix’d  to  the  Quan¬ 
tity  5  as  to  exprefs  the  Square  Root  of  aaaaa  or  a\  I  write  Yaaaaa  or  Yas  Like- 
wife  I  exprefs  the  Cubic  Root  of  a*  thus,  Y( 3)  a*  *  and  V(4)  of  ai  thus  YU)a7 - 
and  fo  of  others.  5  * 


V.  When  fome  Power  of  an  unknown  Simple  Root  a  is  found  equal  to  fome  known 
Number,  and  the  Index  of  that  unknown  Power  is  not  a  Prime  Number  then  the 
value  of  the  Root  a  in  Number  may  oftentimes  be  difcovered  by  two  or  moreExtra&i- 
ons,  more  eafily  than  by  one  Angle  ExtraaiOn  of  a  Root  out  of  the  faid  unknown 
Number.  As  for  Example : 


If  there  be  propofed  or  found  out  ,  .  .  ; . 

Then  to  find  out  the  value  of  a  you  need  not  extraa  the  Y(6)  of 
729,  by  the  general  Method  before  delivered  in  Chap.  3.  but  firlt 
by  that  Method  extraa  the  Square  Root  of  7257,  and  then  by  Sett. 

2.  of  this  Chap,  the  Square  Root  of  aaaaaa. ,  fo  thole  two  Roots 
compared  give  this  Equation,  viz.  ,  . . .  ^ 

Laltly,  by  extracting  the  Cubic  Root  of  each  part  of  the  laft  ) 
Equation,  the  value  of  a  the  Root  fought  is  difcovered,  viz.  .  .  3 


aaaaaa— yiy, 


aaa~ 


27 


Oi 
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Or  thus ,  v 

Firft,  by  extrafting  the  Cubic  Root  of  each  part  of  the  Equation  7 
tion  propofed,  there  arifes . r  .  aa~y 

And  then  by  extracting  the  Square  Root  of  each  part  of  the  laft  > 

Equation, the  fame  value  of  the  Root  a  is  found  out  as  before  to  wit  3  *  a = 3 

In  like  manner  if . 9  5  ,, 

Firft  by  extracting  the  Cubic  Root,  it  gives  .  ’03—2? 

And  again,  by  extracting  the  Cubic  Root  of  that  Root  the  Root  V  ’  ' 

a  is  made  known,  viz . r  •  a=z  3 

VI.  When  two  or  more  Squares,  Cubes,  or  other  Powers  exprefs’d  by  different 
Letters,  be  multiplied  one  into  another,  then  if  the  Root  of  each  Power  viz  the 
SquareRoot  if  they  be  Squares, .  or  the  Cubic  Hoot  if  they  beCubes,  &c.  beextrafled, 
the  Product  made  by  the  Multiplication  of  thefe  Roots  one  into  another  (hall  be  a 
like  Root  of  the  Power  or  Produft  firft  given.  As  for  Example :  Vaabb  is  ah  which 
is  the  Produg  of  the  Square  Roots  of  aa  and  bb.  Likewife,  /(?>«»  is  ah  which 
IS  the  Product  of  the  C  ubic  Roots  of  aaa  and  bbb. 


Again,  Yaabbcc  is  abc,  which  is  the  Produft  of  the  Square  Roots  of  aa,  bb.  and  cc. 
In  like  manner,  Y  (f)2~]aaabob  is  3^,  which  is  the  ProduCt  oftheCubic  Roots  of  27 
aaa  and  bbb  ;  and  Vi6aabbcc  is  4 abc,  which  is  the  PioduCt  of  the  Square  Roots  of  A 
aa ,  bb,  and  cc.  The  like  is  to  be  underftood  of  others.  ^ 

But  if  the  Square  Root  of  5 :aabb  be  defired,  becaufe  5  is  not  a  Square,  the  faid  Root 
is  to  be  exprefs’d  either  thus,  Y$aabb  h  or  thus,  Y^ab  h  or  thus,  ctbY%.  In  like 
manner,  to  denote  the  Square  Root  of  aaabbb  I  write  Ya*b\  And  to  fignifie  the 
Cubic  Root  of  aabb  I  write  Y( i)aabbh  but  the  Cubic  Root  of  ^aaabbb  may  be  writ 
ten  either  thus,  YClfrafa  h  or  thus,  Y( 3 )l*ab  *  or  thus,  abY&z 


Concerning  the  Extraction  cf  Boots  out  of  Compound  Quantities  exprefs’d  by  Letters . 

VII.  Before  the  Learner  enters  upon  the  Extraftion  of  Roots  out  of  Compound 
Squares,  Cubes,  or  other  Powers  exprefs’d  by  Letters,  he  ought  to  be  well  exercis’d 
in  the  eighth  and  ninth  Chapters  of  my  firft  Book  of  Algebraical  Elements  •  as  alfo  in 
the  foregoing  firft,  fecond,  and  third  Chapters  of  this  Book,  and  ih  the  precedent 
Rules  of  this  Chapter  *  all  which  well  underftood  will  render  the  following  Rules  and 
Examples  of  this  Chapter  very  plain  and  eafie.  ^ J 


VIII.  Rules  for  the  Extraction  of  Square  Roots  out  of  Compound  Quantities  ex~ 

prefs'd  ly  Letters. 


Rule  1.  Set  the  particular  Members  of  the  Compound  Algebraic  Quantity  whofe 
Square  Root  is  required,  in  Each  order,  that  one  of  the  Simple  Squares  may  ftand 
outermoft  towards  the  left  Hand  *  and  next  after  the  fame  fuch  other  Member  or 
Members,  wherein  you  find  the  fame  Letter  or  Letters  as  are  in  the  faid  Simple  Square. 
Then  the  Square  Root  of  the  faid  Simple  Square  is  to  be  fet  in  the  Quotient  for  the 
firft  Number  of  the  Compound  Root  fought,  and  the  Square  it  felf  is  the  firft  Quan¬ 
tity  to  be  fubtraCted  from  the  Compound  Quantity  propofed.  This  is  the  firft  Work 
which  is  no  more  to  be  repeated  in  the  whole  Extraction.  9 

Rule  2.  Double  the  Root  before  fet  in  the  Quotient  for  the  firft  Divifor  •  likewife 
to  find  every  following  Divifor  double  every  Simple  Quantity  that  ftands  in’ the  Quo¬ 
tient,  and  take  tbe  Sum  of  the  Products  for  the  Divifor. 

Rule  3.  When  the  Divifor  is  found  out,  divide  only  the  firft  Simple  Quantity  Ho¬ 
wards  the  left  Hand)  in  the  Refolvend ,  by  thefirft  Simple  Quantity  in  the  Divifor  and 
fet  that  which  comes  forth  next  after  tbe  Member  or  Members  of  the'  Root  fought 
that  was  before  found  out.  b 

Rule  4.  After  the  firft  Simple  Square  is  fubtraCted  (according  to  Rule  1.)  then  every 
following  Ablatitium ,  that  is,  the  Sum  of  the  Quantities  to  be  fubtraCted  from  the 
refpeCHve  Refolvend,  muftbe  compofed  of  thefe  two  Products,  viz.  the  Prod  aft  made 
by  the  Multiplication  of  the  whole  Divifor  by  that  particular  Quantity  which  was 
lau  fet  in  theQuotient,  and  the  Square  of  the  fame  Simple  Quantity. 

The  Practice  of  thefe  Rules  will  be  apparent  in  the  following  Examples. 


Example 
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The  Extraction  of  Roots  out  of  BOOK  IIJ 


Example  i. 

Let  it  be  required  to  extract  the  Square  Root  of  aa-\-2ab-\-bb. 

Firft,  I  extraCt  the  Square  Root  or  aa,  and  it  is  a,  which  I  let  in  the  Quotient  * 
then  multiplying  a  by  it  lelf,  I  let  the  ProduCt  aa  under,  and  fubtraCt  it  from  the 
Qnantity  firft  propofed,  and  there  remains  2 ab-\-bb.  This  is  the  firft  work  which 
anfwers'to  Rule  1.  and  is  no  more  to  be  repeated. 


The  Square,  aa-\-2ab\bb 

Subtract  aa _ - 

Remainder,  -\-2ab-\-bb 
Divifor,  -\-2a) 

SubtraCt  _ -\-2ab-\-bb 

Remainder,  o  o 


(a\b  The  Root. 


1 


Secondly,  tbeDivifor  (according  to  Rule  2.)  is  2a,  which  I  let  under  2 ab< 
Thirdly,  I  divide  +2 ab  by  the  Divifor  -j-ia,  and  the  Quotient  is  -\-b,  which  I  let 
next  after  a,  (the  particular  Root  before  found  out)  according  to  Rule  3. 

Fourthly,  I  multiply  theDivifor  4-2 a  by  (that  was  laft  fet  in  the  Quotient) 
and  the  Product  is  4-2 ab,  to  which  adding  -\-bb ,  ( the  Square  of  -\-b  )  the  Sum  is 
2 ab\bb,  which  (according  to  Rule  4.)  1  fet  under  and  fubtraCt  from  the  Refolvend 
4-2 ab-\-bb,  and  there  remains  o  :  So  the  Extra Ction  being  finilh’d,  the  Root  fought 
js  found  a\b  ^  for  if  it  be  multiplied  by  it  lelf  it  produces  aa-\-zab-{-bb,  the  Quan¬ 
tity  firft  propofed. 

Note.  By  what  I  have  faid  in  the  eighth  and  ninth  Chapters  of  my  Firft  Book  of 
Algebraical  Elements ,  3tis  eafie  to  difcover  at  firft  fight  whether  a  Compound  Algebraic 
Quantity  confifting  of  three  Terms  be  a  perfeCt  Square  or  not,  and  if  a  Square  what 
its  Root  is.  Neverthelefs  in  this  firft  Example  I  have  exprels’dthe  Work  at  large 
according  to  the  four  Rules  before  given,  that  the  like  Opertionmay  the  more  eafily 
be  perceived  in  the  following  Examples. 


Example  z. 

If  the  Square  Root  of  aa — 2ab-j-2ac — 2bc-\-bbJrcc  be  defired,  it  will  be  found 
a—bJ^c  by  the  precedent  Rules,  and  the  Work  ftands  as  here  you  fee  underneath. 


The  Square, 
SubtraCt 

Remainder, 

Divifor, 

SubtraCt 


aa- 

aa 


•2ab-\-  2  ac — 2bc-\-bb-\-cc 


— 2ab~\-  2 ac — ibc-Ybb-^cc 
4-2  a) 

— 2abJ\-bb 


Remainder, 

Divifor, 

Subtra8: 

Remainder, 


4-  2  ac — 2bc-\-cc 
4-  2  a  — 2  b) 

•+•  2  ac — 2bc-\-cc 


(a — b-\-c  The  Root. 


I 


Example  3. 

In  like  manner  the  Square  Root  of  6\aabb-\~32abc — 144^4-4^ — 36C4-81  will  be 
found  Qab+2c — 9,  as  is  manifeftby  the  following  Operation. 


The  Square, 
Subtract 
Remainder, 
Divifor, 
SubtraCt 


6^aabb-\-32abc — i^ab-\-^ce — ?,6c-\-Sl 

6<\aabb  7 


4-  3  2  abc — l^ab-b^cc — 3  6  c  4-  8 1 
-\-l6ab  ) 


4-32  abc 


4-4CC 


Remainder, 

Divifor, 

Subtract 

Remainder, 


— 144^ 
4"  1 6ab 


— 36c  4-Si 

4-  4 c) 


— 1440/fr  — 36c4~8i 

o  00 


(Kab^ic — 9 


Exam - 
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Example  4. 

Again,  the  Square  Root  of  dddd+2dddb+?>ddbb-\-2dbbb\bbbb  will  be  found  dd+ 
db-\bb  j  and  the  Extraction  Hands  thus: 

The  Square,  d4-\-2d*b+  id1bz4-2db'>-\-b* 

att  • 


SubtraCl 

Remainder, 
Divifor, 

Subtract 


-f  2dib-\-  3dzb~-\-2dbi-\-b* 

A- 2  d1)  _ 

-\-2dib-\-d-bz 


Remainder, 

Divifor, 

Subtract 

Remainder, 


-\-2dzb1-\-2dbi-\-b* 

4  2  d2  4  2  db) 


4  2d"-b- 42^34/74 


(dd\db\bb. 


IX.  Rules  for  the  Extraction  of  Cubic  Roots  out  of  Compound  Quantities 

exprefsd  by  Letters. 


Rule  1.  Set  the  particular  Members  or  Parts  of  the  Compound  Algebraic  Quantity 
whofe  Cubic  Root  is  required,  in  Rich  order,  that  one  of  the  Simple  Cubes  may  Hand 
outermoH  towards  the  left  Hand,  and  next  after  the  fame  fuch  other  Mem  bers  w herein 
you  find  the  fame  Letter  or  Letters  as  are  in  the  Laid  Simple  Cube  ;  then  the  Cubic 
Root  of  thefaid  Simple  Cube  is  to  be  fet  in  the  Quotient  for  the  firH  Member  of  the 
Root  lought,  and  the  Simple  Cube  it  felf  is  the  firH  Quantity  to  be  fubtraCled  from 
the  Compound  Quantity  propofed.  This  is  the  firH  Work,  and  no  more  to  be  repeated 
in  the  whole  Extraction. 

Rule  2.  The  firH  Divifor  muH  be  compofed  of  the  Triple  of  the  Square  of  the  Root 
before  fet  in  the  Quotient,  (which  Triple  Square  1  call  the  firH  part  of  the  Divifor) 
and  the  T  riple  of  the  fame  Root,  ( which  Triple  Root  I  call  the  latter  part  of  the  Di¬ 
vifor.)  Likewife  every  following  Divifor  muH  be  compofed  of  the  Triple  of  the  Square 
of  the  Sum  of  all  the  fingle  Quantities  or  Parts  of  the  Root  already  found  out  and  fee 
in  the  Quotient,  and  of  the  Triple  of  the  fame  Sum. 

Rule  3.  When  the  Divifor  is  found  out,  divide  only  the,firH  Simple  Quantity  (to¬ 
wards  the  left  Hand)  in  th eRefolvend,  by  the  firH  Simple  Quantity  in  the  Divifor,  and 
fet  that  which  comes  forth  in  the  Quotient  next  after  the  Member  or  Members  of  the 
Root  fought  before  found  out. 

Rule  4.  After  the  firH  Simple  Cube  is  fubtraCled  (according  to  Rule  1.)  then  every 
following  Ablatitium ,  that  is,  the  Sum  of  the  Quantities  to  be  fubtraCled  from  the  Re - 
folvend ,  muH  be  compoled  of  thefe  three  ProduCls,  viz.  FirH,  the  ProduCl  made  by 
theMultiplication  of  the  firH  Palt  of  the  Divifor,  (to  wit,  the  Triple  Square  mentioned 
in  Rule  2.)  by  the  Ample  Quantity  laR  fet  in  the  Quotient.  Secondly,  the  ProduCl 
made  by  the  Multiplication  of  the  latter  part  of  the  Divifor,  (to  wit,  the  Triple  Root 
or.  Sum  mentioned  in  Rule  2.)  by  the  Square  of  the  fame  fimple  Quantity.  And 
thirdly,  the  Cube  of  the  fin'd  fimple  Quantity  laR  fet  in  the  Quotient. 

The  PraClice  of  thefe  Rules  will  appear  in  the  following  Examples. 

Example  1. 

Let  it  be  required  to  extraCt  theCubic  Root  out  of  aaa-\-  %aac-\-  7,aee-\-  eee. 

b  irR,  beginning  at  the  left  Hand  I  extraCl  the  Cubic  Root  of  aaa,  and  it  is  a,  which 
I  fet  in  the  Quotient,  then  multiplying  the  find  Root  a  Cubically  it  makes  aaa ,  which 
I  fubtraCl  from  the  Compound  Quantity  firH  propofed  for  Extraaion,  and  there  re¬ 
mains  to  be  refolved  ~\-^aae-\-^aee-\-eee.  This  is  the  firH  Work,  which  anfwers  to 
Rule  1.  and  is  no  more  to  be  repeated  in  the  whole  Extraaion. 


The  Cube,  aaa 4  3 aae 43^4  ^ 

Subtraa  aaa 


Remainder, 

Divifor, 

Subtraa 

Remainder, 


43<M*43tf^4#e 

4  4 

4  laae  4  %aee-\-eee 
o  00 

X 


1 


(<*4*.  The  Root. 


3 


Sc- 
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Secondly,  1  leek  a  Divifor  thus,  viz.  to  Jr^)aai  which  is  the  triple  of  00  the  Square 
of  the  Foot  0,  I  add  4-  30,  the  triple  of  the  faid  Root  0,  and  the  Sum  3004  30  is  the 
Divifor,  which  1  fet  underneath  the  remaining  Refolvejtd,  according  to  Rule  2. 

Thirdly,  according  to  Rule  3.  I  divide  4  300*? by  4 and  it  gives  4*,  which 
I  let  in  the  Quotient  next  after  0. 

Fourthly,  to  find  out  the  Ahlatitium  (or  Quantity  next  to  be  fubt rafted)  I  make  a 
threefold  Multiplication,  viz .  Firft,  I  multiply  4300  (the  firft  part  ot  the  Divifor) 
by  -\-e  the  Root  laft  fet  in  the  Quotient,  and  the  Produft  is  4 3aae-  Secondly,  I 
multiply  430,  the  latter  part  of  the  Divifor  by  -\-ee,  the  Square  of  the  laid  Root  <?, 
and  the  Produft  is  430^.  Thirdly,  I  multiply  the  laid  Root  eCubically,  and  the 
Produft  is  eee  Laftly,  I  fubtraft  the  Sum  of  the  faid  three  Produfts  from  the  Refcl- 
vend ,  and  there  remains  0  So  the  Extraftion  is  finifh’d,  and  a-\-e  is  the  true  Cubic 
Root  fought  ^  for  if  it  be  multiplied  cubicaily,  it  will  produce  aaa\  3005430^ 4  ee& 
firft  propofed.  ' 

Example  2, 


In  like  manner  the  Cubic  Root  extrafted  out  of  125000-*- 22500^41 3 
is  50430,  and  the  Work  ftand  thus  : 

The  Cube,  /  1250004-  22Saae-}-i^aee-\-2jeee  j  (ja+se.  Rootj 
Subtraft  125000 

Remainder, 

Divifor,-  _ _ 

Subtraft  42250004  1 3$aee-\-  2~ieee 

Remainder,  000 


42250004 135^427000 
4  I'yCta  4  I**) _ 


>  Example  3. 

So  the  Cubic  Root  of  27 a* — 540J4*7™4 — 18803428500—15004*25  will  be 
Ibund  3 aa — 2045,  and  the  Operation  ftands  thus: 

Cube,  27  a6 — 540*4 171a4 — 18803428500 — 15004125 

Subtraft  27  a.6 

Remainder,  — 540*  4 1 7 104— 1 88034  28500—  1  >004 125 
Divifor,  42704+  9  a*) 

Subtraft  —  540s 4  3604 —  8^3 


Remainder, 

Divifor, 

Add  thele, 

Subtraft 

Remainder, 


4  I  3  >0 4 - j  SO03-j-  28500 - 1  5004  1  25 

J  4  270+ —  36034  1200 
\ _  4  900 — 60 

4i 3504 — 180034-  6000 

422500 — 1500 

_ _ _ _ ; _ 4 £££. 

4 1 35^4 — i8o03  428500-;--T5O04 125 


(300— 2045-  Roc*. 


If  there  be  occafion  to  extraft  the  Root  of  the  fourth,  fifth  or  other  higher  Com. 
pound  Power,  the  Divifors  and  Ablatitious  Quantities  may  be  drawn  out  of  the  Ta- 
blein  00#.  4.  Chap.  1.  of  this  Book. 

r  „  .  -  ;  '  T  :  r  1  j y  1.  ir* 
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X.  Concerning  the  Extraction  of  Roots  out  of  Algebraical  Fraftionsi 

1.  Forafmuch  as  in  the  Extraftion  of  Roots  out  of  Fraftions,  the  Root  of  the 
Numerator  and  Denominator  being  feverally  extrafted  gives  the  Root  fought  •  there- 

fore  if  the  Square  Root  of  ^  be  to  be  extrafted,  I  writ®  ±  for  the  Root  fought; 

for  the  Square  Root  of  the  Numerator  aabb  is  ab,  and  the  Square  Root  of  theDeno- 
mmator  ee  15  c.  .  ,  * 


In 
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In  like  manner  if  the  Square  Root  of  ^  defired5  extracting 

aa-\-/\ab  +4  bb 

the  Square  Root  out  of  the  Numerator  and  Denominator,  there  arifes  for 

•  r-  '  a-\-2b 

the  Root  fought. 

And  for  the  fame  Reafon  the  Cubic  Root  of  this  Fraction  ........ 

2-ja6— ^gy 4-  171*4— i8&n-h 28?**— 150*4-12?  wiU  bg  ^aa—  2*+?  which  .g 
aaa — 9**4- 27* — 27  a — 3 

found  by  extracting  the  Cubic  Root  out  of  the  Numerator  and  Denominator  of  the 
Fraction  propofed. 

2.  But  if  the  Root  fought  cannot  be  extracted  out  of  the  Numerator  and  Demoni- 
nator,  then  the  Radical  Sign.  V  with  the  Index  of  the  Power,  if  it  exceed  a  Square, 

is  to  be  prefix’d  to  the  Fraction  $  as  to  denote  the  Square  Root  of  c~*l  — ac ,  that  is, 

of  CCX--.  I  write  ,  or  (becaufe  the  Square  Root  of  the  Denomh 

4  bb  4 bb 

nator  is  2  b)  the  Square  Root,  of  the  Quantity  propofed  may  be  exprefs’d  thus 

^/aAX  ;  likewife  the  Cubic  Root  of  —  may  be  defigned  either  thus, 

2b  .  v  ;  .  ....  .  . ,  aa-\-bb 

or  (becaufe  the  Numerator  is -a  Cube)  thus, — ■-  a ^  The  like  is 

aa\bb  -/(3  )aa-\-bb 

to  be  underftood  in  exprefling  the  irrational  Roots  of  higher  Powers. 


c  *. 
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Concerning  Geometrical  Proportion . 

\  \  '  »  f'  *  •  ,  A  ■)  »-  (  *  ‘ 

TH  E  Difference  of  two  Numbers  is  fotmd  out  by  Subtraction  *  but  the  Ratio^ 
Reafon ox  Habitude  of  one  Number  to  another  is  difcovered  by  dividing  the 
Antecedent  (or  firft  Number)  by  the  Confequent  (or  fecond  Number ;)  for  the  Quo¬ 
tient  denominates  the  Ratio ,  Reafon,  or  (as  fome  call  it)  the  Proportion  which  the 
Antecedent  has  to  the  Confequent.  As  if  6  be  compared  to  2,  then  i.,  that  is  -f,  or 
3,  (hews  that  6  has  triple  Reafon  to  2,  viz.  -6  contains  2  thrice,  or  6  is  in  proportion 
to  2  as  3  to  1  •  but  if  2  be  compared  to  6,  then  4.  or  a.  fhews,  that  2  has  fubtriple 
Reafon  to  6,  viz .  2  is  -f  part  of  6,  or  2  is  in  proportion  to  6  as  1  to  3.  In  like  man¬ 


ner  if  the  Quantity  a  be  compared  to  the  Quantity  £,  then  —  expreffes  the  Ratio  or 

•  b 

Reafon  of  a  to  £,  and  ~  fhews  the  Reafon  of  b  to  a. 

ft 

Note,  that  the  Reafon  of  two  Numbers  or  Quantities  ought  to  be  exprefs’d  by  the 
fmaileft  Terms  or  Quantities  that  can  poflibly  be  found  to  exprefs  that  Reafon.  So  the 
Denominator  of  the  Reafon  of  16  to  12  is  q,  where  16  and  1 2  are  firft  reduced  to  the 
fmaileft  Terms  4  and  3,  (by  dividing  the  16  and  1 2  feverally  by  their  greateft  common 
Divifor  4)  and  then  dividing  the  Antecedent  4  by  the  Confequent  3,  the  Quotient  ~ 
expreffes  the  Reafon  or  Proportion  of  16  to  12,  viz.  16  is  to  12  as  4  to  3.  In  like 

manner  the  Reafon  of  bb  to  £*,  or  of  bbb  to  bba  is  A. 

* 

II.  Quantities  which  proceed  by  equal  Differences  are  laid  to  be  in  a  continued 
Arithmetical  Progreflion,  (as  has  been  (hewn  in  Chap.  17.  Book  1.  of  my  Algebraical 
Elements  •)  but  Quantities  which  proceed  by  equal  Reafons  (or  Proportions)  are  laid 
to  be  in  a  continued  G eometrical  Progreflion  or  Proportion.  So  thefe  Numbers  2,6,18, 

X  2  <?4, 
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54,  16,  are  continually  proportional,  becaufe  the  Reafon  (or  Proportion)  ofthefirft 
the  fecond  is  equal  to  the  Reafon  of  the  fecond  to  the  third,  alfo  of  the  third  m 
fourth  and  fo  forward;  viz.  4  (or+)  =44=44=^4;  or  backward 
•^=4  (  or  9.  )  In  like  manner  if  thefe  Quantities  a,  b,  c,  d,  e,  be  fuch  ‘that 

T  =  7=7=7*  01  backw3rdS)  lf7=7=7=7’  then  thole  Quantities  are  con- 

tinually  proportional  5  viz.  as  the  firft  is  in  proportion  to  the  fecond  fo  is  the 
cond  to  the  third,  the  third  to  the  fourth,  Uc.  5 

But  if  there  be  four  fuch  Quantities,  that  the  Reafon  (or  Proportion)  of  the  firft 
to  the  fecond,  is  equal  to  the  Reafon  of  the  third  to  the  fourth ;  but  the  Reafon  of 
the  iecond  to  the  third,  is  not  equal  to  the  Reafon  of  the  firft  to  the  fecond  then 
thole  Quantities  are  laid  to  be  inGeometrical  Proportion  difeontinued  or  in  ter  runted 
fuch  are  thefe  four  Numbers  2  .  6  : :  12  .  96;  for  4  (or  A)  =-'■  but-*  for  M 
is  not  equal^  to  4-  or  (.  In  like  manner,  if  a,  b,  c,  d,  be  fuch  Quantities  that 

~f= 7>  ’s  flot  etlua' t0  y.  (or^i)  then  are  «,i,c,d,difcontinual  Proportionals. 

III.  If  three  Quantities  be  Proportionals,  the  Produfl  made  by  the  mutual  Multi- 
plication  of  the  Extremes  is  equal  to  the  Square  of  the  Mean ;  as, 

If  there  be  propofed . 7.  $  1 85  2,  * 

Then  this  Equation  enfues  ...  * .  ac~h/i—  T/c 

For  fince  by  fuppofitiori . *  a  .  b  "  b^c 

It  follows  (by  Sett.  1.  and  2.)  that .  5  b 

‘  c  b~~ 7““3 

Whence  by  multiplying  each  part  by  c,  .  .  .  ;  ^z=b=6 

And  by  multiplying  each  part  of  the  laft  Equation  byb  f 

it  produces . . . .  7  ac=bb=z^6 

Which  was  to  be  proved.  -7  >•  . . 

Id  li  far  Q-janLtitits  be  Proportionals,  whether  they  be  continual  or  difcontinual 
the  Producl  made  by  the  mutual  Multiplication  of  rhe  Extremes  is  equal  to  the  Pro’ 
dua  of  the  Means ,  and  confequently  if  the  Produfl  of  theMeans  be  divided  by  either 
of  the  Extremes,  the  Quotient  is  the  other  Extreme.  As  for  Example :  V 

Let  four  difcontinual  Proportionals  be  propofed  5  *  •  c  *  •  a 

5  *  C  12 . 4:115.  5 

Then  by  the  foregoing  Sell.  2 .  - 

And  by  multiplying  each  part  of  that  Equation  by  a  this  C  da  * 
is  produced,  viz .  — =0=15 

And  by  multiplying  each  part  of  the  laft  Equation  by  c,  f  /  , 

the  firft  part  of  the  Propofition  is  manifeft,  viz.  .  ^a=cb~6o 

And  by  dividing  each  part  by  d  there  arifes  .  .  .  a— A—  5 

Which  laft  Equation  being  compared  with  the  four  Proportionals  firft  propofed 
doesfhew  that  if  three  Quantities  </,  c,  b,  be  given,  to  find  fuch  a  fourth  as  Shave 
he  fame  Proportion  to  b  as  c  has  to  d,  then  the  Produft  of  the  fecond  and  third  Terms 

whTch  £&*  O ‘ded  y  th£  gi^e  the  fourth  Pwponional  fought,’ 

v  rr  th  V  ry  °Pe.ratlon  ln  the  Rule  of  Three  Direft. 

V.  If  three  Quantities  a,  b,  c  be  Proportionals,  and  the  firft  and  fecond,  to  wit  a  and 
b  be  given  feverally,  the  third  is  alfo  given;  for  by  SeB.  3.  of  this  Chap.  ac=bb, 

whence  by  dividing  each  part  by  a  there  airile  c—^~  whichlhews,  that  if  the  Square  of 

the  Mean  or  fecond  Term  bedivided  by  the  firft,  the  Quotient  is  the  third  Proporti¬ 
onal  hence  a,  b,  and  _.  are  continual  Proportionals.  In  like  manner  if  three  Quan¬ 
tities  in  continual  Proportion  be  given  feverally,  and  a  fourth  Proportional  be  defired, 

the 
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the  Square  of  the  third  Term  divided  by  the  fee ond  gives  the  fourth :  as  if  there  be 
given  thefe  three,  b,  h  then  by  dividing  the  Square  of  bb ,  to  wit  bbbb  by  b  the 

bbb  U  a  5  aa 

Quotient—  fiiall  be  the  fourth  continual  Proportional ;  Hence  a  b  ~bbb  are  con- 

act  5  5  g  7  '-v-7“ 

tinual  Proportionals.  Likewife  if  the  Square  of  the  fourth  continual  Proportional  be 
divided  by  the  third,  the  Quotient  will  be  the  fifth  ^  fo  to  thofe  four  continual  Pro¬ 
portionals  this  fifth  will  be  found,  to  wit,  and  fo  forwards  infinitely.  Therefore, 

VI.  If  Numbers,  how  many  foever,  be  continually  Proportionals,  and  the  leaft  Term 
be  efteemed  the  firft,  that  next  greater  than  the  leaft  the  fecond,  and  fo  forwards  •  then 
the  lecond  Term  is  produced  by  the  Multiplication  of  the  firlt  into  the  Reafon  of  the 
fecond  Term  to  the  firft,  the  third  Term  is  produced  by  the  Multiplication  of  the  firft 
into  the  Square  of  the  fame  Reafon,  the  fourth  Term  is  produced  bv  the  Multiplication 
of  the  firft  into  the  Cube  of  the  fame  Reefon  •,  and  in  like  manner  every  following 
Term  is  produced  by  the  Multiplication  of  the  firft  into  fuch  a  Power  of  the  Realon 
of  the  lecond  Term  to  the  firft,  as  has  fewer  dimenlions  by  one  than  the  Number  of 
Terms  has  Units :  as  in  thefe  following  fix  continual  Proportionals,  to  wit 

4  •  -  .  .  V 

bb  bbb  bbbb  bbbbb 


a,  b, 

2,  6 ,  1 8,  54  5  i,6 


a  act  a  a  ct  a  a  act 


486 


Suppofing  a  to  he  the  firft  and  leaft  Term,  the  fecond  Term  b  is  equal  to  the  Produft 
of  the  firft  Term  a  into*,  to  wit,  the  Reafon  of  the  fecond  Term  to  the  firft;  alfo 


bb 

the  third  Term  is  produced  by  the  Multiplication  of  the  firft  Term  a  into  the  Square 

of  the  fame  Reafon,  that  is,  into-;  and  the  fourth  Term  —  is  produced  by  the 

'  f  act  j 

Multiplication  of  the  firft Term  a  into  the  Cube  of  the  fame  Reafon,  that  is,  into 
—  5  an  d  the  fifth  Term  --1  is  produced  by  the  Multiplication  of  the  firft  Term  a  into 

CM*  (Jr 

the  fourth  Power  of  the  fameReafon, that  iynto  b—i  and  fo  forwards. 

aaaa 

But  if  the  greateft  Term  be  efteemed  the  firft,  that  next  lefs  than  thegreateft  the 
fecond  and  io  downwards ;  then  the  lecond  Term  is  equal  to  rheQuotient  that  allies 
by  dividing  the  firft  for  greateft)  Term  by  the  Reaibn  of  the  firft  to  the  fecond  •  the 
third  is  equal  to  the  Quotient  that  arifes  by  dividing  the  firft  Term  by  the  Square  of 
,n  ’  Af  Term  is  equal  to  the  Quotient  that  arifes  by  dividing  the 
firft  Term  by  the  Cube  of  the  fame  Reafon  *  and  in  like  manner  every  Term  beneath 
the  greateft  is  equ«l  to  the  Quotient  that  arifes  by  dividing  the  firlt  (or  greateft  ) 
Term  by  fuch  a  Power  of  the  Reafon  of  the  greateft  to  the  greateft  but  one  (  or  fe¬ 
cond  )  Term,  as  has  fewer  Dimenlions  by  one  than  the  number  of  Terms :  as  in  thefe 
ioi towing  fix  continual  Proportionals,  to  wit, 


bbbbb  bbbb  bbb  bb  , 

’ — • — 5  - ;  ,  — ,  a. 

aaaa  aaa  ’  aa  a 

bbbbb  ^  162  ’  54  ’  l8’  6 ’  2  * 

If  we  fuppofe  — i  to  be  the  firft  and  greateft  Term,  then  the  fecond  Term  bbbb  i 

aaa 


equal  to  the  Quotient  of  the  firft  Term  bbbbb  divided  by  b  to  wit,  by  the  Reafon  of 

aaaa  *  @ 

the  firft  Term  to  the  fecond  5  alfo  the  third  Term  h~l  is  equal  to  the  Quotient  of  the 
firft  Term  -JL  divided  by  that  is,  by  the  Square  of  the  Reafon  L  •  and  the 

a 


fourth 


I 66  Of  Geometrical  Proportion .  BOOK  II: 

fourth  Term  —  is  equal  to  the  Quotient  of  the  firft  Term  bbbbb  divided  by  —  the 
a  oaaa  aaa 

Cube  of  the  fame  Reafon.  And  fo  of  the  reft. 

VII.  From  thelaft  preceding  Settion  it  follows,  that  if  inaSeries  or  Rank  of  Num¬ 
bers  Which  are  in  continual  proportion,  the  firft  Term,  the  fee ond  Term,  and  the  Num¬ 
ber  of  Terms  be  given  feverally,  the  lalt  Term  fliall  be  alfo  given  by  this  Rule,  viz. 
firft,  (according  to  the  Note  in  Sett.  i.  of  this  Chap.)  find  out  the  fmalleft  Numbers 
that  may  Ihew  the  Reafon  of  the  greater  of  the  two  given  Terms  to  the  lefs  ;  then 
efteeming  the  laid  Reafon  as  a  Root*  find  fuch  a  Power  thereof  whofe  Index  may  be 
equal  to  the  given  multitude  of  Terms  lefs  by  Unity,  which  Power  multiplied  by  the 
firft  Term,  when  the  firft  Term  is  lefs  than  the  fecond,  gives  the  laft,  to  wit,  the 
greateft  Term.  But  when  the  firft  Term  is  greater  than  the  fecond,  then  the  firft  Term 
divided  by  the  faid  Power  gives  the  laft  Term.  As  if  there  be  given  a  and  b,  the  firft 
and  fecond  of  fix  Numbers  in  continual  proportion,  and  that  b  is  greater  than  ah 

then  the  Reafon  of  b  to  a  is  (  by  Sett.  i.  of  this  Chap. )  and  the  fifth  Power  of 

a 

f  is  ,  this  multiplied  by  the  firft  Term  a  produces  which  is  the  fixth 

a  aaaaa  aaaa 

Proportional  fought,  (as  is  evident  by  Sett.  6.)  but  if  the  firft  Term  a  be  greater  than 

the  fecond  Term  b ,  then  the  Reafon  of  a  to  b  is  whofe  fifth  Power  is  a~aa ,  by 

b  bbbbb 

which  if  you  divide  the  firft  Term  a ,  the  Quotient  is  the  fixth  Term 

,  r.  aaaa 

This  Rule  may  be  exemplified  by  the  four  following  Ranks  of  Numbers  in  conti¬ 
nual  Proportion. 


2 

>  6 

CO 

#N 

?  ^4  ") 

162  .  ~ 

4  68 

3072 

,  768 

,  192 

5  48  5 

12  , 

? 

2 

?  3 

9 

J  * 

1  7 

J  T  5 

8  1 

S'  5 

j  4  ? 
m r 

i  0  j  4 
IT 

i  f  <S 

5  *  TT 

6  4 

)  9 

i  6 

>  T  3 

4  > 

3 

VIII.  If  there  be  given  two  Integers  exprefling  a  Reafon  in  theleaft  Terms,  and  it 
be  defired  to  find  out  a  given  multitude  of  continual  Proportionals  in  the  fame  Rea¬ 
fon,  and  that  all  theTerms  may  be  Integers  ^  Firft,  to  thofe  r wo  Integers,  or  firft  and 
fecond  Proportionals  given,  find  out  (by  Sett.%.  or  6.  of  thisC^p.)  fo  many  Propor¬ 
tionals  as  with  thofe  given  may  make  thedelired  multitude;  then  multiply  every  Term 
by  the  Denominator  of  the  laft  Term,  fo  fhall  the  ProduUs  be  continual  Proportionals 
in  Integers  in  the  fame  Reafon  as  the  two  Terms  firft  given.  As  for  Example  :  If  a 
and  b  be  given,  and  it  be  defired  to  find  three  Proportionals  in  Integers  in  the  Reafon 

of  a  to  b  ,  firft,  to  a  and  b  I  find  a  third  Proportional,  which  (by  Sett.  y.)  is  — 

a 

then  a ,  b ,  —  being  multiplied  feverally  by  the  Denominator  a,  the  ProduUs  aa.  ah. 

a  ,i,  ....  .  .  .  .  . 

bb,  are  Proportionals  exprefs’d  by  Integers,  and  in  the  Reafon  of  a  to  b,  as  was  defired. 

Hence  if«r  =  2,  and  b=i  ^  then  aa ,  ab,  and  bb  will  give  4,  6,  and  9,  which  are 
continual  Proportionals  in  Integers  in  the  given  Reafon  of  2  to  3. 

So  if  four  continual  Proportionals  in  the  Reafons  of  a  to  b ,  be  defired  *  firft,  (by 

Sett.  7.  or  6.)  thefe  will  fie  found  continual  Proportionals,  to  wit,  a,  b,~  bbf- 

4r  2  A  v.  c  e  -  -•  a''  aa 

.which  multiplied  feverally  by  aa,  ( the  Denominator  of  the  laft  Term  )  will  produce 
aaa,aab,abb,bbb ,  which  are  four  continual  Proportionals  in  Integers  in  the  given  Rea¬ 
fon  of  a  to  b.  Hence  if  a  —  2,  and  b—  3,  then  aaa,aab,abb, and  bbb,  will  give  8, 1 2, 1 8, 
and  27,  which  are  continual  Proportionals  in  Integers  in  the  given  Reafon  of  2  to  3. 

In  like  manner  thefe  five  Quantities  aaaa ,  aaab ,  aabb ,  abbb ,  and  bbbb,  will  be  found 
continual  Preportionals  in  the  Reafon  of  a  to  b>,  fo  that  if  a=2,  and  6=3,  then  thofe 
five  Proportionals  will  give  thefe  five,  to  wit,  16, 24, 36,  74,  and  81  ~  in  the  Reafon 
of  2  to  3.  After  the  fame  manner  you  may  proceed  infinitely. 


r| 


IX.  If 
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^  Ee  Quantities  in  continual  Proportion,  how  many  foever,  the  Product 

made  by  the  Mul  tiphcatton  of  the  Extremes  is  equal  to  the  Ptoduft  of  any  two  Means 
'  e?ually  diltant  from  the  Extremes ;  and  alfo  to  the  Square  of  the  Mean  Term  when 
the  number  of  Terms  is  odd .  As  for  Example:  be  continual  Proportio¬ 

nals,  ay,  the  Product  of  the  Extremes  a  and/,  to  wit  af,  is  equal  to  the  Product 

to  thTproduafo? For1141 7  d'ftaiU  fi°m  the  Extremes>  vh-  t0  the  Produft  cd,  and 


1.  By  fuppofition,  ('and  by  Se8  1.  and  2.) . 

2.  Therefore  by  multiplying  each  part  by/,  it  produces  . 

b 

And  oy  multiply ,  ng  each  part  of  the  laft  Equation  by  i,it  gives  af—bc 


a  ___  e 

T~f 

at—e 


b_ 

c 


d 

e 


4.  Again,  by  fuppofition . 

r  ^.The/efo^e  Cby  multiplying  in  like  manner  as  before)  .  .  Id— be 
6.  Therefore  from  the  third  and  fifth  Equation  (per  i.  Axiom.  \  r  J  , 

I.  tlem  tvclid. .  t  >aj—cd—be 

Which  was  to  be  proved.  And  if  more  continual  Proportionals  even  in  multitude 
were  prqpofed,  the  Demonftration  would  not  be  othetwife. 

But  if  the  multitude  of  Terms  be  odd,  as  in  thefe  feven  Quantities  which  we  may 
fupoofe  to  be  continually  proportional,  +  ,  then  the  Produft  made  by  the 

Term?  vT^Ldl  ‘  Forf™  “  a"d  *  is  equal  t0  the  S1Mre  ofthe  middle 

1.  By  fuppofition  (and  by  $e&.  i.  and  2.)  .  .  «  •;  fL~*L 

2.  Therefore  by  multiplying  each  part  of  that  Equation  by  d  }  ^  M 

tt  makes  *■*%.*■  _«« 


on  by  <7,  ^ 


5.  And  by  multiplying  each  part  of  the  laft  Equation  by  \  it  7 
produces . 

4.  And  by  what  has  been  already  proved  in  the  firft  part  of  this  7 
Propofition, .  >ce^=.ctg 

y.  Therefore  from  the  two  laft  Equations  (per  i.Jx'i  .EUm.Eud.)  \g=dd 

Theief0re  tlK  Pr°P0fiti0n  is  M* }  but 

Let  there  be  prqpofed  thefe  fix  continual  7 

Proportionals  in  Numbers,  to  wit,  .  .  j  2  ?  ^  a  ,  54,  162  ,  48 6  ^  < 

Then  according  to  the  firft  part  of  the  7  * 

Propofition, . y  2x486  —  6x162  =  18x54=972 

Again,  let  there  be  propofed  thefe  feven  7  r  . 

continual  Proportionals,  to  wit,  .  .  .  .  j  2  ?  6  ?  18  ?  ?4  >  162,486,1458 

Then  according  to  the  latter  part  of  the  7 
Propofition,  |  2x1458  =  54x54=2916. 

T  If  four  Quantities  be  Proportionals,  a  .  b::c .  df,  they  fhall be  alfo  Alternly,  and 

nverfly,  and  Compoiedly,  and  Dividedly,  and  Converfly,  Proportionals,  viz.  ^ 
If  5  a  i  b  :  :  e  .  d  7 

<.  ^  .  4  : :  12  .  8  y 

Then  Alternly,  ^  6  ]  12 

And  I  nverfly,  i  c  .  a  n 

v.  C  12  ..  6  :  : 


iqo  yci  , 
JOlV.:.Ti 
?r  noi 


u 


b 

_4_ 

d 

8 


AndCompofedly,^  a^~J}  * 
Arid  Dividedly,  -j 


d 

8 

d 

8 

b 

4 


COJjQU 


^ Per  16.  Prop.  5.  Elem.Eucl. 
^Pev  Cor.  of  Prop,  q  &lept.  5. 


b  ::c-\-d . 

4  ::  20 


d 
,  8 


}•  iru 

Per  18.  Prop.  5.  Elem. 


.J 


a — b  .  b  : :  c — d .  d 

2  4  :  :  4  ,  g 


^Per  l“j.  Prop .  5.  Elm. 


And  Converfly,  {  ‘  ;'*+*; ;■  *  ;  *+/  Wtfc  of  Trap.  ,*!  feta/*. 

But 
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a 


a\b 


Cl—G 


.  a 

i  a 
.  c 
.  c 


i 


a 

c 

a 

c 


a — c 

a — c 
a — g 
a — c 
a 


But  that  the  Learner  may  the  better  perceive  the  meaning  and  ufe  of  thefe  ways  of 
arguing  about  Proportionals,  I  (hall  apply  lo me  of  them  to  the  Relolution  of  this 
following 

QUEST. 

The  Difference  (/;)  between  the  greater  extreme  and  mean  of  three  Quantities  con¬ 
tinually  proportional  being  given,  as  alfo  the  Difference  (c)  between  the  mean  and 
the  leffer  Extreme,  to  find  the  Proportionals  *  but  the  firlt  Difference  mult  be  greater 
than  the  latter. 

RESOLUTION. 

1.  For  the  mean  Proportional  fought  put  . 

2.  To  which  adding  the  given  Difference  ( b )  the  Sum  is 
the  greater  Extreme,  to  wit,  .... 

3.  But  if  from  the  Mean  (a)  the  given  Difference  (VJbe3 
fubtr  acted,  the  Remainder  is  the  leffer  Extreme, do  wit,  y 

4.  Then  (according  to  theQueltion)  thefe  threeQuantities  \  ,  , 

a-\-b.  a,  and  a — c  muff  be  in  continual  proportion,  viz. 3  a~* 

7.  Therefore  by  Divifion  of  Reafon, . b 

6.  And  alternately  (or  by  Permutation) .  b 

7.  And  by  Divifion  of  Reafon, . .  b — c 

8.  Wherefore  by  Converfion  of  Reafon,  . b — c  .  b  c 

Which  lalt  Analogy  if  it  be  exprefs’d  by  Words  gives  this 

X  CANON. 

As  the  Difference  between  the  two  given  Differences  is  to  either  of  them,  fo  is  the 
other  to  the  mean  Proportional  fought. 

Therefore  if  3 6—b^  and  12 =c,  the  Canon  will  difcover  18  for  the  mean  Propor¬ 
tional  fought1,  (to  wit,  a  in  the  Refolution)  which  increafed  with  36,  and  leffened  by 
12,  gives  54  and  6  for  the  Extremes.  Therefore  the  three  Proportionals  fought  are 
manifeltly  74,  1 8,  and  6. 

Note.  If  the  Analogy  in  the  fourth  ftepof  the  Refolution  be  converted  into  an  Equa¬ 
tion,  by  comparing  the  Produft  made  by  the  mutual  Multiplication  of  the  Extremes 
to  the  Product  of  the  Means,  that  Equation  after  due  Reduction  will  give  the  fame 
Canon  as  above  ^  fo  that  the  Argumentation  in  the  fourlaft  tteps  of  the  Refolution  is 
not  of  neceffity,  but  only  to  fhew  how  without  the  help  of  any  Equation  the  Num¬ 
ber  fought  may  fometimes  be  made  the  fourth  Term  of  an  Analogy,  whofe  three  hrlt 
Terms  are  known,  whence  by  the  Rule  of  Three  the  Number  fought  is  alfo  known. 
Which  ways  of  inferring  one  Analogy  out  of  another  are  more  proper  vvhen  the  Na^ 
ture  of  a  Queftion  will  admit  the  lame,  than  the  common  way  of  proceeding  by  Equa¬ 
tions,  especially  in  the  Refolution  of  Geometrical  Problems,  where  every  ftep  ought 
to  be  exprels’d  in  the  moll:  limpleTerms,  to  the  end  the  Compofition  of  the  Problem 
may  the  moie  ealily  be  formed  by  the  fteps  of  the  Refolution  *  but  in  a  retrograde  or 
backward  Order, as  I  (hall  hereafter  fhew  in  the  fourth  Book  of  my  Algebraical  Elements. 

XI.  If  Proportionals  be  multiplied  or  divided  by  Proportionals,  the  Products  alfo; 
or  Quotients  (hall  be  Proportionals-,  as, 

1  If  thefe  fouf  Proportional  Numbers,  V  a 
to  wit, VJ  Aji5iu  .  V  .A.  .A  .$  2 
be  multiplied  by  thefe  four  Prppor-  \  d 
tional  Numbers,  ......  v_... .  y  $ 

there  will  be  produced  thefe  four  Pro- X  ad 
portional  Numbers,  to  wit, ‘  .  .  .  52x7 
whereby  (he  iirft  part,  of  the  Propofitbn  is  manifeft. 

And  if  thefe  four  Pro'portionalNum-  )  ^  yr 

bers,  to  wit, . .  ~n  3  #  ;  ■ 

be  dividedby"  thefe  four  Proportionals,  3  ^  r 

to  wit, . .  .  .  j~  — * .  . 

the  Quotients?  will  be  thefe  four  Pro-  )  '  '  »  .*. 

portionals,  to  wit,  .....  iS-l  - 
whereby  the  latter  part  of  the  Proportion  is  manifeft. 

<  02  *  2  i  ••  O I  • 


b 

4 

/ 

6 

¥ 

4x6 


ca 


3x2 

gd 

7*5. 

egad 


cb. 

3x4 

ft 

egbf 


13x7x2x5.  3X7X4X6 


egad 

V  -  -  , 

Si 


ca 


egbf. 

gf- 

cb. 


Hence 
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Hence  it  may  eaiily  be  proved,  that  the  Squares,  Cubes,  fourth  Powers,  fifth  Pow¬ 
ers,  &c.  of  proportional  Numbers  fhall  be  alfo  Proportionals*  as, 

If  . .  . a  .  b  ::  ca  .  cb 

Then  their  Squares  alio  fhall  be  proportionals, wz.  aa  .  bb  ::  ccaa  .ccbb 
And  the  Cubes  of  the  firft  four  Proportionals  7  . , . 

fhall  alfo  be  Proportionals,  viz . yaa  •  bbb  ::  cccaaa  .  cccbbb 

And  16  of  higher  Powers. 

XII.  In  every  Series  or  Rank  of  Quantities  continually  proportional,  all  the  mean 
Terms  between  the  firft  and  the  laft  are  both  Antecedents  and  Confequents  of  Rea- 
Ions *  as 

Jf  •  . a  5  K  c9  d,  e,f  * 

That  is, . a  .  b  ::  b  .  c  : :  c  .  d  ::  d  .  e  ::  e  .  f 

It  is  evident  that  every  Term  except  the  laft  (f)  is  a  Antecedent  of  a  Reafon,  and 
every  Term  except  the  firft  (a)  is  a  Confequent  *  wherefore  if  (5)  be  put  forthefum 
of  all  the  Terms  in  the  Series,  then  s—f  fhall  be  the  fum  of  all  the  Antecedents,  and 
s — a  the  fum  of  all  the  Confequents.  Therefore, 

From  the  premiffes  (per  1 2  Prop.  7 .  Elem.  Eucl.)  \  ,  r 

this  Analogy  ariles,  viz . .  .  y  •  n  ••  s—f  .  s  a 

Whence  by  comparing  the  Prod u£  of  the  Ex- 1  ,  .  r 

tremes  to  the  Produft  of  the  Means  .  ...  ys  aa~^s—bf 
Therefore  by  due  Tranfpofition  in  that  Equa-  __ » 

tion  when  b  is  greater  than  a , . yJ  act—bs  as 

And  by  dividing  each  part  of  the  laft  Equa- 

tion  by  b — a,  there  ariles . 3  b — a 

cut  bf 

But  if  a  exceed  b ,  then  there  will  arile  .  :  .  - /=* 

a — b 

Which  two  laft  Equations  give  a  Cannon  to  find  the  fum  of  all  the  Terms  of  a 
Geometrical  Progreflion,  the  firft,  fecond,  and  laft  Term  being  feverally  given. 

CANON. 

Divide  the  difference  between  the  fquare  of  the  firft  Term,  and  the  Produff  made 
by  the  Multiplication  of  the  fecond  Term  into  the  laft,  by  the  difference  of  the  firft 
and  fecond  Terms,  fo  the  Quotient  fhall  be  the  fum  of  all  the  Terms  of  the  Geo¬ 
metrical  Progieffion  propofed. 

Examples  in  Numbers. 

Let  the  Values  of  thefe . a,  b,c,  l, 

be  exprefs’d  by  thefe  Numbers,  ►  .  32  ,  48  72,108,162,243* 

Then  by  the  Canon  .  .  .  ,  .  \^~aa=:66$  the  fum  of  all. 

j  b — a 

But  if  the  Values  of  the  fame  7  ,  3  r 

Proportionals . y,b,c,d,e,f~ 

be  expounded  by  thefe  Numbers  .  .  243 , 162 , 108 ,  72  ,  48  ,  32  * 

Then  by  the  Canon  .  .  .  :  X^Z~^f=:66$  the  fum  of  all. 

3  a — b 

XIII.  If  what  has  been  laid  in  the  eight  Sell,  of  this  Chap,  be  compared  with  the 
Table  in  Se&.  4.  Chap  1.  of  this  Book,  it  will  bemanifeft,  that  if  we  caft  away  the  Num¬ 
bers  of  Multitude  which  are  prefix’d  to  all  the  mean  Terms  or  Members  belonging 
to  any  Compound  Power  produced  from  a  Binomial  Root,  fuppofe  from  a-\-e,  thenall 
the  Members  or  fimple  Quantities  whereof  the  faid  Compound  Power  is  compofed,are 
in  continual  Proportion.  As  for  Example:  The  Members  whereof  the  fquare  of  a  -fe 
is  compofed  are  aa,  2 ae,  and  ee  *  now  if  2  which  is  prefix’d  to  ae  be  caft  away,  then  aa, 
ae ,  and  ee  are  Continual  Proportionals,  ( as  is  evident  by  the  preceeding  eight  Sell,  of 
this  Chap.) 

Again,  it  appears  by  the  laid  Table,  that  the  Members  whereof  the  Cube  of  a- \-e 
is  compofed  are  aaa,  3 aae,  3 aee,  and  tee  *  here  if  3  and  3  which  are  prefix’d  to  the 
mean  Terms  be  caft  away,  then  thefe  four  Quantities^,  aae,  aee,  and  eee  will  be  in 
Continual  Proportion. 


Y 


Like 
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Likewife,  forafmifch  as  the  fourth  Power  of  a-\- e  is  compofed  of  thefe  Members, 
aaaa,  4 aaae,  6aaee ,  4 aeee,  and  eeee^  by  cafting  away  the  Numbers  of  Multitude  4,  6, 
and  4,  thefe  five  Quantities  aaaa,  aaaey  aaee,  aeeer  and  eeee^  fhall  be  continual  Propor¬ 
tionals.  And  ‘fo  of  higher  Powers  infinitely. 


act  ,  cte  ,  ee 


e  —■ 


XIVr.  Forafmuch  as  by  the  laft  preceding  Sett.  \ 
thefe  Quantities  are  in  continual  proportion  to  wit,  j 
Therefore  their  fquareRoots  alio  (hall  bein  conti-  \  a  ^ 

nualprqportion,(p^22  Prop.6.Elem.EucU)tomt^  j  '  5  * 

Hence  if  a  mean  Proportional  between  any  two  given  Numbers  a  and  e  be  defired* 
it  fhall  be  Vat}  as  if  0=12  and  0=3,  then  ae=^6,  and  Vae  or  V36,  that  is,  <5,isa 
mean  Proportional  between  12  and  3  5  for  as  12  is  to  6,  fois6  to  3. 

Again,  forafmuch  as  thefe  Quantities  are  in 


■  aaa  .  aae  ,  ace  ,  eeee  ^ 


continual  Proportion,  to  wit. 

Therefore  theirCubicRoots  alfo  fhall  be  continual  \  A  w  ,//5W  ... 
Proportionals,  (per 3 "j.Prop.  1 1. Elem.Eud.)  to  wit,  3  5  '■->i  3  ^  ’ 

Hence  if  two  mean  Proportionals  between  any  two  given  Numbers  (0  the 
greater  and  e  the  lefler)  be  defired,  then-Zf?)  aae  fhall  be  the  greater  Mean,  and 
V(i)aeethe lefler  •,  asif  «=s 4ande=a,  then  ^=5832,  and,/(3>«e=</(3)5832  j 
therefore  V(  3)  5832,  that  is,  18  is  the  greater  Mean  fought-,  alfo  ^=216,  and 
therefore  1/(3)216,  that  is,  6  is  the  lefler  Mean:  fo  that  18  and  6  are  the  two  defired 
Mean  Proportionals  between  s^and  2  -,  for  54,  18,  6,  and  2,  are  in  continual  pro¬ 
portion.  But  when  one  Mean  next  to  either  of  the  Extremes  is  found  out,  the  other 
Mean  may  be  found  out  by  Sett.  5.  of  this  Chap,  without  extrafling  any  Root. 

After  the  fame  manner  by  the  help  of  the  laid  Table  in  Sett.  4 '  Chap.  1 .  of  this  Book, 
continued  to  higher  Powers  if  need  be,  you’may  find  out  as  many  mean  Proportional 
Numbers  as  fhall  be  defired  between  any  two  given  Numbers.  As,  if  you  would  find 
five  mean  proportional  Numbers  between  1458  ( or  a)  and  2  for  e()  look  into  the 
laid  Table  for  the  fixth  Power,  ( to  wit,  a  Power  whofs  Index  exceeds  by  Unity  the 
number  of'  Means  lought)  and  you  will  find  aaaaaa,  Saaaaae^  1  jaaaaee^  20 aaaeee, 
ijaaeeee,  6aeeeee ,  and  eeeeee  *  then  cafting  away  6,  15,  20,  15,  and  6,  which  arepre! 
fix’d  to  the  mean  terms,  and  extraU  V(6)  out  of  every  one  of  thofe  fix  Terms  after 
the  laid  Numbers  prefix’d  are  calt  away,  there  will  arife  a,  Y(6)aaaaae,  V(6 Jaaaaee, 
V(6)aaaeee,  V( 6  Jaaeeeee,  Y(6)aeeee ,  and  e¥?  5  now  to  find  thefive  mean  proportional 
Numbers  anfwering  to  thofe  five  proportional  Roots  exprefs’d  by  Letters  which  fall 
between  a  and  0,  it  will  be  convenient  to  find  the  fmalleft  Mean  firft,  viz.  forafmuch 
as  a  was  put  for  1458,  and  e  for  2  *  therefore  aeeeee~$66%6,  and  Y(6)aeeeee= 
Y(6  J46656,  that  is,  6  fhall  be  the  lead:  Mean  fought :  then  2  being  the  firft  Pro¬ 
portional,  or  lefler  Extreme,  and  6  the  fecond,  the  third  will  fby  Sett.  5.  of  this 
Chap.)  be  found  18,  the  fourth  54,  the  fifth  162,  the -fixth  486,  and  the  feventh,  to 
wit,  the  greater  Extreme,  was  firft  given  145:8  :  fb  that  between  2  and  145:8  five 
mean  Proportionals  are  found  out,  as  was  defired  ;  and  the  feven  continual  Propor¬ 
tionals  are  thefe,  to  wit,  2,  6,  18, 5:4,  162,  486,  and  1458. 

Many  other  admirable  Properties  adherent  to  Numbers  in  Geometrical  Proportion 
continued,  are  Reducible  from  the  faid  Table  of  Powers  in  Sett.  4.  Chap ,  j.  of  this 
Book,  as  will  partly  appear  by  the  Theorems  in  the  following  fixth  Chapter,  which  I 
find  difperfed  in  feveral  Algebraical  Treadles. 
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C  H  A  P.  VI. 

Various  Theorems  about  Quantities  in  Continual  Proportion. 

Theorem  i. 

IF  three  Numbers  be  Proportionals,  the  Solid  Number  made  by  the  Continual  Mul¬ 
tiplication  of  all  the  three  is  equal  to  the  Cube  of  the  Mean. 

Let  three  Proportionals  be  expofed  in  Integers  ac- 7  aa  ,  as  ee  ^ 
cording  to  Sett.  8.  or  13.  of  the  preceding  Chap.  $.  3  9  *  6  ’  4  i 
Thence  it  is  evident,  that  aaaeee,  the  Produftmade  by  the  Multiplication  of  all  the 
three  Proportionals  one  into  another,  is  equal  to  the  Cube  of  the  Mean  ae  as  is 
affirmed  by  the  Theorem.  3 

Theorem  2. 

If  three  Numbers  be  Proportionals,  the  Produft  made  by  the  Multiplication  of 
the  Square  of  the  firft  by  the  third,  is  equal  to  the  Produft  of  the  Square  of  the 
fecond  by  the  firft;  4 

As  in  thefe  three, . 

It  is  evident  that  aaaa*ee—aaee-\-aa~aaaaee. 

«  •  *  •* 


}<**  ,  cte  ,  ee  r? 
9,6  ,4  e 


,  Theorem  3. 

If  three  Numbers  be  Proportionals,  the  Square  of  the  Sum  of  the  Extremes  is  equal 
to  both  the  Squares  of  the  Extremes,  together  with  twice  the  Square  of  the  Mean. 

As  in  thefe  three, . 7  aa  ,  ae  ,  et  *h- 

3  9  ,  o  ,  4 

The  Square  of  aa+ee  is  adad+2aaee+eeee,  which  is  manifeftiy  equal  to 
the  Squares  of  aa  and  tey  together  with  twice  the  Square  of  ae.  4 


Theorem  4. 

If  three  Numbers  be  Proportionals,  the  Produft  of  the  lefTer  Extreme  multiplied 
by  the  difference  of  the  Extremes,  is  equal  to  the  difference  of  the  Squares  of  the 
mean  and  lefTer  Extreme. 


As  in  thefe  three,  .  «  .  .  ' 
It  is  evident  that  ee* aa—ee=aaee — sees 


aa  ,  ae  ,  et 
9,6,4 


Theorem  5  4 

If  three  Numbers  be  Proportionals,  the  Product  of  the  greater  Extreme  multiplied 
by  the  difference  of  the  Extremes,  is  equal  to  the  difference  of  the  Squares  of  the 
greater  Extreme  and  the  Mean. 


As  in  thefe  three  ..... 
It  is  evident  that  aa*aa — et—aaaa — aaee. 


} 


aa  ,  ae 
9  ,  6 


, 

, 


Theorem  6. 

If  three  Numbers  be  Proportionals,  the  difference  of  the  Squares  of  the  Extremes 
is  equal  to  the  Square  of  the  difference  of  the  Extremes,  together  with  twice  the 
difference  of  the  Squares  of  the  mean  and  lefTer  Extreme. 


•} 


aa 


ae 

6 


As  in  thefe  three, 

1.  The  difference  of  the  Squares  of  the  Extremes  is  aaaa~eeee 

2.  The  lquare  of  aa — ee  fthe  difference  of  the 


ee  rr 
4  * 


2  aaee\eeet 


!.  The  lquare  of  aa — ee  (the  difference  of  the 7 
ExtremesJ  is  . . ^aaaa— 2 

3.  The  double  of  the  difference  of  the  Squares  of  7 
the  mean  and  lefTer  Extreme  is . 3  -fzaaee  2eeee 

Now  the  Sum  of  the  two  later  of  thofe  three  Quantities  is  manifeftiy  equal  to  the 
firft,  as  the  Theorem  affirms.  Y  2  Theorem 
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Theorem  7. 

If  three  Numbers  be  Proportionals,  the  difference  of  the  Squares  of  the  greater 
Extreme  and  the  Mean  is  equal  to  the  Square  of  the  difference  of  the  Extremes, 
and  to  the  difference  of  the  Squares  of  the  Mean  and  the  lelfer  Extreme, 

As  in  thefe  three,;  .  .  .  .  E  aa  ?  a&  ■<  ce  ~* 

3  9  5  d 

1/  The  difference  of  the  Squares  of  the  greater  Ex-  7 
treme  and  the  Mean  is  .  .  .  x . J  J  aaaa  6 

2.  The  Square  of  aa — ee  (the  difference  of  the  Ex-  7  , 

tremesj  is  . . f  aaaa-iaaee+eeee 

3.  The  difference  of  the  Squares  of  the  Mean  and  )  , 

lefler  Extreme  is . +«»*-*« 

Now  the  Sum  of  the  two  latter  of  thofe  three  Quantities  is  manifeftly  equal  to 
the  firft,  as  the  Theorem  affirms. 

* 

Theorem  8. 

*4  T 

If  three  Numbers  be  Proportionals,  then  as  the  firft  is  to  the  third,  fo  is  the 
Square  of  the  firft  to  the  Square  of  the  fecond  5  and  fo  is  the  Square  of  the  fecond 
to  the  Square  of  the  third. 


} 


aa  ,  ae  ,  ee 


9 

aa 


As  in  thefe  three, . 

1.  It  is  evident  that  .  .  .  .  .  .  v\  .  .  . 

2 .  Therefore  by  drawing  aa  as  a  common  Fa&or  into  the  7 
two  latter  Terms  of  that  Analogy,  this  ari->aa 

fes,  .  S 

3.  And  by  drawing  ee  as  a  common  Faffor  into  the  f 

two  latter  Terms  of'  the  firft  Analogy,  this  ari-  yaa 
riles,  .  .  . . .  ^ 

By  which  two  laft  Analogies  the  truth  of  the  Theorem  is  manifeft. 


6 

ee 

ee 

ee 


aa 


aaaa 


aaee 


ee 


aaee 


eeei 


I  •  T  .  ,  ^  l  *  \  . 

Theorem  9. 

If  three  Numbers  be  Proportionals,  then  as  the  frit  is  to  the  fecond,  (or  as  the 
fecond  is  to  the  third)  fo  is  the  difference  of  the  firft  and  lecond,  to  the  difference  of 


the  fecond  and  third. 

As  in  thefe  three. 


}aa  ae  ,  ee  ^ 

9  ,  6  ,  4 

1.  It  is  evident  (as  before  hath  been  fhewn  in  Theo-  7 - 

rent  4.)  that, . .  3  ee^aa—~ee~~aaee< — ecee 

2.  And  by  Multiplication  it  will  appear  that,  .  .  .  ae-\- eexae — ee~aaee _ eeee 

3.  Therefore  from  the  two  laft  Equations  (per  1  Ax  7 - - - - . 

1  Blew.  End. ) . .  |  ee*aa—ee=ae-\-  *e*ae—ee 

4.  Therefore  by  refolving  the  laft  Equation  into  7 
Proportionals,  .  .  .  .  .  .  ...  .  ...  *)aa  es'ae  ee  a$- {‘ee.ee 

$.  Therefore  by  divifionof  Reafon,  ...  .  ;  .  aa — ae  .  ae—ee  wae.ee 
Which  was  to  be  Demonftrated. 


Theorem  x  o.  / 

?  '  •  f 

If  four  Numbers  be  continually  proportional,  the  Sum  of  the  Means  is  a  mean  Pro¬ 
portional  between  thefunxof  the  firft  and  fecond,  and  the  fum  of  the  third  and  fourth. 

Let  four  continual  Proportionals  be  expos’d  in  In-  )aaa  ,  aae  ,  aee  ,  eee  ^ 
tegers,  to  wit,  5  8  ,  4  ,  2  1 

Then  according  to  the  import  of  the  Theorem,  it  mud  be  proved  that  thefe  three 
Quantities  are  Proportionals,  viz. 

aaa~\~aae  .  aae  Ar  aee  .  aee -{eee  —■ 

But  that  they  are  Proportionals  it  will  be  evident  by  Multiplication,  for  the  Pro- 
dua  of  the  Extremes  is  equal  to  the  Square  of  the  Mean :  therefore  the  Truth  of 
the  Theorem  is  manifeft. 


Theorem 


CHAP.  6. 


in  Continual  Proportion. 


in  ,;»,v  — 


*73 


Theorem 


ii. 


As  inthefefour, 
i.  The  Sum  of  all  four  is 


If  four  Numbers  be  continual  Proportionals,  the  Sum  of  all  is  to  the  Sum  of  the 
Means,  as  the  bum  of  the  firft  and  third  to  the  fecond. 

. \aaa>  aae  ,  eee 

•  *  J  8  5  4  ,  2  ,  I  -£ 

o  ~  •  . »  •  '  • 

2.  The  bum  of  the  Mean  is . ,  .  .  -\-aae-\-ace 

3.  The  Sum  of  the  firlt  and  third  is . aaa  J^-aee 

4.  And  the  fecond  is .  -\-aae 

I  fay,  thofe  four  Quantities  are  Proportionals  in  fuch  order  as  they  are  above  writ 
ten-,  lor  it  willappear  by  Multiplication,  that  the  Prod  u£t  of  the  Extremes  k  ennal 
to  the  Produft  of  the  Means  •  therefore  the  Theorem  is  manifelt.  ^ 


Theorem 


12. 


aae  ,  aee  ,  eee 

4  ?  2  ,  1 

ai-\-a-e-\-aer- \-ei 


If  four  Numbers  be  in  continual  Proportion,  the  Sum  of  all  is  to  the  Sum  of  the 
Means,  as  the  Sum  of  the  Squares  of  the  Means  is  to  the  Product  of  the  Means  or 
Extremes. 

As  in  thele  four, . .  \aa£ 

1.  The  Sum  of  all  is  .  . 

2.  The  Sum  of  the  Mean  is . -\-a2e-\-ae% 

3.  The  Sum  of  the  Squares  of  the  Means  is  .  ,  ..  .  .  -\-a4e2-\-a2e 4 

4.  The  Prod u£t  of  the  Means  or  Extremes  is  ....  /-j-aw 

I  fay,  thofe  four  Quantities  are  Proportionals,  in  fuch  order  as  they  are  abov^  writ 
ten  ;  for  it  will  appear  by  Multiplication,  that  theProduft  of  the  Extremes  is  eaual 
to  the  Product  of  the  Means:  therefore  the  Theorem  is  manifelt.  4 

Theorem  13. 

If  four  Numbers  be  continual  Proportionals,  the  Sum  of  the  Squares  of  the  Mean 
is  a  mean  Proportional  between  the  Sum  of  the  Squares  of  the*firft  and  fecond  and 
the  Sum  of  the  Squares  of  the  third  and  fourth.  } 

As  in  thele  four,  : . \aaa  ^  aae 

j  8,4 

1.  The  fum  of  the  Squares  of  the  firlt  and  fecond  7 

>-  a6-\-a*e2 


aee 

2 


eee  ~ 

1 

-*•  •  V 


IS 


2.  The  Sum  of  the  Squares  of  the  Means  is . aw^a-e* 

3.  The  Sum  of  the  Squares  of  the  third  and  fourth  7  .  „ 

5  js . •....* . |  a2e*+e6 

I  fay,  thofe  three  Quantities  are  Proportionals  in  fuch  order  as  they  are  above  writ' 
ten  *,  for  it  will  appear  by  Multiplication  that  the  Square  of  the  Mean  (or  lecond  Quan¬ 
tity)  is  equal  to  the  Produft  of  the  Extremes :  therefore  the  Theorem  is  manifelt. 

Theorem  14. 

If  four  Numbers  be  continual  Proportionals  the  Square  of  the  Sum  of  the  Means 
is  equal  to  the  Square  of  their  difference,  together  with  four  times  the  ProduQ  of  the 
Extremes  or  Means. 

As  in  thefe four,  .  .  .  ' . \aaa  ,  aae  ,  aee  ,  a*  * 

->8,4*2,15* 

1.  The  Square  of  a2e\ae2  ( the  fum  of  the)  .  .  . 

Means)  is  ...  -  .  .  .  .  . . 

2.  The  Square  of  a2e — ae2  (the  difference  of  the  7  -  „ 

Means  is . . . 4 

3.  T he  Quadruple  of  the  Product  of  the  Extremes  7  , 

or  Means  is . .  J  ' 

Now  it  is  Evident  that  the  firttof  thofe  three  Quantities  is  equal  to  the  Sum  of  the 
lecond  and  third:  therefore  the  Theorem  is  manifefh 


Theorem 


1 74  Theorems  concerning  Quantities  B  O  O  K  II.’ 

_ _ _  _  .  .  _  _  _ _ _ _ * _ 

Theorem  15. 

If  four  Numbers  be  continual  Proportionals,  the  Sumof  their  Squares  fhall  be  to 
the  Sum  of  the  Produfls  of  the  firft  into  the  fecond,  and  the  third  into  the  fourth  - 
as  the  fum  of  all  the  four  Proportionals  to  the  fum  of  the  Means. 

As  in  thefe  four, . 5  aae  2  aee  •>  eee  ^ 

38,4,21-1* 

1.  The  him  of  the  Squares  of  the  four  Proportio-7  6.  ■  , 

nals  is . . !  .  .  «'+«“ W '+*»+* 

2.  The  fum  of  the  Produffs  of  the  firft  into  the  fe-  >  •  , 

cond,  and  the  third  into  the  fourth  is  .  .  .  a  .  3  a  e'ae  s 

5.  The  fum  of  all  the  four  Proportionals  is  ....  ai-+aae-bae2+e3 

4.  The  fum  of  the  Means  is  ......  .  .  .  a2e- fete2 

1  lay,  thole  four  Quantities  are  Proportionals  in  fnch  order  as  they  are  above  feated 
for  it  will  appear  by  Multiplication,  that  the  Produtt  of  the  Extremes  is  equal  to 
the  Product  of  the  Means.  Therefore  the  Theorem  is  manifeft. 

Theorem  16. 

If  from  the  fquare  ol  the  fum  of  four  Numbers  in  continual  proportion  the  fum  of 
their  fquares  be  fubtrafled,  and  from  half  the  Remainder  there  bealfofubtraffed  the 
fquare  of  the  fum  of  the  two  Means,  this  latter  Remainder  fhall  be  the  fum  of  the 
Products  of  the  firft  Proportional  into  the fecond,  and  of  the  third  into  the  fourth 
and  fhall  be  to  the  fum  of  the  fquares  of  thole  four  Proportionals,  as  the  fum  of  the 
two  Means  is  to  the  fum  of  all  the  Proportionals. 

As  in  thefe  four, . \aa£  5  aac  *  aee  >  eet  ** 

3  0,4,2  1^ 

1.  The  fquare  of  the  lum  of  the  four  Proportionals  will  by  Multiplication  be  found 

a 6 -f  2  a 5  e  -f  3  a *e2  4-  4#  ie  5  -f  3  a 2e*  -f  2  ae >  -h  e6. 

2.  The  Sum  of  the  fquares  of  the  four  Proportionals  is 

a6  -fa*c2  -fa2e*  -fe*. 

i.  Which  Sum  of  the  fquares  being  fubtra&ed  from  the  laid  fquare  of  the  fhm 
half  of  the  Remainder  will  be  5 

-f  a>e-f  a*e2  -f  2aiei-f  ae$ 

4.  The  fquare  of  the  fum  of  the  two  Means,  to  wit,  of  a2e-fae 2  is  / 

-f  aH2-f2aW-f  a2e*. 

5.  "Which  laft  mentioned  fquare  being  fubtra&ed  from  the  half  Remainder  in  the 
third  ftep,  there  will  remain  the  lum  of  the  Produ&s  of  the  firft  Proportional  into 
the  fecond,  and  of  the  third  into  the  fourth,  to  wit, 

-faH-fae^ 

6.  Now  according  to  the  import  and  meaning  of  the  Theorem  it  remains  to  prove 
that  the  Remainder  in  the  laft  ftep  is  to  the  fum  of  the  lcjuaresin  the  fecond  ftep5 
as  the  lum  of  the  two  mean  Proportionals  is  to  the  fum  of  all  four,  viz.  that  ^ 

r  -f-a^e-fae^ 

Thefe  four  Quantities  are  Proportionals,^  -f^^-fe6  :: 

C.  -f  ai-f  a2e-fae2-fe>. 

7.  But  that  they  are  Proportionals  will  be  evident  by  Multiplication  ;  for  the  Pro¬ 
duff  ol  the  Extremes  is  equal  to  the  Produfl  of  the  Means,  each  Product  being 

azef-  aie2  -f  a6e  3  -f  a  >e*-f  f-  a  le* -fa2e7~f  ae*. 

Therefore  the  Theorem  is  manifeft. 

Theorem  17. 

If  four  Numbers  be  Continual  Proportionals, the  fum  of  all  their  Squares  fhall  be  to 
the  fum  of  the  fquares  of  the  Means,  as  the  fum  of  the  Products  of  the  firft  into  the 
fecond,  and  the  third  into  the  fourth,  to  the  Produfl  of  the  Means  or  Extremes. 

This  is  inferred  from  Theorem  12.  and  15.  by  exchange  of  equal Reafons. 

Theorem  18. 

If  four  Numbers  be  Continual  Proportionals,  the  fum  ofthelquares  of  the  Extremes 
fhall  be  to  the  fum  of  the  fquares  of  the  Means *  as  the  Excels  whereby  the  fum  of 

the 
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the  Produfts  of  the  fir  ft  into  the  fecond,  and  third  into  the  fourth  evr^c  ,u  o 
dud  of  the  Means,  is  to  the  Produa  of  the  Means  or  Extremes’  d  he  Pr° 
This  is  inferred  from  Theorem  17.  by  Divifion  of  Reafon. 

Theorem  19. 

If  four  Numbers  be  Continual  Proportionals,  the  fum  of  the  firft  and  third  fiiall 

be  to  the  fecond  5  as  the  fum  of  the  Squares  of  the  Means  is  to  the  Produa  of  the 
means  or  extremes* 

This  is  deduced  from  Theorem  ii.and  1 2.by  exchange  of  equal  Reafons. 

Theorem  20. 

If  four  Numbers  be  continual  Proportionals,  the  furn  of  all  their  Squares  lb-11  be 
to  the  fum  oftheProduas  of  thefirft  into  the  fecond,  and  the  third  jnLu  J' 
as  the  fum  of  the  firft  and  third  is  to  the  fecond.  t0  the  fourth  5 

This  isdeduced  from  Theorem  17.  and  19.  by  exchange  of  equal  Reafons. 

Theorem  21. 

If  four  Numbers  be  continual  Proportionals,  the  fum  of  the  Cubes  of  th* 

is  equal  to  the  Produa  made  by  the  Multiplication  of  the  fum  of  the  Extremes  into 
the  Produa  of  the  Means  or  Extremes.  6  inuc> 

As  in  thefe  four,  .  .  .  \aa*->  aaei  <*ee^  eee 

1.  The  Sum  of  the  Cubes  of  the  Means  is  .  a6e^a/e6  2  *  1  W 

2.  The  fum  of  the  Extremes  is  .  ....  a*  4-^3  ' 

3.  The  Produa  of  the  Means  or  Extremes  is  .  aie s 

Now  it  is  evident,  that  the  firft  of  tho  fe  three  Quantities  is  equal  to  the  Produa  of 
the  fecond  Quantity  multiplied  by  the  third,  as  affirmed  by  the  Theorem.  Ct  °* 

Theorem  22. 

.  If  fo,ur  Numbers  be  continual  Proportionals,  the  Cube  of  the  fum  of  the  Extremes 
equal  to  the  Cubes  of  the  Extremes,  together  with  the  triple  fum  of  the  Cubesof 

As  in  thefe  four,  .......  acie,  aee^  eee 

1.  The  Cube  of  a*-\-e%  (the  fum  of  the  Ex- 7  2’  1  ^ 

tremes)  is  ..........  .  ^a9Jr3cl*e>-\-'2)a>e<;-\-e9 

2.  The  Cubes  of  the  Extremes  is  ....  <*94. 

3.  The  triple  fum  of  the  Cubes  ofthe  Means  is  .  2agei+%aie* 

Now  it  is  manifeft,  that  the  firft  of  thofe  three  Quantities  is  equal  to  the  fum  of 
the  ocher  two,  as  the  Theorem  affirms.  4  ne  ium  ox 

Theorem  23. 

If  four  Numbers  he  continual  Proportionals,  the  difference  ofthe  Cubes  of  the 
Extremes  is  equal  co  the  triple  of  the  difference  of  the  Cubes  of  the  Means  to^ethpr 
with  the  Cube  of  the  difference  of  the  Extremes.  5  6 

As  in  thefe  four,  * . \aaa±  aaey  aee,  eee 

j  8,  4,2,  1 

1.  The  difference  of  the  Cubes  of  the  Extremes  is  a 9 — e? 

2.  The  Triple  of  the  difference  ofthe  Cubes  of )  *  ■ 

the  Means  is  . j  3a'*s“— 2a*e 

3.  The  Cube  of  a 3 — e 3  (the  difference  of  the  7  „ 

Extremes)  is . ^a'  3a’ei^-3alefi — e9 

«  ■  4  >  ■  t  **  » 

Now  it  is  manifeft,  that  the  firft  of  thofe  three  Quantities  is  equal  to  the  fum  of 
the  other  two  j  which  was  to  be  p  rov’d* 


Theorem 
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Theorem  24. 

If  four  Numbers  be  Continual  Proportionate,  the  Cube  of  the  Sum  of  the  firft  and 
fecondis  equal  to  the  Produtt  made  by  the  Multiplication  of  thefquare  of  the  firft  by 
the  Aggregate  of  the  fum  of  the  Extremes  and  the  triple  fum  of  the  Means. 

As  in  thefe  four, . \a™ »  ***  ’  aftf ’  **  * 

5  38,4,2,1* 

i.  The  Cube  of  the  fum  of  the  firft  and)  _  ,  „  ,  , 

fecond  to  wit,  ofas+aae  is . I 

a.  The  Square  of  the  firft  is . a 6 

‘a .  The  Aggregate  of  the  Extremes  and  the  tri-  >  ,  ,  ,  , 

pie  of  the  fum  of  the  Means  is  .  .  . 

Now  it  is  evident  that  the  firft  of  thofe  three  Quantities  is  equal  to  the  Produ£l 
made  by  the  Multiplication  of  the  third  by  the  fecond  3  which  was  to  be  proved. 

Theorem  25. 

If  four  Numbers  be  continual  Proportionals,  the  Cube  of  the  fum  of  the  Means  is 
equal  to  the  Produfl  made  by  the  Multiplication  of  the  Product  of  the  Extremes  or 
Means  into  the  Aggregate  of  the  Extremes  and  the  triple  fum  of  the  Means. 

As  in  thefe  four, . \a™  »  ***  >  ***  >  ^  - 

’  3  8  ,  4  ,  2  ,  I  * 

1.  The  Cube  of  the  fum  of  the  Means,  to  7  6  ,  .  r  ,  , 

wit,  of  a*e-\-ae*  is  .  ; . .  a*es+a& 

2.  The  Produft  of  the  Extremes  or  Means  is  .  aid 

3.  The  Aggregate  of  the  Exti ernes  and  the  )  ,  .  ,  ,  ,  , 

triple  fum  of  the  Means  is  ......  f  «»+«>+3**+3  «* 

Now  it  is  evident  that  the  firft  of  thofe  three  Quantities  is  equal  to  the  Produft  of 
the  two  latter  3  which  was  to  be  proved. 

Theorem  z6.  * 

Iffour  Numbers  be  continual  Proportionals, the  Produft  made  by  theMultiplication 
of  1  he  fum  of  the  Extremes  by  the  Sum  of  the  Squares  of  the  Extremes,  is  equal 
to  the  Cubes  of  the  four  Proportionals. 

As  in  thefe  four, . \aaa  t  aae ,  aee ,  eee  * 

5  J  8,  4,2,1  * 

1 .  The  fum  of  the  Extremes  is . ai-\-ei 

2.  The  fum  of  the  fquares  of  the  Extremes  is  .  a6-\-e 6 

3.  The  Produft:  of  thefe  two  lums  is  .  .  .  a^\a6ei-\-aie6-\-e9 

4.  The  fum  of  the  Cubes  of  the  four  Propor-  7  „  .  *  ,  ,  ,  .  . 

ankle . F  ra,+«‘eJ +0^+^ 


Butthe  Product  in  the  third  ftep  is  manifeitly  equal  to  the  fum  in  the  fourth ;  as 
the  Theorem  affirms. 


Theorem .  27. 


If  five  Number  be  continual  Proportionals,  the  Produft  of  the  Mean  (or  third 
Proportional)  into  the  fum  of  the  Extremes,  is  equal  to  the  Squares  of  the  fecond 
and  fourth. 


As  in  thefe  five, 


. 3  16  ,  8  , 

1.  The  Produft  of  the  Mean  into  the  Sum  of  7  g ,  ,  ,  s 

the  Extremes  is . 

2.  And  the  fum  of  the  Squares  of  the  fecond  7  * ,  , 

and  fourth  is  alfo . <  - 


\aaaa^  actae^  aaee^  aeee,  eeet 


4 


Therefore  the  Theorem  is  manifeft. 
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Theorem,  28. 

*  •  ,  , 

If  five  Numbers  be  continual  Proportionals,  the  fum  of  the  firft  thiM 

toll  he  to  the  third ,  as  the  fum  of  the  Squares  of  the  fecond,  tted  a  d  fourth  ^ 
to  the  fquare  of  the  third.  5  *  WUIlB>  1S 

As  in  thefe  five,  #  \aaaa,  aaae,  aaee,  aeee,  eeee 

1.  The  fum  of  the  firft,  third,  and  fifth  is . *  2’* 

2.  The  third  is . .  a'e*  •  • 

3.  The  fum  of  the  Squares  of  the  fecond,  third,  and  } 

fourth  is  .  .  .  <  * . .  ca^2-\raW-{-a*eg 

4.  The  fquare  of  the  third  is . *  a4e4 

I  fay,  thofe  four  auantities  are  Proportionals;  in  fuch  order  as  they  are  above 
feared  ;  for  it  will  appear  by  Multiplication,  that  the  Produa  of  the  Extremes  is  eoual 

Theoremtmanifeft!  *  ^  ^  =  Therefore^ 

Theorem  29. 

If  five  Numbers  be  continual  Proportionals,  the  fum  of  the  Extremes  more  fo,  ,i,„ 

double  of  the  Mean,  the  fum  of  the  fecond  and  fourth,  and  theS  am  a  If/ 
tinual  Proportionals.  5  me  mean,  are  alio  con- 

As  in  thefe  five, . ■  Yaaaa,  aaae,  aaee,  aeee,  eeee 

1.  The  fum  of  the  Extremes  more  by  the  double  of  the  )  ’  >4,2,1 

Mean  is . .  #  >a*-\-e*-\-2 a2e* 

2.  The  fum  of  the  fecond  and  fourth  is  ...  *  ’ J  aie±aPi  * 

3.  The  Mean  is . . . ^  Je7 

I  fajr,  thofe  three  Quantities  are  Proportionals  5  for  it  will  be  evident  bvMnT^TJ 
cation  that  the  Produa  of  the  firft  and  third  is’ equal  to 
therefore  the  Theorem  1$  mamfeff  4  second: 


Theorem  30; 

If  five  Numbers  be  continual  Proportionals,  the  Sum  of  the  Extremes  is  to  the 
As  in  thefe  five,  \aaaa->  aaae,  aaee,  aeee,  eeet 

i.  The  fum  of  the  Extremes  is  .  *  .  ...  *  .  f  aA-\-e**  9  2,1 

3 .  The  difference  of  the  Squares  of  the  Extremes  is  .*  *  a8—/8 

4.  The  difference  of  theSquares  of  the  fecond  and  fourth  )  , 

is  ...  . .  >a6e2a2 — a'-e6  . 

I  fay,  thofe  four  Quantities  are  Proportionals  in  fuch  order  as  they  are  above  pla¬ 
ced  5  font  will  be  evident  by  Multiplication,  that  the  Produa  of  the  Extremes  is 
equal  to  the  Produa  of  the  Means,  each  Product  being  aI0el— *V° :  Therefore  the 
Theorem  is  mamfeft. 

Theorem  31. 

If  five  Numbers  be  continual  Proportionals,  the  fum  of  the  Squares  of  the  fecond 
and  fourth  fhall  be  to  the  fquare  of  the  Mean,  as  the  difference  0?  the  Squares  of  the 
Extremes  to  the  difference  of  the  Squares  of  the  fecond  and  fourth. 


As  in  thefe  five,  .  «  *  ,  ■  4  4  .  ; 

1.  The  fum  of  the  Squares  of  the  fecond  and  fourth  is 

2.  The  Square  of  the  Mean  is  . . 

3.  The  difference  of  the  Squares  of  the  Extremes  is  . 

4.  The  difference  of  the  Squares  of  the  fecond  and  } 

fourth  is  . .  .  r 


\aaaa,  aaae ,  aaee,  aeee ,  eeee 


16,  8, 

#4^4  ;  ; 


ac 


a^e1 


.8 


-to6 


Resolution  of  Quefiions  BOOK  II. 

I  fay  thofe  four  Quantities  are  Proportionals  in  fuch  order  as  they  are  above  feat- 
ed  •  for  it  will  be  evident  by  Multiplication,  that  the  Produtt  of  the  Extremes  is 
equal  to  the  Produftof  the  Means  •,  therefore  the  Theorem  is  manifeft. 

Theorem.  32. 

If  five  Numbers  be  continual  Proportionals,  the  Sum  of  the  Exrremes  fhall  be  to  the 
Mean  as  the  Sum  of  the  Squares  of  the  fecond  and  fourth  is  to  the  Square  of  the  Mean. 
This  is  evident  from  the  two  laft  preceding  Theorems  by -exchange  of  equal  Reafons. 

•  Theorem  33. 

If  five  Numbers  be  continual  Proportionals,  the  Sum  of  the  Squares  of  the  fecond 
and  fourth  fhall  be  equal  to  the  Produft  made  by  the  Multiplication  of  phe  third  into 
the  Sum  of  the  firft  and  fifth. 

As  in  thefe  five,  .  .  . 

1.  The  Sum  of  the  Squares  of  the 
foutth  is  ......  • 

2.  The  Mean  or  third  is  ... 

2  The  Sum  of  the  firft  and  fifth  is  .  . 

'  But  the  Product  of  the  fecond  and  third  of  thofe  three  Quantities  above  written  is 
equal  to  the  firft  ;  therefore  the  Theorem  is  manifeft. 


.  .  .  .  1'. !  0 1-.'. )  3:i  : 

}aaaa^  aacte^  aaee^  aeee,  eeee 
16  j  8  ,  4  ,  2,1 

fecond  .and 
....  aze* 


\ , 
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Quefiions  about  Quantities  in  Continual  Proportion  refolveJ  by 

Literal  Algebra.  *  /  / 


J 


To 


)ih 


iv; 


uj  y. 


g_UEST.  1. 


r:lj 


Ui.>  ! 


fj 

ioen 


THE  Sum  (b)  of  three  Proportional  Quantities  being  given,  asalfo  ( ’t )  the  Sum 
of  their  Squares,  to*  find  the  Proportionals. 

RESOLUTION. ; 

r.  For  the  Mean  Proportional  fought  put  ......  a 

2.  Then  fubtra&ing  the  faid  Mean  from  (J?)  the  given  Sum? 
of  all  the  three  Proportionals,  there  will  remain  the  Sum  >h — /» 
of  the  Extremes,  to  wit,  .  .  ...  •  •  .  •  o 

3.  Therefore  the  Square  of  the  Sum  of  the  Extremes  is  ?-  hh — 2 ba-\-aa 

4.  From  which  Square  if  there  be  fubtraSled  the  double-of  f  ■ 

the  Square  of  the  Mean,  to  wit,  q  .  ■>.  .  ,  .  ,  j* 

5.  There  willremain(as  is  manifeft  by  Th.  3.  of  the  preceding  \  ^ _ 2ba-~aa 

Chap.  6.)  the  Sum  of  the  Squares  of  the  Extremes,  to  wit,  j 
6.  To  which  Sum  of  the  Squares  of  theTxtremes  if  you  add  7 
(aa)  the  Square  of  the  Mean,the  Aggregate  fhall  he  the  fum  >bb — 2  bet 
of  the  Squares  of  the  three  Proportionals  fought,  to  wit,  3 

7.  Which  liim  in  the  laft  ftep  mult  be  equal  to  (c)  the  gi-  _ 2 c 

ven  fum  of  the  Squares  ^  hence  this  Equation,  viz.  .  .  j 

g,  Which  Equation  after  due  Redu&ion  gives  .  .  .  .  F — — -  =  a 

And  the  laft  Equation  in  words  is  this 

CANO  N 

From  the  Square  of  the  given  fum  of  the  three  Proportionals  fought  fubtra£t  the 
given  fum  of  their  Squares  ;  -then  divide  the  Remainder  by  the  double  of  the  fum  of 
the  three  Proportionals,  and  the  Quotient  is  the  mean  Proportional. 

Therefore  if  14  be  given  for  the  fum  of  the  three  Numbers  in  continual  proportion, 
and  84  for  the  fum  of  their  Squares,  the  mean  Proportional  will  be  found  4  by  the 
iaid  Canon*  Then  the  Mean  being  given  4,  as  alfo  10  the  fum  of  the  Extremes,  the 

[>  Ex- 
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Extremes  wiil  be  found  2  and  8,  (by  the  Canon  of  gyejl.  4.  Chap.  U.  of  myFirft 

andk8°f  Algebraicaltlements  *)  and  therefore  the  three  Proportionals  fought  are  2,  a, 


2. 


QUEST.  „ 

The  Sum  W  of  three  proportional  Quantities  being  given,  asalfo  (« c )  the  Sum  of 
the  Squares  of  the  Extremes,  to  find  the  Proportionals.  w 


a 


-aa 


V  X.  „  •  RESOLUTION. 

1.  r  or  the  mean  Proportional  fought  put  .  . 

2.  Then  fubtrafting  the  faid  Mean  from  (b)  the  given  Sum  / 

°f  all  the  three  Proportionals,  there  will  remain  theSum  Cj— a 
of  the  Extremes,  to  wit, . .  C 

3-  Therefore  the  Square  of  the  Sum  of  the  Extremes  is  .bb—iba+aa 

4.  From  which  fquare  if  you  fubtraa  the  double  of  the  ? 

Square  of  the  Mean,  to  wit, .  r2aa 

5.  There  will  remain  (as  is  manifeft  by  the  third  Theorem  ? 

of  the  preceding  lixth  Chap.)  the  Sum  of  the  Squares  of  Cb—iha- 
the  Extremes,  to  wit, .  C 

6.  Which  Sum  of  the  Squares  of  the  Extremes  muft  be  equai  7 

to  the  given  Sum  (c ,)  hence  this  Equation,  viz.  j ~bb—2ba—aa:  _ 

7.  From  which  Equation  after  due  Reduftion  this  will  arife  bb—c=aa+  2 ba 

8.  Therefore  by  refolving  the  laft  Equation,  (according  to  ^ 

the  Canon  in  Sett.  6.  Chap.  1.  of  my  FirftBook  of  Algebra!  f  /~Ti - • 

cal  Elements  *,)  the  value  of  (a)  the  mean  Proportional 

will  be  made  known,  viz .  j 

Which  lalt  Equation  in  words  is  this 

canon. 

From  the  double  of  the  Square  of  the  given  Sum  of  all  the  three  Proportionals 
fought  fubtraa  the  given  Sum  of  the  Squares  of  the  Extremes  5  then  from  the  fquare 
Root  of  the  Remainder  fubtracf  theSum  of  the  three  Proportionals,  folhall  this  lalt 
Remainder  be  the  mean  Proportional  fought. 

Therefore  if  14  be  given  for  theSum  of  three  Continual  Proportionals,  and  58  for 
theSum  of  the  Squares  of  the  Extremes,  the  mean  Proportional  will  he  found  4  by  the 
faid  Canon.  Then  the  Mean  being  given  4,  asalfo  io  theSum  of  the  Extremes*  the 
Extremeswil  be  found  2  and  8  (by  the  Canon  of  Chap.  ty.  of  my  FirftBook 

or  Algebr  aical Elements ,)  and  therefore  the  three  Proportionals  lought  are  2,  8,  and  4. 

QUEST :  3.  — 

The  difference  (b)  of  the  Extremes  of  three  proportional  Quantities  being  given  as 
alio  (c)  the  bum  or  the  Squares  of  the  three  Proportionals  j  to  find  the  Proportionals. 

_  ;  RESOLUTION. 

1.  For  the  Sum  of  the  Extremes,  (to  wit,  of  the  firft  and  7 

third  Proportionals  fought)  put . fa 

2.  Then  forafmuch  as  the  difference  of  the  Extremes  is  gi-  *\ 
ven  (£,)  and  their  Sum  is  affumed  to  be  ( a ,)  therefore  ? 

(by  the  Theorem  in  Qtejl.  1.  Chap.  14.  of  my  FirftBook 
of  Algebraical  Elements)  the  greater  Extreme  fhall  be  .  ) 

And  by  the  fame  Theorem  the  leffer  Extreme  is  .  .  .  La—ib 
Then  the  Produft  made  by  the  Multiplication  of  the  1  * 

Extremes  in  the  fecond  and  third  fteps  will  give  the  >J-aa _ '-bb 

Square  of  the  Mean,  to  wit, . V  4  4 

5.  And  from  the  fecond  ftep  the  Square  of  the  greater  Ex-  7 

treme  is . * .  #  r\^-r}Atb-\-^bb 

6.  And  from  the  third  ftep  theSquare  of  the  leffer  Extreme  is  ±aa—iab+±tb 

7.  Therefore  from  the  fourth,  fifth,  and  fixth  fteps  the  7  !  ,  + 

Sum  of  the  Squares  of  all  the  three  Proportionals  is  .  f  *aaJr 

Z  2 


5 

4 


8.  Which 
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8.  Which  fum  in  the  laft  ftep  muft  be  equal  to  (c)  the 7 

fum  of  the  Squares  given  in  the  Queftion,  hence  this>%aa-\-±bb=nc 
Equation  arifes,  to  wit,  .  .  .  - . *  .3  _ ,, 

9.  Which  Equation  after  due  Redu&ion  will  give  .  ^  .  m~'  Lh} 

10.  Therefore  by  extra£ling  the  fquare  Root  out  of  each 


9 


>  1  a,  Jivi  vx  v/ 1  v  j  ^  y  1  fit 

part  of  the  laft  Equation  the  fum  of  the  extreme  Propor-  ^^—bb 
tionals  is  dilcovered,  to  wit,  ,3  3 

Which  laft  Equation  gives  this 

CANON. 

From  four  times  the  given  fum  of  the  fquares  of  the  three  Proportionals  fought, 
fubtraft  the  fquare  of  the  given  difference  of  the  Extremes  ^  then  the  fquare  Root  of 
one  third  part  of  that  Remainder  fhall  be  the  fum  of  the  extreme  Proportionals 
Then  half  the  fum  of  the  Extremes  increated  with  half  their  difference  gives  the 
greater  Extreme,  and  half  tire  faid  fum  leflened  by  half  the  fa  id  difference  leaves  the 
leffer  Extreme.  ... 

Laftly,  the  fquare  Root  of  the  Produff  made  by  the  mutual  Multiplication  of  the 
Extreme  is  the  mean  Proportional. 

Therefore  if  16  be  given  for  the  difference  of  the  Extremes  of  three  Proportionals 
and  364  for  the  fum  of  the  fquares  of  all  the  three  Proportionals,  the  Proportionals 
are  alfo  given  feverally,  to  wit.  2,6,  18  -h* 

&UE  ST.  4. 

One  Extreme  (b)  of  three  ProportionalQuantities  being  given,as  alfo(c)the  fum  of  the 
fquares  of  the  other  Extreme  and  the  Mean,  to  find  out  that  other  Extreme  ana  Mean 
H  ,  RE  SOLUTION. 

1.  For  the  extreme  Proportional  fought  put . 7 

2.  Which  multiplied  by  the  given  Extreme  ( b )  produces  y 

the  fquare  of  the  Mean,  to  wit,  .  .  .  .  .  .  .  ha. 

3.  But  from  the  fir  ft  ftep  the  fquare  of  the  extreme  Pro-  7 

portional  fought  is . .  ,ya 

4.  Therefore  from  the  fecond  and  third  fteps  the  fum  of )  ,  , 

the  fquares  of  the  two  Proportionals  fought  is  ,  .  .  $aa"Tva 

5.  Which  fum  in  the  laft  ftep  muft  be  equal  to  (c)  the  fum  7  jlj  — 
given  in  the  Queftion  ^  hence  this  Equation  arifes,  viz.  ^aa~rl)X—c 

6.  Which  Equation  being  refolved  by  the  Canon  in  Sett.  6.  )  ________ 

Chap.  15.  of  my  Firft  Book  of  Algebraic  Elements ,  will  >a =■/:£ 4-,1- 
difcover  the  extreme  Proportional  fought,  to  wit,  .  .  3 

•  The  laft  Equation  in  words  is  this 

CANON.  * 

To  the  given  fum  add  the  fquare  of  half  the  extreme  Proportional  given,  and  ou£ 
of  this  fum  extra£l  the  fquare  Root  j  then  this  fquare  Root  leffened  by  half  the  given 
Extreme  will  give  the  other  Extreme. 

Therefore  if  1 8  be  given  for  one  of  the  Extremes  of  three  Proportionals,  and 40  for 
the  fum  of  the  fquares  of  the  other  two  Proportionals,  the  Canon  will  difcover  2  for 
the  Extreme  fought.  Laftly,  the  fquare  Root  of  the  Produ£f  of  the  Extremes,  to  wit, 
6  is  the  Mean  fought  j  therefore  the  three  Proportionals  are  1 8,  6,  and  2. 

QUEST.  5. 

The  difference  (b)  between  the  Extremes  of  three  proportional  Quantities  being 
given,  as  alfo  the  Proportion  which  the  difference  of  the  fquares  of  the  Extremes  has- 
to  the  fum  of  the  fquares  of  all  the  three  Proportionals,  fuppofe  the  difference  be  to 
the  lum  as  (r)  to  (sQ  to  find  the  Proportionals.  But  (r)  muft  be  lefs  than  0.) 

RESOLUTION. 

1.  For  the  fum  of  the  Extremes  put . a 

2.  Then  forafmuch  as  their  difference  is  given  .  ...  b 

3.  Therefore  the  difference  of  the  fquares  of  the  Extremes  7 
fhall  be  ha  •  (Tor  the  Produft  of  the  Multiplication  of(, 
the  fum  of  any  two  Numbers  into  their  difference  is(bct 

equal  to  the  difference  of  their  fquares  J  S  4,  Then 
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4.  Then  from  the  firft  and  fecond  fteps  (by  the  Theorem  of 7 

^iiejl,  1.  Chap.  14.  of  my  Firft  Book  of  Algebraical  Ele-Cui-CLb 
•mints )  the  greater  Extreme  fhall  be .  V  2 

5.  And  (by  the  fame  Theorem )  the  lefter  Extreme  fhall  be  La _ ifr 

6.  Therefore  from  the  fourth  ftep  the  fquare  of  the  greater  7  1 

Extreme  is . . .  r}^-\-^bb-\-Lha 

7.  And  from  the  fifth  ftep  the  fquare  of  the  letter  Extreme  is  J  Laa-{-  'bb—±T  i 
S.  And  becaufe  the  Product  made  by  the  mutual  Multipit-  -C  4 

cation  of  the  Extremes  is  equal  to  the  Square  of  the  £ 

Mean,  therefore  the  Extremes  in  the  fourth  and  fifth  fteps  -  Lax _ \bb 

being  multiplied  one  by  the  other,  will  give  the  Square  (  +  4 

of  the  Mean,  to  wit,  .  .  .  .  .  .  4  .  .  #  #  j 

9.  Therefore  by  adding  together  the  Squares  in  the  three? 

lalt  fteps,  the  Sum  of  the  fquares  of  the  three  Proportio-  >±aa+'-bb 
nals  fhall  be . * . ^ 4  * 

10.  Then  according  to  the  Queftion  as  r  is  to  s,  fo  muft  'the  difference  in  the  third 
ftep  be  to  the  fum  in  the  ninth  ftep  5.  hence  this  Analogy  arifes  viz. 

r  .  s  :  :  ba  .  Xaa — Lbb 

ii-  Whence  by  comparing  the  Produft  made  by  the  mutual  Multiplication  of  the 
Excremes  to  the  Produft  of  the  Means  this  Equation  comes  forth,  viz. 

sba  —  Iraa  -f-  Lrbb. 

12.  From  whichEquation  after  due  Reduction  there  will  arife  _ aa—  ^ 

13.  Therefore  (per  Canon  in  Sett.  10.  Chap . 15.  Boole  1.)  the  two  Roots  or  Values  of  a 

in  the  laft  Equation  are  theie,  to  wit,  , 

a=2±LA the  greater ,  a^2ftcSLM=2rCE  the  Jeffer. 

14.  But  the  greater  of  thofe  two  Values  of  (a)  is  the  defired  fum  of  theextreme  Pro 
portionals  fought  ;  for  if  we  Ihould  fuppofe  the  leffer  Value  to  be  the  fum  of  the 
Extremes,  it  ought  to  exceed  (b)  the  difference  of  the  Extremes:  but  from  that 
fuppofition  it  will  follow  that  (V)  lsgreaterthan  (s,)  and  confequently  that  the  dif 
ference  of  the  fquares  of  the  Extremes  is  greater  than  the  fum  of  the  lquares  of  all 
the  three  Proportionals,  which  is  impoflible.  Now  to  prove  the  faid  Confequence, 

Ij.  Suppofe  . . LmL — VZLi  —  / 

« }  »<-/5Si=5»  -  * 

19.  And  by  fquaring  each  part  in  theeigh-  \¥sbb_12M  +  9„bbtrVsbb-V-rlb. 
teentn  ltcp^ 

20.  And  by  adding  yrrbb  to  each  part  ini 4M-12M  +  12 rrbbCA»bb. 

the  nineteenth  ftep,  ...... 1 .  ^ 

11.  And  by  adding  I  vrbb  to  each  part  in  \  M+  ibc 

the  twentieth  ltep,  .  .  .  .  $  ^ 

22.  And  by  fubtraaing  usbb  from  each  5  ,  l2nbb  c  12srbk 

part  in  the  twenty  firft  ftep,  .  .  .3 

23.  Wherefore  by  dividing  each  part  in  \ «  ,  *  rCr  s 

the  twenty  fecond  ftep  by  1 2 rbb,  .  .3 

24.  Thus  from  a  fuppofition  that  the  lefferValue  of  (a)  in  the  thirteenth  ftep  is  greater 
than  (b)  the  given  difference  of  the  Extremes, it  follows  by  juft  confequence  that  (r)  is 
greater  than(j,)which  is  impoffible-,  for  in  regard  the  difference  of  the  fquares  of  the 
Extremes  is  lefsthan  the  fum  of  the  Squares  of  all  3  Proportionals,  and  that  accord¬ 
ing  to  the  Queftion  the  laid  difference  is  to  the  faid  fum  as  (r )  to  ( s,)  therefore  ( r)  is 
lefs  than  (j.)  And  becaufe  the  feries  of  Inferences  drawn  from  the  faid  fuppofition  ends 
in  an  Impoffibility,  therefore  that  which  was  fuppofed  cannot  be  true,  viz.  The  leffer 

Value 
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value  of  ( a)  is  not  greater  than  (b)  the  given  difference  of  the  Extremes,  and  conle- 
quently  it  cannot  be  equal  to  the  Sum  of  the  Extremes  *  which  was  to  be  proved. 

But  by  the  like  Argumentation  it  may  be  proved,  that  the  greater  value  of  (a) 
in  the  thirteenth  ftep  exceeds  (b)  the  given  difference  of  the  Extremes:,  and  if  it 
be  exprefs’d  by  words,  it  will  give  the  following  Canon  to  find  out  the  Sum  of  the 
extreme  Proportionals  lought  *  whence  by  the  help  of  the  given  difference  of  the 
.  Extremes,  the  Extremes  are  feverally  given. 

•  C  A  N  0  N. 

From  four  times  the  fquare  of  the  latter  or  greater  Term  (V)  of  the  given  Reafon 
fubtraft  thrice  the  lquare  of  the  firftTerm  (rj  and  multiply  the  Remainder  by  the 
fquare  of  the  given  difference  of  the  extreme  Proportionals  fought  5  then  add  the 
fquare  Root  of  that  Product  to  the  double  of  the  Produft  made  by  the  Multiplica¬ 
tion  of  the  latter  Term  (s)  into  the  difference  of  the  Extremes,  and  divide  the  Sum 
of  that  Addition  by  the  triple  of  the  firft  Term  ( r  -J  fo  fhall  the  Quotient  be  the  Sum 
of  the  extreme  Proportionals.  Laftly,  half  the  Sum  of  the  Extremes  increafed  with 
half  their  difference  gives  the  greater  Extreme,  but  the  faid  half  Sum  leffened  by  the 
faid  half  difference  leaves  the  leffer  Extreme. 

As  for  Example :  If  6  be  given  for  the  difference  of  the  Extremes  of  three  Conti¬ 
nual  Proportionals,  and  the  difference  of  the  fquaresof  the  Extremes  has  luch  pro¬ 
portion  to  the  Sum  of  the  Squares  of  all  the  three  Proportionals  as  5  to  7,  then  by  the 
Canon  the  three  Proportionals  will  be  found  2,  4,  and  8. 

Again,  if  2f  be  given  for  the  difference  of  the  Extremes,  and  the  difference  of  the 
Squares  of  the  Extremes  be  to  the  Sam  of  the  Squares  of  all  the  three  Proportionals* 
as  123  to  427,  the  Proportionals  will  be  found  4,  5,  and  6f. 


QUE  S  T.  6. 

The  Sum  ( b )  of  the  Extremes,  and  the  Sum  (c)  of  the  Means  of  four  Quantities  in 
Continual  Proportion  being  given,  to  find  out  the  Proportionals  *  but  (b)  mutt  ex¬ 
ceed  (c.)  . 

RESOLUTION. 

1.  For  one  of  the  Means  put . a 

2.  Then  by  fubtra&ing  the  Mean  from  ( c )  the  given  Sum  T _ 

of  the  Means,  the  Remainder  is  the  other  Mean,  to  wit,  j  c  a 

3.  And  by  dividing  the  Square  of  the  lajtterMean  by  the  \cc — 2 ca-\-aa 

former,  the  Quotient  gives  one  of  the  Extremes,  to  wit,  3  “ 

4.  In  like  manner  the  fquare  of  the  firftMeanf*)being  divided  \  aa 
by  the  other  Means  ( c — a)  gives  the  other  Extreme, to  wit,  3  c_a 

5.  Therefore  from  the  third  and  fourth  fteps  the  Sum  of  \ccc — icca — 7,ca* 

the  two  Extremes  is . 3  ca _ aa 


6.  Which  Sum  mutt  be  equal  to  (b)  the  given  Sum  of  the^cc — icca — icaa_L 

Extremes  j  hence  this  Equation  arifes,  to  wit,  ...  .3  ca _ ,aa 

7.  From  which  Equation  after  due  Redu£lion  this  arifes,  7  ccc 

to  wit, . 3 

8.  Wherefore  by  refolving  the  laft  Equation  by  the  Canon  in  Sett.  10.  Chap.  iy.  Book  1. 
the  two  values  of  (a,)  to  wit,the  mean  Proportionals  fought  will  be  made  known,  viz. 


ccc 


the  greater  Mean : 


a-Lc- — V  - c~:  the  letter  Mean. 

4  3^+^ 

Which  values  of  (a)  give  this 

CANON. 

Divide  the  Cube  of  the  Sum  of  the  Means  by  the  Aggregate  of  the  triple  Sum  of  the 
Means  and  the  Sum  of  the  Extremes  ^  fubtraft  the  Quotient  from  the  lquare  of  half 
the  fumof  the  Means,  and  extraft  the  fquare  Root  of  the  Remainder  5  then  the  laid 
lquare  Root  being  added  to  and  fubtra&ed  from  half  the  fum  of  the  Means,  the  Sum 
and  Remainder  lhall  be  the  Means  fought. 


Then 
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_  Then  the  Square  of  the  Ieffer  Mean  being  divided  by  the  greater  will  give  the  fffer 
Extreme,  and  the  Square  of  the  greater  Mean  divided  by  the  Ieffer  gives  the  greater 

Therefore  if  18  be  given  for  the  fum  of  the  Extremes,  and  12  for  the  fum  of  the 

Means  of  four  continual  Proportionals,  the  Proportionals  are  given  feverally  by  the 
faid  Canon,  to  wit,  2,  4,  8,  and  16 .  y  J 

<j^U  E  S~T.  7. 

The  difference  (b)  of  the  Extremes,  and  the  difference  (c)  of  the  Means  of  four 
Quantities  continually  proporn  ona^being^give^  to  findout  the  four  Proportionals. 

1.  For  the  Ieffer  mean  Proportional  put  ....  a 

2.  Which  added  to  (c)  the  given  difference  of  the  Means') 

gives  the  greater  Mean,  to  wit, . fc-p  a 

5’  iliie?  tl[ien-quare  or  tiie)faid  greater  Mean  being  divided  \cc-\-2ca-\-ad 
by  the  Ieffer,  gives  for  the  greater  Extreme  ....  -  — 

4.  Likewife  by  dividing  (aa)  the  Square  of  the  Ieffer  Mean  7  aa 
by  the  greater,-  there  arifes  for  the  Ieffer  Extreme  .  y r,  - 

J'  ^ ^  tW°. EXtrem!S  “  ^ thW  l ™+3«*+1caa 

6.  Which  diffoence  mull  be  equal  to  (b)  the  given  differ-  7  ccc+tua™  iau 
ence  of  the  Extremes  5  hence  this  Equation  arifes,  viz.  j  — — — 

7.  From  which  Equation  after  due  Reduction  this  arifes  7 

to  wit,  .  j . . . \  -  =ca-\-aa 

8.  Wherefore  by  refolving  the  laft  Equation  by  the  Canon  mSA6.Cb.,,  Boo!-,  ,h* 

(  value  of  W  t0  WIt>  the  fc%t  mean  Proportional  fought  will  be  made* known  vh 


a=V:cc 
4 


ccc 


tC, 


-t  b — gc 

Which  Equation  in  words  is  this 

r  j  tst  n  *7 


to  the  Square  of  half  the  difference  of  the  Means '  then 

^Sj^y^haJfrtedUerence  of  the  Means, lo  (hall  this  Remainder 

T  irti  t0l’eie®r  add  the  dlfferet!Ce  °f  the  Means,  and  the  fum  is  the  greater' 
Laftly  the  Square  of  the  greater  Mean  divided  by  the  lefTer  gives  the  greater  Pv 

treme.and  theSquare  of  the  Ieffer  Mean  divided  by  the  greater  gives  the  leflfr  Extreme 
Therefore  tf  ,2  be  given  for  the  difference  of  the  Extremes  If  4 com  inual K? 
onals,and  »  for  thedtfference  of  theMeans, the  Proportionals  will  befound 26 ?. 8 

^  U  E  S  E  8 

The  fum  (b)  of  four  Quantities  in  continual  proportion  being  given  as  alfo  fr. ) 
the  Turn  of  their fquares,  to  find  the  Proportionals  0  s  ’  s  3110 

r  .  r  .  ,  S  S  0  LUT  10  N. 

1.  ror  the  fum  of  the  Means  put .  a 

2.  Which  fubtrafted  from  (b)  thegiven  fum  of  ail  the  four  7  , 

Proportionals,  leaves  the  fum  of  the  Extremes,  to  wit  (  ^  ^ 

5.  The  fquare  of  (b)  the  given  fum  of  all  the  four  Propor-  7  , ,  ^  i 

tionals  is . .  rbb 

4  Now  (according  toTbeor.  16.  of  the  preceding  Chap.  6.)  -> 
from  the  laid  fquare  (bb)  I  fubtraft  (c)  the  given  fum  of  / 
the  fquares  of  the  four  Proportionals,  and  from  the  half  >±J?b—2-c—aa 
of  the  Remainder  I  alfo  fuhtraff  (aa)  the  fquare  of  the  C 
Tv/-0[the  Means>  fo  this  Quantity  remains,  to  wit,  J 

*  Ve„ £ iTlfr1 r>  W  Witf  ^T^aa  (b?  the  faid  Thgor-  **•)  ^  be  to  the  gk 
.  yen  him  of  the  fquares  of  the  four  Proportionals,  as  the  fum  of  the  Means  km 

the  fum  of  all  the  four  Proportionals ,  hence  this  Analogy  arifes,  viz.  ‘  " 

^bb—\c—aa  .  c  : :  a  .  b 


6.  Which 


...  ... 
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6.  Which  Analogy,  by  comparing  theProdutt  made  by  the  mutual  Multiplication  of 
the  Extremes  to  the  Produft  of  the  Means,  will  be  converted  into  this  Equation,  viz. 

ibbb — U?c — baa—ca 

7.  Whence  after  due  Redu&ion  this  Equation  arifes,  to  wit, 

~bb  -~4c  =  aa-\-fa 

b 

Which  Equation  being  refolved  (per  Canon  in  Sett.  6.  Chap.  15.  Booh.)  gives  this 
following. 

CANON. 

From  the  fquare  of  the  given  fum  of  the  four  Proportionals  fubtraft  the  given 
fum  of  their  Squares,  and  to  the  half  of  the  Remainder  add  the  fquare  of  half  the 
Quotient  that  arifes  by  dividing  the  fum  of  the  Squares  of  the  four  Proportionals  by 
the  fum  of  the  four  Proportionals.  Then  extract  the  fquare  Root  of  the  fum  of  that 
Addition,  and  from  thefaid  fquare  Rootjfubtraft  half  the  Quotient  aforefoid,  lb  (hall 
the  Remainder  be  the  lum  of  the  two  defired  mean  Proportionals. 

Then  the  fum  of  the  Means  of  four  continual  Proportionals  being  given,  as  alio 
the  fum  of  the  Extremes,  the  Proportionals  (hall  be  given  feverally  by  the  Canon  of 
the  preceding  Queji.  6.  of  this  Chap. 

So  if  30  be  given  for  the  fum  of  four  Proportionals,  and  340  for  the  fum  of  their 
Squares  *  hrft,  by  the  Canon  above  exprels’d  the  fum  of  the  Means  will  be  found  1 2, 
which  fubtra&ed  from  30  the  given  fum  of  the  four  Proportionals,  leaves  18  tor  the 
fum  of  the  Extremes  •,  then  the  fum  of  the  Means  being  given  1 2,  and  the  fum  of 
the  Extremes  18,  the  four  Proportionals  (by  the  Canon  of  the  preceding  fixthQuefti- 
on)  will  be  found  2,  4,  8,  1 6. 

~~  QUE  ST.  9.  ■ 

The  fum  ( b )  of  four  Quantities  in  continual  proportion  being  given,  as  alio  ( c ) 
the  fum  of  thefquares  of  the  Means  ;  to  find  the  Proportionals. 

RESOLUTION. 

1.  For  the  fum  of  the  Means  put . *  ^ 

Then  becaufe  (by  Theorem  12.  of  the  preceding  Chap.  6.)' 
the  fum  of  the  four  Quantities  continually  proportional  is' 
to  the  fum  of  the  Means,  as  the  lum  of  the  Squares  of  the 
Means  is  to  the  Produff  made  by  the  mutual  Multiplica-  ca 
of  the  Means  or  Extremes,  lay  by  the  Rule  of  Three, 

If  ...  t  b  .  a  ::  c  .  ^ 

b 

Whence  the  Produff  of  the  Means  or  Extremes  is  found 
3.  And  becauie  if  from  the  Iquare  of  the  fum  of  the  Means! 
there  be  fubtraffed  the  fum  of  the  fquares  of  the  Means, 

there  will  remain  the  double  Produff  of  the  Means  or  Ex-  I  t--  _ , 

tremes  ;  therefore  if  from  (> aa )  you  fubtraff  ( c )  the  half  of  j  ^ a  tC 
the  Remainder  (hall  be  theProduff  of  the  Means  or  Ex¬ 
tremes,  to  wit,  J 


Which  Produff,  to  wit,  \aa—\c  mult  be  equal  to  ™ 

the  Produff  in  the  lecond  Ifep  j  hence  this  Equation  ari- 
les,  to  wit, . . . 


>±aa— 


5.  From  which  Equation  after  due  Reduff  ion  there  arifes  Xaa — '—a—c 

bb 

Which  laft  Equation  being  refolved  (  by  the  Canon  in  SeQ.  8.  Chap .  15.  Booh.) 
gives  this  following 

CANON. 

To  the  given  fum  of  the  Squares  of  the  Means  add  the  Square  of  the  Quotient  that 
arifes  by  dividing  the  faid  fum  by  the  given  lum  of  the  four  Proportionals,  and  out 
of  the  fum  made  by  that  Addition  extraff  the  fquare  Root;  then  this  fquare  Root 
added  to  the  aforefaid  Quotient  gives  the  Sum  of  the  Mean  Proportionals  fought. 

Then  the  Sum  of  the  Means  being  given,  as  alfo  theSum  of  the  Extremes,  (for  the 
Sum  of  the  Means  found  out  being  fubtrafted  from  the  given  fum  of  all  the’ four  Pro¬ 
portionals  leaves  the  Sum  of  the  Extremes)  the  four  Proportionals  will  be  dilcovered 
by  the  Canon  of  the  fixth  Queftion  of  this  Chapter.  There' 


Therefore  if  ?o  be  given  for  the  fum  of  four  Continual  Proportionals  and  So  for 
the  fum  of  the  Squares  of  the  Means,  the  four  Proportionals  are  alfo  feveraTv  given 
to  wir,  2,4,8,16,  by  the  Canon  above  expreis’d.  "  &  > 

QTTsir^.  ■  - - 

The  fum  (i)  of  four  Quantities  continually  proportional  being  given  as  alfo  (c) 
the  fum  of  the  fquares  of  the  Extremes,  to  find  out  the  Proportionals.  ’  ’ 

R  E  S  0  L  UT  10  N. 

I.  For  the  fum  of  the  Means  put . .  a 

4.  Which  fubtrafted  from  (b)  thegiven  fum  of  the  four  Pro- \ 
portionals  leaves  the  fum  of  the  Extremes,  to  wit  .  .  — a 

3‘  Therefore  the  fquare  of  the  fum  of  the  Extremes  is  *  bh—ibaA-aa 

4.  From  which  Square  if  ( c)  the  given  fum  of  the  fquares  of ') 

the  Extremes  be  fubtrafted,  there  will  remain  the  double  (bb—iba+aa—c 

Product  made  by  the  mutual  Multiplication  of  the  Ex-  (~~~ - - — — 

tremes  or  Means  therefore  the  Produtt  of  the  Means  is  )  2 

5.  And  becaule  if  from  aa  the  fquare  of  the  fum  of  theMeans  ) 
there  be  fubtracted  bb — 2 ba\aa — c,the  double  Produft  of  { 

the  Means,  there  will  remain  the  fum  of  the  fquares  of  the  (  2^a — 'bb-\-e 
Means-,  therefore  the  fum  of  the  fquares  of  theMeans  is  ) 

6.  And  becaufe  by  Tbecr  12.  in  the  preceding  Chop  6.  the  fum  of  thefquares  of  ths 
Means  is  to  the  Produa  of  the  Means  as  the  fum  of  all  the  4  Proportionals  is  to  the 
fum  ot  the  Means  ;  therefore  from  the  premifesthis  following  Analogy  arifes  viz 

2b a — bb-^-c  .  b±-lb“+™-c  . 

2  *  ”  • 

7.  From  which  Analogy  by  comparing  the  Produa  of  the  Extremes  to  the  Produa  of 
the  Means,  this  Equation  arifes,  viz. 

zbaa — ilia + ca = bbb—^>ba+bsa—bc 

8.  Which  Equation  after  due  Reduaion  gives  this  following  Equation  viz 

2  c  bb — c  9 

cut  -f-  —  arzz  — __ _ 

lb  1 

Whence  (per  Canon  in  Sett.  6.  Chap .  17.  Book  1.)  there  arifes  this  following 

CANON.  6 

Divide  the  given  fum  of  the  fquares  of  the  Extremes  by  the  triple  of  the  given  fum 
of  all  the  four  Proportionals  and  to  the  fquare  of  the  Quotient  add  one  Third  part 
t)f  the  excels  of  the  Iquare  of  the  fum  of  the  four  Proportionals  above  the  Sum  ot  the 
fquares  of  the  Extremes  5  then  from  the  fquare  Root  of  the  Sum  made  bv  that  AHA 
tion  (ubtraa  the  Quotient  firft  found  out ;  lb  Ihall  the  Remainder  be  the  defired  fum 
of  the  mean  Proportionals. 

Then  the  fum  of  theMeans  being  given,  as  alfo  the  fum  of  the  Extremes,  ffor  the 
lum  of  the  Means  being  fubtrafted  Iron; .the  given  fum  of  the  four  Proportionals 
leaves  the  lum  of  the  Extremes)  the  four  Proportionals  will  be  dilcovered  by  the  Ca- 
non  of  the  fixth  Queftion  of  this  Chapter.  J 

T  herefore  if  80  be  given  for  the  fum  of  four  continual  Proportionals,  and  2920  for 
the  lum  of  the  Squaresof  the  Extremes,  the  4  Proportionals  will  befound  2,6,18,74, 

g^UEST.  ir.  ~  ~ 

The  fum  (b)  of  thefquares  of  the  Extremes  of  4  Quantities  in  continual  proportion 
being  given, as  alfo  (0  the  fum  of  the  fquares  of  the  Means,  to  find  out  the  Proportionals 

RESOLUTION. 

1.  Add  the  two  given  fums  into  one  that  you  may  have? 

the  fum  of  the  fquares  of  the  four  Proportionals  fought,  W 
for  which  laff  mentioned  Sum  put . 

2.  Then  for  the  fum  of  the  Squares  of  the  firit  and  fecond  ) 

Proportionals  put  .  ...  .  .  . . 

3.  Therefore  the  fum  of  the  Squares  of  the  third  and 'fourth  >  , 

Proportionals  is . .  j  “  a 

•  *  A  a 


4,  Then 
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4- 


5- 


6. 


Then  becaufe  (by  Theorem  1 3.  of  the  preceding  Chap/6  )  \ 
the  fum  of  the  Squares  of  the  two  Means  is  a  mean  Pro-  ( 
portional  between  the  Sum  of  the  Squares  of  rhe  firft  and  )>a  .  c  : :  c  .  d—a 
iecond,  and  the  fum  of  the  Squares  '  of  the  third  and\^ 

fourth’  this  Analogy  is  manifeft,  viz . ) 

Therefore  by  comparing  the  Product  made  by  theMul-7 
tiplication  of  the  Extremes  of  that  Analogy  to  the  Pro-  >da — aa~cc 
duct  of  the  Means  this  Equation  arifes,  viz.,  .  >  . 

Which  Equation  being  relolved  by  the  Canon  in  Sett.  10.  Chap.  16.  Book  1.  gives 


this  following 


CANON. 


Add  the  given  Sum  of  the  Squares  of  the  Extremes  to  the  given  Sum  of  the  Squares 
of  theMeans,  and  reierve  half  of  the  fum.  From  the  fquare  of  this  half  fum  fubtraft: 
the  Square  of  the  fum  of  the  Squares  of  the  Means,  and  extraft  the  fquare  Root  of  the 
Remainder  ^  add  this  fquare  Root  to  the  half  fum  before  referved,  and  alfo  fubtra^f  it 
from  the  lame  half  fum, 1o  the  fum  (hall  be  the  fum  of  theSquares  of  the  firft  and  fecond 
Proportionals. and  the  Remainder  lhall  be  the  fum  of  the  Squares  of  the  third  and  fourth. 

Then  ( according  to  Theor.  3.  of  the  preceding  Chap.  6.)  add  leverally  rhe  fum  of  the 
Squares  of  the  firft  and  fecond  Proportionals,  and  the  fum  of  the  Squares  of  the  third 
and  fourth  to  the  fum  of  the  Squares  of  the  Means,  and  out  of  each  fum  extraft  the 
fquare  Root  *  fo  lhall  one  of  thefe  Roots  be  the  fum  of  the  firft  and  third  Proportio¬ 
nals,  and  the  other  fhall  be  the  fum  of  the  fecond  and  fourth.  Which  two  laft  men¬ 
tioned  fums  being  added  together  give  the  fum  of  the  four  Proportionals  fought. 

laftly,  the  fum  of  four  Proportionals  being  given,  as  alfo  the  fum  of  theSquares  of 
the  Means,  the  Proportionals  fhall  be  given  feverally  by  the  ninth  Queftion  of  this  Chap. 

Therefore  if  260  be  given  for  the  fum  of  the  Squares  of  the  Extremes  of  four  con¬ 
tinual  Proportionals,  and  80  for  the  fum  of  the  Squares  of  the  Means,  the  Propor¬ 
tionals  will  be  found  16,8,4,2. 


QUEST.  12. 

The  fum  (b)  of  the  Extremes  of  four  Quantities  in  continual  Proportion  being  gi¬ 
ven,  as  alfo  (c)  the  fum  of  the  Cubes  of  the  Means  ^  to  find  out  the  Proportionals.- 

RESOLUTION. 


1.  For  one  of  the  Extreme  Proportionals,  put . a 

2.  Then  the  other  Extreme  (by  fubtraffing  (.Qfrom  (b)  thegi-  f  ^ _ a 

ven  fum  of  the  Extremes )  lhall  be . .  .  j 

3.  Therefore  the  Product  made  by  the  mutual  Multiplication  \^a. _ act 

of  the  Extremes  is  .  . . ) 

4.  And  becaufe  (per  Theorem  21.  of  the  preceding  Chap.  6  )  the 
Product  made  by  the  Multiplication  of  the  Means  or  Ex-  I 
tremes  into  the  fum  of  the  Extremes,  is  equal  to  the  fum  of  j  ^ 

the  Cubes  of  theMeans  *  therefore  if  you  multiply  ba — aa  by  j*  ~c 

/;,  this  Product  fhall  be  equal  to  (c)  the  given  fum  of  the 
Cubes  of  the  Means  •,  hence  arifes  this  Equation,  viz.  .  .  J 

5.  And  by  dividing  every  Term  of  that  Equation  by  (bj  there  _  =  e 

arifes . j  f 

Which  laft  Equation  being  refolved  (by  the  Canon  in  Sett.io.  Chap.  iy.  Book  1 .) 

gives  this  following 

CANON. 

6.  From  the  Square  of  half  the  given  fum  of  the  Extremes  fubtraff  the  Quotient  that 
arifes  by  dividing  the  given  fum  of  the  Cubes  of  the  Means  by  the  fum  of  the  Ex¬ 
tremes,  and  extraff  the  fquare  R  oot  of  the  Remainder,  then  half  the  fum  of  the  Ex¬ 
tremes  being  increaled,  and  allolelfened  by  the  laid  fquare  Root,  gives  the  Extremes 
leverally.  Then  you  may  find  out  the  Means  by  a  new  Work  thus  3 

7.  Let  the  greater  Extreme  found  out  as  above  be  ....  / 


8.  And  the  lelfer  Extteme  ....  * . g 

9.  Then  for  the  greater  Mean  put  .  . . a 


10.  Therefore  by  dividing  (aa)  the  Iquare  of  the  greater  Mean  7  aa 
by  the  greater  Extreme  (fj  the  Quotient  lhall  be  the  lelfer  >-? 
Mean,  to  wit, . . . .  .  j** 


11.  But 


CHAP.  7.  about  Continual  Proportionals. 
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1 1 .  But  the  fquare  of  the  leffer  Mean  is  equal  to  the  Produft  of  7 
the  leffer  Extreme  multiplied  by  the  greater  Mean  *  therefore  y~==ga 
from  the  three  laft  preceding  fteps  this  Equation  arifes,  viz  A  ff 

12.  Which  Equation  after  due  Reduction  gives  .  .  /  .  aaaz=ffc 

1 3.  Therefore  by  extrafling  the  Cubic  Root  out  of  each  part  )  JJ& 
of  the  laft  Equation  the  greater  Mean  is  made  known,  viz.  J*— “/( l)ffg 

Which  laft  Equation,  together  with  that  in  the  tenth  ftep,  will  give  this 

CANON. 

14.  Multiply  the  fquare  of  the  greater  Extreme  by  the  leffer,  then  the  Cubic  Root  of 
theProdufl  fhall  be  the  greater  Mean.  Laitly,  the  Square  of  the  greater  Mean  di¬ 
vided  by  the  greater  Extreme  gives  the  leffer  Mean. 

Therefore  if  1 8  be  given  for  the  fam  of  the  Extremes  of  four  Numbers  in  continual 
proportion,  and  576  for  the  fum  of  the  Cubes  of  the  Means,  then  by  the  firft  Canon 
of  this  Queltion  the  Extremes  will  be  found  16  and  2.  And  laftly  by  the  latter  Ca¬ 
non  the  Means  will  be  found  8  and  4.  Wherefore  the  four  continual  Proportionals 
fought  are  id,  8,  4,  2. 


WISEST.  i3. 

The  fum  ( b)  of  the  Cubes  of  the  Extremes  of  four  Quantities  in  continual  proportion 
being  given, as  alfo  (Q  the  fum  of  the  Cubes  of  the  Means, to  hud  the  four  Proportionals 

resolution. 

1.  For  the  fum  of  the  Extremes  put . . 

2.  Therefore  the  Cube  of  that  fum  is . aaa 

3.  then  becaufe  by  Tbeor.  22.  of  the  preceding  Chap.  6.  if  four 
Quantities  be  continually  proportional,  the  fum  of  the  Cubes  I 
of  the  Extremes  more  by  the  triple  of  the  Cubes  of  the  Means  I 

is  equal  to  the  Cube  of  the  fum  of  the  Extremes  ;  therefore  y't3c==:aa‘* 
if  to  (b)  you  add  3c,it  gives  the  Cube  of  the  fum  of  the  Ex¬ 
tremes, which  Cube  muft  be  equal  to  aaa-,  hence  this  Equation  J 

4.  Therefore  by  extracting  the  Cubic  Root  out  of  each  part  of")  ,-r - 

that  Equation,  the  fum  of  the  Extremes  is  made  known,  viz.  y(V:b+2c::=:a 

Which  laft  Equation  in  words  is  this  following 

CANON. 

Add  t  he  triple  of  the  given  fum  of  the  Cubes  of  the  Means  to  the  given  fum  of  the 
Cubes  of-  the  Extremes,  and  out  of  the  fum  made  by  that  Addition  extraa  the  Cubic 
Root,  which  fhall  be  the  fum  of  the  Extremes  fought. 

Then  the  fum  of  the  Extremes  being  given,  as  alfo  the  fum  of  the  Cubes  of  the 
Means,  the  four  Proportionals  fhall  be  given  feverally  by  the  Canon  of  the  preceding 
twelfth  Queftion.  As  for  Example,  if  177472  be  given  for  the  fum  of  the  Cubes 
of  the  Extremes  of  four  Numbers  in  continual  proportion,  and  6048  for  the  fum  of 

th  n  creS  °f  the  Mean  5  hy  the  Canon  of  this  Quezon  the  fum  of  the  Extremes 
will  be  found  76,  and  then  by  theCanon  of  the  preceding  twelfth  Queftion,  the  four 
Proportionals  will  be  found  2,  6,  18,  74. 

HUES  T.  14.  ' 

The  fum  of  the  Extremes  (/;)  of  five  Quantities  in  continual  Proportion  being  gi¬ 
ven,  as  alfo  (c)  the  fum  of  the  three  Means  *  to  find  the  five  Proportionals. 

R  E  SOLUTION. 

1.  For  the  third  Proportional,  that  is,  the  middle  Term  of) 

all  the  five,  put . y 

2.  Then  fubtraCl  that  middle  Term  (a)  from  ( c )  the  given' 

fum  of  the  three  Means, .  and  there  will  remain  the  fum  of  *>c—a 
the  fecond  and  fourth,  viz . . 

3.  And  becaufe  by  Theorem  29.  of  the  preceding  Chap.  6.  the 

fum  of  the  Extremes  of  five  continual  Proportionals,  toge¬ 
ther  with  the  double  of  the  Mean,  the  fum  of  the  lecond  )>b-\-2a.c _ awe _ a.  a 

and  fourth,  and  the  Mean,  are  alfo  in  continual  proportion 
therefore  this  Analogy  is  manifeft,  viz.  ..... 

A  a  2 


4.  From 


s  88 
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4.  From  which  Analogy,  by  comparing  the  Product  made  7 

by  the  Multiplication  of  the  Extremes  to  the  Produft  of  >ba-\-2aa—cc — 2 ca\ax 
the  Means,  this  Equation  is  produced,  viz . 3 

5.  Which  Equation  after  due  Redu&ion  gives  ....  .  aa\ba-\- 2ca~cc 
Laftly,  by  refolving  the  laft  Equation  according  to  the  Canon  in  Sett. 6.  Chap.  jj* 

Book  1.  there  will  arile  this  following 

CANON. 

Add  the  fum  of  the  Extremes  to  the  double  of  the  fum  of  the  three  Means,  and 
take  the  half  of  the  fum  made  by  fuch  Addition  ^  then  to  the  Square  of  the  laid  half 
fum  add  the  fquare  of  the  fum  of  the  three  Means,  and  out  of  this  fum  extraO:  the 
fquare  Root  *  from  which  Root  fubtraft  the  half  fum  firft  taken,  and  the  Remainder 
fhall  be  the  middle  (or  third)  Proportional  of  the  five  fought. 

Then  by  fubtra&ing  the  laid  third  Proportional  from  the  fum  of  the  three  Means 
the  Remainder  is  the  lum  of  the  fecond  and  fourth  j  by  which  fum  and  the  third 
Proportional,  the  lecond  and  fourth  fhall  be  given  feverally,  ( by  the  Canon  of  Quejl.  4. 
Chap.  1 6.  Book  1 .)  Then  the  fquare  of  the  fecond  Proportional  being  divided  by  the  third 
gives  the  firft,  and  the  Square  of  the  fourth  being  divided  by  the  third  gives  the  fifth. 

Therefore-  if  34  be  given  for  the  fum  of  the  firft  and  fifth  of  five  continual  Propor¬ 
tionals,  and  28  for  the  fum  of  the  three  Means,  the  five  Proportionals  fhall  be  given 
feverally,  viz.  2,  4,  8,  16,  32  ~. 

QUEST.  17. 

The  Sum  (/;)  of  the  firft,  third,  and  .fifth  of  five  Quantities  in  continual  proportion 
being  given,  as  alio  (c)  the  fum  of  the  fecond  and  fourth,  to  find  the  five  Proportionals. 

RESOLUTION. 

1 .  For  the  third  Proportional,  that  is,  the  middle  Term  of  the  7,  put  a 

2.  Then  fubtraff  that  middle  Term  (a)  from  the  given  fum  (b,)  7 

and  the  Remainder  is  the  fum  of  the  firft  and  fifth,  viz.  .  .  .  j  "  a 

3.  And  becaufe  (by  Theorem  27.  of  the  preceding  Chap.  6.)  they 

Product  made  by  the  Multiplication  of  the  third  or  middle  Term 
of  five  continual  Proportionals  into  the  fum  of  the  firft  and  fifth,  ( 
is  equal  to  the  Squares  of  the  fecond  and  fourth  ,  therefore 
(from  the  firft  and  fecond  fteps)  the  fum  of  the  Squares  of  the  I 
fecond  and  fourth  Proportionals  is  . . I 

4.  The  fquare  of  the  third  Proportional  (a)  is  equal  to  the  Pro- 7 

duff  of  the  fecond  multiplied  into  the  fourth ,  therefore  the 
double  of  that  Produft  is  . . V 

5.  Therefore  from  the  two  laft  fteps  the  Aggregate  of  the  Squares  f  ,  , 

"  and  the  double  Produff  of  the  fecond  and  fourth  Proportional  is  ya ‘  ^ 

6.  But  the  Aggregate  of  the  Squares  and  the  double  Product  of  3 
the  fecond  and  fourth  Proportional  is  equal  to  the  Square  of/ 
their  fum,  therefore  theAggregate  in  the  fifth  ftep  muft  be  equal 
to  the  Square  of  the  given  fum  (c)  viz.  .......  j 

m  Which  Equation  being  refolved  by  the  Canon  in  Sett.  6.  Chap.  17.  Book  1.  will 
give  this  following 

CANO  N. 

Add  the  Square  of  half  the  given  fum  of  the  firft,  third,  and  fifth  Proportionals  to 
the  Square  of  the  given  fum  of  the  fecond  and  fourth,  then  from  the  fquare 
Root  of  the  fum  made  by  that  Addition  fubtraff  the  faid  half  fum,  and  the  Remain¬ 
der  fhall  be  the  third  Proportional. 

^  Then  by  fubtraciing  the  faid  third  Proportional  from  the  given  fum  of  the  firft, 
third,  and  fifth,  the  Remainder  is  the  fum  of  the  firft  and  fifth  ;  by  which  fum  and 
the  third  (or  mean)  Proportional,  the  firft  and  fifth  (to  wit,  the  Extremes)  fhall  be 
given  leveraliy  by  the  Canon  of  Qiiefi.  4.  Chap.  1 6.  Book  1.  Then  the  third  Proportional 
being  multiplied  into  the  firft  and 'fifth  feverally,  and  the  fquare  Root  being  extracted 
our  of  each  Produff,  thefe  Roots  fhall  be  the  fecond  and  fourth  Proportionals. 

Therefore  if  42  be  given  for  the  fum  of  the  firft,  third,  and  fifth  of  five  Numbers 
in  continual  proportion,  and  20  for  the  fum  of  the  fecond  and  fourth,  the  five  Pro¬ 
portionals  will  be  found  thefe,-  to  wit,  2,4,8,16,32. 

* 


-act 


■  2  act 


■CC 


CHAP.  7.  about  Continual  Proportionals. 


QUEST.  j6. 

The  third  Proportional  (b)  of  five  Quantities  in  continual  proportion  hein?  niven 

as  alfo  (c)  the  lum  of  the  other  four,  to  find  out  the  five  Proportionals.  “ * 1  2 3  ’ 

RESOLUTION. 

1.  For  the  fum  of  the  lecond  and  fourth  Proportional  put 

2.  Then  fubtraft  that  Sum  (a)  from  (c)  the  given  fum  of  the 
firft,  fecond,  fourth,  and  fifth  Proportionals,  and  there  will 
remain  the  fum  of  the  firft  and  fifth,  to  wit,  .... 

5.  The  fquare  of  the  third  (  that  is,  of  the  mean)  Proportional’ (/;) 
is  equal  to  the  Produft  of  the  lecond  multiplied  into  the  fourth 
therefore  the  double  of  that  Product  is,  ......  ’ 

4.  Which  double  Produft  (2 bb)  fubtra&ed  from  (aa)  the  Square 
of  the  fum  of  the  lecond  and  fourth  Proportionals,  leaves  for 
the  fum  of  the  Squares  of  the  lecond  and  fourth,  .... 

5.  And  becaufe  (by  Theor .33.  of  the  preceding  Chap.  6.)  the  fum 
of  the  Squares  of  the  fecond  and  fourth  of  5  continual  Proportio¬ 
nals  is  equal  to  the  Product  of  the  third  for  mean )  multiplied  by 
the  fum  of  the  firft  and  fifth,  therefore  if  (aa—ibb)  the  fum  f 

‘  of  the  Squares  of  the  lecond  and  fourth  be  divided  by  the  mean 
(b)  the  Quotient  fhall  be  the  fum  of  the  firft  and  fifth,  viz.  I 

6.  Which  Sum  found  out  in  the  laft  ftep  muft  be  equal  to  the 

fum  of  the  firft  and  fifth  Proportionals  found  out  in  the  fecond  S- - ^—.—c-a 


aa — 2  bb 


•2  bb 


ftep  ;  hence  this  Equation  arifes,  viz .  .  \  ^ 

7.  Which  Equation  after  due  Redu&ion  gives  .  .  .  .*  .  .  aa-\-ba—7hb+bc 
Wherefore  by  refolving  the  laft  Equation  (  according  to  the  Canon  in  Set 7  6. 
Chap.  15.  Book  1.)  there  will  come  forth  this  following 


CANON.  * 

To  the  fquare  of  the  half  of  the  given  third  (or  mean)  Proportional  add  the  dou¬ 
ble  of  the  fquares  of  the  faid  Mean,  as  alfo  the  Produft  of  the  faid  Mean  multiplied 
into  the  given  fum  of  the  other  four  Proportionals,  and  out  of  the  fum  of  that  Addi¬ 
tion  extract  the  fquare  Root  •,  this  Root  leflened  by  half  the  given  Mean,  gives  the 
fum  of  the  lecond  and  fourth  Proportionals. 

Then  irom  the  given  fum  of  the  firft,  fecond,  fourth,  and  fifth  Proportionals  fub- 
traft  the  fit  mol  the  fecond  and  fourth  f found  out  as  above;  and  the  Remainder  is  the 
fum  of  the  firft  and  filth  ;  by  which  fum  and  the  third  (or  mean)  Proportional,  the 
faid  firft  and  fifth  fhall  be  given  feverally  by  the  Canon  of  guejt  4.  Chap.  16.  Booh  1 

Laftly,  the  fquare  Roots  of  theProduft  of  the  firft  multiplied  into  the  third,  and  of 
the  Produft  of  the  third  into  the  fifth,  fhall  be  the  fecond  and  fourth  Proportionals. 

Therefore  if  8  be  given  for  the  third  of  five  Numbers  in  continual  proportion 
and  54  for  the  fum  of  the  other  four,  the  five  Proportionals  will  be  found  thefe,  to’ 
wit,  2,4,8,16,52. 


& UEST.  i7. 

The  fum  (b)  of  the  Extremes  of  five  Quantities  in  continual  Proportion  being  given ; 
as  alfo  (c)  the  fum  of  the  Squares  of  three  Means  *  to  find  the  five  Proportionals. 

RESOLUTION. 

1.  For  the  Mean  (or  third  Proportional  put . a 

2.  Then  fby  Theor  35.  of  the  preceding  Chap.  6.)  the  Mean  (a)l 
multiplied  by  (b)  the  given  fum  of  the  Extremes,  produces  the  >ba 
fum  of  the  Squares  of  the  fecond  and  fourth  Proportionals,  viz.  3 

3.  Therefore  if  to  ( aa )  the  fquare  of  the  Mean  you  add  (ba)  the  ') 
fum  of  the  Squares -of  the  lecond  and  fourth,  there  will  come  ( 
forth  the  funi  of  the  Squares  of  the  fecond,  third,  and  fourth  ^aa  ‘  ba 
Proportionals,  viz. 


Which  fum  found  out  in  the  laft  ftep  muft  be  equal  to  the  gi-  \  . 

ven  lum  (c^)  hence  this  Equation  arifes,  viz,  ....  ^aa-\-ba-. 


Where- 
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ipo 


Wherefore  by  refolving  that  Equation  (according  to  "the  Canon  in  Sett.  6.  Chap.  iy. 
Book  i . )  there  will  arife  this  following 

CANON. 

Add  the  fquare  of  half  the  given  fum  of  the  Extremes  to  the  given  fum  of  the 
Squares  of  the  three  Means,  and  out  of  the  fum  of  that  Addition  extract  the  fquare 
Root  *  this  Root  leffened  by  half  theTum  of  the  Extremes  will  give  the  Mean  (  or 
third)  Proportional. 

Then  the  mean  ( or  third  )  Proportional  being  given,  and  the  fum  of  the  Extremes, 
(viz.  of  the  firft  and  fifth J  the  faid  Extremes  fhall  be  given  feverally  by  the  Canon 
of  QueJ}.  4.  Chap.  16.  Book  I. 

Laftly,  the  fquare  Roots  of  the  Produ&s  of  the  firft  into  the  third,  and  of  the 
third  into  the  fifth  fhall  be  the  fecond  and  fourth  Proportionals. 

Therefore  if  34  be  given  for  the  fum  of  the  Extremes  of  five  Numbers  in  continual 
proportion,  and  336  for  the  fum  of  the  Squares  of  the  three  Means,  the  five  Propor¬ 
tionals  fhall  be  alfo  given,  to  wit,  2,  4,  8,  16,  32. 


& VEST, :  18. 

The  Sum  (b)  of  the  Extremes  of  five  Quantities  in  continual  Proportion  being  given, 
as  alfo  (c)  the  Sum  of  the  Squares  of  the  fecond  and  fourth,  to  find  the  %  Proportionals. 

RESOLUTION 

1.  For  the  mean  Proportional  put . a 

2.  Then  fby  Theorem  33.  of  the  preceding  Chap.  6)  the  Mean  7 
(a)  multiplied  by  (b)  the  fum  of  the  Extremes,  produces  >ba 
the  fum  of  the  Squares  of  the  fecond  and  fourth,  viz.  .  .3 

3.  Which  fum  muft  be  equal  to  the  given  fum  (c,)  therefore  ba=c 

4.  Wherefore  by  dividing  each  part  of  that  Equation  by  (£,)  \  _  c 

the  mean  Proportional  will  be  made  known,  viz.  .  .  .  y~~ 

Which  laft  Equation  in  words  is  this  following 

canon ; 

Divide  the  given  fum  of  the  Squares  of  the  fecond  and  fourth  Proportionals  by  the 
given  fum  of  the  firft  and  fifth,  fo  fhall  the  Quotient  be  the  mean  or  third  Proportional . 

Then  the  mean  ( or  third )  Proportional  being  given,  as  alfo  the  fum  of  the  firft 
and  fifth,  thefe  fhall  be  given  feverally  by  the  Canon  of  Qiteji.  4.  Chap.  16.  Book  1. 

Laftly,  the  fquare  Roots  of  the  Produ&s  of  the  firft  into  the  third,  and  of  the 
third  into  the  fifth,  fhall  be  the  fecond  and  fourth  Proportionals. 

Therefore  if  34  be  given  for  the  fum  of  the  Extremes  of  five  Numbers  in  continual 
proportion,  and  272  for  the  fum  of  the  Squares  of  the  fecond  and  fourth,  the  Pro¬ 
portionals  will  be  difcovered  feverally,  viz.  2,  4,  8,  16,  32. 


^ UEST .  19. 

A  Vintner  having  a  Veffel  full  of  Wine  containing  16  (or  b)  Gallons,  drawsout  4 
for  c)  Gallons,  and  then  pours  into  the  Veffel  as  much  Water  as  he  drew  out  Wine  5 
then  out  of  that  mixt  Quantity  of  Wine  and  Water  he  draws  out  the  fame  number 
of  Gallons  as  before,  and  pours  in  the  fame  quantity  of  Water.  Again,  he  makes  a 
third  draught  of  the  fame  quantity  as  at  firft.  The  queftion  is,  to  find  how  much 
pure  Wine  remained  in  the  Veffel  after  the  third  draught. 

RESOLUTION. 

1.  The  Number  of  Gallons  of  Wine  in  the  Veffel  at  firft  was  b 

2.  Out  of  whichQuantity  ( c )  Gallons  being  drawn,  there  re-  \, 

mained  of  pure  Wine  in  the  Veffel  ,  y  6 

3.  To  which  remaining  quantity  of  pure  Wine  (c)  Gallons  of 
Water  being  added,  the  Veffel  is  again  full,  and  contains  (b ) 

Gallons  of  Wine  and  Water  together  *  out  of  which  draw¬ 
ing  again  (c)  Gallons,  we  muft  leek  how  much  pure  Wine 
was  in  this  fecond  draught,  faying  by  the  Rule  of  Three, 

mixt  JFine  mixt  iVins  ?  bb — cc 

If  b  .  b-c  ::  c  . 

/  V  b 

Whence  it  is  found,  that  the  quantity  of  pure  Wine  in  the  fe¬ 
cond  draught  was . . . 


4.  Which 
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4.  Which  Quantity  being  fubtra&ed  from  b—c ,  the  j 

Quantity  of  pure  Wine  in  the  VefTel  before  the  fecond  > 
draught  was  made,  there  remains  for  the  Quantity  of  pure  j 
Wine  in  the  VefTel  after  the  fecond  draught . J 

5,  To  which  remaining  Quantity  of  pure  Wine  add  (c)  Gal- "l 

Ions  of  Water,  fo  the  VefTel  is  again  full,  and  contains  ( b ) 
Gallons  of  Wine  and  Water  together-,  out  of  which  draw-  ! 
ing  again  (c)  Gallons,  we  mult  feek  how  much  pure  Wine  I 
was  in  this  third  draught,  faying,  ^  | 

mixt  Wine  mixt  > 

As  b  .  b  a— 2  be -fee  . .  c  .  to  a  fourth  Pro- 

b 


bb — 2  bc-fcc 

l 


\ 

bbc — ibcc-fccc 


bb 


portional  or  Quantity  of  pure  Wine  in  the  third  draught, 

which  will  be  found  .  .  . . j 

6.  Then  by  fubtradling  the  faid  fourth  Proportional  or  Quanti-'j 

» 7  Wine  in  the  third  draught,  from  ^£±L‘  the  j  m_^bcc_ccc 

Quantity  of  pure  Wine  in  the  VefTel  when  the  third  draught  f  bb 

was  made,  there  remains  for  the  defired  Quantity  of  pure 

Wine  in  the  VefTel  after  the  third  draught . J 

Which  Quantity  iaft  found  out  is  the  Anfwer  of  the  Queftion ;  and  if  it  be  refolved 
into  Numbers  it  gives  6f  for  the  number  of  Gallons  of  pure  Wine  that  remained  in 
the  VefTel  after  the  third  draught.  Moreover,  if  the  firtt,  fecond,  fourth,  and  fixth 
jfteps  of  the  Refolution  be  well  examined  and  compared  with  Sett.  2,?,  and  6  Chap.  5. 
of  this  fecond  Pook,  it  will  be  manifeft  that  the  Quantity  of  pure  Wine  in  the  VefTel 
at  firft,  and  thefeveral  Quantities  of  Wine  remaining  in  the  VefTel  after  each  draught 
are  in  continual  Proportion : 

C  ,  ,  bb — 2 bcJrcc  bbb — ^bbc-f^bcc- — ccc 

\b  .  b-c  .  - - -  .  w -  - 

/  16  .  12  9  .  6± 

Of  which  continual  Proportionals  the  firft  is  the  given  Quantity  of  Wine  in  theVef 
lei  at  firft  *  the  fecond  is  the  Excefs  of  the  fame  Quantity  above  the  given  Quantity 
drawn  out  at  each  draught  5  and  then  the  fourth  continual  Proportional  is  the  Quan¬ 
tity  of  pure  Wine  remaining  in  the  VefTel  when  three  draughts  have  been  made,  accord¬ 
ing  to  the  import  of  the  Queftion^but  the  fifth  continual  Proportional  when  four  draughts, 
the  fixth  when  five  draughts,  the  feventh  when  fix  draughts,  fhall  be  the  remaining 
Quantity  of  pure  Wine  foughr  by  the  Queftion.  Laftly,  the  firft  and  the  fecond  Terms 
of  a  rank  of  Numbers  in  continual  proportion  being  given,  any  of  the  following  Terms 
fhall  be  given  by  the  Rule  in  Sett.  5.  and  6  Chap.  $.  of  this  fecond  Book. 


QUEST.  20. 

A  Vintner  having  a  VefTel  full  of  Wine  containing  16  (ox  b)  Gallons,  draws  out  a 
certain  quantity,  and  then  pours  into  the  VefTel  as  much  Water  as  he  drew  out  Wine. 
Again,  out  of  that  mixt  quantity  of  Wine  and  Water  he  draws  out  the  fame  quantity 
as  before,  and  pours  in  the  fame  quantity  of  Water.  Then  he  makes  a  third  draught 
of  the  fame  quantity  as  at  firft,  and  after  this  third  draught  there  remained  6 for  d) 
Gallons  of  pure  Wine.  The  Queftion  is,  to  find  what  quantity  of  pure  YVine  was 
drawn  out  at  the  firft  draught,  or  what  quantity  of  Wine  and  Water  together  at  the 
-fecond  or  third  draught,  (for  the  three  draughts  were  equal  quantities.) 

RESOLUTION. 

1.  For  the  Number  of  Gallons  of  Wine  in  the  VefTel  at  firft  was  b 
1  For  the  Number  of  Gallons  of  Wine  drawn  out  at  the  firft  )  z 
draught  put  .  .  . . .  .  .  3 

3.  Then  the  quantity  of  Wine  remaining  in  the  VefTel  after  the  5  ^ z 

firft  draught  was . .  3 

4.  By  prolecutingthefearchasin  the  preceding  nineteenth  Queftion,  laving  that  (a)  is  to 

be 
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beufed  here  inftead  of  (c)t  here, you  will  find  thisOnani-lry  ™r.  ^  ibba+ibaa — aaa 

to  be  the  Number  of  Gallons  of  pure  Wine  remaining  in  the  Veflei  after  the  third 
draught,  and  therefore  it  muft  be  equal  to  the  given  Quantity  6\  (or  dh)  henc* 
ariles  this  Equation,  viz. 

b  bb —  2  bbct  -f  3  beta — aaa  , 


5.  Therefore  by  multiplying  each  part  of  that  Equation  by  the  Denominator  bb  there 
will  come  forth  this  Equation  in  Integers,  viz. 

bbb — fbaffaa — aaa  —  bbJ. 

6.  And  by  extrafling  the  Cubic  Root  out  of  each  part  of  the  laft  Equation,  there 

ariles  b — a=V(fjbbd. 

7.  Wherefore  from  the  laft  Equation  after  due  Tranfpofition  the  Value  of  (a)  will 

be  made  known,  viz.  '  a=b—Y(c)bbd  =  4.  • 

Whence  it  is  manifeft,  that  four  Gallons  were  drawn  out  at  every  one  of  the  three 

draughts.  But  if  the  Refolution  had  been  wrought  out  at  large,  as  in  the  preceding 
nineteenth  Queftion,  then  it  would  appear,  that  if  between  ( b )  and  (d,)  viz.  the 
quantity  of  Wine  firit  given,  and  the  quantity  of  Wine  remaining  after  the  laft  draught 
there  be  found  the  greater  of  two  mean  Proportionals  when  three  draughts  are  pro¬ 
posed,  or  the  greateft  of  three  Means  when  four  draughts,  and  fo  forwards  ^  then 
the  Mean  fo  found  out  being  fubtraeded  from  the  greater  Extreme  (b)  leaves  the 
Quantity  drawn  out  at  each  draught.  The  manner  oi  finding  out  mean  proportional 
Numbers  between  any  two  Numbers  given  for  Extremes,  has  already  been  fhewn  in 
Seel.  14.  Chap.  5.  of  this  feconi  Book. 

If  the  Reader  defires  more  variety  of  Queftions  about  Quantities  in  continual  Pro¬ 
portion,  he  may  confult  the  Algebra  of  Jac.  de  Billy ,  intituled  Nova  Geometri&Clavis 
and  the  firft  Part  of  our  Learned  Dr.  Wallis  his  Mathematical  Works.  * 


CHAP.  VIII. 

The  manner  of  finding  out  aU  the  Aliquot  Parts  both  of  Numbers 
and  Algebraical  Quantities,  as  alfo  the  fmallefi  Numbers  that 
J hall  have  given  Multitudes  of  Aliquot  Parts. 

I.  TN  the  Refolution  of  knotty  Queftions  about  Quantity,  there  is  oftentimes  great 
I  ule  of  finding  out  all  the  Aliquot  Parts,  or  juft  Divifors,  as  well  of  Numbers  as 
of  Quantities  reprefented  by  Letters ^  and  therefore  in  this  Chapter  I  fhall  fhew  how 
mat  Work  may  be  done  ^  as  alfo  how  to  find  out  the  teaft  Number  that  fhall  have  a 
given  Multitude  of  Aliquot  Parts,  according  to  the  Method  of  Fran,  van  Schooten  in 
dea.  2,  3,  and  4.  of  iris  Mifcellanies ,  and  in  his  Principia  Mathef.  Univerfal 

II.  A  Prime  or  Incompofit  Number  is  that  which  can  only  be  meafured  or  divided 

Numbers  °f  ^  Umty’  ^  leaVS  n°  Remainder  *  as  &c.  are  Prims 

III.  A  Compojt  Number  is  that  which  may  be  divided  by  fome  Number  lefs  than 
the  Compofit  !t  felf,  but  greater  than  Unity  5  as  4,6,8,9,10,  &c.  areCompofits. 

IV .  J ujt  Divifors  are  fuch Numbers  or  Quantities  as  will  divide  a  given  Number  or 
Quantity,  and  leave  no  Remainder  •,  every  one  of  which  Divifors,  except  that  which  is 
equal  to  the  given  Quantity  is  called  an  Aliquot  Part ,  becaufe  if  it  be  taken  Aliquoties , 
mat  is,  certain  times  it  will  precifeiy  conftitute  the  given  Quantity :  As  if  dbeaNum- 
her  propoled,  its  juft  Divifors  are  1,2,3,  and  6  •,  but  the  Aliquot  Parts  of  6  are  only 
1,2  and  3  j  for  6  cannot  be  a  part  of  6,  but  it  may  be  aDivifor  to  it  felf,  that  is  6  may 
be  divided  by  6  and  the  Quotient  is  Unity.  Hence  it  is  manifeft,  that  the  iuftDivi- 
lors  ofit  Number  are  more  in  multitude  by  one  than  the  Number  of  its  Aliquot  Parts. 

•  r  \  *  Aliquot  harts  of  a  whole Numbfer  may  be  found  out  in  this  manner,  viz.  Firft, 
A  the  Number  propofed  be  even,  divide  it  by  2,  and  referve  the  Divifor.  Again  if 
the  Quotient  be  even  divide  it  by  2,  and  referve  the  Divifor  5  and  continue  the  Divifion 

of 
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of  every  following  Quotient  by  2,  until  the  Quotient  be  an  odd  number.  But  if  ei¬ 
ther  the  number  firft  propofed,  or  the  Quotient  refulting  from  fuch  Divifion  by  2  be 
odd,  divide  it  by  3,  if  it  will  give  an  Integer  Quotient,  and  continue  the  Divifion  by  3 
in  like  manner  as  before  by  2,  fo  long  as  the  Quotient  is  an  Integer  without  any  Fraffi-  ' 
on*,  likewise  when  the  Divifion,  by  3  ceafeth,  divide  by  5,7,11,13,17,19^.  that  is 
by  every  prime  Number, until  you  find  a  Quotient  lefs  than  the  Divifor  ^  and  if  no  fuch 
Divifor  will  give  an  Integer  Quotient  before  the  Quotient  is  left  than  the  Divifor, you 
may  conclude  the  number  firft  propofed  to  be  Incompofit,  (viz  fuch  as  has  no  Divi¬ 
for  but  it  lelf  or  Unity)  and  that  laft  Divifor  to  be  greater  than  the  fquare  Root  of  the 
propofed  Number.  Then  by  the  help  of  the  prime  Divifors  to  the  given  Number  all 
the  reft  may  be  found  out  by  the  Operation  directed  in  the  following  Examples.5 


Example  1. 

Suppofe  it  bedefired  to  find  out  all  the  Aliquot  Parts  and  Divifors  of  360  $  firft  I 
divide  360  by  2,  and  the  Quotient  is  180  ^  this  divided  by  2  gives  90,  which  divided 
by  2  gives  45  *,  this  being  an  odd  Number  the  Di¬ 
vifion  by  2  ceafes.  Then  I  divide  the  laid  45  by  360I1 80190:45!  1  ^1^1 1 

3,  and  the  Quotient  is  15  *,  this  divided  by  3  gives  ~2j  2\  2F  3 1  3 [5 [ 

the  Quotient  9,  and  fo  the  Divifion  by  3  ceafes  ^ 

then  I  divide  5  by  it  felf,  and  the  Quotient  is  Unity.  Now  by  the  help  of  thole  Di¬ 
vifors  or  prime  Numbers,  which  (as  may  eafilybe  proved)  are  fuch,  that  if  they  be 
continually  multiplied  will  produce  the  given  number  360,  all  the  reft  of  the  juft 
Divifors  of  the  faid  360  may  be  found  out  thus. 

Firft,  I  fet  every  one  of  the  faid  prime  Divifors  2,2, 2,3,3,  and  7,  at  the  head  of  a 
Columel,  as  you  fee  in  this  Table  ^  then  I  multiply  the  fitft  Divifor  2  by  the  fecond 
Divifor  2,  and  fet  the  Produff  4  under  2  in  thele- 
cond  Columel.  Again,  I  multiply  the  faid  4  by  2, 

(which  Hands  at  the  head  of  the  third  Columel)  and 
fet  the  Produff  8  under  2  in  the  third  Columel. 

Then  I  multiply  every  one  of  the  Numbers  in  the 
firft,  fecond, and  third  Columels,by  3,whichftands 
at  the  head  of  the  fourth  Columel,  and  write  the 
Produffs  under  3  in  the  faid  fourth  Columel  5  ex¬ 
cept  fuch  Produffs  which  happen  to  be  the  fame 
with  any  of  thofe  before  written,  (for  one  and  the 
lame  Product  muft  not  be  written  twice  ;)  fo  mul¬ 
tiplying  2, 4,  and  8,  by  3, 1  fet  the  Products  6,  1 2, 
and  24  under  3  in  the  fourth  Columel.  Again,  I 
multiply  every  one  of  the  Numbers  in  the  firft,  fe¬ 
cond,  third,  and  fourth  Columels  by  3,  (which  ftands  at  the  top  of  the  fifth  Columel) 
and  fet  the  Produffs  under  the  faid  3  *  except  (as  before )  fuch  Produffs  which  hap¬ 
pen  to  be  the  fame  with  any  of  thofe  before  written  in  any  of  the  precedent  Columels : 
fo  the  Produffs  written  under  3'  in  the  fifth  Columel  are  9,  18,  36,  and  72.  Laftly, 
I  multiply  every  one  of  the  Numbers  in  the  firft,  fecond,  third,  fourth,  and  fifth  Co¬ 
lumels  by  5,  (which  ftands  at  the  head  of  the  laft  Columel )  and  write  the  leveral 
Produffs  (except  as  before  excepted)  under  the  faid  5.  So  at  length  all  the  juftDi- 
vifors  to  the  given  Number  360  are  found  thefe,  to  wit,  1, 2,3, 4, 7, 6, 7, 8, 9, 10,12, 17, 
18,20,24,30,36,40,47,60,72,90,120, 180,  and  360*,  every  one  of  which  Divifors’ 
(except  the  greateft,  which  is  always  equal  to  the  Number  firft  propofed)  isan  Aliquot 
part  of  3<5c,  which  (as  you  leej  hath  23  Aliquot  parts  and  24  Divifors. 
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Example  2. 

a  v  sf  hp  reauired  to  find  out  all  the  Aliquot  Parts  and  Divifors  of  2310, 

thXr’a  Ln  wil  telikethatin  Example  ,  Fo?,  firft  the  prime  Divifors  wiil  be 
the  uperation  found  theft,  to  wit,  2,  3,  5,7,11;  then  after 

1  the  faid  prime  Divifors  are  fet  at  the  heads  of  16 

_ 2  3  many  Columels,  as  you  fee  in  the  Table  in  the 

2 1  3 1  51/  Margin,  the  reft  of  the  Divifors  will  be  found 

1  t  •  nrcordins  to  the  foregoing  directions  ;  which  in  fum  amounts 

0Utr,Y  ^tSSStoding  afthehead  of  every  Columel  following  the 
to  this,  viz.  e  P  is  to  be  multiplied  by  every  one  of  the  Numbers 

in  the  foregoing  Columels,  (except  fuch  which  make 
the  fame  Products  as  were  before  produced )  and  the 
Products  are  to  be  fet  under  each  prime  Divifor  re- 
IpeCtively  by  which  they  were  produced.  So  all  the 
Divifors  to  the  given  Number  2910  are  difcovered  to 
bethefe,  to  wit,  1,  2,  9,  5,  6,  7, 10,  n,  14,  1 5,  21, 
22,  iffc.  as  you  fee  in  this  Table;  every  one  of  which 
Divifors,  except  the  greateft,  to  wit,’ 2 9 10,  ("which 
is  the  fame  with  the  Number  propoledj  is  an  Aliquot 
part  of  the  faid  2310,  which  has  31  Aliquot  parts, 
but  32  Divifors. 

Upon  the  fame  foundation  the  Divifors  of  Quan¬ 
tities  expreft  by  Letters  may  be  found  out,  as  w?i  11  ap¬ 
pear  by  the  following  Examples.  But  this  work  re¬ 
quires  that  the  Analyft  be  well  exercis’d  in  the 
Rules  of  Algebraical  Multiplication,  Divifion,  and 
the  Extraction  of  Roots;  for  the  finding  out  of  the 

t  ^1 _ • _ „r\ _ i 
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Primitive  or  Incompofit  Divifors,  when  the  given  Quantity  is  compos’d  of  many  large 
Members  connexed  by  different  Signs,  is  oftentimes  both  difficult  and  labonous. 


aaabbc\cinbbc\cibbc  bbc  bclc,  I 

~a  lit  U  i ~b  i  b  [cl  ~ 


Example  3. 

T  et  it  be  required  to  find  out  all  the  Divifors  and  Aliquot  parts  of  this  Quantity 

/  /  1  d  ivide  the  faid  aaabbc  by  a.  and  the  Quotient  is  aabbc  which  divided 

mMc.  1  lilt,  1  alt  in  y  a  gives  ab ^  this  divided>  by  fl  gives  bbc . 

and  fo  the  Divifion  by  a  ceafes.  Then  I  di¬ 
vide  by  b ,  and  the  Quotient  is  be  -,  this  di¬ 

vided  by  Ogives  c,  which  being  a  Primitive  or 
T  romnofit  Quantity  I  divide  by  itfelf,and  the  Quotient  is  1.  So  all  the  primitive  Di- 
.7°  [  c  t]ie  propofed  Quantity  aaabbc  are  found  a,  a ,  a,  b,  b,  and  c  ;  which  are  mani- 
fuch  as  being  multiplied  continually  will  produce  the  given  Quantity  aaabbc. 

XT  txr  raff  of  thole  Divifors,  after  they  are  fet  at  the  heads  of  fo  many  Columels  as 

this  Table  I  fearch  out  the  reft  of  the  Divifors  by  Algebraical  Multiplicati- 
you  lee  in  tnis  ,  on?  in  likg  manner  ag  in  Example  1.  So 

all  the  different  Divifors  to  the  given 
Quantity  aaabbc  are  found  thele,  to 
wit,  I,  tf,  aaa^  b,  ab ,  aab ,  aaaby  bb, 

abb ,  aabb^  aaabb ,  c,  ac,  aac ,  aaac,  bcy 

abc,  aabc ,  aaabc ,  bbc ,  abbci  aabbc ,  aaabbc  ; 
every  one  of  which  Divifors,  except  the  laft 
and  greateft  is  an  Aliquot  part  of  the  given 
Quantity  aaabbc^  which  has  23  parts,  and  24 
Divifors. 

Note^  That  this  third  Example  dif¬ 
fers  not  from  Example  1.  faving  that 
Algebraical  Diviiion  and  Multiplication 
is  ufed  here  inftead  of  vulgar  Divifion  and 

»  '  Example 
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aa 
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b 

-  b 

c 

aaa 

ab 

bb 

ac 

aab 

abb 

aac 

aaab 

aabb 

aaabb 
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aaac 

be 

abc 

aabc 

aaabc 

bbc 

abbe 

aabbc 

aaabbc 

Multiplication  in  Numbers  there. 


JM. 


X, 


— 4—iK 


CHAP.  8. 


Concerning  Aliquot  Parts. 


1P5 


Example  4. 

After  the  fame  manner  31  Aliquot  parts  and  32  Divifors  Will  be  found  to  this 
Quantity  abede,  viz.  t.a,b,  ab ,  c,  ac,  be ,  afo,  J,  ai,  &c.  as  you  fee  them  expreft 
in  the  following  Table. 

bede  \cde\de\e  \  I 


abede 


Primitive  Divifors, 


a 

b  1 

c  \d\e\ 

i  a 

b 

c 

d 

e 

ab 

ac 

ad 

ae 

be 

bd 

be 

abc 

abd 

abe 

cd 

ce 

acd 

ace 

bed 

bee 

abed 

abce 

de 

ade 

\ 

bde 

abde 

f! 

ede 

f 

5 

aede 

bede 

abede 

Compare  this  Example 
with  the  precedent  Ex¬ 
ample  2. 


Example  5. 

Again,  to  find  all  the  Divifors  of  this  compound  Quantity  aaabc— abbbe ,  firft,  1 
fearch  out  all  its  prime  Divifors  thus,  viz,  I  divide  the  laid  Compound  Quantity  by  ai 
and  the  Quotient  is  aabc — bbbe  *  this  divided  by  b  gives  aac — bbc,  which  divided  by 
c  gives  the  Quotient  aa — bb  *  this  divided  by  a — b  gives  the  Quotient  a-\-b,  Which 
being  a  primitive  Quantity  l  divide  it  by  itfelf,  and  the  Quotient  is  t.  So  the  prime 
Divifors  are  found  a,  b,  c,  a—h,  and  a-\-b,  which  are  to  be  referved. 

aaabc — abbbe  |  aabc — bbbe  |  aac — bbc  [  aa — bb  |  a-\-b  |  I 

a  j  b  j  c  j  a- — b  |  a-y  b  | 

Then  fas  in  the  foregoing  Examples )  I  let  thefaid  primitive  Divifors  at  the  heads 
of  fo  many  Columels,  and  from  thofe  Divifors  ( according  to  the  dire&ions  in  Ex¬ 
ample  1.)  I  find  out  all  the  reft  by  Multiplication  *  fo  at  length  it  appears  that 
aaabc— abbbe  the  compound  Quantity  propofed  has  31  Aliquot  parts  and  Divifors* 
wit,  I,  a,  b,  ab,  c,  ac ,  be,  abc ,  a—b,  aa—ab,  ab—bb,  &c.  as  you  fee  them  expreft 
in  the  following  Table. 


a 


b 

c 

a — -b 

a-\-b 

ab 

ac 

aa — ab 

aa-\-ab 

be 

ab — bb 

ab-\-bb 

abc 

aab — abb 
ac — be 

aab  -j-  abb 
ac-\-bc 

aac — abc 
abc — bbc 

aac\  abc 
abc -j-  bbc 

aabc — abbe 

aabc  -f  abb  c 
aa — bb 
aaa — abb 

\ 

aab — bbb 
aaab — abbb 

aac — bbc 
aaac—abbc 
aabc — bbbe 
aaabc — abbbe 

B  b  2 


Example 
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Example  6. 

Again,  to  find  out  all  the  Divifors  of  this  Quantity  aaabbc — 2aabbbc-\-abbbhc  ;  firft, 
fas  beforej  I  fearch  out  all  the  primitive  Divifors,  viz.l  divide  the  Quantity  propofd 
by  at,  and  the  Quotient  is  aabbc — 2 abbbc-\-bbbbc,  which  divided  by  b  gives  the  Quoti¬ 
ent  aabc — 2 abbc-^bbbc^  this  divided  again  by  b  gi vesaac — labc+bbe^  which  divided 
by  c  gives  act — 2  ab-\-bb.  This  laft  Quotient  being  a  Square  whole  fide  iseither  a — b 
or  b—a^  according  as  a  is  greater  or  lefsthan  b,  I  fhall  fuppofe  a  to  be  greater  than  b  j 
and  then  dividing  the  laid  Square  aa — 2 ab-\-bb  by  its  fide  a — b  the  Quotient  is  alfo 
a — [K  And  laftly,  by  dividing  a — b  by  it  felffbecaufe  ’tis  a  Primitive  Quantity )  the 
Quotient  is  1.  Thus  the  primitive  Divifors  of  the  Quantity  propoled  are  found  a, 
b,  c,  a—b  an 6.  a—b.  Then  every  one  of  them  being  let  at  the  head  of  a  Columel,  and 
Multiplication  made  according  to  the  Operation  in  the  precedent  Examples,  the  reft 
of  the  defired  Divifors  to  the  Quantity  aaabbc — 2 aabbbc-\-abbbbc  will  be  found  out  5 
and  at  length  all  the  Divifors  to  the  laid  Quantity  are  difcovered  to  bethele,  viz.  1. 
a ,  £,  #/;,  bb^  abb ,  c ,  ac,  be ,  abc,  bbc ,  abbe,  a — b,  aa — ab ,  ab—bb ,  &c.  as  you  fee  them 
exprelt  in  the  following  Table. 


a 

b 

b 

c 

a — b 

a—b 

ab 

bb 

ac 

aa — ab 

aa — 2  ab-\-bb 

abb 

be 

ab — bb 

aaa — 2  aab abb 

abc 

aab — abb 

aab — 2  abb  \  bbb 

bb  c 

abb — bbb 

a  aab — 2  aabb-\-abbb 

abbe 

aabb — a  bbb 

aabb —  2  abbb  -f  bbbb 

ac — be 

aaabb — 2  aabbb-\-abbbb 

♦ 

aac — abc 

aac — zabc-^bbc 

abc — bbc 

aaac — 2  aabc-\-  abbe 

aabc — abbe 

aabc — 2  abbc-fbbbc 

abbe — bbbe 

aaabc — iaabbc-\-  abbbe 

l  U 

aabbc — abbbe 

aabbc — 2  abbbe -\-bbbc 

i  V7 

‘  .  ill.. 

aabbbc — 2aabbbc~\-  abbbbc 

Fxample  7. 

In  like  manner, if  it  be  defired  to  find  out  all  the  Divifors  of  this  Quantity  a*aaaa-\- 
2aaaaccA-aacccc,  that  is,  a6-\-2a4cc-+-aac*;  I  divide  it  firft  by  a,  and  the  Quotient  is 
a * -f  2 a>cc-\-ac\  this  divided  again  by  a  gives  a*- f  2 aacc-\-c*.  Now  ?tis  evident  that 
_  this  laft  Quotient  cannot  be  divided  by  a  or  by  c,  or  the  like  quantity  ,  but  becaufe 
fby  Sett.  4.  Chap.  8.  Booh  1.)  thefaid  a*-\2aacc-\- is  a  Square,  whofe  Root  is  aa-\cc 
I  divide  the  Square  by  its  Root  aa-\-cc,  and  the  Quotient  is  alio  the  fame  Root  laid 
aa\cc,  which  being  a  primitive  Quantity  I  divide  it  by  it  felf,  and  the  Quotient 
is  1.  So  the  Divifors  to  be  reierved are ar,  a,  aa\cc  and  aer-\-ec. 

a6 -\-2a*cc-\-aac*  j  a'^-\-ta^cc\ac^  |  a^\aaacc-\-c^  |  aa~¥cc  [  r 

a  j  d  |  aa~j~cc  j  aa—~cc  j 

# 

Then  after  thofe  Divifors  are  fet  at  the  heads  of  fo  many  Columels/ as  you  fee  in 
the  following  Table;  I  proceed  to  find  out  the  reft  of  the  Divifors  by  Multiplication 
according  to  the  directions  in  Example  1  .  viz.  I  multiply  each  primitive  Divilof  Hand¬ 
ing  at  the  head  of  every  Columel  following  the  firft  by  every  one  of  the  Quantities  in 
the  preceding  Columels,  and  let  the  Products  under  the  refpeCtive  primitive  Divilor 
with  this  caution,  that  one  and  the  fame  ProduCt  be  not  written  down  twice.  So  at 
length  I  find  all  the  different  Divifors  to  be  thefe,  viz.  1,  a,  aa,aa-±cc,  ai-\-acc,a-\-aacc 
a*-\-  zaacc-f  c\  -\-2aicc-{-ac\  and  a6-\-2a*cc-\-aac*',  all  which  Divifors  except  the 
laft  are  Aliquot  parts  of  the  propofed  Quantity  a6-\-2a+cc-\-aae\ 


a 

aa-\-cc 

aa~\-cc 

aa 

a  3  -\~  acc 

a*-\-2aacc-\-c* 

a*-\-aacc 

ai-\-2aicc-\-ac* 

a6-\-2a*ccJ[-aaG* 

VI.  By 
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VI.  By  this  skill  offinding  out  ail  the  Divifors  of  Quantities  we  may  reduce  two  or 

more  given  quantities,  when  they  are  not  prime  between  themfelves,  to  others  in  the 
fameReafon  ( or  Proportion)  with  thofe  given,  and  in  the  fmalleft  Terms.  As  to  re¬ 
duce  thofe  three  Quantities  aab—bbb ,  and  aaa+aab — abb bbb  to  the 

fmalleft  quantities  in  the  fame  proportion  with  thole  propoled-,  firft,  I  Peek  '(by  the 
Method  before  delivered)  all  the  different  Divifors  to  every  one  of  thofe  three  given 
quantities,  16  I  find  the  Divifors  of  the  firft  quantity  aaa—abb  to  be  thefe,i,  a  a+b 

a~b ,  aa+ab,  aa—ab ,  aa—bb,  aaa—abb  h  and  the  Divifors  of  the  fccond  quantity 

aab  bbb  to  be  thefe,  viz.  i ,b,  a—b,  ab—bb ,  a+b9  ab-\-bb ,  aa+bb9  and  aab—bbb • 
alfo  the  Divifors  ol  the  third  quantity,  aaa-\-aab—abb—bbb,  to  be  thefe,  to  wit  i 
a — K  a+b,  aa—bb,  aa-\-2ab-\-bb,  and  aaa-\-aab— abb— bbb.  Now  becaufe  among 
thofe  three  companies  of  Divifors  thefe  threes—/;,  a-vb,  and  aa—bb  are  found  in 
each  company,  we  may  by  the  help  of  any  one  of  thofe  three  Divifors  reduce  the 
given  quantities  to  others  morefimple,  and  in  the  fame  proportion  with  thofe  given 
But  to  find  out  the  fmalleft  Terms  I  divide  thepropofed  quantities  aaa—abb ,  aab—bbb 
and  aaa\aab—abb—bbb,  feverally  by  aa—bb ,  to  wit,  iuch  of  the  faid  three  Divifors 
which  has  moft  Dimenfions,  and  there  arife  a,  b,  and  a-\-bh  which  three  quantities 
are  the  fmalleft  Terms  that  can  be  found  in  the  fame  proportion  with  the  three 
quantities  firft  propoled. 

Note,  The  Quantities  propos’d  to  be  reduced  are  laid  to  be  Prime  the  one  to  the 
Other,  when  they  have  no  common  Diviforbefides  i,  (towit,  Unity)  in  which  cafe 
the  quantities  propoled  are  already  in  their  fmalleft  Terms. 


1,7 


VII.  The  finding  out  of  Divifors  may  be  very  fitly  be  applied  to  the  reducing  of 
Fra&ions  co  their  fmalleft  Terms ;  as  to  abbreviate  this  FraUion*  6 

aaa  -f  aab — abb — bbb 

aaa — abb 

Firft,  the  Divifors  of  the  Numerator  fby  the  precedent  Method^  are  found  j  a— h 
a\b ,  aa — bb,  aa-\-2ab-\-bb  *  and  aaa\ aab— abb — bbb.  Likewife  the  Divifors  of 
the  Denominator  are  i,  a-\-b,  a—b ,  ad+ab,  aa—ab ,  aa— bb,  zn&aaa—abb.  Then 
becaufe  among  thofe  Divifors  thefe  three,  to  wh,a-\-b,a— b,  and  aa—bb,  are  common 
both  to  the  Numerator  and  Denominator,  I  divide  the  Numerator  and  Denominator 
feverally  by  aa — bb,  to  wit,  that  common  Divifi )r  which  has  moft  Dimenfions  -  fo 
there  arifes  a\b  for  a  new  Numerator,  and  a  for  a  new  Denominator,  which  Jives 

this  Fraaion-^ii  for  i-f-J  equal  to  that  propofed,  and  in  the  fmalleft  Terms  as 

was  defired. 

In  like  manner  to  abbreviate  77’  becaufe  the  greateft  Divifor  common 

to  the  Numerator  and  Denominator  is  a-\-b,  I  divide  the  Numerator  and  Denomi- 
nator  feverally  by  a+b,  and  there  arifes  ;  Which  is  equal  to  the  Fruaion  pro- 

pofed,  and  in  the  fmalleft  Terms. 

VIII.  Ohfervations  upon  the  Examples  in  the  f&regoing  Seed.  V. 

Firft,  When  two,  three  or  four  of  the  foremoft  Letters  (towards  the  left  hand  )of 
a  Pimple  quantity  are  equal  to  one  another,  (viz.  expreft  by  one  and  the  fame  letter ) 
then  mark  well  how  many  equal  letters  ftand  foremoft  together,  for  fo  many  Aliquot 
parts  they  will  give.  As  in  Example  3.  in  Sett.  5.  where  the  quantity  propofed  is  aaabbe 
the  three  firft  letters  a ,  a ,  a ,  (That  is,  aaa)  give  three  Aliquot  parts,  to  wit,  1  a  aa  ’ 
but  four  Divifors,  1,  a,  aa,  aaa.  In  like  manner,  if  four  equal  letters  ftand  foremoft 
together,  as  a,  a,  a,  a,  or  aaaa,  they  will  afford  thefe  four  parts,  1,  a,  aa,  aaa ;  but 
five  Divifors,  to  wit,  1  ,a,  aa,  aaa,  aaaa .  The  like  property  enfues,  when  five  or 
more  equal  letters  ftand  foremoft  together. 

Hence  it  is  evident,  that  every  Power  has  fo  many  Aliquot  Parts  as  there  be  Di¬ 
menfions  in  the  Power  5  as  the  Square  aa,  whole  Index  (or  number  of  Dimenfions) 
is  2,  has  two  parts,  to  wit,  1  and  a-,  likewife  the  Cube  aaa,  or  a\  has  three  parts - 
the  fourth  Power  aaaa,  or  a*,  has  four  parts*  and  fo  forwards. 

Secondly^ 
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Secondly  J.t\s  evident  from  all  the  precedent  Examples  in  Sett.  5.  that  when  among  the 
primitive  Divifors  (which  are  fee  at  the  tops  of  the  Columels)  a  following  Divifor  dif¬ 
fers  from  the  next  precedent  primitive  Divifor, then  themultitudeofDivilors  in  the  Co- 
lumel  of  the  faid  following  Divifor  is  more  by  1  than  the  multitude  of  all  the  different 
Divifors  in  the  precedent  Columels.  As  in  Example  3.  in  Sett.  5.  where  the  quantity  pro- 
pofed  is  cictabbc ,  the  letter(or  primitive  Divifor)  £,  which  follows  and  is  different  from 
the  next  forego’ing  primitive  Divifor  *,  gives  four  Divifors,  to  wit,  £,  ab,  aabjind  aaab  5 
which  are  more  in  multitudeby  1  than  all  the  foregoing  different  Divifors  *,**,&  aaa. 

Again,  in  Exampie  4.  Sett.  5.  where  the  quantity  propofed  is  abede,  the  Divifors  b 
and  ab  in’the  fecond  Columel  are  more  in  number  by  1  than  a  in  the  firft.  Likewife  the 
Divifor  c,ac,k, and  abc, in  the  third  Columel,  are  more  in  multitude  by  1  than  a,  b,  and 
ab  to  wit, all  the  Divifors  in  the  firft  and  fecond  Columels.  Alfo  d,aJjbJ,abd,cd,acd,bcd± 
and  abed'in  the  fourth  Columel,  aremore  in  multitude  by  i  than  all  the  Divifors  in  the 
firft, fecond, and  third  Columels, and  fo  forward.  The  reafon  is  manifeft, for  every  primi- 
tiveDivifor  which  Hands  at  the  top  of  a  follow!  ngColumel,  is  multiplied  into  all  the  diffe¬ 
rent  Divifors  feverally  in  all  the  foregoingColumels^  therefore  if  that  multiplying  pri- 
fniti  veDivifor  be  added  to  the  number  of  thofeProduft s,the  total  multitude  muft  neceffi- 
iily  be  more  by  1  than  the  multitude  of differentDivilors  in  all  the  foregoing  Columels. 

Thirdly ,  It  is  alfo  evident,  that  when  the  faid  primitive  Divifors  are  all  different, 
than  the  numbers  which  exprefs  the  multitude  of  Divifors  in  every  Columelare  in  con¬ 
tinual  proportion  increafing  from  Unity  in  a  duple  Reafon.  As  in  the  fourth  example 
in  Sett.  5 .  where  the  primitive  Divifors  a,b,c,d,e, are  all  different,  them  is  one  Divifor  in 
the  firft  Columel,  two  in  the  fecond,  four  in  the  third,  eight  in  the  fourth, and  fixteen 
in  the  fifth, which  numbers  of  multitude, to  wit,i,2,4,8,and  16, are  manifeftly  in  duple 
proportion. '  Therefore  when  all  the  primitive  Divifors  of  a  quantity  propofed  are 
different  or  unlike,  then  if  fo  many  of  the  foremoft  Terms  of  the  laid  continual 
Proportionals  1,  2,  4,  8,  16,  be  added  together,  as  there  be  primitive  Divifors, 
(to  wit,  thofe  Incotripofit  quantities,  which  being  continually  multiplied  will  produce 
the  quantity  propoled)  the  lum  (hall  be  the  number  of  Aliquot  parts  contained  in 
that  quantity,  and  the  number  of  Divifors  fhall  be  more  by  1  than  that  fum. 

As  for  Example,  if  the  number  of  Aliquot  parts  in  the  quantity  ab  be  defired,  I  add 
1  and  2  together, (to  wit,  the  two  firft  Terms  of  the  faid  Geometrical  Progreffion  1,  2, 
4  8j6,6A;.>nd  the  fum  3  fhews  that  ab  contains  three  Aliquot  parts, and fourf that  is, 
3V  r /Divifors.  Likewife  if  there  be  propofed  the  quantity  afo,  ( which  confifts  of 
three  different  letters)  the  fum  of  1.2,4,  (to  wit,  of  the  three  firft  Terms  of  the  faid 
Geometrical  Progreffion Jis  7  *  which  fhews,  that  abc  contains  feven  parts,  but  eight 
(or  -iff- 1)  Divifors.  Again,  if  abed  (which  confifts  of  four  different  letters)  be  pro¬ 
pofed,  the  fum  of  1,  2,  4,  8,  (the  four  foremoft  Terms  of  the  laid  Progreffion)is  15;  5 
which  fhews  that  the  quantity  abed  contains  fifteen  Aliquot  parts,and  fixteen(or  1 5  + 1 ) 
Divifors,  and  fo  forward.  But  becaufe  the  faid  Proportionals  proceed  in  a  duplereafou 
from  Unity,  the  fum  of  any  number  of  Terms  may  be  found  out  by  this  brief  Rule,  viz. 
the  third  Termfor  Proportional)  leffened  by  Unity  ( the  firft  TermJ  gives  the  fum  of 
the  firft  and  fecond  Terms.  Likewife  the  fourth  Term  leffened  by  1  gives  the  fum  of 
the  firft,  fecond,  and  third  Terms  ^  and  the  fifth  Term  leffened  by  1  gives  the  fum  of 
the  firft,  fecond,  third,  and  fourth  Terms,  and  fo  forward  infinitely. .  All  Which  may 
be  further  illuifrated  by  the  ten  quantities,  and  their  refpeUive  multitudes  of  Aliquot 

parts, 


•>  - 

Quantities 

given. 

Multitude  ot 

Parts 

Sums  of  .Terms  ia  continual  Proportion,  proceeding 
from  1  in  duple  Reafon. 

a 

h.tS  1  = 

I 

ab 

...  3  = 

1  +  2 

abc 

...  7  = 

1  +  2+4 

abed 

.  .  15  = 

1  +  2  +  44-8 

abode 

.  .  31  = 

I  +  2  +  4+  8+l6 

abode f 

.  .  63  = 

i  +  2  +  4*1~  8+16  +  32 

abedefg 

.  ,  127  = 

1+2  +  4+8+164-  32+64 

abc  defyh 

.  •  255  = 

1  +  2  +  4+8+16  +  3  2  +  64+  128 

abcdefgbi 

.  .  511  — 

i  +  2  +  4+8  + 16+32+64+128+256 

ahedefghik 

.  1023  = 

1  +  2  +  4+  8+ 1 6  +  32+64+ 1 284"  25  6+5*2 

Fourthly , 
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Fourthly, When  two, three,  or  more  equal  Letters  in  a  fimple  quantity  itand  together 
and  follow  fome  different  foregoing  letter  or  letters,  then  as  maty  Aliquot  partsas  the 
firft  ofthofe  following  equal  letters  produces,  (according  to  Obfervat.2.)  fomany  parts 
every  one  of  the  reft  of  the  faid  following  letters  will  produce.  As  in  Example  3.  in 
Sett.  5.  where  this  quantity  aaabbc  ispropofed,  the  three  firft  letters  a,  a ,  a  (or  aaa) 
gives  three  parts  (by  Obfcrvat.  1.)  And  the  firft  following  letter  b,  in  regard  it  differs 
from  the  next  preceding  letter  a ,  gives  four  parts  ( by  Obfcrvat.  2.)  Now  I  fay,  the  fe- 
cond  b  fhall  alfo  give  four  parts,  and  if  there  had  been  a  third  b,  or  a  fourth  b,  &c. 
every  one  of  them  would  give  four  parts,  to  wit,  as  many  as  the  firft  b  produced. 

In  like  manner,  ifthis  quantity  abbbbb  or  ah'  be  propofed,  the  firlt  letter  a  gives  one 
parti  then  (by  Obfcrvat.  2.)  the  next  following  letter  b  fin  regard  it  differs  from  a) 
gives  two  parts.  Now  I  fay,  every  b  following  the  firft  b  will  alfo  give  two  parts 
and  fo  bbbbb  will  give  ten,  (to  wit,  five  times  two)  parts,  which  added  to  one  part 
noted  for  a  makes  n  parts.  Whence  I  conclude,  that  the  quantity  abbbbb  contains  n 
Aliquot  parts  and  1 2  Divifors.  All  which  may  be  produced  particularly  by  the  Rule 
i  n  the  foregoing  Se3.  9. 

Again,  if  this  quantity  abcddd be  propofed,  firft, (by  Obfcrvat.  ?.)  abc  will  give  feven 
parts,  and  (by  Obfervat.  2.)  the  next  following  letter  Ogives  eight  parts  5  therefore  (by 
this  fourth  Obfcrvat.)  every  d following  the  firit  Ogives  alfo  eight  parts,  andconfequent- 
ly  ddd  gives  24  parts,  which  added  to  the  feven  parts  before  noted  fox  ah,  makes  31 
parts.  So  that  the  Quantity  abcddd  has  21  Aliquot  parts,  and  32  Divifors\  and  the 
fame  number  of  Parts  and  Divifors  will  be  found  in  the  Number  produced  by  the 
continual  Multiplication  of  thefe  five  prime  Numbers  2,  3,  54  7,  7,  7. 

Fifthly,  From  what  has  been  faid  in  the  precedent  Obfervations  ’tis  eafie  to  difcover 
how  many  Aliquot  parts  are  contained  in  any  fimple  Quantity  defign’d  by  letters, with¬ 
out  producing  the  particular  parts.  As  if  aaabbc  be  propofed,  firft,  three  parts  are  to  be 
noted  for  aaa  ( according  to  Obfcrvat.  1.)  and  eight  parts  more  for  bb(by  Obfcrvat.  4.) 
which  eight  parts  added  to  the  three  parts  before  noted  make  eleven  parts  5  then  for  c 
twelve  parts  are  to  be  noted,  (to  wit,  11  +  1,  according  to  Obfervat.  2.)  which  added  to 
the  faid  n  parts  makes  23  parts.  Whence  I  conclude,  that  the  quantity  aaabbc  has 
23  Aliquot  parts  and  24  Divifors, which  are  particularly  expreft  in  Example  3.  Seed.  5. 

In  like  manner  we  may  difcover,  that  this  quantity  aaaaabbbbeccdd,  or  af*c>d-  has 
399  Aliquot  parts,  and  360  Divifors.  For  firft,  I  note  5;  parts  for  a'>  (according  to 
Obfervat.  1  )  then  (by  Obfervat.  4.)  bbbb  or  h  gives  24  parts,  which  added  to  the  9 
parts  before  noted  makes  29  parts.  And  becaufeone  fingle  c  gives  30  parts,  to  wit, 
29+ 1  (by  Obfervat.  2.)  ccc  or  c*  will  give  90,  to  wit,  three  times  30  parts  (by  Obfer¬ 
vat.  4.)  which  added  to  29  parts  before  noted,  makes  1 19  parts.  Laftly,  becaufe  the 
letter  d  is  written  twice,  and  one  fingle  d  gives  120,  to  wit,  1 19-f- 1  parts,  (by  Ob¬ 
fervat.  2  )  dd  will  give  240  parts  (by  Obfervat.  4.)  which  added  to  1 19  parts  before 
noted,  makes  359  parts,  which  is  the  multitude  of  Aliquot  parts  the  propofed 
quantity  has,  but  its  number  of  Divifors  is  360. 

And  with  the  like  facility  we  may  difcover  the  multitude  of  Parts  and  Divifors  of  a 
given  number,  after  its  primitive  Divifors  are  found  out.  As  for  Example,  to  find  hovy 
many  Parts  and  Divifors  1 9876000  has,  Ifearch  out  by  Divifion  (in  like  manner  as  in 
the  Examples  in  Sett.  $.)  all  the  primitive  Divifors,  which  being  continually  multiplied 
will  produce  the  faid  given  Number,  and  find  them  to  be  thefe,  to  wit,  2,  2,  2,  2, 2,  3, 
3,  3,  3,  5,  9,  9,  7,  7,  which  may  be  noted  by  a*>b*c>dd',  but  this  quantity  (as  before 
has  been  fhewnj  has  399  Aliquot  parts  and  360  Divifors,  and  therefore  the  faid 
19876000  has  the  fame  Number  of  Parts  and  Divifors,  which  may  be  particularly 
found  out  by  the  Method  in  the  precedent  Examples  in  Sett.  9. 

Sixthly, U' 3.  quantity  be  compofed  of  different  Letters  or  Powers,  and  Unity  be  added 
feverally  to  the  Indices  of  thofe  Powers, that  is,  to  the  numbers  exprefting  how  oft  each 
Letter  is  found  in  that  quantity,  then  the  Numbers  refulting  by  thofe  Additions  being 
multiplied  one  into  the  other  continually, will  produce  a  Number  greater  by  Unity  than 
the  number  of  Aliquot  parts  that  quantity  has.  As  for  Example,  if  aaaabbb  or  a^ 
be  propofed, I  add  1  to  4  and  3  feverally, (becaufe  the  Indices  of  'aaaa  and  bbb  are  4  and 
3)  and  it  makes  9  and  4  *  thefe  multiplied  one  into  the  other  make  20,  which  is  great¬ 
er  by  1  than  19,  the  number  of  Aliquot  parts  that  the  propofed  quantity  a 4  hi  has; 
The  reafon  of  this  Property  is  not  difficult  to  be  conceived  ^  for  fince  (by  Obfcrvat.  1 .) 

aaaa 
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aaaa  hath  four  parts,  that  is,  five  parts  wanting  one  part ;  and  bbb  following  aaaa  has 
thrice  five  parts  (by  Obfervat.  4.)  therefore  the  wholb  Quantity  aaaalbb  (ora^QhaS 
4x5  parts  wanting  one  part,  viz.  19  parts;  which  numbers  4  and  5;  exceed  3  and  4 
the  Indices  of  bbb  and  aaaa  leverally  by  Unity. 

Again,  if  aaaabbbcc  be  propoied,  the  Indices  of  aaaa,  bbb ,  and  cc,  are  4,  3,  and  2, 
which  increaled  leverally  by  1  make  5,  4,  and  3  •,  thele  multiplied  continually  produce 
60,  which  is  greater  by  Unity  than  5:9,  the  number  of  Aliquot  parts  which  the  propo¬ 
ied  Quantity  aaaabbbcc  has.  for  fince  (for  the  Reafon  in  the  laft  preceding  Example^) 
aaaabbb  has  4x5  parts  wanting  one  part,  and  cc  following  aaaabbb  has  (by  Obfer¬ 
vat.  4.)  2x4x9  parts,  the  propofed  Quantity  aaaabbbcc  has  confequently  3x4x9  parts 
wanting  one  part,  that  is,  99  parts  ;  which  Numbers  3, 4,  and  9  do  leverally  exceed 
the  Indices  of  cc,  bbb ,  and  aaaa,  by  Unity. 

Seventhly,  From  the  preceding  Obfervat.  6.  it  follows,  that  if  a  Compofit  Number  be 
refolved  into  any  two  or  more  of  fuchofits  FaUors,  the  leaftof  which  exceeds  Unity; 
and  if  from  every  one  of  thofe  FaUors  Unity  be  1'ubtraUed,  the  Remainders  fhall  be 
Indices  of  fo  many  feveral  Powers  expreflible  by  different  Letters,  that  being  joyned 
together^ that  is,  multiplied  one  into  the  other Jwill  give  a  Quantity  having  a  number 
of  Aliquot  parts  lefsby  Unity  than  the  Compofit  Number  propoied.  As  for  example, 
if  20  be  propofed  ;  forafmuch  as  9  and  4  multiplied  one  by  the  other  produce  20,  1 
fubtraU  1  from  9  and  4  feverally  ;  fo  the  Remainders  4  and  3  do  (hew,  that  if  the 
fourth  Power  of  fome  Quantity  a,  as  aaaa,  be  multiplied  into  the  third  Power  offome 
other  Quantity  b,  as  into  bbb,  the  Quantity  produced,  to  wit,  aaaabbb  has  19  Aliquot 
parts,  which  19  islefs  by  Unity  than  2 ©the  Number  propofed.  Again,  becaufe  the 
ProduU  of  10  into  2  does  alio  make  20,.  I  fubtraU  1  from  10  and  2  leverally,  fo  the 
Remainders  9  and  1  do  Ihew,  that  if  the  ninth  Power  of  fome  Quantity  a,  as  a\  be 
multiplied  by  fome  other  different  Quantity  b,  the  Quantity  produced,  to  wit,  a?b,  has 
alfo  t  9  Aliquot  parts.  Hence  it  is  manifeft,  that  often  times  many  Quantities  may  be 
found  out,  every  one  of  which  fhall  have  a  given  multitude  of  Aliquot  parts,  as 
will  appear  in  the  next  following  SeUion. 

IX.  The  manner  of  finding  out  all fuch  Quantities  as  fhall  have  a 
given  Multitude  of  Aliquot  Farts • 

If  the  multitude  of  Aliquot  parts  defired  be  any  of  the  Numbers  of  the  lecond  Co- 
lumel  of  the  Table  in  Obfervat.  3.  Sett.  8.  the  Quantity  there  Handing  on  the  left 
hand  of  that  number,  and  on  the  fame  Line  with  it,  has  the  number  of  parts  defired. 
As  if  it  be  defired  to  find  a  Quantity  that  has  6  3  Aliquot  parts,  that  Table  Ihews  that 
abcdef  has  63  parts  ;  and.  therefore  if  fix  prime  Numbers,  fuppofe  2, 3, 9, 7,1 1,13, 
be  taken  for  the  values  of  thole  fix  Letters  a,  b,  c,  d,  e,  f,  the  Produft  made  by ’the 
continual  Multiplication  of  the  faid  prime  Numbers,  to  wit,  30030,  lhallhave  63 
Aliquot  parts,  and  64  Divilors. 

But  without  refpeft  to  that  Table,  by  the  help  of  the  Obfervations  in  the  forego¬ 
ing  Sett.  8.  many  Quantities  for  the  molt  part,  and  always  one  Quantity  may  eallly 
be  found  out,  that  fhall  have  a  given  Multitude  of  Aliquot  parts,  as  will  be  made  ma- 
nifeft  by  the  following  Examples. 

Example  1. 

Let  it  be  required  to  find  outallfuch  fimple Quantities  exprefiible  by  Letters,  that 
may  everyone  of  them  have  19  Aliquot  parts  and  1 6  Divifors. 

j.  To  the  laid  19  I  add  1  and  it  make  16,  this  I  divide  by  2  and  the  Quotient  is  8, 
which  divided  by  it  felf gives  1  ;  then  from  each  of  the  Divifors  2  and  8  (the  Product 
of  wdtofe  Multiplication  makes  thefirft  Dividend  16)  I  fubtrafl  1  ; 
id  |  8  j  1  fo  the  Remainders  1  and  7  do  Ihew,  that  if  fome  letter,  as  a,  be 
2  |  8  |  written  once,  and  next  after  it  another  different  letter  b  f even 
times,  the  Quantity  fo  Compofed,  to  wit,  abbbbbbb  ( or  afr )  lhall 
have  19  Aliquot  parts,  and  16  Divilors,  as  was  defired. 

_  2.  Again,  I  divide  the  laid  16  ( to  wit,  19-fO  by  2,  and  the  Quotient  is  8  ;  this 
divided  again  by  2  gives  4,  which  divided  again  by  2  gives  2,  which  divided  by  itlelf 

gives  1  ;  then  from  every  one  of  the  Divifors  2,  2,  2,  2, 1  fubtra£l 
i618'4’2’i  1  ;  lb  the  Remainders  1,  1,  1,  1  do  Ihew,  that  if  four  different 

2.2  2 '2I  fingle  Letters  be  let  together,  as  abed ,  this  Quantity  lhall  have 

19  Parts  and  16  Divifors,  as  before.  3.  Again, 
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I'  


which  divided  by  irfelf  gives  m’  then  fwm^vety  one  ofthe' if 
/kjlined  '’ogeth?,  ?and  'negate  tlmalteTdlfe ' 


20  c 


l6  I  8  1  4  1  I 

•  2.1  2  |  4  | 


2JL\  4  1  J 
4  I  4  i 


thet  froT^ch1' of'the  “  «f gives  1 

mainders  5  and j  dofhew,  that  if  feme  tetter  fbTw ritten h  ke^ 

?.?*•  a"d  next  afteruth.e  fam'  another  Letter  different  from  *  fas?)  be 
hkew.fe  written  thrice  the  Quantity  f0  compofed,  to  wit  J/bbb 
or  aibi,  fhall  have  1 5  Aliquot  Parts  and  id  Divifors  as  before 

>■  ^aftly,  I  divide  id  by  it  felf.  and  the  Quotient  is  1  •  then  from  id  I 
fuhtraft  1,  and  the  Remainder  15  (hews,  That  iffome  Letter  T  be  Ji1 

h«K]SiSSr  °r‘"5’  thiSQ-UMti^  fha!1  have  ij 

prefi'd^weltnay  cwiclude'tlm  the  five  ^ianritiesfcu?d1iu  t^3"  p  ve  ex" 
*b\abci,abc\aibi,  and  a'S,  have  each  of  them  1  c  Aliquot  Partsand 1°' rv' "  [•’  t0  W',1,r’ 
which  Operations  do  clearly  refulr  from  ^  ^ 

Example  2. 

every  one  of  |hem  have^f?  Al'qtof  Parian™  2? SvhfofsUe  ^ V4ieh  may 
in  by  ^rs 


6  |  2  I  2  j 


24  I  4  I  I 


6  1  4  I 


2d  |  3  f  I 

» m 


?4  I  2  I 

PH" 


12 


24  |  I 

24  I 


Thus, 


Whence  I  conclude  that  feven  different-  Onanti*i«>  mm,  j 
which  fhall  have  23  Aliquot  Farts  and  24.  Divifors-  maw  J  p  .ever^  or\e  °f 

I  fubtfa^i  ( to wk  Unity  )  from  everyone  of  t-hp  rv  *r  °  ^1^^-uant^t^es 

mm,,,  4 „« 

Sett.  9.  this  Quantity  may  be  compofed,  t  v  °f  m’S 

manner  with  the  reft  of  the  Divifors  feven  different Quantities' ^velv ondllf  which 
has  23  Aliquot  Partsand^  Divifors,  are 

i ,  a2bcd 

aaMc,  aib'c 

actaaabc  ci^bc 

aaaaabbb  '  ;  Or  thus,  < a <>b  V 

aaaaaaabb  _  aib2, 

I  aaaaaaaaaaab 
L  aaaaaaaaaaaaaaaaaaaaaaa 

|  £  Y*  ^  *  -  j 

Fx ample  3. 

fSii  HfeSU'TedJt?  find  out  a  Q-uantity  which  has  42  Aliquot  Parts. 

.  h|rff,  as  before  I  add  i  to  42  and  it  makes  49,  which  being  a  nrime  Number  di-hat 
is, fuel,  as  cannot  bedwided  by  any  Number  but  by  itfelf  or  Unfty  f™s  ft£?  that  tee 

belt  SiTty  can  be  found  that  has  42  AliquotPar«,  Jil  ffl  f  as a) 

exoreR  adnanH,  ‘?f  °"r  *?“ ?n0th,er’  01  a  finSle*  with  its  Index  42,  as  aJ  does 
and?'DMfbr-  yTl  °  S  ’  • 1eco,?d  Power  of  a )  which  has  42  Aliquot  Pans, 
mdenf  Alinnnr'p  he  underftood  of  other  Quantities,  when  the  multi¬ 

tude  of  Aliquot  Parts  defired  being  increafed  with  Unity  makes  a  prime  Number. 

C  c  For 
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For  further  lllultration  of  the  Premifes,  the  Learner’ may  view  the  following  Table, 
which  (hews  all  the  various  Quantities  exprefs’d  by  Letters,  that  have  a  given  multi¬ 
tude  of  Aliquot  Parts  not  exceeding  ?o ,  and  upon  the  grounds  before  explained  tne 
Table  may  be  continued  as  far  as  you  pleafe. 


:  I 


Quantities. 


a 

aa 


J* 

aab 


a?>bjibcjCi 

aabb ,  a8 
ci*b,a9 


has 

has 

have  each 

&c. 


Aliquot  Parts. 

i* 

2 


a 


IO 


a2bc^b2^b^alx 
a 11 

a6bjtx  ? 

a*bb^1* 

a>bc^  abcd^b^^nbjCi1’' 


a 


I 6 


a>b'c,a5b\a*b,a'7 
1 8  f 


a 


a*bc^bi.a9b)<*19 
a6b2^a2° _ 


... .. 


ai°b^a21 


a 


22 


a>b2c,a2bcd^bcyflSb*^a7bZ'iallbji2* 

a*b\a2* 
a'%a2* 


j  -  i 


al°b2c2jfib2^a26 

a6bc^a6b^^b^a27 

azZ 

a4b2cya>b\a9b2,al*b^9 
a*° 


tfbcd,atycitfbciabcde,a7b\al5l>J*il. 

a10bza*z 

al6b ,a33 

aSb*  01  ^ 

^hHdA'b2cya*bzczyaHc,a*fa^b\allbt^a'irJbji^_ 


X3  ' 

i\  .  . 


_ 


a36 

ax%bz, 

a*bcd,a*b%a9bc.aib\a9h,a'9b,a*9 

a*0 


t\ 


a  4 


.  •  .i  . .  *  • 


a'-  °bc^a1°b\dtlb^z 
aibKzyb\a'4br>aM 
cf'b,  a4* _ _ 


3 

4 


6 

7 

8 

9 

io 


11 

12 

13 

14 

JJ 

1 6 

*7 

18 

19 

20 


21 

22 

23 

-24 

25 


26 

27 

28 

29 

30 


31 

32 

33 

34 

35 


36 

37 

38 

39 
_4° 

41 

42 

43 

44 

45 


.46 ;  »  .  '  ’ 

a3^*cd;«5k^553^a^^3i3cV7^^3«n^7^s^I,^5»fl,5^V*^jfl47. 

a*b*c,a9b*,a  *ha*9 
a'6b V5° 


46 

47 

48 

49 

50 


71 


X,  Hoir 
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CHAP.  8.  Concerning  Aliquot  Parts . 


X*  Horn  to  find  out  the  fimallefi  Number  that  fhall  have  a  given  multitude  of 

Aliquot  Parts. 

Firft,  by  the  foregoing  Sell.  9.  fearch  out  all  the  Quantities  expreflible  by  Letters 
every  one  of  which  may  have  the  Number  of  Aliquot  Parts  defired  5  then  to  the  dif¬ 
ferent  Letters  by  which  every  one  of  thofe  Quantities  is  exprefs’d,  aflign  the  fmalleft 
prime  Numbers,  and  find  out  by  continual  Multiplication  the  Produ&sof  thofe  prime 
Numbers  correfpondent  to  the  faid  Quantities.  Again,  let  the  values  of  thofe  Letters 
be  exprefs’d  by  the  fame  prime  Numbers  varied  as  many  ways  as  is  poffible,  and  find 
out  their  refpettive  Produ&s,  as  before.  Laftly,  all  thofe  Produ&s  being  compared 
to  one  another,  the  leaff  of  them  fhall  be  the  fmalleft  Number  that  has  the  prefcribed 
multitude  of  Aliquot  Parts. 

Example  t. 

Let  it  be  required  to  find  the  fmalleft  Number  that  has  1 5;  Aliquot  Parts. 

Firft,  all  the  different  Quantities  that  can  be  found  to  have  feverally  .  1 9  Aliquot 
Parts  (as  appears  by  the  precedent  Sell.  9)  are  thefe,  to  wit,  abed ,  a>bc,  aib\  aib, 
then  by  alfigning  to  a.Jb,c,d  the  fmalleft  prime  Numbers  2, 3,?, 7,  for  abcd\ there’ 
will  be  found  210,  (by  multiplying  2,3,51,7  one  into  the  other  continually  •,)  for  a*bc 
120,  for  aib  5  216,  for  cflb  384,  and  fora's  327685  the  leaft  of  which  Produ&s  is  120. 
But  before  we  can  determine  whether  1 20  be  the  leaft  Number  or  not  that  has  1 7  Ali¬ 
quot  Farts,  enquiry  muft  be  made  by  exchanging  the  values  of  thofe  Letters  with  the 
faid  prime  Numbers  all  manner  of  ways,  viz.  we  may  fuppofe  3,  £=  2,  7  and 

&—l\  or  a=y,3=2,  c=3,and  ^=7:  or  again,  a=~i^b==i,c~7,d—$.  ’Andmany 
otherways  the  values  of  a,b,c,d  may  be  exprefs’d  by  the  laid  prime  Numbers  2,3,7,75 
and  confequently  from  thofe  Variations  the  (Quantities  abed,  a*bc,  b>b\  a^b,  a***  will 
be  expounded  by  various  Numbers,  which  muft  be  compared  together,  and'  then  the 
leaft  among  them  all  is  the  Number  fought.  So  after  all  Variations  are  made,  it  will 
appear  that  a^bc  is  that  Quantity  by  which  120,  the  fmalleft  Number  having  17 
Aliquot  Parts  and  1 6  Divifors,  will  be  found  out. 

Example  1. 

Again,  if  the  leaft  Number  that  has  23  Aliquot  Parts,  or  24  Divifors,  be  defired. 

Firft,  by  Sell.  9.  all  the  Quantities  which  have  feverally  23  Parts  will  be  found  thefe* 
to  wit,  a'1bcd,aibbc,tfbc,a'>bi,aib'l,al'b,  and  a-t.  Then  by  affirming  for  the  values  of 

a, b,c,d  the  leaft  prime  Numbers  2,3,7, 7  •  for  *zbcd  there  will  be  found  420,  for  afro 
360,  for  a^bc  480,  for  a^b 3  864,  for  aPb2- 1 172,  for  alpb  6 144,  and  for  a2  3  8388608. 
And  after  all  other  poffible  Variations  madewith  the  faid  Letters  and  prime  Numbers 
by  taking  fometimes  one,  fometimes  another  of  the  faid  Numbers  for  the  value  of  a] 

b,  &c.  it  will  at  length  appear  that  tffcc  finds  out  360,  -the  leaft  Number  that  has 
the  defired  multitude  of  23  Aliquot  Parts  and  24  Divifors. 

If  there  be  not  occafion  to  find  the  leaft,  but  any  Number  that  has  a  given  multi¬ 
tude  of  Aliquot  Parrs,  fuppofe  1 7,  then  you  may  indifferently  ufe  any  one  of  thefe  five 
Quantities  abcd,aibc,a>b\aib,ais,  by  affigning  to  a,b,c,d prime  Numbers  at  pleafure,  and 
taking  fometimes  one,  fometimes  another  of  thofe  Numbers,  or  always  new  prime 
Numbers  for  the  values  of  a.ficfi*,  whence  innumerable  Numbers  may  be  found  out, 
every  one  of  which  fhall  have  Aliquot  Parts.  As  if  we  fuppofe  a=2,b=i,  and  c= 7’ 
there  will  be  found  for  a>bc  1205  but  by  putting  a =3, £=2,  andc=7,  there  will  be 
found  for  a^bc  270.  Oralfo  by  affuming  a=-jfb—i\,  and  c  — 13,  there  will  be  pro¬ 
duced  for  a ibc  49049.  Or  if  we  put  a=  iq,b  =  19,  andc=2  3,  then  0^=2146981. 
And  in  like  manner  you  may  ufe  every  one  of  the  other  four  Quantities  abcd,aib\a7b , 
and  a1*.  The  like  alfo  is  to  be  underftood  of  every  one  of  thefe  a2bcd^b2c,a^bc,a^b\ 
a7b2,allb,  and  a2\ for  the  finding  out  innumerable  Numbers,  which  have  feverally  23 
Aliquot ^arts  and  24  Divifors. 

Laftly,  to  find  the  leaft  Number  that  has  42  Parts  and  43  Divifors  5  forafmuch  as  a 
Quantity  having  this  multitude  of  Parts  and  Divifors  can  be  defigned  only  in  one 
manner,  viz  by  writing  a*2  5  let  the  leaft  prime  Number  2  be  taken  for  the  value  of  a , 
and  then  feek  the  forty  fecond  Power  of  the  Root  2,  by  writing  down  2  forty  two  times 
feparately,  and  multiplying  thofe  Numbers  one  into  another,  according  to  the  Rule 
of  continual  Multiplication,  fo  the  lalt  Produft  will  be  43  98046  711104,  which  is  the 
leaft  Number  that  has  the  defired  multitude  of  42  Aliquot  Parts.  And  fo  of  others. 

Cc  2  For 
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For  further  illuftration  the  Learner  may  view  the  following  Table,  which  fhews  the 
leaft  Number  that  has  any  given  multitude  of  Aliquot  Parts  under  51.  Note ,  That  the 
number  of  Divifors  to  any  number  is  always  more  by  one  than  its  number  of  Aliquot 
Parts  ^  for  albeit  a  number  cannot  properly  be  called  aPart  of  itfelf,  yet  ’tis  contain¬ 
ed  in  it  felf  once,  and  therefore  may  be  faid  to  be  a  Divifor  to  itfelf. 

Each  number  in  the  firit  of  thefe  Columels  is  the  fmalleit  that  can  be  found  to  have 
fuch  a  multitude  of  Aliquot  Parts  as  is  exprefs’d  in  the  latter  Columel. 


2 

4 

6 

1 6 

12 

has 

has 

1 

2 

3 

4 

5 

Aliquot  Part. 

Aliquot  Parts. 

64 

24 

36 

48 

1024 

6 

1 

8 

9 

10 

60 

11 

4096 

12 

192 

13 

144 

120 

16 

180 

17 

262144 

18 

240 

1 9 

Si6 

20 

3072 

21 

4194304 

.  •  \ 

22 

360 

23 

1296 

24 

12288 

25: 

900 

26 

w 

• 

960 

f 

27 

268435:496 

28 

720 

29 

IO7374I824 

30 

- 

T  7  /  i  * 

84O 

9216 

% 

32 

I96608 

5184 

33 

34 

* 

,  ^  : 

1260 

35 

* 

687i94?6736 

786432 

36864 

1680 

10995:11627776 

*  ■ 

36 

37 
33 

39 

40 

~ 

’L'.  ;  '  ■ 

.  ’  •  .  j\. 

.  c  -v  $  bib  t 

•  •>  .  * 

2880 

43980465:11104 

15:360 

3600 

125:82912 

41 

42 

43 

44 
4? 

• 

70368744I77664 

46 

25:20 

47  ' 

48 

49 

46656 

6480 

589824 

T7 

To 
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CHAP.  IX. 

\ 

The  Arithmetic  both  of  Surd  Numbers  and Surd  Quantities  exprefsd 
by  Letters,  TheConfiitution  andlnvention  of  fixBinomials  in  num~ 
bers^  agreeable  to  thofe  expounded  in  Prop.  49,50,5 1,5  2,5  3,54. 
Elcm.  10.  Euclid*  with  Rules  to  extraffi  the  Square  Root  out  of 
every  one  of  them  5  as  alfo  what  Root  you  pleafe  out  of  any  Bi* 
nomial  in  Numbers. ,  having  fuch  a  Binomial  Root  as  is  c!e fired. 


Sea.  r.  Definitions  concerning  Surd  Roots,  and  their  Fundamental  Operations. 


Very  Abfolute  (or  Ordinary)  Number,  whetherit  be  a  whole  Number  or  a  Frafti- 
on  or  a  whole  Number  with  a  Fraffion  annex’d  to  it,  is  called  Rational :  As  r, 
^c'  a^°  T5+5T5  4-t,  be*  and  2-  (or  -f.,)  for-^  20-fi.,  &c.  are  called  Ra- 

•  *  ^  „  _  .  hr  hr 


E 


tional  Numbers;  fo  alfo  a,abpi,a+t,  &c.  reprefent  Rational  Quantities 


But  when  the  Square  Root,  Cubic  Root,  or  any  other  Root,  cannot  be  perfe£t!yex- 
traaed  out  of  a  Rational  Number,  that  Root  is  called  Irrational  or  Surd ,  and  becaufe 
it  cannot  be  exaftly  exprefs’d  by  any  Rational  Number,  it  is  ufual  to  fee  fome  Charter 
(which  is  called  th<~  Radical  Sign)  before  the  Rational  Number  out  oF  which  the  Root 
ought  to  be  extracted,  to  defign  or  fignifie  the  fame  Root :  As  V  or  V(2)  prefix’d  be¬ 
fore  any  Rational  Number,  fignifies  theSquareRoot  of  thatNumber;  VU  )  theCubic 
Root,  V(4)  the  Biquadratic  Root,  V(';)  the  Root  of  the  fifth  Power,  &c. 

Hence  V(  1 2)  or  V(2  )  i  2  denotes  or  reprefents  the  Square  Root  of  1 2,  which  Root  is 
ca  *ed  Irrational  or  Surd,  becaufe  it  cannot  be  pcrfeftly  exprels’d  by  any  Rational  Num- 
ber ,  tor  2  multiplied  by  itfelf  produces  9,  which  is  lefs  than  12  ;  and  4  multiplied 
by  itleli  produces  id,^  which  is  greater  than  12:  and  altho  there  be  innumerable 
mixt  Numbers  confifting  of  3,  and  fome  braffions  which  fall  between  2  and  4,  yet 
B0‘ie  9"  fbem  multiplied  into  itfelf  quadraticaly  can  produce  the  whole  Number  12. 

Jji  like  manner  v  (3  )5',  which  reprefents  the  Cubic  Root  of  5,  is  called  an  Irrational 
or  ■i  urd  Number,  becaufe  no  Number  can  be  found,  which  being  multiplied  into  itfelf 
cubicjhy  will  produce  7  exaflly :  IbalfoVa/£c/(3)££,Cn;.  reprefent  Surd  Quantities. 

J  here  are  two  forts  of  Irrational  or  Surd  Numbers,  Simple  and  compound  :  a  Sim¬ 
ple  Surd  Number  is  exprefs’d  by  one  fingle  Term  5  fuch  are  0/(3)  16/(4) 8 

7.  l.  but  a  Compound  Surd  Number  confilts  of  many  fimpleor  fingle  Terms,  and  is 
formed  by  the  Addition  or  Subtraction  of  Simple  Terms,  fuch  are  V 5  ~\-V iy 2, 

V84V6-V2 y(-i)  -f  V 2:  which  laft  is  called  an  Univerfal  Root,  and  fipnifies  the 
Cubic  Root  of  the  Sum  of  7,  and  the  fquare  Root  of  2.  (See  Se8.  28"  Chap.  i. 
Book  1 .  concerning  the  defigning  of  Surd  Numbers. 

The  Arithmetic  of  Surd.  Numbers,  and  Surd  Quantities  defign’d  by  Letters,  de¬ 
pends  ch  eiiy  upon  thefe  fix  primary  or  fundamental  Operations  in  Simple  Surds,  viz. 

1.  I  he  Reduff  ion  of  Rational  Numbers  and  Rational  Quantities  exprefs’d  by  Leu 
ters,  to  the  form  of  Surd  Roots,  which  fhall  have  a  given  Radical  Sign. 

2  1  he  Reduff  ion  of  Simple  Surd  Roots  having  different  Radical  Signs, to  otherSurds 
which  fhall  have  one  common  RadicalSign,  and  be  equal  in  value  to  the  given  Surds. 

3.  Multiplication  in  Simple  Surds. 

4.  Divifion  in  Simple  Surds. 

f  The  Reduffion  of  a  given  Surd  Number  or  Quantity  to  another  more  fimple, 
when  it  may  be  done. 

6  How  to  difeover  whether  two  Simple  Surd  Numbers  or  Quantities  he  Common* 
furable  or  not,  viz.  whether  their  Rea/on  or  Proportion  can  be  exprels’d  by  Rational 
Numbers  or  Quantities,  or  not.  Thefe  fix  Operations  I  fhall  handle  in  order. 
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Se&.  II.  How  to  reduce  Rational  Numbers  and  Quantities  defined  by  Letters  to 
the  form  of  Surd  Roots ,  which  jhall  have  the  fame  Radical  Sign  with  any  Surd 
Root  prefcribed. 

Multiply  the  given  Rational  Number  or  Quantity  into  itlelf,  fo  often  as  isrequi- 
fite  to  produce  a  Power  of  the  fame  degree  with  that  Power  which  is  denoted  by  the 
Radical  Sign  of  the  prefcribed  Surd,  and  then  fet  the  faid  Radical  Sign  before  the 
Power  produced  by  the  laid  Multiplication. 

As  to  reduce  6  to  the  form  of  a  Surd  Root  which  fhall  have  the  fame  Radical  Sign 
with  Y 12  (or  V(2)i2,)  I  multiply  6  into  it  felf  quadraticaly,  and  it  makes  36-  then 
Y36  ( that  is, 6 )  and  vT  2  have  the  fame  Radical  Sign,  to  wit,  V  or  Y( 2).  ’ 

Again,  to  reduce  y  to  the  fame  Radical  Sign  with  ^(3)12,  I  multiply  y  intoitfelf 
cubically,  ( viz.  5  into  5,  and  the  Produft  into  5 )  and  it  produces  i2y ;  then  YM 
125:  (that  is,  y)  and  Y(?)  12  have  the  fame  Radical  Sign,  to  wit  Y( 3).  ’  ' 

Likewife  to  reduce  3  to  the  fame  Radical  Sign  with  ^(4)1 2,  I  feek  the  fourth  Power 
of  3,  which  (by  multiplying  the  Square  of  3  into  it  felf)  will  be  found  81  •  then 
VY4J81  and  Y( 4)1 2  are  of  the  fame  kind.  And  fo  of  others. 

By  the  help  of  this  Rule,  when  the  Radical  Sign  of  a  Simple  Surd  Fraflion  has  refer* 
ence  only  to  one  of  its  Terms,  we  may  reduce  the  Fra&ion  to  another,  whole  Radical 

Sign  fhall  refer  both  to  the  Numerator  and  Denominator :  As  if  —  be  propofed, which 

fignifies  that  Y 2  is  divided  or  to  be  divided  by  y,  we  may  take  Yi%  inftead  of  y  and 
then  that  Fra&ion  will  be  reduced  to  this  vL-r,  whofe  Radical  Sign  refers  as  well  to 
the  Denominator  as  the  Numerator,  viz.  y^-f  fignifies  that  Y2  is  divided  by  V2y. 

Likewife  may  be  reduced  to  Y( 3)  by  fetting  i2y  the  Cube  of  y  fora 

Numerator  inftead  of  y,  and  the  Radical  Sign  Y(i)  againft  the  middle  of  the  Fra£ti- 
on  ;  16  that  Y (3)-^  (which  fignifies  that  V( 3)125  is  divided  by  Y( 3)4)  imports  as 

much  as  that  is,  y  divided  by  Y( 3)4. 
f(3k 

Nor  will  the  Operation  be  otherwife  in  reducing  Rational  Quantities  defigned  by 
Letters  to  the  form  of  Surd  Quantities  ;  (refped  being  had  to  the  Rules  of  Algebrai¬ 
cal  Multiplication  before  delivered.;  As  to  reduce  the  Quantity  a,  fo  as  it  may  have 
the  fame  Radical  Sign  with  Yb,  I  multiply  a  into  itfelf  quadraticaly,  and  it  makes 
then  Yaa  (that  is,  a)  and  Yb  have  the  fame  Radical  Sign. 

Again,  to  reduce  a-fb  to  the  fame  Radical  Sign  with  Ybc,  I  fquare  a+b,  and  it 

makes  aa\2ab\bbh  then  Y:aa-\-2ab-\-bb:  (that  is,  a+b)  and  Ybc  have  the  fame 
Radical  Sign. 

Likewife  to  reduce  b  to  the  fame  Radical  Sign  with  I  multiply  b  into  itfelf 

cubically,  and  it  makes  bbbh  then  Y(i)bbb  (that  is,  b)  and  Y(i)ab  have  the  fame  Ra- 
dicai  Sign,  to  wit,  Y( 3 ). 

Hence  alfo  -a  may  be  reduced  to  Ya*  and  tQ  .  ab 

Vb  b  3c  *J2  -jccc' 


Sed.  111.  How  to  reduce  two  fimple  Surd  Numbers  or  Quantities  having  different 
Radical  Signs ,  to  two  ethers  that  may  have  a  common  Radical  Sign. 

This  Reduction  is  like  that  of  reducing  Vulgar  FraHions  to  a  common  Denomina¬ 
tor  ;  but  how  tis  wrought  1  fhall  fhew  by  Examples,  firft  in  Surd  Numbers,  and 
then  in  Surd  Quantities  exprefs’d  by  Letters. 

Example  1. 

Let  it  be  required,  to  reduce  Y( 4jio  and  Y(6)y  into  two  other  Roots  that  may 
have  a  common  Radical  Sign,  and  be  equal  in  value  to  thole  given. 

f  irft, divide  the  given  Indices  (4)  and  (6)  by  their  greateft  common  Divifor  ( 2 ;,  and 
/  v  x  .  let  the  Quotients  (2)  and  (3)  under  their  refpe&ive 

(2;  ;  Y{4)iq  \/  Y(  6)-j  Dividends  as  here  you  fee;  then  multiply  crols-wife 
(2)  (3;  Viz.  the  firft  Dividend  or  Index  (4)  bythefecond 

>(12)  ioco  Y(i  2 J49  Quotient  ("3;,  (or  the  fecond  Dividend  ( 6 )  by 

the 
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the  frit  Quotient  (2;,  and  the  Product  is  (12),  before  which  fecting  Y  it  gives  Y(  12), 
whic  h  is  to  be  referved  for  the  common  radical  Sign  fought.  Then  multiply  the  Powers 
of  the  given  Roots  according  to  the  altern  Quotients,  viz.  multiply  the  firft  Power  10 
cubicaiiy,  becaufe  the  lecond  Quotient  is  (2)  5  and  the  latter  Power  7  quadraticaly, 
becaule  the  firft  Quotient  is  (2) :  fo  the  Produfls  will  be  1000  and  49,  before  each  of 
which  prefixing  Y{\ 2)  the  common  Radical  Sign  before  found,  there  arifev/(i  2)1000 
and  Y  1  2)49,  the  two  Surd  Roots  fought,  which  are  equal  in  value  to  the  given  Surds' 
relpeftively,  viz.  -/(i 2)1000  is  equal  to  v^io,  and  ^(12)49  is  equal  to  ^(6)7  y 
and  the  Surds  found  out  have  a  common  Radical  Sign,  as  was  required. 

Example  ,2. 

In  like  manner  Y(2)$  and  Y(?)6  will  be  reduced  to  V(6)i2$  and  V" (6)36 ,  and  the 
Work  will  ftand  as  here  you  fee  underneath. 

(OJ  V(2)s  V/  V(i)6 

(2)  /\  (1) 

Y(6) 125  V(6)i6 

Example  5 . 

Again  ifV'7  and  -J—  be  propoled  to  be  reduced  to  a  common  Radical  Sign, 

3  /(3)4 

firft  by  the  Rule  in  the  preceding  Sea.  2.  I  reduce  them  to  Y^  (or  Vr(2)|-)and'/(3)i-^I5 
which  according  to  the  Rule  in  the  firft  Example  of  this  Seflion  will  be  reduced  to’ 
thefe,  to  wit,  '/(6)yr!  and  Vr(6)-^Q4^,  and  the  Work  will  ftand  as  here  you  fee. 


The  like  Work  is  to  be  done  in  reducing  two  Surd  Quantities  exprefs’d  by  Letters, 
which  have  different  Radical  Signs,  to  two  others  which  (hall  have  a  common  Radi¬ 
cal  Sign,  as  will  appear  in  the  following  Examples. 

Example  4. 

Suppofe  it  be  defired  to  reduce  V(2 )a  and  Y(6)aa  to  a  common  Radical  Sign. 

Firft,  1  divide  the  given  Indices  (2)  and  (6)  feverallyby  their  greateft  common  DR 
vifor  (2)  and  let  the  Quotient  (1)  and  (3)  un¬ 
der  their  relpeflive  Dividends,  as  here  you  fee  *  (2))  Y(i )a  \/  Y(6)aot 
then  I  multiply  crols-wife*  viz.  the  firft  Divi-  (1)  s'*  (3) 

dend  (2)  by. the  lecond  Quotient  (3),  or  the  Y(6)aa'a  Y(6)aa 

latter  Dividend  (6)  by  the  firft  Quotient  (1), 

and  the  Product  is  (6)^  before  which  fetting  V  itgivesVf  6 )  for  the  common  Radi¬ 
cal  Sign  1  ought  Then  I  multiply  the  Powers  of  the  given  Roots  according  to  the 
alternate  Quotients,  viz.  the  firft  Power  a  cubicaiiy,  becaufe  the  latter  Quotient  is  (3), 
but  the  fecond  Power  aa ,  becaufe  the  firft  Quotient  (1 ;  is  a  lateral  Index,  is  not  to  be 
multiplied  into  itfelf  at  all.  So.  the  Produffs  are  aaa  and  aa,  before  each  of  which 
prefixing  Y(6),  (the  common  Radical  Sign  before  found)  there  arife  Y( 6)aaa  and 
Y('6)aa  the  two  Surd  Roots  fought*  which  are  equal  in  value  to  the  given  Surds  re- 
fpe&ively,  viz.  Y(6)aaa  is  equal  to  Y(2)a ,  and  Y(6)aa  is  equal  to  Y(6)aah  and  the 
Surd  Roots  found  out  have  a  common  Radical  Sign,  to  wit,  Y{6).  Therefore  that 
is  done  which  was  required* 

Example  5. 

After  the  fame  manner  YC^b  and  Y(io)$ac  will  be  reduced  to  Y(2o)2^bbbbb 
and  Y\2o)2$aacc0  and  the  Work  will  ftand  as  here  you  fee. 

(2;  )  Y{ 4)3*  Y(io)$ac 

,  (2)  (?) 

Y{2o)2\^bbbbb  Y{2o)2$aacc 

SeeL 
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Se£L  IV.  Multiplication  infimple  Surd  Quantities. 

Before  Addition  and  Subtraction  can  be  performed  in  Surd  OiwnrinV*  ^ 
of  their  Multiplication  and  Divifion  mult  firft  be  learnt ,  I  fliSf  therefore  begin  with 
Multiplication,  which  requires  that  the  Surd  Roots  propoled  to  be  multiplied  be  of 
the  fame  kind  ;  and  therefore  if  they  be  of  different  kinds,  they  mult  firlf  of  n 
reduced  to  the  fame  radical  Sign,  (by  the  Rule  in  the  foregoing^ Self  ,  )  ^Then te 
i.  Multiply  the  Numbers  or  Quantities  Handing  nextafter  their  common  radical 
S  gn  one  m  o  another,  without  any  regard  had  to  the  laid  Sign  }  and  to  the  Prod 

ProtaTuS  Cat‘0n  *  C°mm0n  IadiCal  Sign :  f°  tMS  nm  R°0t  Mte  Ste 

As  for  Example,  to  multiply  V5  by  I  multiply  y  by  a  and  it  makes  „  , 

which  1  prehx  (the  radical  Sign  of  each  of  the  Surds  stiver,  m  l„-  \\  >  to, 

then  arifes  Vij  for  the  ProduQ  fought.  S Ven  t0  be  mult,Phed)  and 

Likewile  if  V  6  be  multiplied  by  it  produces  V20 

A  Ho  vQ.  multiplied  by  Vi.  makes  h.  3 

And  V 2±  (or  Vi)  into  1/2-f  (or  1 /£)  gives  V24. 

Again,  V(?j4  multiplied  by  V(V)%  produces  VC*  ho. 

Likewile  V(V)i  into  V(^)i  produces  V  4)7. 

v(b)56,  which  multiplied  one  into  another  make  vYdkyoo  >  v(  °di2?  and 

.  *ft!r  the  lame  manner  Multiplication  in  fimpleSurd  Quantities  exorels’d  h«rTPrre,„ 

lSorPCto  t  Rule  of  t  ^ 

rffiuKghr'’  lowWchIPrefix^  S-en  radial  SignV,  andTt  gfve/^ 
Likewile  V ab  into  Vo?  produces  Vabci. 

And  V 2—  multiplied  by  /ffl?  makes 

V(6 )dddaabb  for  the  Produd  required.  5  ^  ne  lnt0  anot^er  give 

own  fit  Kit  ¥Inte^to 

duff  fo  away  the  yd!c‘'i  SiS%  and  take  the  number  or  quantity  remaining'fcr  the  Pro 
dud  fought,  which  in  this  cafe  is  always  rational :  as  to  multmlv  V*  inivrirr  5 
away  the  radical  Sign  V,  and  take  5  for  the  Produd wf FtIc? 
makes  V 2 5:,  that  is,  5.)  Likewife  the  Square  of  V8  is  8^  and  theSn^r^l  /  ^ 

In  like  manner  to  multiply  V( 3)5  into  it  lelf  cubicallv  1  nb 
to  wir,  the  Cube  of  fort^  5  ^Lhe  Produd, 

V(3)s  produces  V(s)i2^  that  is,  7^  ^  $  k  V^)2^  and  this  again  into 

.  9  v  (4)  1 2  multiplied  into  itlelf  biquadraticaly  produces  i?.  fnr  \ 

mto  V{4)i2  makes  V(4)i44,  (which  is  the  Square  ofVf?) i2d  2 

again  into  V(4)i2  makes  1/(4)1728,  (which  is  rtie  Cube  of  Vf^(i2  ) 

thatisi2>  ^  is  ^the  fourth 

cally,  the  PrVa  «  Cube  thereof  will  Ctil/  *  '° be  mult*lled  int0 

Rafiondtif^ 

ing  Rule  in  Sell. and  then multiply  Shfgrethe &T 

duQ  delired.  Likewife W m  nhed  bvV  t  ,  "^gives^,  thePro- 

Again  ifV(,)6  be  to  l  mulS^  b/f  frSuceL  V?5' 

Jua  CUb,Cal,y  0  th6n  multiplied  by  8  for’ tfe 

Like- 
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Pmduft  fcugft*  mUltipIied  by  that  *> 

I  fi^tre”u^ef  ^^rthen^in^  quantity 

wife Vf3>  into  b  makes  «  (7,  being  foftX^to S* 

/Igain  v' 3  into  4^  gives  the  Produft  -v^S**.  K3)Wt>>) 

4  But  when  a  Surd  quantity  is  given  to  be  multiplied  by  a  Rational  nnanrihr  t,  mi 
oftentimes  be  very  convenient  to  omit  their  Multinlicarin^o^1  q,ntlty’ lt 
them  fo  as  that  the  Rational  quantity  may  ftand  on  the  left  h^nd  f  t°n  ^  t0  conne& 
fignifie  the  Product  of  their  Multiplication  5  as  to  Multiply  Y8  bv  ?  T  &IV5n  Su^,  5° 
the  Product,  which  dignifies  twice  the  fquare  Root  of  8  JLikewi  fe^nvS  wr,te  2V^ 
Produft  of  the  Multiplication  oft/3  by  20, viz.  it  imports/*  to  be  take^o  rf^^h*^ 
amounts  to  as  much  as  /i2co,  found  out  by  the  preceding  thWA  p  1  [1.mes^hich 
Again,  i-V-j  fignifies  the  Produft  of  V-,  KpK ¥  J  f.  b^td*^ 
notes  the  Produft  of  i  multiplied  into  Vi,  (or V-'-  into  ”  S  ,'irn  ^  ’ J  d  1  ^ * ,de- 
8^5,  'hat  is,  20T3  taken  tour  times.  Likewife  li  ™kes 

Koot  of  6,  and  is  of  equal  value  with  V(->  k8  Likewife  iJj"  the  Cublc 
duftofthe  Cubic  Root  of  8®  multiplied  by  x,  orx tfV(?&i%M?°KS-tbf  Pr°' 

V(^f >  aRd  multiPlied  !>y 6  maC hv\i  } K hJ,T!?ent  t0 

The  like  may  be  done  in  Surd  quantities expreft  by  Letters  •  as  if  J  h  ?9l6°'  ,  ■ 
pi  ed  by  b,  I  write  bVa  to  ftgnifie  the  Produft  falfo  /int  make/ *uItl- 
bVa  gives  the  Produft  cbVa ;  likewife  4<r  into  V3  makes//,.  akes  *Wa  3  and c into 

Again,  if  Vab  berojbe  multiplied  by  b-d,  the  Produft  may  be  expreft  thus 
b—dxVab,  or  thus,  b—dVab.  P  thus> 

Alfo  if/(j)^?  be  to  be  multiplied  by  i,  the  Produft  may  be  expreft  thus,  dVCrfdt 

an“  Ki})'1  'nt0  "fakes  bV(%)a,  which  is  equivalent  to  V(x)abbb  C 

5.  When  two  Rational  quantities,  whether  they  be  equal  or  unequal  are  mnlrinl;^ 
feverally  into  onecommonSurd  SquareRoot  accordim?t-o  tho  4  •  ar?  multIPIie(1 
fourth  Rule,  audit  is  delired  to lltiply  thorePwdufts  one  to/!/  tbePre/cedi"S 
Produfts are  called Commenfurable Quantities  forthereafon  he//  °the-’  lwillctl 

multiply  the  Rational  by  the  Rational/Zi^ 

“s  r- aseuar* Sisn  * 6  * bi tM  sss&t 

fo  itoate  (Swc'h  “"he  &S  Jib® 

.  L,kewife  2/3  multiplied  by  2/,,  (viz.  the  fquare  of  2/,)  makes  /  and  w'i 

sri  >•  -•."s&wasri 

■*  iniU‘-  ttWfcews 

In  like  manner  $Vb  into  %Yb  produces  25 ;R  to  wit  the  Sauare  and  n 

S2f »*•*  ■** 

But  here  is i  to  be  noted,  that  this  fifth  Ruleof  Multiplication  takes  Diace  onto  wh™ 

Ro/TTh/f  /°x  "k°  wl’ich  are  multiplied  R  a  Cfi, 

*  °/r  A  t^3t,  ^  4^(9)?  be  to  be  multiplied  by  2/(3)?  the  faid  fifth  Rnlp  ,J!ii 
lnf^^  and  Produft  is  to  be  found  out  by  the  following  fixth  Rule. 

.  6’  two  Rational  Quantities,whether  they  beequal  or  unequal  are  multinlied 
into  two  unequal  Surd  Roots  of  the  fame  kind,or  into  one  common  Surd’above  theaua- 
drauc  kind,  according  to  the  Method  in  the  foregoing  fourth  Rule  of  this  iSVfiflind 

iteRaerional°aS®uri  “by  fhe  Sufd,  ^ 

KKS!^ "  “* k,i  tte  i»,S£ 

As  for  Example,  to  multiply  ;/8  by  2/3 1  multiply  j  by  2,  and  the  Produft  is  m 
alfoVS  into  1/3  makes  V,4 ,  then  thofe  2  Produfts conneftad  make  1  ovQ^(that  is' 

D  d  ’  V  1400)1 
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/  thp  Produa  fought.  In  like  manner  iV 8  into  2\/ 3  makes  4V 24,  that  is,  */ 3  84. 
V24CO;  the  rroQuct  ioug  produces  760V 17  ;  and  SV27  into  2/ 3  makes 

Ag>™,  20V5  multiplied  by  iSV?  produce  ^6 ov  ,  7  that  • 

2Vl  jJ6  ™ kf  thinner  to  multiply  aVbc  into  gVad,  firft  I  multiply  a  by  g,  and  it 
makesqg  ,  then  Vbe  into  Vad  produces  Vbcad.  Lattly,  ag  into  Vbcad  gives  agVbcad, 

thlfke°wifc  2fXl' multiplied  by  gcVbc  produces  6cVabbc;  and  iVa  into  zVb  makes 
^Mfo—Vddd  multiplied  by  ™Vac,  gives  the  ProduG  abVacddd-,  and  bV(g)ddmo 

“S  S^tSfS  SS!X 

given  Index,  be  iquated  or  multiplied  into  it  felf,  ttkeV(2)j  or 

^  liTsquale or  ^ProduG* fought.  Likewife  ti  Square  ofV(6)io  is^.o, 

and  V(8jio  into  V( >  )io  mate* ^M10 /(a) />c  into itfelf quadraticaly,  I  write  V(i)bc 

A/^VhetS  PmTa  O  Squ aw  ofVuW  Likewile  the  Square  of  V(  8)10 be  is 
7//Cf0rtnhe, F  into  ^(I0>  makes  V{%)a.  Moreover,  2 abV(^)i  into 

jv'lqj^makes  6abVd-,  for  2«Jinto  9  makes  6ab  and  V{a,)d  beingfquared  makes 

p(2)of/d.  „rd  Quantity,  whofe  Radical  fign  has  for  its  Index  fome  Ter- 

na!"£  I  ta  "  «  9,  &c.  is  to  be  multiplied  into  itfelf  cubically, 

nary  wumDer  gt  fndex  that  may  be  a  third  part  of  the  given  Index  be- 

prefix  a  Radical -big  gurd  Root  fo  J^all  this  new  Surd  be  the  Cube  of  that  gi- 

ven  SvwS  be  to  be  multiplied  into  itfelf  cubically  then  /(2)d4  or  v^lhall 
be  the  Cube  fought.  Likewife  the  Cube  of  ^(9)5 1 2  is  V(i)$  1 2. 

Move  Examples  toexcercife  the  precedent  Rules  of  Multiplication  in 

Simple  Surd  Numbers. 


Multiply  V$ 
by  VS 

Produa  V40 


^(3)7 

^(3)28 


^(4)8 

y(4>__ 

V(^)s6  that  is,  2. 


Multiply  ^32 
by  V32 

Produa  3  2 


V( 3J70 

Multiply  thefe  three  continually,  3 

W(3)5o 


50 


Multiply  /27 
•  by  6 


Produa  6V27  or  ^972 


12 


12V ( 3 J5  or  ^(3^8640 


Multiply  1 8v^  5 
by  4V  7 

Produa  360 


24^8| 

_Vf6j 

765 


6V^  7 
_5^3_ 

3C/  21 


Multiply  v^8  L  that  is 
by  V( 9J4  r  •  ’ 

ProduG  •  •  .—7-7VW8192 


4V5 


80 


Multiply  5^8 

by  _ _ 4_ 

Produa  20/8 


12^3^4 

2i 


3QV(3>4 


i/f4;i2 

V(4r)l2 


V 12 


More 
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More  Examples  to  Exercife  the  precedent  Rules  of  Multiplication  in 
Simple  Surd  Quantities  exprefi  by  Letters.  * 

Multiply  V\2a 
by  V  3, a 

Product  V i6ad  or  6a 


V\ab 

VUC _ 

V tfaabc  or  zaVbc 


Multiply  Va 

by  V(i)aa 
Produ£t  *  .  . 


w  .  .  .  V(6)a7 


Multiply  V 27 aa 
by  V  27  aa 

Produff  27  aa 


Multiply  thefe  three  continually,  ^  V(f)Z 

A  i)aa 


aa 


Multiply 

by 

V  ^bc 

2 

Sb 

V(7.)z  a 

Produft 

2 V ibc  or  r  12 be 

St>V(i)ia  or  V{3)zso abbb 

Multiply 

by 

7,aV  S 

2  bVs 

~}Vbc 

t\Vbc 

y aVbc 
~bVbc 

Product 

30  ab 

28  be 

zabbe 

Multiply 

SV ab 

ZaV  S 

2 be  rj 

—  Vi. 

a 

by 

r  ’  •  r 

«  » J  -  : 

iVac 

2  bV6 

1 

aa  r  1 
~Vi 

2  c 

ProduQ: 

iSVaabc 

6abV^o  J 

abd 

The  certainty  of  the  firft  Rule  of  this  fourth  Seftion,  fupon  which  all  the  red  de¬ 
pend)  for  the  Multiplication  of  two  fimple  Surd  Numbers  of  the  fame  kind,  may  bede- 
monftrated  in  manner  following :  Firft,  let  there  be  two  fquare  Roots  given  to  be  mul¬ 
tiplied,  luppofe  V%  and  ^3,  then  (by  thefaid  Rule;  the Produftofthdr  Multiplicati¬ 
on  is  Vis  h  now  we  mult  prove  that  Vi  $  is  the  true  Produft  of  V  5  multiplied by  Vz* 


By  the  Definition  of  Multiplication  > 
thefe  are  Proportionals,  viz.  .  .  3  1 
Therefore  their  Squares  (hall  be  alio  7 
Proportionals,  ( per  22  Prop.  6  >  1 
Elcm  Euclid .)  viz.  3 

But  thefe  are  Proportionals,  (per  19  ) 
Prop.  7  Elem.  Euclid .)  3 


DemonJlratioji. 

,  V$ 


S 

S 


V3  *  Produ£t. 

C  Square  of  the 
*  *  C  Produft. 

3  •  IS 


Therefore  from  the  two  laft  Analogies  15;  is  equal  to  the  Square  of  the  Produft 
and  confequently  Vi  s  is  the  Product  of  Vs  into  Vt,  ;  which  was  to  be  proved. 

Likewife  in  Cubic  Roots,  if  V(?)s  be  to  be  multiplied  by  V(?)^  the  Produ£l 
(by  the  fame  Rule)is  ^(3)20.  For, 

*  |  -pv  •  f  H  J  1  '  1  '  •  > 


By  the  Definition  of  Multiplication  ) 
thefe  are  Proportionals,  viz.  .  3 
Therefore  their  Cubes  are  alfo  Pro- 7 
portionals,  (per  Prop.  37.  Elem.>-  1 

II.  Euclid.)  viz . j 

But  as  1 


*  V(i)s  *  '•  V(l) 4  .  Produft. 


5 

5 


4 

4 


C  Cube  of  the 
\  Produft. 


20 


Dd 


2 


There- 


21 1 


The  Arithmetic  of  Surd  Quantities .  BOOK  II. 


Therefore  20  is  equal  to  the  Cube  of  the  Produft,  and  confequently  the  Cubic 
Root  of  20,  to  wit,  V(3)2o,  is  the  ProduO:  of  Y(^)$  multiplied  by  ^(3)4 *  which 
was  to  be  proved. 

Moreover,  (becaufe  (by  Sett.  n.Cbap.  5.)  if  four  Numbers  be  Proportionals,  their 
fourth  Powers,  fifth  Powers,  c.  are  alio  Proportionals,  this  Demonftration  may  be 
extended  to  prove  the  certainty  of  the  faid  Rule  for  multiplying  any  two  Ample  Surd 
Numbers  of  the  fame  kind; 


$e£h  V.  Divifion  in  fmple  Surd  Quantities. 

As  before  in  Multiplication,  lb  here  in  Divifion,  if  the  given  Surd  Roots,  to  wit, 
the  Dividend  and  Divifor  be  not  of  the  lame  kind,  they  mult  be  reduced  to  a  com¬ 
mon  Radical  Sign  by  the  preceding  Sett.  3.  Then, 

1.  Divide  the  Number  or  Quantity  following  the  Radical  Sign  of  the  Dividend, 
by  the  Number  or  Quantity  following  the  fame  Radical  Sign  of  the  Divifor,  with¬ 
out  any  regard  to  the  Sign,  and  to  the  Quotient  prefix  the  faid  common  Radical 
Sign  ^  fo  this  new  Root  fhall  be  the  Quotient  fought. 

As  for  Example,  to  divide  Yi  $  by  /3,  I  divide  1 5;  by  3,  and  there  arifes  ?,  before 
which  I  prefix  /,  (the  Radical  Sign  common  to  the  given  Surds)  fo/$  is  the  Quo¬ 
tient  fought. 

Likewile  if  Y^  o  by  divided  by  / the  Quotient  Y6. 

Alfo  /4  divided  by  /f  gives  the  Quotient  Y~. 

And  /*!-,  or/i4,  divided  by  2-f,  or  gives  the  Quotient  2i. 

Again,  ^(3)20  divided  by  /(D?,  gives  the  Quotient  /(3)4  -*  for  20  divided  by  5 
gives  4,  before  which  fetting  V(i)  the  Radical  Sign  belonging  to  each  of  the  given 
Surds,  there  ariles  /(D4  for  the  Quotient  fought. 

Likewife  Y(fi)$  divided  by  /(4)x,  gives  the  Quotient  ^(4)2. 

Moreover,  if  Y(6X$oo  be  given  to  be  divided  by  V(2 )?,  the  Quotient  will  be 
Y(i)6  5  for  firft,  the  given  Roots  being  of  different  kinds  are  reduced  to  thefe,  to  wit, 
Y(6) 4500  and  Y(6)i2S  *  .then  by  dividing  ^(6)4500  by  Y(6)  12$  there  arifes 
i/(6)36,  whole  Iquare  Root  being  extracted,  (becaufe  36  isafquare  Number,  and  the 
Index  (6)  an  even  Number)  it  gives  /( 3  )6  for  the  Quotient  fought. 

After  the  fame  manner  Divifion  is  performed  in  Ample  Surd  Quantities  expreft  by 
Letters.-  As  to  divide  Yab by  vf*,  I  divide  ab  by  a  and  there  ariles  Z?,  then  letting/ 
before  b  it  gives  Yb  for  the  Quotient  fought,  to  wit,  the  Quotient  that  arifes  by  divi¬ 
ding  Yab  Y a. 

Alfo  Yb  divided  by  Y a  gives  the  Quotient/— 

a 

Likewile  Y  abed  divided  by  Yab  gives  the  Quotient  Yd. 

Alfo  Y  -^divided  by /—Ogives  the  Quotient/^? 
c  3  c  .  2.b 

Again,  to  divide  Y(6)dddaabb  by  Y(i)ab,  I  firft  reduce  them  to  Y(6)dddaabb^  and 
Y{6)aabb ,  then  I  divide  Y(6)dddaabb  by  Yi6)aabb.  and  there  arifes  Y(6)ddd*  that 
is,  / (z)d  for  the  Quotient  fought. 

2.  When  a  Rational  Number  or  Quantity  is  to  be  divided  by  its  fquare  Root,  that 
Root  is  the  Quotient  *  as  if  7  be  divided  by  its  Iquare  Root,  to  wit,  by  /?,  the  Quo¬ 
tient  will  be  /?.  Alfo  8  divided  by  / 8  gives  / 8  for  the  Quotient. 

In  like  manner  if  the  Quantity  be  be  divided  by  its  Iquare  Root,  to  wit,  by  /fc,the 
Quotient  will  be  Ybc.  And  $a  divided  by  / $a  gives  the  Quotient  / $a. 

3.  When  a  Surd  number  or  quantity  is  to  be  divided  by  a  Rational  number  or  quanti- 
ty,  or  a  rational  number  or  quantity  by  a  Surd,  reduce  the  rational  into  the  form  ofa 
Surd,  (by  Sett.  2.  of  this  Chap.)  and  then  divide  according  to  the  firft  rule  ofthis  Sett.  5. 

As  to  divide  / 32  by  2,  1  firft  reduce  2  to  Ya.  then  by  dividing  Y^2  by  Y±  there 
ariles  / 8  for  the  Quotient. 

Likewife  /175  divided  by  5,  that  is  /2?,  gives  rhe  Quotient  Yj. 

Alfo  12,  that  is  /144,  divided  by/3,  gives  the  Quotient  Y  4.8. 

Again,  if  /(3)48  be  to  be  divided  by  2,  I  firft  reduce  2  to/(3)8,  then  by  dividing 
^(3)48  by  /(3)8  there  arifes/(3)6  for  the  Quotient  fought.  Alfo  ^(4)5000  divi¬ 
ded  by  5,  (that  is,  by  Y(fi)6is)  gives  the  Quotient  /(4) 8.  After 


to 


or 


After  the  fame  manner  to  divide  the  quantity  Vabb  by  *,  I  firft  reduce  b  to  Vbb- 
and  then  by  dividing  Vabb  by  Vbb  there  arifes  the  Quotient  fought  Again’ 
V48M  divided  by  4 a,  that  is  by  v't 6aa,  gives  theQuotient  /a.  Alfo  a-  •’ 

ded  by  b,  that  is  by 7 V(l) bbb,  gives  the  Quotient  V(i)a.  ’  ^  ’  dm‘ 

Likewife  to  divide  the  Rational  Quantity^  by  V(i)bbcc,  I  firft  reduced 

th6n  1  divide  V^~hyS(3)bbcc,  and  there  arifes /<?)  A 
-A  -  '  c  the  Quotient  fought, 

a 

4  When  the  Produa  of  a  Rational  Number  or  Quantity  multiplied  into  a  Surd 
Number  or  Quantity  is  to  be  divided  by  the  fame  Surd,  the  Quotient  will  be  the 
laid  multiplying  Rational  Number  or  Quautity.  As  5^5  divided  by  Vi  gives  the 

In  like  manner  $aVb  divided  by  Vb  gives  the  Quotient  yn ;  and  4£vT3  h  2  divided 
by  V(i)  1 2  gives  the  Quotient  /\b.  ^  •  u 

5.  When  the  Dividend,  and  Divifor  are  the  Produfts  of  two  Rational  Numbers  or 
Quantmes  multiplied  feverallymto  one  common  Surd,  according  to  the  fourth  Rule 
oi  Multiplication  m  Sea.  4.  f which  ProMs  are  called  Commenfurable  Surd  Roots 
as  hereafter  will  appear  m&ff.  7.  of  this  C%.;  divide  the  Rational  part  of  the  Di’ 
vidend  by  the  Rational  part  of  the  Divifor,  and  that  which  ariles  lihall  be  the  Ouo 
tient  fought.  As  for  Example,  to  divide  6V1  by  21Q,  I  divide  6  by  2  and  there  ari 
les  3  the  Quotient  fought ;  ( for  iV]  multiplied  by  5  produces  6Vj.)’ 

Again,  $V 6  divided  by  2V 6  gives  the  Quotient  1  or  2S. 

Alfo  2V6  divided  by  5/6  gives  the  Quotient  ■},  and  2/;  divided  by  2/;  gives  the 

So  alfo  8V( 1)1  divided  by  4V ( 5  j7  gives  the  Quotient  2  s  and  iVUk  divided  bv 
ty/C 4^5  gives  -f  for  the  Quotient.  y 

In  like  manner  to  divide  4^7  by  2^7,  I  divide  4 a  by  2 *,  and  there  arifes  2  the 
Quotient  fought  (for  2aVj  into  2  produces  40/7 alfo  yfb  divided  by  W6  gives 
theQuotient  4,  and  2V  b  divided  by  2/5:  gives  the  Quotient  1.  6 

Again,  ^aV -$b  divided  by  $aV 3 b  gives  the  Quotient  X 

And  7 alV(  i)dd  divided  by  3  bV( 3  )dd  gives  the  Quotient  la. 

6.  When  the  Dividend  and  Divifor  are  the  Produasof  two* Rational  Numbers  or 

Quantities  multiplied  into  two  unequalSurd  Numbers  or  Quantities  according  to  the 
fourth  Rule  of  Multiplication  in  the  preceding  &#.  4.  (which  Prodi  as  are  called  In- 
commenfurable  Surd  Roots,  as  hereafter  will  appear;  ;  divide  the  Rational  part  of 
the  Dividend  by  the  Rational  part  of  the  Divifor,  and  the  Surd  part  by  the  Surd  part 
then  conneft  the  Quotients  fo  as  the  Rational  Quotient  may  ftand  on  the  left  hand’ 
and  this  new  Quantity  fhall  be  the  Quotient  fought.  * 

As  for  Example,  if  4/1 5;  be  to  be  divided  by  2Y5,  firfl  I  divide  4  by  2,  and  there 
arifes  2  *  alfo  I  divide  Vi$  by  V ?,  and  there  arifes  Vi  :  then  thofe  two  Quotients 
joyned  together  make  2/3  >(orVi2)  the  Quotient  fought. 

In  like  manner  4/12  divided  by  3^/2  gives  the  Quotient  ±V6  *  for  4  divided  by  t 
(to  wit,  the  Rational  by  the  Rational;  gives  4  5  and  V12  divided  by  V2,  (to  wit 
the  Surd  by  the  Surd;  gives  V 6  :  then  by  joyning  together  thofe  two  Quotients  there 
arifes  fV6,  or  1  -p/6,  (or  yXi;  for  the  Quotient  fought. 

Again,  2/7  divided  by  3/5  gives  the  Quotient  4/4  5  and  2/3  divided  by  2 V*  gives 
the  Quotient  Wl  or  vQ. 

Likewile  to  divide  ^V( 3^4  by  2^3)8,  I  divide  4  by  2,  and  it  gives  2 :  alfo 
v^3;64  divided  by  V($)8  gives  VY3J8-,  then  thofe  two  Quotients  joyned  together 
make  2V that  is  4,  the  Quotient  fought.  Moreover,  y/( 3)20  divided  by  3/(^4 
gives  the  Quotient  -f/ 3  y. 

After  the  fame  manner  4 aVfb  divided  by  2aVf  gives  the  'Quotient  2 Vb  *  for  4 a 
divided  by  2a  gives  2,  and  Vfb  divided  by  VfgivesYb  h  then  connefting  thole  two 
Quotients  there  arifes  2 Vb  for  the  Quotient  fought. 


So  alfo  6abV cd  divided  by  6aV df  gives  the  Quotient  bV 


f 


And. 
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And  aV(‘3)cc  divided  by  bV( ?)ii,  gives  the  QuotientlVO)  ^ 

The  Demonftration  of  the  aforefaid  firfl  Rule  of  Divifion  ( which  is  the  rife  of  all 
the  reftj  may  be  formed  like  that  of  Multiplication  in  the  preceding  SeS.  4  if  there 
be  laid  as  a  ground-work  this  Analogy,  viz.  As  the  Divifor  is  to  1  (or  Unity)  fo 
is  the  Dividend  to  the  Quotient.  But  waving  the  Demonftration,  1  fhall  give  more 
Examples  of  Divifion  in  fimple  Surds,  both  in  Numbers  and  Quantities  expreft  by 

Letters. 

More  Examples  to  exercife  Divifion  in  fimple  Surd  Numbers* 


Dividend 

Divifor 

/117 

V6\. 

/f  i)r6\  or  /(  3  Af 
Vf  7 )  7  l-orV(i)  4 

Vrf4j)*?«S 

Quotient 

V16 

V(V  4T°r 

2 

Dividend  /(i  2)6 125 
Divifor  V(a)$ 

\  «  .  C/(l2)6l25 

j-that  is,^  4/(12)125 

/  (6)8192 
/(2)8 

Quotient 

•  •  •  • 

.  /( 1 2^)49  or  /(6)7 

•*.  » 

^(3)4 

Dividend 

12 

5/8 

16/(3)25 

Divifor 

V12 

/  8 

Z(3)25 

Quotient 

/12 

5 

16 

Dividend 

^245 

V(])686 

^(5)13328 

Divifor 

3t 

6 

Quotient 

/  20 

V(3)i6 

vc5;? 

Dividend 

20/14 

4/  2o 

5^3)3 

Divifor 

2/14 

vt/20 

2/^)2 

Quotient 

10 

H 

} 

4.  or  24  ■  '  : 

Dividend 

15/18 

3/8 

6/(3.324 

Divifor 

3/6 

3/? 

9/(3  )4 

Quotient 

5/3 

^(3)6 

More  Examples  to  Exercife  Divifion  in  fimple  Surd  Quantities 

expreft  by  Letters . 

Dividend 

V  ifbc 

/f  3  M  bbddd 

/  (4)3 laa 

Divifor 

V  7,a 

V( %)\bb 

V(t\)2aa 

Quotient  5— 
a 

V(  3  )ddd  or  d 

/(4)i 6  or  2 

sr  a-"} 

Quotient . 

Dividend  / 80 aaabbb 

ybedd  for  / 81  bbeed*) 

Divifor  4^  (or  / 1 6aabb) 

/  27  bed 

Quotient  /  5ab 

V  7>bcdd 

Dividend  be 
Divifor  Vbc 
Quotient  Vbc 


bVdf 

Vdf 

~~r~ 


2dV  (l)bb 

/  \i)bb 

~Yd 


DivL 
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Dividend 

12  Vdc 

*bWi 

a 

abV(i)f 

Divifor 

iVdc 

b 

bV\ (  3)/ 

Quotient 

4 

bf 

a 

a 

Dividend 

2  bcV  d 

■  bVtf 

6aaV (  3  )bbbd 

Divifor 

cV  a 

cVf 

2  aV(  3  )d 

Quotient 

dbV- 

a 

■  LVa 

c 

3 ab 

Note,  By  the  help  of  Divifors  Surd  Quantities  may  oftentimes  be  reduced  into  0- 
thers  more  fimple, which  being  a  very  ufeful  Work  Khali  explain  it  in  the  next  Se&ion. 


Se£L  Vi.  How  to  reduce  a  Surd  Quantity  to  another  more  Jim  pie, 

when  it  may  he  done. 

When  the  Power  ofa  Surd  Quantity,  the  Radical  Sign  being  omitted,  can  be  divided 
juft  without  any  Remainder,  by  a  Power  which  has  a  Rational  Root  of  the  lame  kind 
with  that  which  is  denoted  by  the  laid  Radical  Sign  *  then  divide  the  Surd  Quantity 
propofed  by  that  Rational  Root,  and  prefix  this  Root  before  the  Quotient*,  fo  you 
have  a  new  Surd  Quantity  equal  to  that  propofed,  and  in  more  fimple  Terms. 

As  if  V63  be  propofed,  becaufe  63  may  be  divided  by  the  fquare  Number  9  with¬ 
out  any  Remainder,  I  divide  V  6$  by  V%  (that  is,  by  3)  and  it  gives  the  Quotient 
1/7,  before  which  I  let  the  Rational  Divifor  3,  and  it  makes  3/ 7,  ( that  is,*  3  into  the 
fquare  Root  of  7,  or  thrice  the  fquare  Root  of  7 )  which  is  equal  to  V63  firft  propo¬ 
fed  5  (Tor  the  Quotient  Vy  multiplied  by  the  Divifor  3  makes  the  Dividend  V 6  3  j 
fo  that  inftead  of  V63 1  write  3V7. 

Likewife  inftead  ofVjo  we  may  write  7/2,  ( which  fignifies  five  times  the  fquare 
Root  of 2  \)  for  in  regard  70  divided  by  theSquare  27  gives  2, 1  divide  v^o  by  ^27, 
that  is,  by  7,  and  the  Quotient  is  Vz  :  and  becaufe  every  Quotient  multiplied  by  the 
Divifor,  produces  the  Dividend,  therefore  7 V 2  fhall  be  equal  to  the  Dividend  V70. 

After  the  fame  manner  inftead  of  ^21, .  or  is,  we  may  write  4/ 3  *,  for  is  divided 

2 

by  the  fquare  Number -4  gives  the  Quotient  3  }  and  confequently  Vis  divided  by 
V ss,  that  is,  by  4,  gives  the  Quotient  V 3  :  Therefore  IV 3  fhall  be  equal  to 

2 

or  Vss.  '  . 

Again,  inftead  of  V(  3J40  we  may  write  2V  ( 3J7,  (which  fignines  twice  the  Cubic 
Root  of  7  j  )  for  40  divided  by  the  Cube  8  gives  the  Quotient  7  ^  and  confequently 
V( 3)40  divided  by  V( 3)8,  that  is,  by  2,  gives  V( 3)7  ;  Therefore  2  V( 3)7  fhall  be 
equal  to  ■/f  3  J40. 

Likewife  for  V( 3 )^4,  (or  we  may  wrrite  SV(i)2  ♦,  for  ^4  divided  by  the 

2 

Cube  34  gives  2  ^  and  confequently  V(i )-Q  divided  by  ^(3)^4,  that  is,  by  4,  will 
giveV(3)2  :  Wherefore  4-^Q)* 2  fhall  be  equal  to  V($)S}« 

The  like  Operation  is  to  be  done  in  reducing  Surd  Quantities  expreft  by  Letters  to 
others  more  fimple :  as  if  Vy $aa  be  propofed,  forafmuch  as  yfaa  divided  by  the 
Square  2 $aa  gives  the  Quotient  3,  and  confequently  Vy yaa  divided  by  V lyaa,  that 
is,  by  7 a,  wiil  give ^3  j  therefore  the  Divifor  7 a  multiplied  into  the  Quotient  V$9 
produces^tfV^,  equal  to  the  Dividend  Vy  $aa9  and  therefore  inftead  of  Vyyaa,  we 
may  write  7^3. 

After  the  fame  manner  Vioaabb  may  be  reduced  to  abV io,  alfo  V 7 aa  to  aV$,  and 
V(i)<\ddd  to  dV( 3)4. 

Again,  forafmuch  as  a  a  ah -V  a  abb  may  be  divided  by  the  Square  aa,  and.  there  arifes 
ab\bb,  and  confequently  V\aaab\aabb  :  divided  by  V aa,  that  is,  by  a,  gives  the 
Quotient  V:ab-\-bb:  therefore  a  into  V:ab-\-bb:  fhall  be  equal  to  V:aaab-\-aabb : 

So  that  inftead  of  V:  aaah-Vaabb  :  we  may  write  a  into  VTab-f-W:  or  aVTaT\-bF: 

Like- 


2l6 


The  Arithmetic  of  Surd  Quantities . 


BOOK  II. 


or 


Likewife  for  V : aabbc-V  zafbbc~\-ffbbc :  we  may  write  a-\-f  into  Vbbc. 
a+jVbbci  for  aabbc+iafbbc+ffbbc  divided  by  the  Square  aa-\-  2af-\-ff  gives  bbc 
and  confequently  V:aabbc-{-2afbbc-\-fjbbc  :  divided  by  V:cta-\-2af-\-ff:  that 
by  gives  the  Quotient  Vbbc.  Therefore  a-\-fVbbc  imports  as  much  as- 

V :  aabbc-\-  zafbbc-\-gfUc  : 

After  the  fame  manner  inftead  of V we  may  write l^into  VC?}  a 

8b — 8a  2  K6JlT-a 

or  — V(^)  -^—5-forfince  the  Power  of  theSurd  propofed  is  produced  by  theMulti- 
2  b — a  f  .  7  “ 

plication  of  Jt—  into  the  Cube  whole  Cubic  Root  is  and  confequent- 

ly  /(?) divided  by  that  is,  by?*4,  gives  the  Quotient 

ott — oCl  o  2 

vr(3 )  — .  Therefore  -JV(3  j  fhall  be  equal  to  vf  3  fiJaa.aafff... 
b — ti  2  b — a  8£ — 8  a 

So  alfo  for  ;  we  ma  write  for  if  the  Pow- 

ppzz  -pz 

erof  the  Surd  propofed  be  divided  by  the  Square  the  Quotient  will  be  eo+4»». 


ppzz 


and  consequently  if  the  Surd  propofed  be  divided  by  V\amrn- 

ppzz 
am 


that  is  by  am ,  the 
pz 


Quotient  will.be  V:  00+4 ntp:  therefore  the  Divifor  —  multiplied  into  the  Quotient 


V:  00-f  4 mp :  viz. ~  V:oo-\-  qmp  ;  denotes 
pz 

the  Surd  propofed. 

Likewife  for  *«*+43e  :  we  may  write  ~V:  oo-\-qmpi 


as  much  as 


yf.  aao°mn  -f  4 aavimmp 
ppzz 


act 


But  whet?  a  Square  or  Cube,  &c.  by  which  the  Divifion  neceflaryto  fuch  Contrafti- 
on  is  to  be  performed,  cannot  be  readily  difcerned,  firft,  (by  the  Rules  of  the  preced¬ 
ing  eighth  Chapter J  fearch  out  all  theDivifors  of  the  Power  of  the  Surd  Quantity 
propofed,  and  then  fee  whether  any  of  them  be  a  Square  or  Cube,  &c.  to  wit  fuch 
a  Power  as  the  Radical  Sign  denotes,  which  if  you  find  you  may  ufe  in  the  aforelaid 
manner  to  free  theSurd  Quantity  in  part  from  the  Radical  Sign. 

As  if  288  be  propofed,  becaufe  among  the  Divifors  of  288  there  are  found  the 
Square  Numbers  4,  9,  16,  36,  and  144,  which  dividing  288  will  give  the  Quotients 
72,  32,  18,  8  and  2  j  inftead  of  Vz 88  we  may  write  2V72,  or  3/32,  or  4/18  0r 
6V8 ,  or  laltlyi2V'2. _ _ 

In  like  manner  ifV:  aaab-^aabb  ;  be  propofed,  becaufe  among  the  Divifors  of  the 
Quantity  aaab-\-aabb,  there  is  found  the  Square  aa,  the  laid  VCaaab+aabF:  may  be 
reduced  to  aV:  aa-\-bb:  as  before. 

Again,  for  as  much  as  a>b — aabb-briaabc+abcc — ab^-Vbbcc — 2/^c-f  b*  is  produced 
by  the  Multiplication  of  ab-\-bb  into  the  Square  ^-f  zac\ cc — zab — 2bc+bb.  whole 
Root  is  a-\-c—bj_ we  may  inftead  of  V :  a*b — aabbfi  2 aabc a  bcc—abi fibbccTZ 
2 frcfib:  write  a-\-c — b  into  V:  ab-\- bb  :  or  a-\-c — bV:ab-\-bb  : 

Likewife,  becaufe  among  the  Divifors  of  1 200 aabb  there  are  found  the  Squares 
qtabb,  1 6aabb^  2 5 aabb,  1 00 aabb,  and  400 aa»b\  which  dividing  the  faid  1200 aabb 
will  give  the  Quotients  300,  75,  48,  12,  and  3,  we  may  fotVizocaabb  write 
2abV 3 00,  or  40^/7$,  or  $abV/\.8,  or  loabViz ,  orlaftly  zoabV 3. 

Sea.  VII.  Two  Surd  Roots  being  given,  to  find  whether  they  be 
Commenfurable  or  Incommenfurable . 

Commenfurable  Surd  Roots  are  fuch  whole  Reafon  or  Proportion  to  one  another  may 
be  expreft  by  Rational  Numbers  or  Quantities  *  and  thofe  Surd  Roots  whofe  Propor¬ 
tion  cannot  be  expreft  by  Rational  Numbers  or  Quantities^  called  Incommenfurable. 

‘  ’  The 
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The  Rule  to  try  whether  two  Surd  Roots  of  the  fame  kind,  (that  is,  fuch  as  have  a 
common  Radical  Sign)  he  Commenfurable  or  nor,  is  this  that  follows  viz 

Divide  the  given  Roots  feverally  by  their  greateft  common  Divifor  then  if  the 
Quotients  be  Rational  Numbers  or  Quantities,  the  Roots  propofed  areCommenfura- 
ble;  but  if  tne Quotient  be  Irrational  or  Surd,  the  given  Roots  arelncommenf'urable. 

As  for  Exampie,  to  try  whether  V 1 2  and  1/3  be  Commenfurable  or  not  I  divide 
them  feverally  by  their  greateft  common  Divifor  ^3,  and  find  the  Quotient  a,id 
Vi,  that  is,  2  and  i  to  be  Rational  Numbers  ;  whence  I  conclude  that  Y12  that  is 
2v  3,  has  fuch  proportion  to  Y$,  that  is  1/3,  as  2  to  1,  viz.  as  a  Rational  Number 
to  a  Rational  Number;  and  confequently  Y12  and  Y3  (according  to  the  Definition 
above  given)  are  Commenfurable.  But  that  Yi  2  is  to  V*  as  2  to  1  may  be  demon¬ 
itrated  thus,  viz.  It  is  evident  (by  reafon  of  the  commonFaftor  Yx that  2Y2  . 

..2.1,  and  (by  Divifion  as  above)  Yi2~zY$i  and  Yz~iYx  ;  therefore  V12  . 
V3  ::  2  .  1.  Otherwife  thus : 

Forafmuch  as  12  and  3  divided  feverally  by  their  common  7 
Divifor  3  give  the  Quotients  4  and  1  •,  therefore  as  .  .  .  j  1  2  *  3  : :  4  •  1 

Wherefore  the  fquare  Roots  of  thofe  Proportionals  (hall  7 
be  Proportionals  alfo,  (per  22  Prop.  6.  Elem.  Euclid.)  viz.  j  ^I2  :  :  2  .  I 

Which  was  to  be  demonftrated. 

After  the  fame  manner  /18  and  will  be  found  Commenfurable  ;  for  the  former 
is  to  the  latter  as  3  to  2,  to  wit,  as  a  Rational  Number  to  a  Rational  Number :  for  if 
■/18  and  YS  be  feverally  divided  by  their  greateft  common  Divifor  V2,  theQuotients 
will  be  Ys  and  Y ^  that  is  3  and  2.  Therefore  Vi  8  is  to  YZ  as  3  to  2,  and  inftead 
of  Y 18  and  YS  we  may  write  3/2  and  2/2,  to  wit,  the  Products  of  the  Rational 
Quantities  3  and  2,  multiplied  into  the  common  Divifor  Yy 

Again,  V48  andYjs  (that  is,  4^3  and  $Y  3)  are  Commenfurable-,  fortheformer 
is  to  the  latter  as  4  to  5,  to  wit,  as  a  Rational  Number  to  a  Rational  Number :  for 
^48  and  Y 7?  being  feverally  divided  by  their  greateft  common  Divifor  Y3,  give  the 
Quotients  Yi 6  and  Y2 5,  to  wit,  4  and  y.  Therefore  V48  .  Yi%  1:4.5 
:  :  4/3  .  5/3. 

Moreover,  ^(3)320  and  ^(3)13*  (that  is,  4/(3) j)  and  3^3^ )  having  fuch  pro¬ 
portion  one  to  the  other  as  4  to  3  are  Commenfurable  ;  for  ^(3)320  and  Y(i)ix$ 
being  feverally  divided  by  their  greateft  common  Divifor  Y( 3J7,  will  give  the  Quo¬ 
tient  Y(3)64  and  Y( 3Q27,  to  wit,  4  and  3.  Therefore  Y( 3)320  .  Y({)  135  :: 
4  .  3  ; :  4/f3j?  •  i)*}. 

So  alfo  Y(4)3  888  and  Y( 4J243  f that  is,  2^4^43  and  1^4)243;  are  Commen¬ 
furable,  the  former  having  fuch  proportion  to  the  latter  as  2  to  1  •  for  if  they  be  feve¬ 
rally  divided  by  their  greateft  Common  Divifor  VY4J243,  theQuotients  will  be 
-/(4  16  arid  Y  (4)  1 ,  to  wit,  2  and  r.  Therefore  ^(4)3888  .  ^(4)24  3  ::  2  .  1  :: 
2V':4)243  •  1VY4J243. 

If  two  Surd  Fractions,  or  mix’^  Numbers  ftandingFraaion-wife,  be  propofed,  and 
have  not  a  common  Denominator,  reduce  them  to  their  fmalleft  common  Denomina¬ 
tor,  and  then  try  (in  like  manner  as  before)  whether  the  new  Surd  Numerators  be 
Commenfurable  or  not;  for  if  thefe  be  Commenfurable,  the  Surd FraQions firft  pro¬ 
pofed  (hall  be  alfo  Commenfurable.  As  if  Y\  and  Y44  be  propofed,  I  reduce  them 
to  Y*£  and  Y3£  .  then  I  divide  the  new  Numerators  only,  to  wit,  Y$ o  and  Y 72,  by 
their  greateft  Common  Divifor  Y 2,  and  theQuotients  Y2 $  and  Y26 ,  that  is,  5  and  6 
are  Rational  Numbers.  Therefore  Y- f  and  Y44  fir  ft  propofed  are  Commenfurable, 
and  the  former  has  fuch  proportion  to  the  latter  as  $  to  6.  For, 


AS  4~f 

7  * 

*  TT 

:  :  70 

•  72 

:  :  25:  . 

Therefore  Y^ f 

•t/7  1 

•  T  ?  > 

:  :  Y  5  0 

.  Y~]Z 

:  :  $  , 

And  becaufe  Y- f 

II 

£ 

0 

and 

Y44 

=  YU 

Therefore  Y-} 

-j/14 

•  r  T? 

:  :  5 

.  6 

7  > 

But  if  either  the  Numerators  or  Denominators  of  two  Surd  Fraftions  or  mix’d  Num¬ 
bers  ftanding  Fraftion-wife,  (the  Radical  Sign  being  negle&ed)  be  Squares  or  Cubes, 
viz.  Powers  of  that  kind  which  is  denoted  by  the  Radical  Sign,  then  you  need  not 
reduce  the  Surd  FraSfions  to  a  common  Denominator,  but  try  whether  their  Numera¬ 
tors  or  Denominators  be  Commenfurable  or  not ;  for  if  thefe  be  Commenfurable,  the 
-  E  e  Surd 
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Sard  Fractions  propofed  fhall  be  alfo  Commenfurable.  As  if  YU  and  YU  be  propo- 
led  becahfe  the  Denominators  (the  Radical  Sign  being  negle&ed)  are  Squares,  ( to  wit, 
Powers  of  that  kind  which  the  Radical  Sign  denotes)  and  the  Numerators  Y  $  o  andv^ 
are  Comrtienfurable-,  (for  if  thefe  be  divided  by  their  common  Divifor  Y 2,  theQuoti-  , 
ents  are  rational, to  wit  7  and  6.)  Therefore  the  Surd  Fra&ionS  propoled  are  alfo  Com-  ’ 
menfutable, and  have  iuch  proportion  as  -f  to  £,  (whole Denominators 4 and  >,  towir, 
Vj6  and  V27,  are  the  given  Denominators)  or  as  25  to  24 ^  and  (according  to  the 
preceding  Sett.  6.)  the  Surd  Fraftions  propofed  may  beexprefs’d  thus,  \Yi  and  \Y 2. 

F  When  two  Surd  Roots  ptopofed  be  of  different  kinds,  they  mgft  firft  of  all  be  redu¬ 
ced  to  a  common  Radical  Sign,  (by  the  preceding  Se8.  3.  of  this  Chap.)  before  the 
Rules  aforefaid  be  ufed,  to  try  whether  they  be  Commenfurable  or  not.  As  if  Y(6)6 4 
and  Y(iAl  be  given,  they  may  be  reduced  to  Y(6)6^  and  Y(6) 729,  which  divided 
by  their  greateft  common  Divifor  ^(6)1,  the  Quotient  will  be  the  lame  with  the  Di¬ 
vidends  °  Now  if  ^(6)64  and  Y(6)i 29  be  Rational,  then  the  Surds  firft  given  are 
Commenfurable  5  but  ^(6)64  is  2,  and  Y(6) 729  is  3.  Therefore  the  Surd  Roots 
propoled  are  Commenfurable,  and  have  fuch  proportion  as  2  to  3. 

But  if  the  Quotients  arifing  by  the  Divifion  of  twro  Surd  Roots  by  their  greiteft  com¬ 
mon  Divifor  as  aforefaid,  happen  to  be  Irrational  or  Surd,  then  the  Roots  propoled 
are  Incommenfurable  •,  fuch  are  V48  and  VS,  for  if  they  be  divided  feverally  by  their 
greateft  common  Divifor  Y 8,  the  Quotients  are  Y 6  and  1 :  but  Y 6  is  Irrational,  there¬ 
fore  the  proportion  which  V48  has  to  /8  is  not  as  aRationalNumber  to  aRationalNum- 
ber  and1  confequently  V48  and  Y 8  are  Incommenfurable,  and  fo  are  all  other  Surd 
Roots  whole  proportion  cannot  be  exprels’d  by  Rational  Numbers. 

I  (hall  now  fhew  how  by  the  help  of  the  preceding  Rules  we  may  difcover  whether 
two  Surd  Quantities  exprels’d  by  Letters  be  Commenfurable  or  not.  As  if  Y 21  aa  and 
Y 1 2aa  be  propofed,  they  will  be  found  Commenfurable-,  for  if  they  be  feverally  divi¬ 
ded  by  their  greatett  common  Divifor  Y 3<w,  the  Quotients  Y 9  and  V4,  that  is  3  and 
2,  are  Rational  Numbers,  and  fhew  that  Yi-jaa  is ’to  Yizaa  as  3  to  2,  to  wit,  as  a 
Rational  Number  to  a  Rational  Number  5  wherefore  Y I'jaa  and  Ynaa  are  Commen¬ 
furable,  and  may  be  exprels’d  thus,  3 Y %aa  and  2 Y 3 aa. 

Note ,  If  two  Surd  Quantities  be  divided  by  fome  common  Divifor.  though  it  be  not 
the  greateft,  yet  if  there  come  forth  Rational  Quotients,  we  may  thence  conclude  thole 
Surd  Quantities  to  be  Commenfurable,  and  oftentimes  exprefs  them  various  ways.  As  if 
Yzjaa  and  Ynaa  be  again  propofed,  by  dividing  them  feverally  by  theircommon  Divi- 
forv'3,  there  will  come  forth  the  Quotients  Y  yaa  and  Y  4^,  thads,  iaan&2a-,  whence 
itisevident,thatV27*tf  istqVi2<ra,as  3a!  to  2 a-,  to  wit,  as  a  Rational  Quantity  to  a  Ra¬ 
tional  Quantity,  and  confequently  Y 27 aa  and  Y 1 2 aa  are  Commenfurable.  Moreover, 
according  to  this  latter  Divifion  we  may  write  3 aY 3  for  Y 27 00,  and  2 aY 3  for  Y i2aa. 

Again,  Y :aaaa-\- aabb  :  and  Y‘.aabb-\~bbbb :  are  Commenfurable-  for  each  of 
them  being  divided  by  Y-.aa\bb\  there  arife  Yaa  and  Ybb ,  that  is  a  and  b,  which 
are  Rational  Quantities,  each  of  which  being  multiplied  into  the  common  Divifor 
Y  :aa-\-bb:  will  give,  inftead  of  the  Surds  propofed,  aYaa\bb  and  bV aa-\-bb,  which 
have  the  fame  proportion  to  one  another  as  there  is  between  a  and  b. 

Likewife  /^+JgE*and  Saoamn±*-  —  ”1’-  are  Commenfurable,  for  each  of 
aa  ppzz 

them  being  divided  by  their  common  Divifor  Y:  00 there  will  arife  V—  and 

aa 

Yaani™  that  is,  -and--,  (to  wit,  Rational  Quantities)  each  of  which  multiplied 
ppzz  a  pz 

into  the  common  Divifor  Y  ’.oo-’r/pmp:  will  produce  ~Y\oo-\-Ainn\  and  a71lY-.oo\qmp: 

a  f  pz 

which  are  equal  to,  but  more  fimply  exprels’d  than  the  Surd  Quantites  propofed, 

and  have  that  proportion  one  to  another  as  is  between—  and  — . 

_ _  a  PF _ 

So  alfo  Y \aaaa\ Oaaa-\- 2\aa-\--]2a\  108:  and  Y\aaaa — ioaaa-\-^~jaa — 120^4-300: 

are  Commenfurable,  for  if  they  be  feverally  divided  by  their  common  Divifor  Y  \aa-\- 1 2: 

there  will  arife  Y:aaPp 60+ ?;  and  Y:aa-\-iQa+2$:  that  is,  ^4-3  and  aw  7,  each  of 

which 
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which  multiplied  jnto  the  common  Divifor  Y~aa-\- 1 2  will  produce 

and  a  zn  5  V:aa+ 1 2 :  which  have  the  lame  proportion  between  them  lei  ves  as  that  of 
*+3  to  a  5,  and  are  of  the  fame  value  with  the  Surd  Quantities  firft  propofed 
Again,  V(3)8i  abbb  and  ^(3)24  abbb  are  Commenfurable,  for  if  each  of  them  bedi- 
vided  by  their  common  Divifor  ^(3)3*,  there1  will  arife  ^(3)27 bbb  and  ^(3)8 bbb 
that  is,  3 b  and  2 bh  therefore  therSurds  propofed  may  be  reduced  to  ibYuWa  and 
aW  3)3a,  the  former  of  which  is  to  be  the  latter  as  3  b  to  2  b  :  and  fo  of  others. 

•  - — .  ~  ;  ,  •  ■  * - .  _ 

Sett.  VIII.  Addition  and  Suit  r aft  ion  in  fmple  Surd  Quantities. 

When  two  or  more  equal  Surd  Roots  are  to  be  added  together,  multiply  one  of  them 
by  the  Number  which  exprefTes  the  Multitude  of  the  Roots  propofed  and  the  Pm 
dutt  fhall  be  their  fum:  as  the  fum  of  V6  and  Y6  is  /24-  for  Y6  multiplied  by  2 
that  is  by/4,  produces  V24  Alfo/(3)6,  Y(iJ6,  and  /(3)6,  added  into  one  make 

V(3)i62  5  for  Y(3)6  multiplied  by  3,  that  is,  by  ^(3)27,  makes  Vr 3)162. 

But  when  two  unequal  Surd  Roots  of  the  fame  kind,  that  is,  fuch  as  have  the  fame  Ra 
dicalSign  prefix’d  before  each  of  them,  be  to  be  added  together;  alfo  when  the  leffer  is 
to  be  fubt ratted  from  the  greater,  obferve  this  Rule,  viz.  Firft,  (  by  the  preceding  Se8  7 
of  this  Chap.')  you  muft  try  whether  they  be Commenfurable  or  not;  then  if  they  be 
Commenfurable,  that  is,  if  after  they  have  been  feverally  divided  by  their  greateft  com¬ 
mon  Divifor,  the  Quotients  be  Rational  Quantities,  multiply  the  fum  of  thofe  Rational 
Quantities  by  the  faid  common  Divifor,  and  the  Produtt  fhall  be  the  fum  of  the  Surd 
Roots  propofed  ;  but  if  the  Difference  of  thofe  Rational  Quotients  be  multiplied  hv  the 
faid  common  Divilor,  the  Produtt  fhall  be  the  Difference  of  the  Roots  propofecl 
As  for  Example,  if  the  Sum  and  Difference  of  V  50,  and  Y8  be  defired  firft  i  di¬ 
vide  each  of  them  by  their  greateft  common  Divifor  Yz,  and  the  Quotients  are  Y2I 
and  Y 4,  that  is  5  and  2,  (which  are  Rational  Numbers  exprelhng  the  proportion  of 
the  given  Roots  one  to  the  other  ;)  whofe  fum  7  multiplied  by  the  common  Divifor 
1/2  produces  7/2,  or  if  you  pleafe  V98,  (for  7,  to  wit,  /49  into  Yz,  makes  VoSO 
which  is  the  defired  lum  of  the  given  Roots  /jo  and  YS.  And  if  5— 2  that  is  3  (the 
Different  e  of  the  Rational  Quotients  before  found)  be  multiplied  by  the  faid  common 
D.vilor  Y 2,  the  Produtt  will  be  3V2,  that  is  Y18  -y  which  is  the  defired  Difference 
of  V<;c  and  Y 8,  the  Roots  firft  propofed. 

Likewile  the  fum  of  /(3J500  and  ^(3)108  will  be  found  8/(04  that  is 
V(?;204  8 ;  and  their  Difference  W( ?)4  that  is  V(3)3  2,  as  will  appear  by  the  foil 
lowing  Work,  viz  firft,  I  divide  each  of  the  given  Roots  ^(3)5  0o  and  YU)  108  by 
their  greateft  common  Divifor  /( 3  >4,  and  the  Quotients  are  V(3)i2?  and  YU  )zi 
that  is  5  and  3  ;  then  by  multiplying  8  (to  wit  7  +  3,  the  fum  of  the  Rational  Quo¬ 
tients)  by  the  common  Divifor  V(3)4,  the  Produtt  8/(3)4,  that  is,  ^(3)^048* 
(for  8,  to  wit,  v(3)*i2  into  VT3  J4  makes  ^(3)2048)  which  is  the  fum  of  vYaVoo 
and  V(3)  1 08,  the  Roots  propofed.  3 

And  by  multiplying  2,  (that  is,  7—3  the  Difference  of  the  Rational  Quotients)  by 
the  faid  common  Divifor  ^(3)4,  the  Produtt  is  2/(3 )4,  that  is,  Y(z)z2  •  (for  2 
to  wit,  Y( 3)8  into  V(3)4  makes  /(3J32)  which  is  the  Difference  of  YU  koo  and’ 
•/(3)io8,  the  Roots  propofed. 

Here  follow  Contra  ft  ions  of  the  Work  in  the  two  lafl  preceding  Examples,  with 
others  of  like  nature ,  to  illuflrate  the  Rule  before  given  for  the  Addition  and 
Subt  raft  ion  of  fuch  fmple  Surd  Roots  as  are  Commenfurable. 

Example  1. 

What  is  the  Sum  and  Difference  of  .  Y$ o  and  Y 8  > 

The  Operation. 

Y 2)  Vfo  (Y 27,  that  is,  5.  Therefore  $Y2—Y<yO. 

Y 2)  Y  8  (Y  4,  that  is,  2.  Therefore  2/2—/  8. 

The  Sum,  jY2~Y$o-\-Y8. 

Or,  Y^8—Y^o-\-Y8. 

The  Difference,  3^2  —Y 50 — Y 8. 

Or,  yi%~Y%Q — V8. 


E  e  2 


Example 
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Example  2. 

What  is  the  Sum  and  Difference  of  .  .  ,  .  ’  -/(g^oo  and  >'(3)108  ? 

The  Operation , 

rt  ^(3)4)  /(3)500  0/(3)125,  that  is,  5;. 

II.  /(?)4)  ^(3)108  (/(3)  27,  that  is,  3. 

From  Divifion  I.  S^(3)^^(l)')Co. 

From  Divifion  II.  lV(i)4=V  (1)108. 

The  Sum, 

Or, 


. J  ■  ' 

•  ij 


8^(3)4=^(3)5004-^3)108. 

\'(3)2Q48=:'V/(3)5;oo-f^(^)ioB. 

the  Difference,  2v/(3)4=/(  3)500— >'(3)108. 
Or,  -/(3)32='/(3)5oo— Z(3)io8.' 


T  «  •  ,  .  ,  l  •  *  J,  L.  I A  *  ry  •.  ‘  »  *  r  1  --  j  '  J  '  ’  >  »-r  /  .  J 

Example  3. 

What  is  the  Sum  and  Difference  of  ....  .  V147  and  v'la  > 

Tlje  Operation. 

^3)  /147  (^49,  that  is,  7.  Therefore  -jVi^Vi^. 

Vi)  /  12  C/4,  that  is,  2.  Therefore  2/3— V  12. _ 

The  Sum,  9/3  =■/ 1474-/12. 

Or,  ^243—/ 1474-/12. 

The  Difference^  5/3— /147— /i2. 

Or>  '/75='/r47~v'i2. 


ru  4* 
JU  j 


Example  4. 

What  is  the  Sum  and  Difference  of  ...  . 

The  Operation. 

f;  ^(3)0  ^(B)i7r5  (^(3)343,  that  is,  7. 

If  ^(3)5)  ^(3)  4°  (/(3)  8,  that  is,  2. 

From  Divifion  I.  7'/(3)5='/('3ji7i5. 
From  Divifion  II.  S  ‘  7 

The  Sum, 

Or,  / 

The  Difference, 

Or, 


^(l)l7lS  and  V( 3J40  > 


2/(3)5=/f3)  40- 


9/(3)5=/(3)i7154“/(3)4o. 

^(3)3645  =vY3)i7I5 +^(3)40- 

5/(3)5=/(3i!7I5 — /(3J4o. 

/(3)625=/(3ji7i5— /(3)4o. 


When  two  Commenfurable  Surd  Roots  propofed  to  be  added  or  fubtra&ed 
are  Frafhons,  or  mix’d  Numbers  reduced  into  the  form  of  Fraftions,  if  their  have  not 
a  common  Denominator,  reduce  them  into  others  which  may  have  a  common  Denomi- 
narorin  the  leaft  Terms ,  then  to  find  out  the  Rational  Quotients  divide  only  the  two 
new  Numerators  feverally  by  their  greateft  Common  Divifor,  and  continue  theProcefs 
as  before.  The  Pra&ice  of  this  Note  will  be  evident  in  the  two  following  Examples. 

Example  5 

What  is  the  Sum  and  Difference  of  . 


{ 


ViS  and  V\. 

Ti  n  .•  -  0r>  vrr  and 

l  be  Operation. 

,~tt)  VVf  (V 36,  that  is,  6.  Therefore  6/-^=/.!* 

y-tt)  v'tt  (v^ 25,  that  is,  5.  Therefore 

The  Sum,  Ti 

Dr,  /a44=/j 

The  Difference 


TT* 


/>— /:Li /* 

'  7T"*i  TT  y  T 


TT* 


Example 
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:  M\ 


A.  v> 


"S 


trv\ 


Vi  2  and  Y±z  ? 
Or,  and  -vQi  ? 


Example  6. 

What  is  the  Sum  and  Difference  of  .  .  .  .i 

•  .  The  Operation. 

Vr)  V^  (Vi 6,  that  is,  4.  Therefore  4i4=/±!.. 

V -})  /r?  (Y  9,  ^at  is,  3.  Therefore  3/4  =4-4. 

Tfte  Sum,  -jV^V^V^. 
Or.  V^M^V^r. 


The  Difference, 


V" 

T  A. 


r  .  + 


_ ± 

V17 


4* 


When  two  fimple  Surd  Rxaots  given  to  he  added  or  lubtra£led  be  Incommenfurahle, 
neither  their  Sum  nor  their  Difference  can  be  exprefs’d  by  any  fimple  Root  but  they 
are  to  be  added  by  -f,  and  to  be  fubtraaed  by  — .  As  to  add  V$  and  v\  I  write 
Vs+V?  for  the  Sum-,  but  to  fubtraa  V?  from  V$,  I  write  V5—V1  for  the  Re¬ 
mainder.  So  alfo  the  Sum  of  /f^4oand  V(%)  12  is  V(3  ko-f/f3  J12,  and  their 
Difference  is  ^(3)40 — V( 3  ji2. 

But  Incommenlurable  lquare  Roots  may  be  added  or  fubtraaed  by  this  following 
Rule,  (which  is  deduced  from  Prop.  4.  &  7.  lib.  2.  Euclid .) 

To  the  Sum  of  the  Squares  of  thegiv’en  Surd  fquare  Roots,  add  the  double  Produa 
of  the  Multiplication  of  thofe  Roots  one  into  another  ;  fofhall  the  fquare  Root  of  the 
Sum  be  the  Sum  of  the  Roots  propofed  to  be  added.  But  if  the  faid  double  Produa 
be  fubtraaed  from  the  faid  fum  of  the  Squares,  the  fquare  Root  of  the  Remainder  fliall 
be  the  Difference  of  the  given  Surd  fquare  Roots.  As  if  the  Sum  and  Difference  of  V 6 
and  V3  bedefired,  their  Sums  fhall  be  V:?-\-V-j2:  and  their  Difference  V :  q—Y  12  • 
for  the  Sum  of  the  Squares  of  the  given  fquare  Roots  V 6  and  Yi  is  9,  and  the  double 
Produa  of  their  Multiplication  is  1/72,  which  I  add  to  and  fubtraa  from  9  •  fo  the 
fquare  Root  of  the  fum,  to  wit,  V:9+V12  :  is  the  Sum  defired  5  and  the  fquare  Root 
of  the  Remainder,  to  wit,  Y  '.9— Y  72  \  is  the  Difference. 

After  the  fame  manner  the  Addition  and  Subtraaion  of  fimple  Surd  Quantities  ex¬ 
prefs’d  by  Letters  maybe  performed  5  as  to  add  Vj$aa  and  V2  -jaa,  firft,  (by  the  pre¬ 
ceding  SeE.-j.)  I  find  them  to  be  Commenfurable*  for  if  Y^'aa  and  Viiaa  be  feveral- 
ly  divided  by  their  greateft  common  Divifbr  Y$aa,  the  Quotients  are  V z$  and  Vo 
that  is,  $  and  3,  whole  fum  8  multiplied  into  the  common  Divilor  V3 aa  makes 
8V  3 aa,  (that  is,  V  1920a )  for  the  fum  of  Vi$aa  and  ^27 aa.  But  if  the  Difference 
of  the  lame  Rational  Quotients  $  and  3,  to  wit  2,  be  multiplied  into  the  laid  common 
Divifor  V 3^,  it  makes  2/3^  (that  is,  Vizaa)  for  the  Difference  of  Yi%aa  and 
^27 aa,  the  Roots  firft  propofed.  1 

Or  we  may  write  8aYl  (inftead  of  8/3 ad)  for  the  Sum,  and  2^3  inftead  of 
vViaa)  for  the  Difference  of  Yj$aa  and  Vzjaa  before  propofed  j  for  thefe  divided 
Severally  by  their  common  Divifor  V3,  give  Rational  Quotients,  to  wit  V^aa  and 
V9aa,  that  is,  $a  and  3 a$  whole  Sum  8a  multiplied  into  the  common  Divilor  V 3 
gives  8 aV 3  for  the  Sum  of  Y-j$aa  and  Y27 aa  •,  but  if  the  Difference  of  the  faid  Ra¬ 
tional  Quotients  $a  and  3 a,  to  wit,  20,  be  multiplied  into  the  laid  common  Divilor 
1/3,  the  Produa  2aVo)  is  the  Difference  of  the  faid  V-j$aa  and  V27 aa. 

Again,  to  add  Y(i)2$6aaa  and  ^(3)32***,  firft,  (by  Sett.  7.)  I  find  them  to  be 
Commenfurable,  for  if  each  of  them  be  divided  by  their  common  Divifor  V(  3J4,  the 
Quotients  are  Rational,  to  wit,  Y(Y)6\aaa  and  Y(Y)8aaa^  that  is,  4aand  2  a-,  thele 
added  together  make  6< *,  which  multiplied  into  the  common  Divilor  Vr(3)4,  makes 
6aY( 3)4  (^at  is,  /(3)8 6400a)  for  the  defired  Sum  of  Y (3)2^6 aaa  and  V(?)32aaai 
hut  if  2a,  the  Difference  of  the  lame  Rational  Quotients  4a  and  2 a,  be  multiplied  into 
the  faid  common  Divifor  ^(3)4,  the  Produa  2^(3 )4,  (that  is,  VT3J32 aaa)  fhall 
be  the  Difference  of  Y(ij2 $6aaa  and  >^(3)3 zaaa  firft  propofed. 


More 
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More  Examples  of  the  Addition  and  Subtraction  of  Commen  fur  able  fmvle  Surd 

Quantities  exprefs’d  by  Letters. 

'  \  '  ^  ~  .0.  f t  r 


;  Example  i. 

What  is  the  Sum  and  Difference  of  ...  . 

The  Operation. 

I.  V-j )  YzS aa  (V^aa,  that  is,  2 a. 

II. /7 )  Y  7 aa  (Y  aa,  that  is,  a. 

From  Divifion  I.  2ctYj=Y2Saa. 
From  Divifion  II.  aV y~Y  yaa. 

The  Sum, 


x .  •  i  ri  n 


YzSaa  and  Yjaa  > 


A 

.0 


7faY-/-=Y2d>aa-yY-j  aa. 
The  Difference,  aY-j=Y2  8 aa—Y-jaa. 


*i!9rn  1 


■T 

rr 


Example  2. 

What  is  the  Sum  and  Difference  of  .  .  .  .  .  Y^mbc  and  V  zoaabc  ? 

The  Operation.  ' 

I.  Y$bc)  V \%aabc  (Y  9  a  a  that  is,  2,  a. 

■  HY^bc)  Y  zoaabc  (Y  4. aa,  that  is,  2 a. 

From  Divifion  I.  ^aY $bc=Y ^aabc. 

From  Divifion  II.  zaY ^bc~Y zoaabc. 

SaY '>bc—Y ^aabc-yY 2c>aabc. 

The  Difference,  aV ^bc—Y f^aabc — Y zoaabc. 


■ff  ■ 


Example  3. 

What  is  the  Sum  and  Difference  of  .  .  Y(i)Siabbb  and  V(%  )2±cbbb  > 

The  Operation.  \. 

I.  Yi^^a)  Y(i)§iabbb  ( Y(y)2-]bbb ,  that  is,  lb. 

\\.Y(i)2a)  Y Q) 2 t\abbb  (Y( 3)  8 bbb,  that  is,  2 b. 

From  Divifion  I.  3 bV( 3 )ia=Y(i )&\abbb. 

From  Divifion  II.  TbYjjJ^a^Vf^  )ivbbb. 

t|1G  ivor’  Y,al>bb^-V(  3 )2^bbb: 

_  The  Difference,  bY(l)ia=V(l)&iabbb-Y(i)2¥,bbb. 


s  v^aad  and  ✓ifw 
C  °r./— and  Yi+laad? 


Example  4. 

What  is  the  Sum  and  Difference  of  ,  .  1  . 

1 

The  Operation. 

I.  Y+Jrd)  Y±f°-aad  (Y 3  6aa^  that  is,  6a. 

II.  Y-Tl-d)  Y~yi-aad  (Y  2$aa,  that  is,  $a. 

From  Divifion  I. 

From  Divifion  II. 

The  Sum, 

The  Difference,  ‘^6¥=Y-^ai-Y^ad 

br,f+“2l 

fiSr*  “  f'taa  f,“" ’>■ 1  f”"/£iSi;/s 


6aY^ 


-Y-^yaad. 


•>aY^d=zY±Uaad. _ 

II  aV-^d=  Yey^aad + Y±^aad. 


SC^*  IX*  A^aition  and  Subtraction  in  Compound  Surd  Roots. 

the  Rnii1  Lhfm21C  °[  Con}V0}\nd  Sufds  depends  upon  the  Rules  of  the  Simple  • 

Divifion-  b u t"ho w C tholh  R ule^ar^an^  1  ^b,traa.io\Mult5P^ation,  1 

lhall  fhew  in  this  and  the  following  pp,  !ed  ro  the  Arithmetic  of  Compound  Surds 

Surd  Numbers  and  Surd  Quantitief  expreffd  J  Letters^ '0"S'  by  ExampleS  b°th 

Exanij 
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Examples  of  Addition  and  Subtraction  in  Commenfuralle  Jim  pie  Surd  Numbers  con - 
netted  to  Rational  Numbers  by  4  or  — ,  as  alfo  in  Compound  Surd  Numbers 
compofed  of  Commenfurable  fimple  Surds . 


To  and  from  64/18(3/2) 
Add  and  Subtr.  4+/  8(2/2) 
The  Sum  104/50(5/2; 
Difference  2 — /  2 


/  192(8/3)43 
^  75(5/3)— 9 

/5°7(i3/3)4o 

/  27(  3/3)46 


To  and  from 

Add  and  Subtr. 

4-/242(11/2) — 12 
— /  5o(— 5/ 2^4“  8 

15— -2/2(/8) 

74-  / 2 

Sum 

Difference 

4-/  72(  6/2) — 4 

4-/512(16/2) — 20 

22 —  /  2 

8 — 3/2C/18) 

\ 

To  and  from 

Add  and  Subtr. 

/  2424/ 192 

/  504/  75 

that  is, 

11/2-f  8/3 

5/24  5/3 

Sum 

Difference 

/5124-/507 

/  72-E/27 

that  is, 

16/2-/13/3 

6/24  3/3 

To  and  from 

Add  and  Subtr. 

/  320 — / 108 
/  8c — /  27 

that  is, 

8/5 —  6/3 

4/5—  3/3 

Sum 

Difference 

/720 — /243 

/  80 — •/  27 

^  that  is,  '«j 

12/ 5 —  yY  3 

4^5—  3/3 

To  and  from 

Add  and  Subtr. 

/3204/ 108 

/  80 — /  27 

:  that  is,  -j 

']  8/54  6/3 

L  4/5—  3/3 

Sum 

Difference 

/720-jr/  27 

/  8o4/243. 

ij-  that  is,  - 

4  12/54-  3/3 

L  4^54-  9^3 

To  and  from 

Add  and  Subtr. 

/(?)20j84/(3)  54 
/(3)  1624-/(3)  16 

j-  that  is,  - 

S  7^(^)643/(3)2 
l  3/(3)64-2/(3)2 

Sum 

Difference 

/(3)6oco4-/(3)250 
/(3)  384— /(3)  2 

that  is,  - 

(  io/(3)64-5A3)2 

l  4/(3)  6—  /(3)'2 

To  and  from 
Add  and  Subtr. 

/(4)i  875  4/(3)250 
/(4)  48-— /(?)  16 

^  that  is,  < 

r  5/(4)345^(3)2 

L  2/(4)3~ 2/(3  )2 

Sum 

Difference 

/(4)72°34~/(3)  54 
/(4)  2434-/(3)686 

j-  that  is,  - 

f  7/(4)34-3/(3)2 
l  3/(4)347^(3)2 

E  XPLIC  ATIO  N. 

In  the  firft  Example  the  Rational  Numbers  6  and  4  added  together  make  10,  and 
their  difference  is  2  -,  then  forafmuch  as  /18  and  /8  (that  is,  3/2  and  2/2)  are 
Commenfurable,  (for  the  former  is  to  the  latter  as  3  to  2)  their  Sum  is  /50  (that  is, 
5/2)  and  their  Difference  V2  (by  Sett.  8.)  Wherefore  104-/50(5/2)  is  rhe  Sum, 
and  2 — / 2  the  Difference  of  the  two  Binomials  64/ 18  and  44/8,  propofed  in  the 
firft  Example. 

Likewife  in  the  fecond  Example  the  two  Commenfurable  Surd  Roots  / 192  and 
/75,  (that  is,  8/3  and  5/3)  added  into  one  fimple  Surd  make  /507,  (that  is,  13/3) 
but  their  Difference  is  /27,  (that  is,  3/3  0  alfo  4-3  and  — 3  added  together  make 
o,  but  —3  fubtra&ed  from  43  makes  4-6.  Wherefore /507  (that  is,  13/3)  is  the 
Sum,  and  / 27  (that  is,  3/3)4 6  is  the  Difference  of  the  Binomial  /i9243,  and 
the  Refidual  Y75 — 3  propofed  in  the  fecond  Example. 

Again,  in  the  third  Example,  where  — / 5048  is  propofed  to  be  added  to  /242 
‘  < — 1 2,  and  alfo  to  be  fubtraaed  from  the  fame*  firft,  — / 50  added  to  4-/242  (that 
is,  5/2  to  411/2)  makes  4/72  ("that  is,  6/2  f)  but  — /50  fubtratted 

from 


/ 
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from  -W242  (that  is,  —5/2  from  +11/2)  leaves  the  Remainder  or  Difference 
4-7?J2,  (that  is,  16/2  •,  alfo  4-8  added  to  —12  makes  —4,  but  4-8  fubtraffed 
from  — 12  leaves  the  Remainder  or  Difference  — 20.  Wherefore  V72  (that  is 
6V 2)  4  is  the  Sum,  and  7 512  (that  is,  16/2)— 20  is  the  Difference  of  the'  two’ 
Refiduals  propofed  in  the  third  Example.  The  Operation  in  the  reft  of  the  preceding 
Examples  is  after  the  fame  manner.  ^  s 


Examples  of  Addition  and  Suit  ration  in  Compound  and  Surd  Numbers  partly 

Commenfuralle  and  partly  Inconmenfuralle. 


To  and  from  7 27(373)4-7 8 

Add  and  Subtr.  7i 2(273 )4-7$ 

7  io4-78(272) 

7  3 — 72 

The  Sum,  777(773)4-784-77 

7 104-734-72 

Dr,  777(77  3)4-7 :  13  4-7 160 : 

7: 134-7 1 20 :  4-72 

The  Difference,  73  4-78 — 77 

Or,  73  4-7:13 — 7i6o: 

7io — 73  4-7i  8(372) 

7 : 1 3— 7 1 20 :4*7 1 8(372) 

Toandfrom  7(3)764-7(3)1 6 

Add  and  Subrr.  7(3)  7 — 7(3)12 

7(4)405  7  (3)2 

7(a)  804-7(3)5: 

Sum  37(3)  74-7(3)i6— 7(3)12 

Difference  7(3)  7 4-7(3)164-7(3)  12 

5y(4)  54- V  C  345  —  7(3)2 

m)  5— 7(3)7— 7(3)2 

EXPLICATION. 

In  the  firft  of  the  four  laft  preceding  Examples  the  Sum  of  the  two  Commenfurable 
Surd  Roots  V  27  and  7i  2  (that  is,  8^3  and  2/9)  is  Vyj,  (that  is,  773  5)  but  their 
Difference  is  7 9  and  the  Sum  of  the  two  Incommenfurable  Roots  78  and  Vs  is 

784-v'7,  or  V:  134V160:  but  their  Difference  is  VS — 77,  or  VTii _ V160  • 

(according  to  the  Rule  before  given  in  Sett.  8.  for  adding  and  lubtra&ing  twolncom- 

menfurable  fquare  Roots.  Therefore  yVjrfWS-fV'}  ,  or  773 4- VTi  9 _ v  1 60 • 

is  the  Sum,  and  734-78— ■ /j,  or  734-7  :  13— 7i6o :  is  the  Difference  of  the  two 
Binomials  Vi  7 4-/8  and  Vi2-\-V%  propofed  in  the  faid  fir  ft  Example. 

Again,  in  the  third  of  the  faid  four  Examples,  where  7(3)764 -7(3)16  and 
^  (3)7 — ^  (3)i2  are  propofed  to  be  added  and  fubtrafted  5  the  Sum  of  the  two  Com¬ 
menfurable  Surd  Cubic  Roots  7(3  )$6  and  V(  1)7  is  37(3)7,  and  their  Difference  is 
7(3)7  5  alio  the  Sum  of  the  two  Incommenfurable  Cubic  Roots  7(2)1 6  and 
—7(3)12  is  7(3)i6 — 7(3)12 ;  but  —7(3)12  fubtraaed  from  7(3)1  <5  leaves 
^(3)154-^(3)12.  Wherefore  37(3)74- 7(?)i6— • 7(3)12  is  the  Sum  and 
7(3)74-7(3)164-7(3)12  is  the  Difference  of  the  faid  Binomial  and  Refidualprono- 
fed  in  the  third  Example.  ^  ^ 

Examples  of  Addition  and  Subtraction  in  Compound  Surd  Quantities  exprefpd  by 

Letters. 


To  and  From 
Add  and  Subtr. 
v  The  Sum  is  .  ~ 
The  Difference  is 


Example  1. 

V7’>aa-\rVSbb  \  .  C  %aV  ^  2bV  7. 
7i  2^4-7 2 bb  )  01  bV 2 

. 7^734 -?,bvcr 

. 3^73-4  bV 2 


E  XPLIC  ATION. 

Firft,  (by  Sett.  7.)  I  find  that  V7 $aa  and  Vi2aa  are  Commenfurable,  and  may  be 
reduced  to  5^73  and  2^73  ;  likewise  78^  and  V2 bb  are  Commenfurable,  and  may 
be  reduced  to  2 bV 2  and  bV 2 :  then  the  fum  of  7  j7 3  and  2aV 3  is  70V  x  r  alio  the 
burn  ol  2/w  2  and  by  2  is  ?,bV  2  :  therefore  the  Sum  of  the  two  Binomials  propofed  in 
the  Example  is  But  by  fubtra&ing  2aV$  from  7 a/3,  the  Remainder 

is  3473  ^  and  by  fubtraaing  bV2  from  2bV2  the  Remainder  is  bV 2.  Therefore  the 
Difference  of  the  twoBiiiomials  propofed  is  laVi+bVi, 


Example 


CHAP.  p. 


The  Arithmetic  of  Surd  Quantities. 


wsia£"*“‘  D*“' °fi 

. .  ni)  4q«s^~ y/jxbci V 

Thofe  reduced  give  thefe,  to  wit,  ....  S  7aW(l)7+7u)kj~ 

TheSum,  .  .  i 

The  Difference,  .  . . ,  , 

-  _ .  ’  . :  Vb)bci 

Examples  of  Addition  and  Sul, trail  ion  in  Compound  Surd  Numlers 

altogether  Inc  ommenf arable* 

To  and  from  vT0  -f  /7 
Add  and  Subtr.  V  3  4.  /2 

Su?;  ~vio  +  ^  ±rpm 

Ur*  ^17  +  1^280:  +  ✓:  T 

I  / _  /  . .  ■■■  1  ■ 


Difference,  ~Vio  +  ^7  —  vT^T77 

Or,  :  ~ —  — 


•/;i7  +  /280; — 4: 


To  and  from  /(Oio  4-  vY?  w 
Add  and  Subtr.  1/(3)  5  —  V^)2 

'  y&ui  t  #!&+ 


Sum, 


TV-xr’  ~r  vv377  *r  vm2  —  vf?)2 

Difference,  v^r  o  +  v\3)7  _  ^(373  +  + j*. 


Seft.  X.  ty  Multiplication  in  Compound  Surds. 

Example  r. 

Multiplicand,  V180  +  Y43  }  ,  . 

Multiplica  tor,  ■/!  2  ;  +  Vi  2  \  that  1S>  {  $  +  \v\ 


/ 


i$o  -f-  20/  1  j 

.4- 1  ^Vi  7  4.  24 


Multiplicand, 
Multiplica  tor, 


pr°l^  .  ijo  +  32/15+1? 

That  is,  174  +  32v/ij. 


6 

8 


Example  2. 

ZVV2°}  th« is-  {  8  Z  $ 

~4B  —  16/y 

—  iZV 5  4-  30 

Produft, 


78  —  34V  j 


Example  3. 

Multiplicand  /18  —  27  f  .  (W2—7 

Multiplicator,  V  8  4-  2  rfi?»t-  ic  j 


*S>  *[2/2  +  2 


12  —  6/2 

-f  6/2  — -  6 

Produft,  i2 


That  is,  6 . 


—  6 


Example  4. 

Multiplicand,  4/7  +  3/0  -  .  r  7/? 

Multiplicator,  4/$  4-  3/5  j*  t^iat  IS»  ^  7V^ 

Produfl,  245 


,i  * 


— 


Ff 


vtlfiC 

*r* 


E  X. 


explication. 

t  Fvairiole  thetwo  Compound  Surd  Numbers  propos’d  to  be  multiplied  are 

/  which  are  reduced  to  6V5+4^  and  5V5  W?  * 

*  < of  this Chap  Jthen  bV%  multiplied  by  ;Vy,  (according™  Rule  5. 

(by  Sett  6  ^  ,?‘multipUed  by  ,v,  (according  to  Rule  6.  in 

ft*!)  produ?esd2oVi5i  again,  6V5  into  2V3  makes  12V15,  and  tfihmWi 
* llticL-  laftly,  thole  Produas added  together  make  174+32V1?,  the  Produa 
produces  2 4  ,  y  Examples  are  wrought  in  like  manner. 

10  w^pn  the  Multiplicand  has  not  the  fame  Radical  Sign  with  the  Multiplier,  they 
muft  ftft*  to  reduced  »  the  lame  Radical  Sign,  (by  Sed.  ,  of  this  Chap  )  and  then 
the  Multiplication  is  to  be  made  by  lome  ol  the  Rules  w&ff.  4  as  will  be  mam- 

felt  in  the  following  Example. 

Multiplicand,  ^(5)6-b*/(3)7  ~b  5 

Multiplicator,  J^3 _ _ _ _ _ 

Produa,  V(io;b748  -f  ^(6)1323  -b  5^3* 

EXPLICATION. 

1  and  Vi  are  reduced  to  thefe  having  a  common  Radical  Sign,  to  wit, 

.// * onfi  vYiol243,  which  multiplied  one  into  the  other  produce^  10)8748. 

2.  Vt3)7  and V^are reduced  to  V(6)49  and  ^(6)27,  which  multiplied  one  by  the 

other  produceV(6)  3^  ^  multiplied  int0 makes  5^3  or  Vn. 

Laftly,  thofe  three  fimple  Produas  added  together  give  the  Produa  fought,  to  wit, 
V(  1 0)  8748- +  V{6  )  1 3  2  3 -b  5 ^3  (V7  5  ■) 

Three  Compendious  Rules ,  twj}'  ^  Multiplication  of 

Binomials  and  Re  fid  Hals. 

Becaufe  a+e  multiplied  by  a\e  produces  aa+2ae-\-ee,  it  is  evident  that  the 
fum  of  the  Squares  of  the  Parts  (or  Names)  or  any  Binomial,  together  with  twice  the 
Produa  of  the  Parts  multiplied  oneinto  theother  is  equal  to  the  Square  of  theSum  of 
the  Parts  Therefore  to  multiply  any  Binomial  by  itfelf  (or  to  fquare  it)  take  the 
Souares  of  the  Parts,  and  twice  the  Produa  of  the  Parts  for  the  Square  fought. 

f,  Becaufe  a _ e  multiplied  by  a— e  produces  aa-2ae-\-ee,  it  is  manifeft  that  the 

fum  of  thelquares  of  the  Parts  of  any  Refidual,  lefs  by  the  double  Produa  of  the 
Parts  is  equal  to  the  fquare  of  the  difference  of  the  Parts.  Therefore  to  fquare  any 
Refidual  from  the  Sum  6f  the  Squares  of  the  Parts  fubtraa  twice  the  Produa  of  the 

Parts,  and  take  the  remainder  for  the  Square  fought.  _ 

Becaufe  a-\-e  multiplied  by  a— e  produces  aa—ee,  it  is  evident  that  the  differ¬ 
ence  of  the  Square  of  the  Parts  of  any  Binomial,  is  equal  to  the  Produa  made  by  the 
Multiplication  of  the  Sum  of  the  Parts  into  their  difference.  Therefore  if  a  Binomial 
he  to  be  multiplied  by  its  correfpondent  Refidual,  that  is,  by  the  difference  of  the  Parts 
of  the  Binomial,  take  the  difference  of  the  Squares  of  the  Parts  for  the  Produa  fought. 
Theie  three  Rules  will  be  exercifed  by  the  fix  Examples  next  following,  and  by  divers 
other  Examples  in  this  and  the  following  Seaions  of  this  Chapter. 


Multiplicand, 
Multiplicator, 
Produa 
That  is. 


3 

3 


+ 

“b 


V 


9  - b  C/?  a 

14  -b  6^5 


—  v$ 

—  V  5 


9  —  6V$  -b 
14  —  6V$ 


Multiplicand, 
Multiplicator, 
Produa, 
That  is, 


3+^5 
3  -b  ^5 


9  —  5 

4 


V(i)  27  -b  ^(3)  8 
V(A)  27  —  V(i)  8 


V(3/72  9  —  V'CbJh 

5 


Multiplicand,  V(6)-j  —  V(6)<; 

Multiplicator,,  V(6)“j  -b  ^(6)5 

Produa,  V(3)7  —  A3)S 


V(i 0)7  -b  ^(10)3 
V(iq)-j  —  V(io)3 

V  (5)7  —  v'  (5)3 


E  X- 
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E  XPLIC  ATIO  N. 

In  the  firft  of  the  fix  lad  Examples  the  Binomial  j+Ve  multiplied  into  rie 

BinoS  5+AW8  RUl6S)  9+?+6v/j>  thacis>  H+^J  k  theSquare  ofthegtef 

In  the  fecond  Example  the  Refidual  3—-/?  fquared  or  mnMnliW  u  v^rr 
ces  n-6Vi,  (by  the  fecond  of  the  faid  three Ss  )  P “  b/  Kfelf  Produ‘ 

In  the  third  Example  the  Binomial  3 +✓;  multiplied  by  its  correfoond^nt  d  tj  . 
?-V;  produces  4,  which  (by  the  laft  of  the  faid  three5 

fhrence  of  the  Squares  of  the  Parts  3  and  Y$.  '  ^ua  t0  r^e  ^ 

Likewife  in  the  fourth  Example  the  Binomial  VU)2i+VC^  )8  m»ltini;~r  v  • 

correlpondent  Kefidual  1/(3 )2y — 18(3)8  produces  ■/(3I729 _ Vf?  )6a  ^  J5S 

difference  of  the  Squares  of  the  Parts  of  the  given  Binomiafor  Refidutl  ’  th® 

And  in  the  fifth  Example  the  Refidual  ^(6)7 _ vYdk  mnlrini;^  k  -  ^ 

dent  Binomial  v'(6)7+/(6)y,  produces  vKh-YfJh  wh  rif  I  d  b/ .  S  Cf refPon' 
ence  of  the  Squares  of  the  parts  of  the  given  Refidual  or  Binomial^  For  A^rh^r" 

7f6;;Ris  /(")t5' 4'  °f ' ' ‘S  ^  theSqUate°fyr6;7  and  theliquareof 

Examples  of  Multiplication  in  Compound  Surd  Quantities  exprejl  by  Letters 

Multiplicand  Yabb-\-Ycff  ")  .  .  c  bYaA-fVr 

Multiplicator,  Yadd-\-Ycaa  y  ^atlSJ  \dYa-\-aYc 

bda-\- fdY  ca 
- \-baVca-\-fac 


- e - - -  ,  .. 

Multiplicand,  2  ct~\-^aYd 
Multiplicator,  3  c — 2  cYd 

6ac-\-  yacY  d 

— 4  acYd—6acd  \ 

■  1  cu-rjac, 

Ybc-\-a 

Ybc — a. 

bc-\-aYbc 
— aYbc — act 

Produft,  6ac-\-  $acYd-—6acd 

be  — aa 

Multiplicand,  a-\-Yb 

Multiplicator,  a-\-Yb 

Produft,  ad+'2aYh+k 

Yab-\-Yc 

Yac-\-Yd 

aYbc+cYa-Y  Yabd-\-Ycd 

Multiplicand,  iMYd+dVd  \  ..  .  f  zbb+dxVA 

Multiplicator,  3 MVd+dSd  j  thatIS>  { 

Product,  <jbbbbd-{-  6bbdd-\-ddd  or  gbbbb  6bbd-e-  ddxd. 

The  Operation  in  thefe  fix  laft  Examples  will  be  familiar  to  him  that  underlie 
Numbers' and'  exprett  bnett^s.  "“S  the  MuItiPUcation  of  S“rf 

Se£t.  XI.  Divifion  in  Compound  Surds . 

•  Examples  of  Divifion  where  the  Dividend  is  a  Compound  Quantity  and  the 

Divifor  a  Simple  Quantity 

Dividend. 

Divifor, 

Quotient,  V  74V  5 


Yii+Yis 
Y  3 


^(3)14— VT?)28 

y<3)  7 


^0)  a— /r 4 
Ff  3 


Divi- 


228 
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Dividend, 

12/6+6/18— 2/12 

/20 — /(3)io 

Divifor 

3/6 

■3 

Quotient, 

4  +2/  3  \Y  2 

Vi4— V(3)” 

Dividend, 

✓(4)3+vY03 

Y(  4J23328 — /(4J10368 

Divifor, 

Yz 

6 

Quotient, 

"V(4)2+Vfi  0;^ 

CO 

£ 

00 

explication. 

The  firft  Example  is  wrought  according  to  Rule  i.  in  Sett.  $.  of  this  C%?.  For 
firft  /21  divided  by  V'b  gives  the  Quotient  ^7,  then  /15;  divided  by  / 3  gives  the 
Quotient  Y$.  Therefore  /21  + /15  divided  by/3  gives  /7+/5,  the  Quotient 
fought  in  the  firft  Example. 

The  fecond  Example  is  wrought  like  the  firft  ;  for  /Q)  14  divided  by  /(+J7  gives 
^(2)2,  and  — • /(3)i8  divided  by  /Q)7  gives  — ^(3)4.  Therefore  V( 3J14— 
^(3)28  divided  by  /(  3)7,  gives  Y(l)2—Y( 3 M>  the  Quotient  fought  in  the  fecond 

^The  third  Example  is  wrought  according  to  the  fifth  and  fixth  Rules  of  Sett.  7.  of 
this  Chap.  For  firft,  12/6  divided  by  3/6  give  the  Quotient  4,  ( by  the  faid  fifth 
Rule*  )  then  6Y 18  divided  by  3V6  gives  2/3*  (by  the  faid  fixth  Rule  likewile 
—2^12  divided  by  3 Y6  gives— \Y  z  *  (for  2 divided  by  3  gives  -f,  and  /12  divided 

Y 6  gives  Y 2.)  Therefore  12/6  +  6/18 — 2/12  divided  by  3/6  gives 
4_2V+ — 1/2,  the  Quotient  fought  in  the  third  Example. 

^  In  the  fourth  Example  / 20  divided  by  /3,  ( that  is,  by  /9J  gives  /•+,  or/2^-5 
and— /(3)io  divided  by  3,  (that  is,  by  Y( 3  >7)  glves  — ^(3)4+- 

In  the  fifth  Example  Y( 4^8  and  / 2  are  firft  reduced  to  /(4)8  and  Y( 4)4 ;  then 
/(/1  )8  divided  by  /  (4)4  gives  /  (4)2  *,  likewife/(5j3  and  Yz  are  reduced  to  /  io)9 
and  Y(  10)32*,  then /( 1 0)9  divided  by  /{T0J32  gives  the  Quotient  Y(i 0++. 
Therefore  Y(4)^Y(f)2,  divided  by  / 2,  gives  Y(4)2+Yiio}£7  the  Quotient- 
fought  in  the  fifth  Example.  The  fixth  Example  is  wrought  in  like  manner,  and  the 
Proof  in  thefe  or  the  like  Examples  of  Divifion  may  be  made  by  Multiplication. 

Proportions  concerning  Divifion  in  Surd  Quantities,  when  the  Vivifor  is  a 

Binomial  or  Trinomial^  &c.  / 

When  the  Divifor  is  a  Binomial  or  Refidual  confiding  of  two  Square  Roots  or  Bi¬ 
quadratic  Roots,  or  of  one  Square  Root  or  Biquadratic  Root,  and  of  a  Rational  Num¬ 
ber*  as  alfo  when  the  Divifor  is  a  Trinomial  or  Quadrinomial,  and  none  of  its  Radical 
Signs  exceeds  that  of  the  Square  Root,  the  work  of  Divifion  in  thofe  cafes  is  grounded 
upon  thefe  five  following  Propofitions,  viz . 

1.  If  a  Binomial  confiding  of  two  fi  triple  fquare  Roots  conneaed  by  +,  be  multi¬ 
plied  by  its  correfpondent  Refidual,  that  is,  by  the  difference  of  thofe  Roots  *  or  if 
a  Refidual  confiding  of  two  Ample  fquare  Roots  conneaed  by—,  be  multiplied  by  its 
correfpondent  Binomial,  that  is,  DV  the  Sumof  the  fame  Roots,  the  Produa  will  be 
entirely  Rational.-  So  the  Binomiai/5+/3  multiplied  by  /$— / 3,  for  the  Refidual 
^--+3  by/5  -*-/?)  gives  the  Rational  Produa  2,  (by  the  laftof  the  three  Rules 
before  delivered  in  Sett.  10.  of  this  Chap.) 

Likewile  Ya-\-Yb  multiplied  by  Ya—Yb  gives  the  Rational  Produa  a—b. 

2.  If  a  Binomial  confifting  of  two  Biquadratic  Ample  Roots  conneaed  by  4-,  be 

multiplied  by  its  correfpondent  Refidual,  to  wit,  by  the  difference  of  thofe  Roots  the 
Produa  will  be  alfo  a  Refidual  confifting  of  two  fquare  Roots  conneaed  by  ,  and 
if  this  Refidual  be  multiplied  by  the  fum  of  its  Names  (or  Parts  J  it  will  give  a  Pro¬ 
dua  entirely  Rational.  ,  , ,  . ,  .  „  .  . 

As  for  Example,  the  Binomial  Y{\)  5  + Y(  4)3  multiplied  by  /(+)?—> makes 
/* — R3  which  multiplied  by  /$+/ 3  gives  the  Rational  Produa  2. 

Likevvife  /(4J81— z  or  /(4)8i— -/(4)i6  multiplied  by  /f4)8i+/(4)i6  makes 
+81 _ Yi67  which  multiplied  by  /81 .+/ 1 6  gives  the  Rational  Produa  65. 

••  a  *  V  if 


t 
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3-  If  a  Trinomial  confifting  of  three  fimplefquare  Roots  connected  by  4-  0r  bv  4- 

and— ,  be  multiplied  by  the  lame  Trinomial,  after  any  one  Sign+is  changed’  into  — 
orany  one  Sign  —  into  +,the  Produ£f  will  confift  of  two  Names  (or  Parts  )  and  then 
if  this  Produd  be  multiplied  by  its  correfpondent  Binomial  or  Relidual  (according  m 
the  preceding  Prop.  1.)  the  laft  Produa  will  be  entirely  Rational.  ^  t0 

As  lor  Example,  the  Trinomial  /j+Z^+Zz  multiplied  by  /y +  /3— /2  gives 
2V 1 ?■ +  6,  and  this  multiplied  by  2/1 5—6  gives  the  Rational  Produa  24. 

Likewile  /20— /$  /?  multiplied  by  /3C+/5;— ■ produces  28—2/90, 
and  this  multiplied  by  28+2/90  gives  the  Rational  Produa  424. 

After  the  fame  manner  Va-\-Vb—Vc  multiplied  by  Va-\-Vb+Vc  gives  the  Produa 
2 Vab+a+b—c,  whofe  Rational  Part  a+b—  c  we  may  fuppofe  to  be  equal  to  fome 
fingle  Quantity  J,  and  then  thefaid  Produa  will  be  a  Binomial  2 Vab+d  which  multi¬ 
plied  by  its  correfpondent  Relidual  2 Vab  cn  d  gives  a  Produa  entirely  Rational  to 
wit,  4 abn  dd.  And  lo  of  other  Trinomials  that  are  qualified  as  before  is  fuppofed 

4.  lfa  Quadrinomial  confiftingof  fourfimplefquare  Roots  conneaedby  +  or  by  + 
and  — ,  be  multiplied  by  the  fame  Quadrinomial  after  two  Signs  +  are  changed  into 
— ,  or  two  Signs  — into+,  the  Produa  will  confift  of  three  Names  (or  Parts:  (then  if 
this  Produa  be  multiplied  by  its  correfpondent  Trinomial(according  to  Prop  2  )  there 
will  come  forth  a  Binomial  or  Relidual.  And  laftly,  this  Binomial  or  Relidual  mul¬ 
tiplied  by  its  correfpondent  Relidual  or  Binomial  will  give  a  Rational  Produa. 

As  for  Example,  the  Quadrinomial  /6+/9-P/3 4-/2  multiplied  by/6+Vy— 
/?— /2,  produces  the  Trinomial  6+2/20— 2/6  •,  which  multiplied  by  its  corre¬ 
fpondent  Trinomial  6  +  2/30+2/ 6,  (according  to  the  precedent  Prop.  3.)  gives  the 
Binomial  1 22  +  24/30  *  and  this  multiplied  by  its  correfpondent  Relidual  122— 
34/20,  gives  the  Rational  Produa  144. 

After  the  fame  manner  the  Quadrinomial  /a+/4+/£ — Vd  multiplied  by  /a _ 

Vb — Vc — Vd  gives  the  Produa  a^d—b—c^Vad—Wbc,  whofe  Rational  Part 
«+  d—b—«  we  may  fuppofe  to  be  equal  to  fome  iingle  Quantity  /,  and  then  the  faid 
Produa  will  be  a  Trimonial,  to  wit,  f-— 2V  ad— 2V  be  h  this  multiplied  by  it  felf 
after  one  of  its  Signs—  is  changed  into  +  (according  to  Prop.  3.)  will  produce  a 
Relidual  of  tw  o  Names  (or  Parts,)  and  this  Refidual multiplied  by  its  correfoondent 
Binomial  will  give  a  Rational  Produa. 

S  If  two  Numbers  be  given  for  a  Dividend  and  Divifor,  and  each  be  multiplied  bf 
fome  Number,  the  firft  Produa  divided  by  the  later  will  give  the  fame  Quotient  tha$ 
ariles  by  dividing  the  given  Dividend  by  the  given  Divifor  As  if  6  be  to  be  divided 
by  2,  if  you  multiply  each  by  4,  and  divide  the  firft  Produa  24  by  the  later  8,  the  Quo¬ 
tient  2  is  the  fame  that  arifes  by  dividing  6  by  2.  For  (by  17  Prop  7.  Elem.  Euclid) 
if  a  Number  a  multiplying  two  numbers  £,  c,  produce  two  other  Numbers  abzndac, 
the  Numbers  produced  fhall  be  in  the  fame  proportion  that  the  numbers  multiplied 

are,  viz.  as  b  .  c  ::  ab  .  ac,  and  therefore^  =  1.  •  alfo  —  =  JL.  From  the  fore- 

ac  c  ab  b 

going  five  Propofitions  the  following  Rule  is  deduced,  viz. 


6.  A  Rule  for  Divifion  in  Surd  Quantities  when  the  Divifor  is  a  Binomial ± 
Trinomial  or  Quadrinomial  of  fuch  kind  as  before  is  declared. 
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Reduce  the  given  Divifor  to  a  new  Divifor  that  may  be  a  fimple  Rational  Quan¬ 
tity  v  reduce  alio  the  given  Dividend  to  a  new  Dividend,  by  multiplying  the  for¬ 
mer  by  the  fame  Quantity  or  Quantities  that  were  Multiplicators  in  reducing  the 
given  Divifor  to  a  Rational  Quantity  *,  then  divide»the  new  Dividend  by  the  new  Divi¬ 
for,  ("according  to  the  Method  in  the  Examples  at  the  beginning  of  this  Sell.  1 1.)  lb 
the  Quotient  fhall  be  the  fame  with  that  which  would  arile  by  dividing  the  given 
Dividend  by  the  given  Divifor. 

As  for  Example,  to  divide  /8+/6  by/4~t-/2,  I  firft  multiply  the  Divifor 
/ 4+/ 2  by  its  correfpondent  Refidual /4 — / 2,  and  it  produces  2  for  a  new  Divifor  5 
alfo  1  multiply  the  Dividend  /8+/ 6  by  the  laid  — / 2,  and  it  gives  the  Produa 
/2  2  +/ 24 — / 1 6 — / 13  for  a  new  Dividend,  this  divided  by  2  ( the  Divifor  before 
found)  gives  /8+/6 — 2+/3  the  Quotient  loughr,  being  equal  to  that  which 
would  arile  by  dividing  /8+/6  by  /4+/Z,  as  will  be  evident  by  the  Proof  * 
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for  if  the  laid  Quotient  VS 4-/6— 2-/3  be  multiplied  by  the  given  Divifor /44« 
V  2  it  produce  the  given  Dividend  /84 -V6. 

Likewife  to  divide  ab\bVbc ,  by  a\Vbc,  I  multiply  each  by  a—Vbc  (the  Refidu- 
al  Correfpondent  to  the  Divifor)  and  it  produces^ — be  fora  new  Divifor,  and  aab— 
bbc  for  a  new  Dividend,  this  divided  by  that  gives  b  for  the  Quotient  fought  *  for  b 
multiplied  into  the  given  Divifor  a-\-Vbc  makes  the  given  Dividend  ab+bVbc .  Ano¬ 
ther  way  of  finding  out  the  Quotient  in  this  laft  Example,  is  (hewn  in  the  firft  of 
the  fix  Examples  at  the  latter  end  of  this  Sett.  1 1 . 

Again,  to  divide  10  by  /(4)5  4-/(4)$,  I  multiply  each  by  /(4)*— /(4)$,  and 
there  comes  forth  a  new  Dividend  /fa)5oooo— -/fa)3oooo,  and  a  new  Divifor 

V^ _ V ^  5  but  this  Divifor  notbeinga  Rational  Number,  I  multiply  again  both  the 

faid  new  Dividend  and  Divifor  by  /  5  4-/3,  and  it  produces  another  new  Dividend 
/(4)i  250000—- ^(4)7500004-/(4)450000 — ^(4)270000,  and  another  new  Divi¬ 
for  2  ;  by  this  I  divide  the  laft  Dividend,  and  there  arifes  /fa)78i25— ^(4)46875 
4-/(4)28125-/(4)16875  the  Quotient  fought  *  for  if  it  be  multiplied  by  thepro- 
pofed  Divifor  /(4)54-/(4)3  ft  will  produce  the  given  Dividend  i®. 

Again,  to  divide  VS  by  /34-/24-1,  I  firft  multiply  the  Divifor  by  /34-/2— r, 
and  it  makes  /244-4,  this  multiplied  by  its  correfpondent  Refidual  ^24— 4  gives 
the  Produft  8  for  a  new  Divifor.  Now  becaufe  the  given  Divifor  was  firft  multiplied 
by  V 3  4-/2 — -I ,  and  the  Product  by  /24— 4,  the  given  Dividend  muft  likewife  be 
multiplied  firft  by  /$4-/2— 1,  and  the  Product  /24-H— ‘ VS  by  V24— 4,  and 
there  will  be  produced  84-/128 — /192  for  a  new  Dividend  5  ioinftead  of  thegiven 
Dividend  and  Divifor  we  have  otherNumbers  in  the  fame  proportion,  viz. .84-/1  28 — 
/192  and  8.  Therefore  (by  Prop .  5.)  the  former  divided  by  the  latter  will  give  the 
Quotient  fought,  to  wit,  14-/2— /$  *  but  that  this  is  the  trueQuotient  willappear 
by  Multiplication,  for  if  14-/2— /  3  be  multiplied  by  the  propoled  Divifor/ 3  4-/2 
4"  i,  it  will  produce  the  given  Dividend  /8. 

Note,  Although  the  new  Divifor  and  Dividend  found  outasaforefaid,may  fometimes 
happen’tobe  Negative  Quantities,  (that  is,  fuchwhofe  values  arelefs  than  nothing)  yet 
Divifion  being  made  by  them  with  refpeft  to  the  Rules  of  4-  and—,  they  will  givethe 
true  Quotient  fought.  As  for  Example,  fuppofe  30  be  to  be  divided  by  24-/9,  (that 
is  30  by  5  *  )  firft  the  Divifor  24-/9  being  multiplied  by  2-/9  gives  4—9,  that  is, 
—5  fora  new  Divifor,  and  the  Dividend  30  multiplied  by  the  faid  2-/9  gives  6c— 
/8100  fora  new  Dividend,  which  divided  by  —5  gives  4 -6,  which  is  the  fame 
with  the  Quotient  that  arifes  by  dividing  30  by  24-/9,  that  is,  by  5. 

Again,  let  44-/25  be  divided  by  14-/9,  f  that  is,  9  by  4,  where  the  Quotient  is 
manifeftly  2-f  0  firft,  the  Divifor  1 4-/9  multiplied  by  1—/ 9  produces  1—9,  that 
is,  — 8  for  a  new  Divifor  ^  and  the  Dividend  44-2/5  multiplied  by  the  faid  1 — V9 
makes  44-/25— 4/9— / 2 25  for  a  new  Dividend,  which  divided  by — 8,  (accord¬ 
ing  to  the  Examples  at  the  beginning  of  this&tf.  11.)  gives — 4 — /4-H- f/^+Z-2^ 
the  Quotient  fought,  which  after  due  contraftion  makes  24.  Eor  4/9,  that  is,  /-i 44 
is  equal  to  24,  and  /-Qf-  is  -Q,  which  added  to  the  faid  -Q  makes  -4-  *  alfo  — /4£ 
is  —4,  which  added  to  —4  (or  —4)  makes  —4,  this  added  to  Ogives  ^4  (or  2$) 
the  Quotient  before  found. 

7.  When  the  Divifor  is  a  Binomial  or  a  Refidual,  confifting  of  two  fimple  Cubic 
or  Biquadratic,  &c.  Roots,  it  may  be  reduced  to  a  Rational  Divifor  by  this  following 
Propofition,  viz. 

If  in  the  Proportion  of  the  Names  (or  Parts)  of  a  Binomial  or  Refidual,  there  be 
found  fo  many  continual  Proportionals  in  multitude  as  there  be  Units  in  the  Index 
of  the  Radical  Sign,  and  that  the  Radical  Signs  of  the  Parts  of  the  Binomial  or 
Refidual,  and  alfo  of  the  Proportionals  be  the  fame,  but  connetted  in  the  Binomial 
by  -f,  and  in  the  Proportionals  by  4-  and  —  alternately  *  or  contrarily,  in  the  Pro¬ 
portionals  by  -f,  and  in  the  Refidual  by  4"  and —  -y  the  Produ£l  made  by  the  Mul¬ 
tiplication  of  the  Proportionals  by  the  Binomial  or  Refidual  fhall  be  Rational. 

As  for  example,  if  there  be  propofe^  the  Binomial  V( 3  )~j -\-V *  find  three  con* 
tinual  Proportionals,  that  the  firft  may  be  to  the  lecond,  and  the  fecond  to  the  third, 
as/f3)7  t0  /(3)?,  which  may  be  done  by  the  help  of  Sett.  S.Chap.  5.  of  this  Book  -y 
where  it  has  been  (hewn,  that  aa,  ae ,  and  ee ,  are  continual  Proportionals  in  the  Reafon 
of  a  to  e.  Therefore  if  we  fuppofe  to  be  a,  and/(3)5  to  be  e,  then  the  Square 

of 
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of1 V( 3)7,  to  wit,  V( 3)^9,  fhall  be  the firft  Proportional  (aa)h  the  Produabfi/(?)7 
into  to  wit,  VfaM,  frail  be  the  fecond  Proportional  (ae)h  and  the  Square  of 

i/f  3)7,  to  wit,  ^(3)27,  (hall  be  the  third  Proportional  (ee)  :  fo  that  theie  three  Cu¬ 
bic  Roots,  to  wit,  v'(3J495  ^(3)35,  and  ^(3)25,  are  continual  Proportionals  in  the 
Reafon  of  ^(3)7  and  -/f 3)5.  Now  I  fay,  (according  to  the  Propofition)  it  ^C)49 
— V(3) 3$; -f ■/(?>?  be  multiplied  by  Vr(?)7+ 1/(3 Jj,  the  Prod  uff  fhail  be  Ratio- 
’  rial  i’alfo  if  vr(!3)49+^(3)35+Vr(3>5 be  multiplied  by  1/(3 J7— ■ /(3)y,  the  Pro- 
dufj.  (hall  be  Rational,  as  will  appear  by  the  following  Operation, 


Multiplicand,  ^(3^49  —  3?  +  27 

Multiplicator,  ^(3)  7  +  ^(3)  9 _ _ _ _ 

7  —  ^(3)245  +  v'r  3)177- 

+  ^(3124;  -- Vf  3)17?  4  7 
The  Produff,  1 2  is  Rational. 

Multiplicand,  V(i)/{9  +  ^(3)  3?  4-  */(?)  27 

Multiplicator,  1/(3)  7  —  ^(3)  7 _ _ _ 

“  7  +  ^(3)245  +  V(3)i7J  " 

—  ^(3)247  —  1/(3)177  —  7 _ 

The  Produff,  2  is  Rational. 

But  for  the  greater  Evidence  of  the  certainty  of  this  Propofition  in  a  Binomial  and 
Refidual  confilting  of  any  two  fimple  Cubic  Roots  whatever,  let  there  be  propoled 
this  Binomial  V(  7,)b+V(  3K  and  fuppofe  b  greater  thani*  then  three  continual  Pro¬ 
portionals  in  the  Proportion  of W(&)b  to  V($)d  will  be  found  V(i)bb,  V(i)bd,  and 
V(i)dd'i  then  multiply  as  before,  viz. 

Multiplicand,  1/(3  )bb  —  V(^)bd  4  V{i)dd 

Multiplicator,  V(Tjb  4-  V(z)d _ _____ 

b  —  V (3) bb(L  4  V( %)bdd 

4  V(i)bbd—V(\)bdd  +  d 
The  Produff,  b  4  d  is  Rational. 


Again, 

Multiplicand,  V( 3  )bb  4  V(%)bd  4  V(i)dd 

Multiplicator,  ^({)b  — V($  )d _ 

b  4  Y(  3  )bbd  4  V(  3  )bdd 
_ —  V( 3  )bbd — V(  3  )bdd  —  d _ 

Product,  b  —  d  is  Rational. 

1  •  .  ’ '  *  *  /.  .  •  4 

Whence  you  may  obferve,  that  the  firft  Rational  Produff  is  the  fumof  the  Names 
for  Parcs,)  omitting  the  Radical  Signs,  of  the  Cubic  Binomial  propoled  ^  and  the 
latter  Rational  Product  is  the  difference  of  the  Parts,  omitting  the  Radical  Signs,  of 
the  Cubic  Refidual  propoled  :  fo  that  the  Rational  Produff  made  by  the  Multiplica¬ 
tion  of  the  la  id  Proportionals  and  Binomial  or  Refidual  may  be  difcovered  without  any 
Multiplication. 

8.  Now  that  the  ufe  of  thelaft  preceding  Propofition  may  appear,  let  it  be  required 
to  divide  iobyV( 3)7 — V( 3)7  *  firft,  becaufe  the  Index  of  the  Radical  Sign  is  3,  I 
feek  three  continual  Proportionals  in  the  Proportion  of  V( 3 )-j  to  1^3)7  ^  which  Pro¬ 
portionals  as  ;  before  has  been  (hewn  fare  yf 3 J49,  V( 3  J3  7,  and  V( 3  J27  *  thefe  I 
conneff  by  4-,  becaufe  the  Parts  of  the  given  Divifor  are  conneffed  by  and  there 
ariles V( 3)4941^ l( 3^4^f 3)27 :  then  by  this  common  Multiplicator  I  multiply 
as  well  the  Dividehd  10,  as  the  Divifor  ^(3)7 — 1^3)7,  and  it  produces  1/(3749060 
-t-i/(3 737°o°4'/f 3)27000  for  a  new  Dividend,  and  2  for  a  new  Divifor.  Laltly, 
by  dividing  the  faid  new  Dividend  by  the  new  Divifor,  there  arifes  i/( 3)61 274 
1/(394377 — 1/(393127  theQuotient  fought :  for  if  it  be  multiplied  by  the  great  Di- 

fifor  /(3  97— ^(3)5,  it  will  produce  the  given  Dividend  10. 

*  »’ 
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In  like  manner,  to  divide  10  by  this  Binomial  Y( 3)54 Vr('?)?,  firft,  I  feek  three 
continual  Proportionals  in  the  Realon  of  )  5  to  Y  (3)9,  which  Proportionals  wiil  be 
found  ^(3)25,1/(3)15,  and/(9;9^  thele  I  connedl by  4  and  —  alternately,  becaule 
the  Parts  of  the  given  Divilorare  connected  by  -+ ,  viz.  to  the  firlt  Proportional  I  pre¬ 
fix  -f,  to  the  fecond — ,  and  to  the  third  -f  •,  fo  they  make ^(3)2 5 —  >^(3)1541/(3)?. 
By  this  as  a  common  Multiplicator  1  multiply  as  well  the  Dividend  10  as  the  Divilor 
3)3,  and  there  arifes  a  new  Dividend  V(i)2<>qoo—V( 3)1 50004 
1/(3)9000,  and  a  new  Divifor  8,  by  which  I  dividdthe  faid  new  Dividend,  and  there 
comes  forth  V (D—H — ^D-l4t+^(3)1-44,  theQuotient  fought. 

The  fame  Method  is  to  beobierved  when  the  Divifor  is  a  Binomial  or  a  Refidual 
confilting  of  two  fimple  Biquadratic  Roots. 

As  for  Example,  to  divide  1  o  by  Y (4)54*/ (4)3,  (which  has  already  been  done  af¬ 
ter  another  manner  in  the  third  Exampleof  the  Rule  in  the  fixth  ftep  of  this  Section  -J 
firft,  becaule  the  Index  of  the  Radical  Sign  is  4, 1  fearch  out  four  continual  Proportio¬ 
nals  in  the  Reafon  of  1/(4^  to  1/(4) 3  in  this  manner,  viz.  Forafmuch  as  (  by  Sett.  8* 
Chap  5.  of  this  Bookjthefe  are  continual  Proportionals,  to  wit,  aaa^aae,  aee^  andrc^ 
1  fuppofe  Y(/\)^  to  be  a ,  and  Y (4^) 3  to  be  e,  then  1  multiply  Y( 4J5  into  it  felf  cubi- 
cally,  and  it  gives  the  firft  Proportional  V(4)i25,  to  wit,  aaa * )  alfo  I  multiply  the 
Square  ofV(4)?  into  Vf 4^)3,  and  it  gives  the  lecond  Proportional  1/(  4^ 5,  (to  wit, 
aae  h )  again,  I  multiply  1/(475  into  the  SquarepfV(4j3,  and  ft  gives  the  third  Propor¬ 
tional  i/(4j45,  (to  wit,  aee  *,  )  laftly,  I  multiply  1/(4 )t,  into  itfelf  cubicaby,  and  it 
.  gives  the  fourth  Proportional  ^(4)27,  (to  wit,  eec :  )  Then  becaule  the  two  Parts  of 
the  given  Divilor  are  conne&ed  by  4,1  conned:  thofe  four  Proportionals  by  -f  and-^ 
alternately  -,  lb  there  arifes  this  Compound  Number  1/(4)125— ^4)7  5  41/(4745 — 
VY4J27,  by  which  as  a  common  Multiplicator  I  multiply  as  well  the  given  Dividend 
10,  as  the  given '  Divilor  Y(^)<j-\-Y( 4)3,  and  there  arilts  a  new  Dividend 
Y (4)  1 2 )  0000 — V (4J7  5 0000 -\-V( 4J45 cooo — Y f 4J27 oc o o,  and  a  New  Divilor  25 
which  are  the  fame  in  every  refpeft  with  thofe  found  in  the  place  before  cited* 

After  the  fame  manner,  when  the  Divilor  is  a  Binomial  or  a  Refidual  having  5  or  6, 
iffc.  for  thelndex  of  the  common  Radical  Sign  of  the  Roots,  it  maybe  reduced  to  a 
new  Divifor  that  fhall  be  Rational.  But  it  mult  be  remembred,  that  when  the  Roots 
are  of  different  kinds  they  muft  firft  be  reduced  to  a  common  Radical  Sign. 

But  when  the  Divifor  cannot  be  reduced  to  a  fimple  Rational  Number  by  any  of  the 
foregoing  Rules,  ("which  are  all  that  I  have  met  with  in  Algebraical  Authors)  the  Divi¬ 
dend  may  befer  as  a  Numerator  over  the  Divifor  as  a  Denominator,  and  the  Fra&ion 
fo  conftituted  fhall  be  equal  to  the  Quotient.  As  for  Example,  if  1/4841/(3)3  beto  be 
divided  by  Yi$-\-Y(i; 6—V 3,  the  Quotient  may  be  reprefented  by  this  Eraaion, 
to  wit, 

1/48  4  Y( 3)3 

V15  4  VtfJ6  —  Y$. 

Examples  of  Divifion  in  Compound  Surd  Quantities  exprejl  by  Letters. 

Divifion  in  Compound  Surd  Quantities  expreft  by  Letters  depends  upon  the  Rules 
of  fimple  Surds  before  delivered  *  as  alfo  upon  the  general  Method  of  Divifion  in 
Sett  9.  Chap.  5.  Book  i.  as  will  appear  by  the  following  Examples,  fomeofwhichl 
mall  afterwards  explain. 

Divifor.  Dividend. 
a  -f  Ybc)  ab  4  bYbc  (b  Quotient. 
ab  4  bYbc 


o  o 


a  4  Ybc)  aa  —  be  ( a  —  Ybc. 

aa  4  aY be 

—  be  —  aY  be 

—  be —  aYbc 


o 


o 


Yah— 


..  23?, 
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Yab—Ycd  )  -f  -/ci 

ab  —  Yabcd 


—  cd  4~  Yabcd 

—  cd  4-  Yabcd 


o 


a  +  Ybc  )  (  aa  -f.  be  —  aYbc 

aaa  -j-  aaYbc 


Hr  bcVbc  —  aaYbc 
-t~  bcYbc  4~  abc 


—  aaYbc  —  abc 
■ —  aaYbc  —  abc 


,h  i  i  m  ■  — 


aa 


■  •,  j 

4“  aYbc  )  aaab  — -  abbe  (  ab  —  bYbe 
aaab  4-  aabYbe 


abbe  —  aabYbe 
—  abbe  —  aabYbe 


a  —  Ybc  )  aab  —  bbc  —  abYbe  -f  ^~Ybc  (  ab  _  — 

a  'a 

aab  —  abYbe 


-  bbc  +  ™Ybc 

a 

— -  bbc  4~  Ybc 


O  -  6 

EXPLICATION. 

In  the  firft  Example,  firft,  ab  divided  by  a  gives  the  Quotient  £,  by  which  I  multK 
ply  the  whole  Divifor  a\Ybc ,  and  it  makes  ab-\-bVbc ,  this  fubtra&ed  from  the  gi¬ 
ven  Dividend  ab\bYbc ,  there  remains  o  5  fo  the  Quotient  fought  is  b.  6 

In  the  third  Example,  firft,  ab  divided  by  Y ab  gives  the  Quotient  Yah  by  which  I 
multiply  the  whole  Divifor  Y ab — Ycd0  and  the  Product  is  ab — Yabcd ,  this  fubtra&ed 
from  the  given  Dividend  ab — cd ,  there  remains  to  be  yet  divided  — cd-\-Yabcd $  then 
1 —Ycd,  and  it  gives  the  Quotient  4 -Ycd,  by  which  I  multiply  the 
whole  Divifor  Yab—Ycd ,  and  it  makes  —cd-\-  Yabcd,  this  fubtra&ed  from  the  remain¬ 
ing  Dividend  -~cd\Yabcd  leave  fo  the  Divifion  is  finifh’d,  and  the  Quotient 
fought  is  Yab-\-Ycd.  f 

In  the  fixth  and  laft  Example,  firft,  aab  divided  by  ogives  the  Quotient  ab^  thismul- 
tiplying  the  whole  Divifor  a — Ybc  produces  aab — abYbe ,  which  fubtraffed  from  the 

given  Dividend  leaves  to  be  yet  divided — bbc-\-—Ybc *  then  I  divide  4 -^cYbc  by 

a  a 

j  ri 

Ybc,  and  it  gives  the  Quotient  — — ,  by  which  I  multiply  the  whole  Divifor 

Cl  s 

a  Ybc^  and  it  produces — bbc 4-  ^—Y bc^  which  fubtrafted  from  the  remaining  Di¬ 
vidend  bbe-\^~Ybc  leaves  nothing  $  fo  the  Quotient  fought  is  ab  — 
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the  Arithmetic  of  Vniverfal  Surd  Roots ,  hath  in  Numbers  and  Quantities  ex- 

prefs’d  by  Letters . 

Se£L  XII.  Multiplication  in  Vniverfal  Surds. 

Univerfal  Roots  are  the  Roots  of  Compound  Numbers  or  Quantities.  How  to  ex- 
prefs  Univerfal  Roots,  and  to  find  out  their  values,  has  already  been  fhewn  in  Sett.  28, 
Chap.  1.  Book  1.  I  (hail  therefore  proceed  to  their  Multiplication. 

1.  If  the  fquare  Root  of  any  compound  Number  to  be  fquared,  or  multiplied  into 
itfelf,  caft  away  the  univerlal  Radical  Sign  Y  or  ^(2),  as  alfo  the  Line  that  is  drawn 
over  the  compound  Number,  and  the  compound  Number  itfelf  (hall  be  the  Square 
of  the  univerfal  Root  propofed.  Alfo  the  Cube  of  the  Cubic  Root  of  any  compound 
Number  is  the  compound  Number  itfelf  the  Line  drawn  over  it,  and  the  univerfal 
Radical  Signv'C})  being  caft  away  *  and  16  of  others. 

As  for  Example,  the  fquare  of  this  univerfal  Iquare  Root  Y  :7 TTVfT is  1  i-YYt,  ♦ 
likewife  the  Iquare  of  Y :  1 2 — Yi :  is  12— V 3  *  alfo  the  Iquare  of  V :  1  2: 

is  i$JeV^-\-V2  ,  and  the  fquare  of  /:  15— Yf—Yi :  is  15 — vf — V2 7 

After  the  fame  manner  the  Cube  of  this  univerfal  Cubic  Root  V^):Y2$yv  9:  is 
Y2%-\-Yy,  that  is  8.  _ 

Likewife  the  Square  of  Y:aa-\-bb:  is  aa-Ybb,  and  the  Cube  of  Y(z)7bbb-\-ccc: 

is  bbb-\-ccc  *  alfo  the  fquare  of  Y  ‘.YcJr  \cc — «:  is  \v-^-Y fee — n  :  and  fo  of  others. 

2.  When  an  univerfal  Root  is  to  be  multiplied  by  a  Rational  Quantity,  or  by  a 
fimple  or  compound  Surd,  or  by  any  univerfal  Root*  multiply  the  Iquare  of  the 
Multiplicand  by  the  Iquare  of  the  Multiplier,  when  the  univerfal  Radical  Sign  isQua- 
dratic  *  or  the  Cube  of  the  one  by  the  Cube  of  the  other,  when  the  univerfal  Radical 
Sign  is  Cubic,  then  before  that  Cubic  prefix  the  given  univerfal  Radical  Sign- 
fo  (hall  this  new  univerfal  Root  be  the  Produft  fought, 

As  for  Example,  if  it  bedefired  to  double  or  multiply  by  2  this  univerfal  fquare  Root 
Y :  10AV40: 1  take  thefquare  of  2  which  is  4,  and  the  fquare  of  Yfo+Yfo:  which 
(by  the  foregoing  firft  Rule  of  this  Sett.)  is  10AV40*  then  I  multiply  104-V40  by  4, 
and  it  makes  404-4^4°?  or  4°-fV64o,  whole  univerfal  fquare  Root,  to  wit, 
Y :  404-4V40 :  or  Y  :/\o-\-Y 6<\q:  is  the  Product  of  Y :  io-t-y^o :  multiplied  by  2, 
or  the  faid  Product  may  be  exprefs’d  thus  2/:  104-/40: 

Likewife  if  Y($):  YCifi^’Y Y{i)2~] :  be  to  be  doubled  or  multiplied  by  2,  I  firft 
multiply  each  of  thofe  Numbers  cubically,  becaufe  the  Radical  Sign  of  the  given  univer¬ 
fal  Root  is  Y(i\  and  their  Cubes  will  be  Y(  1)64+ Y (1)27  and  8  *  which  multiplied 
one  into  the  other  make  8YK 3)644-8/(3)27,  to  which  Produff  1  prefix  the  univerfal 

Radical  Sign  1/(3)  and  it  gives  1/(3):  8^(3 )64-f  8Y($  27:  that  is,  ^(3):  32-f  24:  or 
^(3)56,  which  is  the  ProduH  fought,  to  wit,  the  double  of  Y(3):Y(3)6'T-YY(f)27 : 

After  the  fame  manner  if  Y(i):Y(s)64.-YY(j2)i6-Yi :  be  to  be  multiplied  by  7, 
or  1/(3)125,  the  Product  will  be  Y(^):i2$YC 3)64-+ 1 2$Y( 2)364-377 :  that  is, 
1/(3)1625.  _ 

Again,  to  multiply  YTYio-YY? :  by  Y 5,  their  Squares  are/io-f  ■/$  and  5,  which 
multiplied  one  into  another  make  51/10+5/3,  (that  is,  Y270-YY77)  whole  uni ver- 
fal  fquare  Root,  to  wit,  Y:  5/10+5/3  :  (or  Y:Y 250+1/75:)  is  the  Produft  of 
Y  :Y  10+  Y  3 :  multiplied  by  Y%.  _ 

Likewife,  to  multiply  /:i  34-/9:  by  /:5+Vi6:  (that  is,  4  by  3,  where  the 
ProduQ  ismanifeftly  12  $)  the  Squares  of  the  univerfal  Roots  propofed  are  13+V9 
and  5 -v-1/16,  which  multiplied  one  into  another  make  65  +  5/9+ 13/16+ /  144* 
whofe  univerfal  fquare  Root,  to  wit,  /’:  65  +  5/9 -YTffifyY  1 44 :  that  is,  /144, 
or  12,  is  theProduft  fought. 

Again,  to  multiply  Y  ++/2+  into  /•+ — Y^f:  I  multiply  their  Squares  -r+Z-1? 
and  L — Y^  one  into  another,  according  to  the  laft  of  the  three  compendious  Rules 
in  Sett.  10.  of  this  Chap,  and  there  comes  forth  tY —  that  is  5,  (to  wit,  the 

difference 
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LflHy,  the  Square  Root  0f  the  laid  p 

So  alfo  to  multiply  /jy-f/a:  by  /y+/2,  their  Squares  y+/2  and  -,+  Wio 
multiplied  one  into  another  give  3 y+ 1 0/10+7/2 + 2/20,  whofe  umverfil  fquare 
Root  to  wit,  /:35  +  iov/io+7VV-j-2/2o:  is_the  Produa  fought  ^ 

Moreover,  to  multiply  /:/.44+4:  by  yTTT^T 7?  (th,t 

2  by  3,  which  will  produce  6  )  I  firft  multiply  the  Square  of  /T/i 44+~  bv  the 

Square  of /:/ico-i:  ra*.  /r44+4  by  /100-1;  and  it  makes  Vi^oo+Wioo 
-/144— 4 ,  before  which  1  prefix  the  umverfal  Radical  Sign  V  and  its  v« 
/ :  / 1 44  o  o + 41/ 1 00— V 144—4 ;  which  is  one  of  the  Members  of  the  Produft 
fought;  then  I  multiply  m  like  manner -+:y4+2;  by  ^77x7=7:  and  it  makes 
— V :  v  400  +  2  V 1  co— V4— 2 :  forthe  latter  Member  of  the  Produa  fought  T  tit 
ly,  both  thofe  Members  being  joined  together  give  v77i  44oo  +  4V 1  co— vTTTTT- 

¥Zi^T^l6C~A~2  ■  that  i$’  th3t  is>  &  the 

3.  Sometimes  the  fourth,  fifth,  and  fixth  Rules  in  SeS  a  ,k;0  n  +,  , 

^nsAM-ssaa.  of  **  ‘Z  f ”,  VS&1TJS6 

3V  :  2-t  V  y  :  by  4/71+77 !  (which,  are  commenfurable  Roots  for  thev  are  in 
portion  one  to  the  other  as  3  to  4)  I  multiply  3  by  4,  and  the  Produa  12  too  2++T 
1  here  24+12/5  (that  is,  24+1/720)  for  the  Produft  foue-hr  5  J 

•»  <*«  4 ..  if « p„dra 

Moreover  if  5/:  6+V9:  be  to  be  multiplied  by  iV7if=V^  (that  is,  1  y  by  12) 
I  firft  multiply  ;  by  3  and  it  makes  iy,  then  I  multiply  VTe+Vfby  /+=+ 
and  it  produces  /:  ios+ ■  3/9 :  which  latter  Produa  multiplied  into  the  forma 
Produa  iy  makes  15/:  10S+13V9:  (that  is,  180)  the  Produa  fought 
.  4-  Sometimes  alfo  the  three  Rules  before  delivered  in  &<?.  10.  of  this  cLn  ,w 
mg  the  multiplying  of  Binomials  and  Refiduals  will  be  ufeful  in  the  MultinhVa  tion  nf 
umverfal  Surd  Roots.  As  if  this  Binomial  Root  V~  2+V6  ~  +  / , 
to  be  fquared  or  multiplied  into  itfelf,  the  Squares  of  the  Parts  are  T2+/6  and  12 
/b,  whofe  Sum  is  24  tohenjhe  Produa  made  by  theMultiplication  of  the  Parts  me 

faid  Produa  is  2/138,  which  added  to  24+ Sum  of  the  Squires  of  the  P°ar  s)  mak« 
24+2/138,  which  is  the  Square  of  VTit+vT:  +  V^=777  Moreove  r  ” 

Sm  H  is  the  Sum  of  the  two 

*d  into  jtfflf  thefquare  RoSt  *  n’Ult*U- 

this  4, to  wit  2,1s  the  difference  of  the  two  Roots  or  Parts  VTT^Vje-.  and  Te- 

mu"pw  ■“  “• 

,  +aln>  if  b+V :  20— 7ib :  be  to  be  multiplied  into  b— 7/20—1/16  •  the  Produa 
will  be  found  2o;  for  (according  to  Rule  3.  in&S.  10.  of  this  CW/if zo-/?6 

which  is  the  Square  of  / :  2c— v'16  :  be  fubtraaed  from  36  the  Sauare  of  4  them 
will  remain  16-+/16,  that  is,  20  the  Produa  fought  “e^uar?ot  6>  there 

ftKK+V:^!1  te  t0  be  mUlt!plie4  iM°  ^c-VT^=VT:  the 

So  alfo  if  V  :  5 +/:  20-Vi  6  :  be  to  be  multiplied  by  v7  y-V  .■  20-/ 1 6  .•  (that  is 

3  7  1  »  fiffttjhe  Squares  of  the  univerfal  Roots  propoied  are  y+/~o— V16  ■ 

tfiTw!  ;  multip/lied  0ne  by  the  other’  bf  t3kinS  the  difference 
•f  Squares  of  y  and  /.•  20— 7i6:  give  the  Produa  y+/i6,  whofe  univerfal 

■  •J  ^  S  2  Iquare 


2^6 
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fquare  Root,  to  wit,  /.;  $+/i  6;  that  is  3,1s  the  Produft  of  the  two  univerfal  fquare 
Roots  propofed  to  be  multiplied. 

The  four  preceding  Rules  of  this  Section  are  alfo  to  be  obferved  in  the  Multi¬ 
plication  of  univerfal  Surd  Roots  exprefs’d  by  Letters.  As  if  it  be  defired  to  multiply 
YTaa+Tb:  by  a,  I  multiply  their  Squares  aa\bb  and  act  one  into  the  other,  and  there 
comes  forth  aaaa-{-aabb>  whole  univerfal  fquare  Root  / :  aaaa\ aabb :  is  the  Product 
fought  5  which  may  more  compendioufly  be  exprefs’d  thus,  aV  :aa^bb: 

Likewifeto  multiply  /:  00 +  into  — ,  I  write  Y°--zz 4wP^or  —  Ym-Y^mpi 

a  aa  a 

for  the  Produft. 

Again,  if  V :aa-\- 12:  be  to  be  multiplied  by  <*+3,  the.Produft  may  be  fignified 
by T-f  3  into  / : Or,  after  the  Squares  of  the  Quantities  propofed  are  mul¬ 
tiplied  one  into  the  other,  and  the  univerfal  Radical  Sign  prefix’d,  the  Product  may  be 

exprefs’d  thus,  Y  :aaaaJr 6acta\  'i1uw-Y~izci-\ 108:  ________  _  ■ 

So  alio  Ybc  multiplied  into  Y  :aa-\-bb :  produces  /  :aabc-\-bbbc:  and  V  :Ybc\Ya: 
multiplied  by  V  :Vba — -Vbc :  produces  V  ibVca-^-aV b — bc—Yabc:  that  is 
V  :Ybbca-\-Yaab — be — Yabc:  ^  . 

Again,  after  the  manner  of  the  preceding  third  Rule  of  this  Section  aY  :bb — cc : 

multiplied  by  dY  :b  b — cc:  produces  adbb — adcc. _ 

And  aY  :b\c:  into  dY  :b — c:  produces  adY :  bb — cc: _ 

Moreover,  if  this  Binomial  Root  Y :Ya\Ybc:  +  V :Ya — Ybc:  be  to  be  iquared 
or  multiplied  into  itfelf,  firft,  the  Squares  of  the  Names  or  Parts  of  the  Binomial  are 
Ya+Ybc  and  Ya — Ybc ,  which  added  together  make  2 Ya-9  then  the  double  Product 
of  the  Parts  is  2 Y :  a-\-Y be :  (for  the  difference  of  the  Squares  of  Y a  and  Ybc  is  a — be 
whofe  univerfal  fquare  Root  doubled  is  2 Y  :a — be:)  which  double  Product  added  to 
±Ya,  (to  wit,  the  fum  of  the  Squares  of  the  Parts  firft  found)  makes  2  Ya-\-  2  Y :  a — be: 
which  is  the  Square  or  Produff  defired  *  and  if  the  fquare  Root  of  this  Produ&  be  ex- 
tra&ed,  it  gives  /7  2 Ya-\-  2 Y :  a — be :  which  is  equal  to  the  Sum  of  the  Parts  of  the 
Binomial  Roots  firlt  propofed  to  be  fquared. 


Se£t.  XIIL  Divifion  in  Vniverfal  Surds . 

Divide  the  Square  of  the  Dividend  by  the  Square  of  the  Divilor,  when  the  univer¬ 
fal  Radical  Sign  is  Quadratic, or  the  Cube  of  the  one  by  the  Cube  of  the  other, when  the 
univerfal  Radical  Sign  is  Cubic,  Cfc.  then  prefix  the  given  univerfal  Sign  to  the  Quo¬ 
tient,  lb  fhall  this  new  Root  be  the  Quotient  fought. 

As  for  Example,  if  it  be  defired  to  divide  Y  :^o  +4/40:  by  2,  I  divide  40+4/40, 
which  is  the  Square  of  the  Dividend,  by  4  the  Square  of  the  Divifor,  (according  to 
Se8.11.  of  this  Chap.)  and  there  arifes  10-+  Y 40,  whole  fquare  Root  univerfal,  to  wit, 
Y:  10+/40:  is  the  Quotient  fought.  _  _ 

Again,  if  it  be  defired  to  divide  ^140-1-4/40:  by  /:io+/4o:  firft,  I  take 
their  Squares,  to  wit,  40+4/40  and  10+/40  as  a  Dividend  and  Divifor,  thenbe- 
caufe  the  Divifor  is  a  Compound  Number,  a  new  Dividend  and  Divifor  muft  be  found 
out,  fuch  that  the  new  Divifor  may  be  a  Rational  Number  *  fo  (according  to  the  Rule 
in  the  fixth  branch  of  Sett.  11.  of  this  Chap.)  there  will  be  produced  240  and  6c  for 
a  new  Dividend  and  Divifor,  which  give  the  Quotient  4,  whole  fquare  Root  is  2  the 
Quotient  fought,  to  wit,  the  Quotient  of  Y -.40-1-4/40:  divided  by  /:  104-/40: 

Like  wife,  to  divide  20  by  /.:  10 — /  ? :  firft,  I  reduce  their  Squares  400  and  10 — Y  $ 
to  a  new  Dividend  and  Divifor,  to  wit,  4000+400-/?  and  9?  *,  then  I  divide  4000+ 
400-/?  by  9?,  and  there  arifes  42 tt+tv/?,  whofe  univerfal  fquare  Root,  to  wit, 
Y  :42-ri+-+V?  :  the  Quotient  fought. 

Another  Example  (in  Rational  N  umbers  exprefs’d  Surd-wife)  may  be  this,i/zz.  fuppofe 
it  be  defired  to  divide  /  :4+/2?:  by  Y :  1+/9:  (that  is,  by  3  and  2,  which  gives  the 
Quotient  14^  firft,  I  reduce  44-/25  and  1+/9,  the  Squares  of  the  given  Dividend 

and 
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and  Divifor,  to  a  new  Dividend  and  Pivifor,  to  wit,  4A-/25 — 4/9 — Vi2$  and  — 8, 
thefe  give  the  Quotient  (as  has  been  proved  in  the  latter  Example  of  the  Note  in 
the  preceding  Sett.  11.)  the  fquare  Root  whereof  to  wit  is  the  Quotient  fought* 
for  if  the  given  Divifor  V :  i-f/9;  be  multiplied  by  the  Quotient  it  will  produce 
3,  which  is  equal  to  the  given  Dividend  /:4-+-/2? : 

Again,  to  divide  /(3):8/( 3)64+  8/(2; 27:-’  by  2,  I  divide  the  Cube  of  the 
one  by  the  Cube  of  the  other,  viz.  8/(3)644-8/(2)27  by  8,  and  there  arifes 

/(3)64-f-/(2)27  ,  whofe  univerial  Cubic  Root,  to  wit,  /(3)  1/64-/ ^(2)27: 
is  the  Quotient  fought,  to  wit,  the  half  of  the  Dividend  propofed. 

2.  If  the  given  univerial  Roots,  to  wit,  the  Dividend  and  Divifor  be  commenfurable, 
then  (according  to  the  fifth  Rule  of  Sett.  5.  of  this  Chap.)  divide  the  Rational  part  of 
'  the  Dividend  by  the  Rational  part  of  the  Divifor,  and  what  ariles  is  the  Quotient 

fought.  As  to  divide  2 1/:  6-^/9 :  by  3/:  64-/9:  I  divide  2r  by  3,  and  there  ari¬ 
les  7  for  the  Quotient  fought.  _________ 

Likewife  183/1/3 — V2 :  divided  by  -lf/77 3—2  :  gives  the  Quotient  24.’ 

5.  Divifion  in  univerfal  Surds  exprels’d  by  Letters  depends  upon  the  Rules  before 
given  :  as  to  divide  / :  aaaa\  a  abb :  by  ar,  I  divide  the  Square  of  the  Dividend  by  the 
Square  of  the  Divifor,  viz,  aaaa-Vaabb  by  aa,  and  there  arifes  aa+bb^  whofe  lquare 

Root  univerfal,  to  wit,  Y  :aa\bb :  is  the  Quotient  fought. _  _ _ 

A^ain  if  it  be  defired  to  divide  /: Vbbca-\-Vaab — be — Vabc:  by  V:bc-\-Va: 

I  divide  the  fquare  of  the  Dividend  by  the  fquareof  the  Divifor,  viz.  Vbbca\Vaab—* 
be— Vabc  by  Vbc+Va,  (according  to  the  Method  in  the  Examples  at  the  latter  end  of 
Sea  t  i .  of  this  Chap.)  and  there  arifes  Vba—Vbc ,  whofe  univerfal  lquare  Root,  to  wit, 

/  :Vba—V  be:  is  the  Quotient  fought.  _ 

Moreover,  to  divide  dV :  bb-\-cc :  by  3 aV :  bb\cc :  becaufe  they  are  commenfurable, 

I  divide  only  the  Rational  part  by  the  Rational,  and  there  arifes  —  for  the  Quotient. 

4  Laftly,  when  the  work  of  Divifion  in  univerfal  Surds  according  to  the  foregoing 
Rules  and  Examples  in  thisSeftion,  happens  to  be  intricate,  or  will  not  work  off  juft 
without  a  Remainder,  you  may  fer  the  Power  of  the  Dividend  (the  univerfal  Radical 
Sign  being  omitted)  as  a  Numerator,  over  the  Power  of  the  Divifor  as  a  Denominator, 
and  prefix  the  univerfal  Radical  Sign  before  the  Line  that  ieparates  the  Numerator  from 
the  Denominator  *  then  fhall  the  univerfal  Root  fo  denoted  fignifiethe  Quotient  fought. 
Asifit  be  defired  to  divide  V:V$+V&— 3 :  by/T/pYiTH  the  Quotient  may 

be  reprefented  by  thisFra&ion  / :  : 

Likewife  if  /:/ abb-*- bed \  be  to  be  divided  by  V:Vac—dd:  you  may  write 

/  ya^?Jr!cf:  to  fignifie  the  Quotient. 

Vac-  dd  .  . . 


Se£h  XIV.  Addition  and  Subtraction  in  Vniverfal  Surds . 

1.  When  two  univerfal  Surds  propofed  to  be  added  orfubtra&ed  are  commenfura¬ 
ble,  they  may  be  added  or  fubtrafled  like  limple  Surds,  (according  to  the  Rule  in  Sea.  8. 
of’tbis  Chap.)  As  for  Example,  if  the  Sum  and  Difference  of  /:  8+4/3:  and 
VTaAWT-  be  defired  i  becaule  each  of  them  divided  by  their  common  Divifor 
/I ~2+VT:  gives /4  and /i,  that  is,  2andi,  which  are  Rational  Numbers  exprefiing 
the  proportion  of  the  Surds  propofed.  Therefore  the  Sum  of  2  and  1,  to  wit,  3  multi¬ 
plied  into  the  find  common  Divifor  gives  3/ :  2-4-/ 3  :  for  the  Sum  required,  (which 
may  alfo  be  exprefs’d  thus,  /:  1 8A-/243 :)  and  the  difference  of  the  faid  2  and  1  to 
wit,  1  multiplied  into  the  faid  common  Divifor  /:2-f/3:  makes  /:2ff/3:  for 

the  difference  of  the  two  Roots  firft  propofed.  .  .  ,  .  , 

Another  Example  in  Rational  Numbers  exprefs’d  Surd-wife,  viz,  let  it  be  required 

to  find  out  the  Sum  and  Difference  of  / .-994-9/25:  and  /:44+4^25:  (that  is, 
1 2  and  8  5  firft,  thole  univerial  Roots  being  feverally  divided  by  the  common  Divilor 
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Here  follow  ContraUions  of  the  work  of  Addition  and  Sukratlion  in  the  two  lad 
Examples ,  with  others  of  like  nature  in  Surd  Quantities  express'd  ly  Letters. 


ill  I  J  '£{ 


Oil’ 


to 


Example  i . 


■*  '  .  *  *f  •  -t  .  r  . »  ,  5  •  -  '  ,  *r  - ,  !*•('-  t  •i'  r  f  •  >i  « -  .  J  I  /*  r 

What  is  the  Sum  and  Difference  of  7-  .  .  .  ,  and/?2+77 

_  _ The  Optration . 

I.  /  :2-f/ 3J  )  /:8-f  4/3  •  (  /4r  that  Is,  2. 
e  II.  / 124-/3:  )  /:2-f  1/3;  (  Zi,  that  is,  1. 

Therefore  from  1. 2/ :  2+  777  ==  /  ■  84-4./ 3 : 

And  from  II.  i/:24-  Z3 :  =  /TTff^Zf: 

J!16®™’  ;V:2+  V;:  =  /iB-nvy  +  y;2+V,:  .. 

The  Difference  r/;2+  V3  :  =  V~W+^Vf.  — 


Ex  amp  It 


e  x. 


t  / 

What  is  the  Sum  and  Difference  of  and  /rZZwITT 

The  Operation. 

(  ^9,  that  is,  3. 


I.  /:  114-/25:  )  ^994-9/25 

II.  V :  114-/2$:  )  / :  444-4/27 


Therefore  from  L  3/ :  1 1 4-  V2  $ 
And  from  II.  2/:  u-h 

The  Sum, 

The  Difference,  i/fu-f  V25 


(  /4>  that  is,  2. 
=  Z:  994-9/  2$: 
=  Z  :  44  4- 4/2?  • 


—  V  :.99i-9V  25  :  -+-  : 

=  v':  994-9/25:  —  / : 44+4/2 5 : 


Example  3, 


What  is  the  Sum  and  Difference  of  V~aaaa+aabF :  and  VTddSF+buT: 

Thole  reduced  (by  SeB.  6.  of  this  Chap )  give  aV-.aa+hh-  and  urr  ,  /.r 

K°re^rSumis  •  •  •  ■  TTbmo^T^f:  aniW-M+bi 

And  their  Difference  is  ...  .  1 TUdb  into  V7dd+bT.- 


ppzz 

am 
pi 


Example  4. 

What  is  the  Sum  and  Difference  of  1  4 tnpzz  ^  ^aaoomm 4- 4 ctammmp 

By  dividing  each  of  them  by  their  ^  ^  **  ^ 

common  Divifor  V  ioo  &mp  *  L  z 

‘  there  will  arife  Rational  Quoti^  ~7  and 

ents,  to  wit,  .  .  }  a 

Therefore?  the  Surds  propofed  are7  * 

themIwemayb!vriated  lnftad  of^7l/^+4»P'  and^'/T^^j^- 

Therefore  their  Sum  fhall  be  .  ||£g!  into 

Xpiz+aam .  r - 

3  apz  into  / oo-Y^mp  : 


That  is. 


And 
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And  the  Difference  of  the  given  Surds  (hall  be  | into  Y  100+apnp : 


Example  y. 


What  is  the  Sum  and  Difference  of  thefe  two  univerfal  Roots  > 

Y‘.aaa a  4~  haaa  4~  ziaa  4~  72 a  -f  108:  and> 

Yiaaaa  4~  I oaaa  ~\~  Ijaa  —  120^4"  300: 


The  Operation. 

The  given  Roots  are  Commenfurable,  (as  has  been  fhewn  in  the  laft  Example  but 

one  in  Sett.  7.  of  this  Chap  )  and  may  be  exprefs’d  thus ; _ 

a  W  :aa  4“  12:  and  a<s)<$Y:aa  -h  12: 

Therefore  their  Sum,  fupnofing  a  to  be  greyer  rhan  (hall  be 

2J  —  2  into  V  :  aa  4-  12: 

And  their  Difference  (hall  be  8V : aa  4-  1 2 : 

But  it  we  luppofe  a  to  be  lefs  than  7,  then  the  Sum  of  the  given  Surds  will  be 
8/  :aa-\~  1 2 :  and  their  Difference  2*^  2V:  ^4-12:  that  is,  2acn  2  into  Y:aa 4-12  : 

2.  When  the  Root  of  a  Refidual  is  to  be  added  unto,  or  lubtra&ed  from,  the  Root 
of  its  correfpondent  Binomial,  thofe  Roots  may  be  conne&ed  together  by  4*  or  —  * 
and  then  the  whole  being  multiplied  into  itfelf,  the  univerfal  Root  of  the  Produft  (hall 
be  the  Sum  or  Difference  of  the  Roots  given  to  be  added  or  (ubtra&ed,  as  before  has 

been  (hewn  in  Rule  4.  Sett.  12.  of  this  Ch^p.  _  _ 

As  if  thefe  two  Roots  be  propofed  to  be  added,  to  wit.  Y :  1 2  4V6:  andV :  1 2— V6: 
we  may  multiply  this  compofed  Number  Y :  124V6:  4-  Y :  12 — Y6:  into  itfelf, 
and  there  will  be  produced  244-2V138,  whofe  univerfal  fquare  Root,  to  wit, 
■/T244-  2V138:  (hall  be  the  Sum  of  the  two  Roots  propofed  to  be  added. 

Likewife  ifV:i2+V6:  —  V:i2 — V6:  be  multiplied  into  itfelf,  the  ProduSt 
will  be  24 — zY  138,  whole  univerfal  fquare  Root,  to  wit,  Y:z 4 — 2V138:  is  the 

Difference  of  the  two  Roots  propofed.  _  _ _ 

After  the  fame  manner  the  Sum  of  thefe  two  Roots,  Y\  104 -Yl6:  and  Y:  10 — Y  36: 
will  be  found  V:2o4-2V64:  (that  is,  V’36 ,  to  wit  6h)  but  their  Difference 

Y :  2c— 2V64I  (that  is  Y&n  to  wit  2.)  _  _ _ 

Likewife  the  Sum  of  thefe  Binomial  Roots  Y:Ya-\-Ybc :  and  Y \Y a — Ybc:  will  be 

found  Y  \iY a\2Y : a — be:  and  their  Difference  Y:2Y a — 2 Y:a—bc: 

,  Eut  if  the  univerfal  Roots  propofed  be  not  Commenfurable,  nor  fuch  Binomials 
and  Refiduals  as  are  mentioned  in  the  laft  preceding  Rule,  then  they  are  to  be  added 

by  4-,  and  fubtra&ed  by  — • _  _ _  _ 

As  if  Y :  5  4-V2 :  and  Y  :  5 — Vz  :  be  to  be  added,  I  write  Y:  54-/2 :  4-  Y:—Y  3  : 

for  the  Sum,  and  to  fubtraa  Y :  5— V  3  •  from  Y:<y-\-Yz:  1  write  Y:<>-\-Y2:  — 

1  for  the  Remainder.  _  . _  _ 

Likewife  the  Sum  of  Y  • aa-\-bb :  and  Y :aa — cc:  is  Y  -.aa\bb.  4“  V :aa — cc:  an<l 
their  Difference  is  Y-aa-tbb:  Y:aa  cc: 


Se6t.  XV.  Concering  the  Constitution  and  Invention  of  fix  Binomials  in  Numbers, 
agreeable  to  thoje  expounded  in  Prop.  49,  yo,  $iy  $z,  53,  5:4.  Elem.  10. 
Eucl. 


By  way  of  preparation  to  the  Conftru&ion  of  the  fix  Binomials  in  Numbers  I  (hall 

premile  this  ^  __ 

F  QUESTION. 

To  find  two  fquare  Numbers  whofe  Difference  may  be  equal  to  a  given  Rational 

Number  ?  _  _ 

CANON. 


Take  any  two  Numbers,  which  multiplied  one  by  the  other  will  produce  the  given 
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Number  *  then  half  the  Sum  of  thofe  two  Numbers  and  half  their  difference  fhall 
be  the  Sides  or  Roots  of  the  two  Squares  fought. 

As  if  5  be  given  for  the  difference  of  two  Squares  fought,  I  take  $  and  1  ^  for 
t)ie  Product  of  their  Multiplication  is  5;  *,  then  the  half  of  their  Sum  is  3$  and  the 
half  of  their  difference  is  2  *  laftly,  the  Squares  of  the  faid  3  and  2  are  9  and  4,  the 
Squares  fought ;  for  their  difference  is  5;,  as  was  prefcribed. 

Again,  the  fame  Number  5  being  given  for  the  difference  of  two  Squares,  take  a 
Number  at  pleafure,  as  2,  by  this  divide  the  given  Number  5,  the  Quotient  is  f,  there¬ 
fore  the  Product  of  the  Multiplication  of  the  Divifor  2  by  the  Quotient  4  is  j’.  then 
according  to  the  Canon,  half  the  fum  and  half  the  difference  of  the  faid  2  and  1  to 
wit,  4-  and  4,  fhall  be  the  Sides  of  the  Squares  fought  *  and  conlequently  the  fquares 
themlelves  are  44.  and  ^4,  whofe  difference  is  ?,  as  was  defired. 

After  the  fame  manner  innumerable  pairs  of  fquares  may  be  found  out  in  Rational 
Numbers, and  the  difference  of  each  pair  fhall  be  equal  to  one  and  the  fame  givenNumber. 

The  Reafon  of  the  Canon  may  be  made  manifelt  by  this 

Theorem. 

The  Produ£l  made  by  the  Multiplication  of  any  two  unequal  Numbers  is  equal  to 
the  difference  of  two  fquares,  to  wit,  of  the  fquare  of  half  the  fum,  and  the  fquare 
of  half  the  difference  of  the  fame  two  unequal  Numbers. 

As  if  c  be  the  greater,  and  b  the  leffer  of  two  Numbers,  then 

The  Square  of  4c-^\b  is . ~cc-\~4cb-\~4bb. 

The  Square  of  \c — 4b  is . ±cc— ±cb-\- 4^, 

The  difference  of  thofe  two  Squares  is  .  .  .  *  cb 

Which  difference  is  manifeftly  the  Product  of  the  Multiplication  of  the  two  propo- 
fed  Numbers  c  and  b  j  wherefore  the  Theorem,  and  conlequently  the  Canon  firft  given 
is  manifeft. 

The  Definition  of  Binomial  I. 

When  the  greater  Name  (or  Part)  of  a  Binomial  is  a  Rational  Number,  and  the 
leffer  part  is  a  Surd  fquare  Root  of  fome  Rational  Number,  the  fquare  Root  of  the 
difference  of  the  Squares  of  the  parts  is  a  Rational  Number,  the  fum  of  the  two  parts 
is  called  a  firft  Binomial. 

Explication. 


3  + 

•}? 
•  4 
2 


Let  this  Binomial  be  propofed,  ;  . 3  ■+  V  5 

The  Squares  of  the  Names  or  Parts  are  .  .  . 

The  difference  of  thole  Squares  is  ...  *  . 

The  Iquare  Root  of  that  difference  is  .  .  .  . 

Becaufe  the  greater  part  3  is  a  Rational  Number,  and  the  leffer  part  is  a  Surd 
Iquare  Root  of  a  Rational  Number  5,  and  the  difference  of  the  Squares  of  the  Parts, 
viz.  4,  is  a  Square  whofe  Root  2  is  a  Rational  Number  *  the  Binomial  propofed,  to 
wit,  3  -fVj,  is  called  a  firft  Binomial. 

Blow  to  find  out  two  finch  Numbers  as  may  conjlitute  afirfii  Binomial 

1.  By  the  Canon  of  the  preceding  Queftion  at  the  beginning  of  this 
1 5  Sell,  find  out  two  Iquare  Numbers,  whole  difference  may  be 
fome  Rational  Number  not  a  Square,  fuch  are  thefe  Squares,  . 

2.  Their  difference  is . 

3.  Take  fome  Rational  Number  at  plealure  for  the  greater  part  of  7 

the  Binomial  fought,  as  ...  . . J 

4.  Then  lay,  By  the  Rule  of  Three  if  9  the  greater  of  the  two  Iquares 

found  out  in  the  firftftep,  give  5  the  difference  inthefecond,  what 
fhall  36  the  fquare  of  the  Number  taken  in  the  third  give*  whence 
the  fourth  Proportional  will  be  found  20,  the  fquare  Root  where¬ 
of  is  the  leffer  part,  to  wit,  .  . . . 

I  %,  The  fum  of  the  two  Numbers  found  out  in  the  third  \ 
and  fourth  fteps,  is  a  firft  Binomial,  to  wit  y 

The 


V^2( 


64V  20 
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The  Definition  of  Binomial  II. 

*  Sl«’S of  .1.0 P..«  “  c“™.S ,*"* iSSp'Tfc ?'  D“S"t" ”f 

Parts  is  called  a  fecond  Binomial.  greater  fart,  the  Sum  of  the  two 

t  ,  .  .  ,  Explication. 

Let  this  Binomial  be  propofed  ,  0  , 

.  . J  V 

The  Squares  of  the  Parts  are .  f  1 8 

The  Difference  of  thole  Squares  is  ^  16 

The  fquare  Root  of  the  Difference  is . ^  2 

Becaure  the  Iefler  Part  4  is  a  Rational  Number,  and  the  greater  P,rr  a,*  ;  tk 
Surd  fquare  Root  of  a  Rational  Number  18  and  the  fauare  rSa*  S  th<?. 

the  Squares  of  the  Parts,  viz.  V2,  is  Comm^nfurabfe  tdthe  nreata  °f 

cording  to  the  Definition  in  SeS  i.  of  this  Chav  Vi  Vi  8  •  •  Tg  eare*  V  8  *  (f°r  ac‘ 
Number  to  a  Rational  Number) 

How  to  find  out  two  fitch  Numbers  as  may  confiitute  a  fecond  Binomial 

lm  foregoin§  Canon  find  out  two  fquare  Numbers,  whole' 

Difference  may  be  fome  Rational  Number  not  a  Square,  fuch  ' 
are  thele  Squares  1  5 

2.  Their  Difference  is . 

3:  Take  fome  Rational  Number  atpleafure  for  the  iefler  Part’  oil 
the  Binomial  fought,  as  ...... 

4.  Then  fay  If  5  the  Difference  in  the  third  ftep’  gives  9 'the 
greater  of .  the  two  Squares  in  thefirft;  what  Ml  100  the 
bt3,L'a[e  ,ot  the  Number  taken  in  the  third  give?  Whence  vou 

will  find  180,  whole  fquare  Root  lhall  be  the  greater  part,  viz 
1  la 7.  The  Sum  nf  The  tmr\  NnmV.^i-0  5  ,  .  . 


9 

4 

5 
io 

/  i.8o 


I  lay,  The  Sum  of  the  two  Numbers  found  out  in  the ’third  ) 
and  fourth  Reps  is  a  lecond  Binomial,  viz.  .  r  vT8o-|-iq 

*  '  •  *  4  •  ff f -#•  •  J  ;  . 

»  (!•«•*  «  •  ”  _  >  »  •  W  W  ' 


'  The  Definition  of  Binomial  III  ‘  ' 

1  NpbhT’ 

to  the  greater  Part,  the  Sum  of  the  two  Parts  is  called  a  thWBinom.al  " 

T  .  Explication. 

Let  this  Binomial  be  propofed  . . 

The  Squares  of  the  Parts  are  ...  J  Jo 

The  Difference  of  thofe  Squares. is .  ,  ,g  ‘ 

'flic  fquare  Root  of- that  Difference  is  ....  .  ;  y.g 

Becaufe  the  two  Parts  Yyo  and  Y%  2  are  Surd  fquare  Roots  of  two  Rational  Nnm 
hers  yo  and  32,  and  the  fquare  Root  of  the  Difference  of  the  Squares  of the Parts 

t'lS,  is  Commenfurable  to  the  greater PartVjo,  (for/rS  . V50  =  :  f  J  fha?l,  « 

?lld  Binom^r  10  2  Rati0Ml  Numbef)  the  Pr°PQfed  Number  ^o+/3a  Ts  a 

Hem  to  find  out  two  finch  Numbers  ai  may  confiitute  a  third  Binomial 
I.  hind  out  two  fquare  Numbers  whofe  Difference  may  be  fome  9  » 

?'thffaid°Dfff^i0nal>lUmbenn?ta  S<lUare’  which  may  exceed 

i-4  rvrr  -***  5  byan-llmt  or  two,  viz.  by  I,  when  the 

faid  Different  increafed  with  1  .makes  not  a  Square 5  but  by  2  1 
ihk  Kv™^5erefe2lnfeafer  With  1  makes  a  S<luare  ■  s°  in’' 

a  t  ,  2  r  ko  6’.  be“uTfe  5+i  makes  not  a  Square 

-dgain,  take  fome  Rational  Number  atpleafure,  as  ...  .  i2 

H  h  ’  ‘  The 


4 

5 
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a  Thenla^Vf'fow  Number"  taken’in  the  third  ftep  gives  9  the  j  44 
Jreater  ff  the  two  fquares  in  the  firft,  what  (hall  1  44  the ;  fquare  ( V  2 , 6 
I  W  in  fifth  2ive>  whence  the  fourth  Proportional  is  ( 

NT  Lrf.  (nLre  Root  to  wit  V  2 1 6,  (hall  be  the  greater  part.  ) 

7  Say’  "gab  &  the  lid  Square  9  gives  5  the  Difference  in  the  < 

7'fecond %,  what  (hall  216  the  fourth  Proport  lonalfound  (yI20 
out  "n  the  fiith  give  >  Whence  you  will  find  1 20,  whofe  fquare  ^ 

Root  to  wit  Vi 20,  (hall  be  the  leffer  part  ..  .  .  •  J 

f!  I  fav  the  fum  of  the  two  Numbers  found  out  in  the  fixth.lv,2l6_^y>120 

and  feventh  fteps  is  a  third  Binomial ,  to  wit ,  •  •  •  -3 

Tlje  Definition  of  Binomial  IV. 

„  fho  neater  part  of  a  Binomial  is  a  Rational  Number,  and  the  leIRr  part  is 
^  a  ?n  lreSRoot  oPf  a  Rational  Number,  and  the  fquare  Root  of  the  Difference 
of  the  fouar^of  the  parts  is  Incommenfurable  to  the  greater  part,  the  Sum  ol  the 
two  parts  is  called  a  fourth  Binomial. 

Explication. 

Let  this  Binomial  be  propofed . 

The  Squares  of  the  Farts  are  .  •  •  »  •  •  •  T  1 2 
The  Difference  of  thole  Squares  is  ^  •  .  •  •  *3 

Becaufe  the greare! part°/  is^a'Ra'tfonalNimber,  and  the  leffer  part  Vi  2  is  a  Surd 
Became  tne^e  t  >  .  d  the  iquare  Root  of  the  Difference  of  the 

?Uat«  of  the  Pals  °"e  V^Ts  In^mmenfurable  to  the  greater  part  5  ,  (for  Vi ,  j 

Kt  &  h  proponbn  to  /’as  a  Rational  Number  to  a  Rational  Number;  the 

Number  5+V1 2  above  propofed  is  a  fourth  Binomial. 

Hom  t0  fni  out  two  fuch  Numbers  as  may  conjlitutc  a  fourth  Binomial 

t  Take  anv  louare  Number,  3S  •*  .  •  •  *  •  •  *  *  ^ 

2'  Divide  that  fquare  Number  9  into  two  Numbers  not  (quares,  >  £  an(j  ? 

3.  Take  a  Rational  Number  at  pleafure  for  the  greater  part  ofl  g 

,  Then  fr/f  9f&tUhehfquaate  Numt*r  ’fatte  fcft'jfcp 'give  6  1 
4'  the  greater  of  the  two  Numbers  in  the :  fecond  what >(hall  36  / 

the  fquare  of  the  Number  taken  in  the  .third  give?  So  the  >  v  24 
fourth  Proportional  will  be  found  24,  whofe  fquare  Root,  V 

to  wit  Vr24,  (hall  be  the  lefTer  part;  \  .  •  •  •  •  •  ' 

-  1  fav  The  Sum  of  the  two.  Numbers  found  out  in  the  third  7  54.^24 

*  and  fourth  fteps  is  a  fourth  Binomial,  tax,  ..... 

The  Definition  of  Binomial  V. 

two  Parts  is  called  a  fifth  Binomial.  . 

......  Explication. 

Let  this  Binomial  be  propofed  , .  ^  2 

The  fquares  of  the  Parts'  are . 1 4 

The  Difference  of  thofe  fquares  is  .  .  -  4  *  *  ? 

The  fo  u are  Root  of  the  Difference  is  •  •  *  .  j ,  •  „  cnrrt 

f. 'vl/not as'^Radpnal Numbm'laRarional  N ifmber)  ^he propofed ^un> 
her  V6"ir2  is  a  fifth  Binomial. 
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How  to  find  out  two  fuch  Numbers  as  may  covfiitute  a  fifth  Binomial. 


9 

6  and 


V  6 


1.  Take  any  fquare Number,  as  .  *  *  .  .  >  .  * . 

2.  Divide  that  fquareNumber  9  into  two  Numbers  not  fquares*  as  into  . 

3!  Take  a  Rational  Number  at  pleafure  for  the  leffer  part  of  the  Bi-  } 

nomial  fought,  as  ■  . . j 

4.  Then  fay,  If  6  the  greater  of  the  two  Numbers  in  the  fecond  ftep 

gives  9  the  fquare  Number  in  the  firft  5  what  fhall  4  the  fquare  of  ( 
the  Rational  Number  taken  in  the  third  give*  Whence  you  will  find 
the  fourth  Proportional  6,  whofe  fquare  Root,  to  wit  V6 ,  fhall  be 
the  greater  part  fought,  .  . . .  .  •  .  „ 

5.  I  fay,  The  fum  of  the  two  Numbers  found  out  in  the  third  and  \ 

*  fourth  fteps  is  a  fifth  Binomial,  viz.  ....  i.  .....  .J 

The  Definition  of  Binomial  VI. 

When  each  of  the  two  parts  of  a  Binomial  is  a  Surd  Iquare  Root  of  foffie  Rational 
Number,  and  the  fquare  Root  of  the  Difference  of  the  Squares  of  the  Parts  is  Incorri- 
tnenfurable  to  the  greater  parr,  the  Sum  of  the  two  parts  is  called  a  fixth  Binomial. 

Explication . 

Let  this  Binomial  be  propofed  .  V  .  .  .  .  .  Y$\Y% 

The  Squares  of  the  Parts  are  .  .  *  .  .  .  * 

1*he  difference  of  the  Squares  of  the  Parts  is  ...  2 
The  fquare  Root  of  that  difference  is  .  ~  .  .  ¥2 

Becaufe  the  two  Parts  V 5  and  V 3  are  Sutd  fquare  Roots  of  two  Rational  Numbers 
5  and  3,  and  the  Iquare  Root  of  the  Difference  of  the  Squares  of  the  Farts,  viz.  v'2, 
is  Incommenfurable  to  the  greater  part  (forVz  has  not  fuch  a  proportion  to  v'y 
as  a  Rational  Number  to  a  Rational  Number)  the  Number  Y 54V 3;  above  propoled 
is  a  lixth  Binomial. 

--  '  :  [  - -  jVyt  •  '•  •  .  :  [J  •  - 

How  to  find  out  two  fuch  Climbers  as  may  conftitute  a  fixth  Binomial. 

1.  Take  two  fuch  prime  Numbers  that  their  Sum  may  not  be  a  \  an^  , 

Square  as  •  •  >  4  •  <  *  .«  •  *  •  •  •  •  <  «  •  •  •  •  3 

2.  Their  Sum  is  <  t  1 2 

3.  1  ake  alfo  any  fquare  Number,  as . * . 9 

4.  Take  again  fome  Rational  Number  at  pleafure,  as . 6 

y.  The  fquare  thereof  is  ^  •  36 

6.  Then  fay,  If  9  the  fquareNumber  taken  in  the  third  ftep*  gives 

12  the  fum  of  the  two  prime  Numbers  in  the  firft,  what  fhall  36  f  ^  ~ 
the  fquare  in  the  fifth  ltep  give?  Whence  you  will  find  48*  whole  ^  ^ 

fquare  Root,  to  wit,  v^4 8,  fhall  be  the  greater  part,  .... 

7.  Say  again,  If  12  the  fum  of  the  two  prime  Numbers  in  the  firft 
ftep,  gives  7  the  greater  of  thofe  prime  Numbers,  What  fhall  48  the  C  ^28 
fourth  Proportional  found  out  in  the  fixth  ftep  give*  Whence  you  (*“ 
will  find  28,  whofe  fquare  Root,ufz.  V 28,  fhall  be  the  leffer  parr,  j 

I  fay,  the  fum  of  the  two  Numbers  found  out  in  the  fixth  and  fe-  \  </aS-\-V2S 

venth  fteps  is  a  fixth  Binomial,  viz.  *  .  . . *  5 

If  of  everyone  of  thofe  fix  Binomials  the  leffer  part  be  fubtrafted  from  the  greater 
by  imerpofing  the  Sign—,  the  fix  Remainders  anfwer  to  the  fix  Lines  which  Euclid 
in  Prop. 86,87, &8, 89,90,9 1.  of  his  Elem.  io.  calls  Apotomcs  or  Rejidual  Lines  •,  as, 

f  I.  34V  51  r  r*  3—^ 

•  •  IIV18+  4 1  II.  V 18 —  4 

rw  IIIV504Y32  L By  changing  +  into  — ^  IIIV50— ^32  ^ 

Out  of  Binomial*j  IV  2  f  7  is  ma^e  Refidual  IV.  5— Viz  j 

V  .  .  .  VV  2  vv  6—  2 

Lviv  54V  3  J  ^viv  5-v  3J 

The  precedent  Conftf  u&ions  of  the  faid  fix  Binomials  are  demonftrated  in  J  rep  49, 

50,51,52,53,54.  of  10  Elem.  Euclid.  VT 

V  ’  hi,  ,  Now 


Hh  2 


I 
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Now  if  any  Binomial  or  Refidual  be  given,  we  may  eafily  find  out  another  of  the 
fame  kind  in  this  manner,  viz  For  the  firft  and  fourth  Binomials,  if  it  be  made  as  the 
greater  Name  or  Part  to  the  lelfer,  fo  any  Rational  Number  aflumed  for  the  greater 
Part  of  a  new  firft  or  fourth  Binomial,  to  a  fourth  Proportional  Number,  this  Num¬ 
ber  fhall  be  the  leffer  Part  of  the  new.firft  or  fourth  Binomial.  But- for  the  fecond  and 
fifth,  if  it  be  made  as  the  leffer  part  t.o  tfie  greater,  lb  any  Rational  Number  taken  for 
the  leffer  part  of  a  new  fecond  or  fifth  Binomial  to  a  fourth  Proportional,  the  Number 
fo  produced  fhall  be  the  greater  part  of  the  new  feqond  or  fifth  Binomial.  And  laftly, 
for  the  third  and  fixth  Binomials,  if  it  be  made  as.the  greater  P^rt  to  the  leffer,  (eacli 
of  which  is  a  Surd  fquare  Root,)  fo  any  Surd  fquare  Root  affumed  fpr  the  greater  Part 
of  a  new  third  or  fixth  Binomial,  to  a  fourth  Proportional,  there  will  come  forth  the 
leffer  part  of  a  new  third  or  fixth  Binomial.  (The  reafon  of  this  Operation  is  mani- 
feft  per  Prop,  j  Elem.  1  o.  Eucl,)  .  And  after  a  new  Binomial  is  found  out,  its  corre- 
fpondentRefidual  isalfo  made  by  changing  the  Sign  -f  into  — ,  as  "before  has  been  laid. 

As  for  Example,  if  a  firft  Binomial ' i+Vs  be  propofed,  to  find  another  like  to 
it  •,  I  take  a  Rational  Number  at  pleafure,  as  8,  for  the  greater  Part  of  the  Binomial 
fought,  then  by  the  Rule  of  Three  as  3  is  to  fo  8  to  a  fourth  Proportional,  to  wit 
v'i-if-,  for  the  leffer  Part  fought,  therefore  fhall  be  a  new  firft  Binomial 

and  8— a  new  firft  Refidual  ;  and  fo  of  the  reft.  c 


Sect.  XVL  Concerning  the  Extraction  of  the  [quart  Root  out  of  Binomials  nnd  Re* 
fiduals  conjlituted  in  fuch  manner  as  has  leen  jheim  in  the  preceding  Seft.  1  y. 

Every  one  of  the  Binomials  and  Refiduals,  whofe  Conftruaion  has  been  fhew:n  in 
the  preceding  Sett.  15.  hasafquare  Root,  that  is,  fuch  a  Binomial  or  Refidual  that 
if  it  be  multiplied  into  itfelf  will  produce  the  given  Binomial  or  Refidual  5  as  maybe 
evidently  collected  out  of  Prop,  yy,  ?<$,  '57,  58,  59,  and  60  ;  alfo  out  of  Pro>.  02, 
93,  94,  97,  96-,  and^97.  of  the  tenth  Book  of  EvclidS  Elements. 

As  for  Example,  a  Binomial  of  the  firft  kind,  iuppofe  7+^4 8,-  has  a  fquare  Root, 
to  wit  2+-/?,  for  this  being  fquared  (or  multiplied  into  itfelf,  produces  that  Bino¬ 
mial  7  +  48,  whole  greater  Part  7  is  compofed  of  4  and  3,  the  Squaies  of  the  Parts 
of  the  Root  2+/ 3  5  and  the  lelfer  part  1/48  is  the  double  of  the  Product  made  by 
the  Multiplication  of  2  into  ^3,  the  Parts  of  the  Root  24V3  :  all  which  is  evident 
by  the  Multiplication  of  2  -f  ^3  into  itfelf  The  like  effetf:  will  be  found  in  every  one 
of  the  reft  of  the  Binomials  conftituted  in  the  preceding  Sell.  15.  Therefore  if  a  Bi¬ 
nomial  be  propofed,  and  its  fquare  Root  defired,  there  is  given  theSum  of  the  Squares 
of  the  Parts  of  the  Root,  (which  Sum  is  the  greater  Part  of  the  Binomial  propofed ) 
and  the  double  of  the  Produa  of  the  Parts  of  the  Root  (which  double  Produa  is  the 
leffer  Part  of  the  Binomial  propofed)  to  find  out  the  two  Parts  of  the  Root  feverally. 
And  therefore  in  order  to  the  Extraction  of  the  fquare  Root  of  a  Binomial,  it  will  be 
requifite  to  fearch  out  a  Canon  for  the  folving  of  this  following 


QUESTION. 


The  Sum  (A)  of  the  Squares  of  two  Numbers  being  given,  as  alfo  (c)  the  double 
ioductor  the  Multiplication  of  the  fame  two  Numbers,  to  find  the  Numbers  feverally. 

RESOLUTION 

1.  For  one  of  the  two  Numbers  fought  put 

2.  Then  forafmuch  as  the  double  of  the  Produa  of  their  Mttl-  V 
tiphcation  is  given  c,  therefore  the  Produa  itfelf  is  .  .  .  j  v 

3.  Which  Produa  divided  by  the  firft  Number  a  gives  theT 

other  Number .  r  • 

4.  Therefore  the  Square  of  the  firft  Number  is  .  .  .  .  .  /  ; 


a 

c 

2 

c 

2a 

aet 


5.  And  the  Square  of  the  other  Number  is  .  ...  .  .  .if 

J  4  at 

6.  Therefore  the  Sum  of  the  fquares  of  the  two  Numbers  is  j-  aa-\- 


i\aa 

cc 


7.  Which 
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7.  Which  fum  mu  ft  be  equal  the  given  fum  of  the)  cc 

fquares  ;  hence  this  Equation,  j 

8.  From  this  Equation  after  due  ReduSion,  there  will  arife  .  baa-Xaaa=±cc 

9.  And  from  thelaft  Equation  (per  Canon  in  Se8.  10.  Chap.  17.  Book  1.)  there  will 
arife  this  following  Canon,  to  find  out.  the  two  Numbers  fought,  viz. 

7'*  •  ■  -f ie-.-.niJ*  !■  '  r.u  lo  i  u  sdj  rv 

CANON  1,  /■: 


I _ 1. 

V  :ib-+V  .  ~bb — Tcc . :  =  the  greater  Number. 
W:\b- V  .  ibb—icc . :  =  the  leffer  Number. 


j  *;  J. 

I  f  ’  fc 

•  1  j,  *  i  1  v  . 

‘  O  ilii 

aU  J  J  J 

9?£U(' 

no! 


That  is  in  words. 

From  a  quarter  of  the  fquare  of  the  given  fum  of  the  fquares,  fubtraft  a  quarter  of 
the  fquare  of  the  double  Produtt  given,  then  add  and  fubtradf  the  fquare  Root  of  that 
Remainder  to  and  from  half  the  given  fum  of  the  Squares,  fo  (hall  the  fquare  Roots  of 
the  Sum  and  Remainder  of  that  Addition  and  Subtra&ion  be  the  two  Numbers  fought. 

•  -j  ...... 


10.  Moreover,  becaufe 

11.  Therefore  .  .  . 

12.  Likewife,  becaufe 

13.  Therefore  .  .  . 


b-\-Vbb — cc 


ib-\-V:$bb—±cc: 


'[  \ 


,b-)rVbb — cc  ; — - — 

- - - -  =■/;  .ibb- 


r  CC: 


b — V  bb — cc 


- —  =  lb — V :  ibb — icc : 


V: 


b — Vbb — cc 


■Jl ; 


—V l :  b — V  :  ibb — Icc 


14.  Therefore  from  the  eleventh  and  thirteenth  fteps  another  Canon  ariles  to  folve 
the  Queftion,  viz .  *  ",  ... 

-  CANON  2.  ■: 


b — ^  bb — cc 


the  greater  Number. 

er'j 


r\  e*r 


.11 
U  1 

.ft 


=  the  leffer  Number.- 


.kniibA 


i 


tii 


that  is  in  words, 

From  the  Square  of  the  given  Sum  of  the  Squares  fubtradb  the  Square  of  the  dou¬ 
ble  Produdt  given,  then  add  and  fubtradl  the  lquare  Root  of  the  Remainder  to  and 
from  the  given  Sum  of  the  Squares  5  fo  fhall  the  fquare  Root  of  half  the  Sum  and 
Remainder  of  that  Addition  and  Subtra&ion  be  the  two  Numbers  fought. 

By  the  help  of  either  of  thofe  Canons  we  may  extradl  the  fquare  Root  of  a  Bino¬ 
mial  or  Refidual,  but  I  fhall  ufe  the  latter  only,  whence  arifes 

•  -  • .  .  »  ■  *  > 

A  general  Rule  for  the  Extra&ion  of  the  Square  Root  out  of  Binomials  and  Ref  duals. 


From  the  Square  of  a  greater  part  of  a  given  Binomial  or  Refidual  fubtradl  the  Square 
of  the  leffer,  then  add  the  fquare  Root  of  the  Remainder  to  the  greater  part,  and  lub- 
tratt  it  alio  from  the  fame *  laftly,  conned!  the  fquare  Roots  of  the  half  of  that  Sum 
and  Remainder  by  the  Sign  ■+*  if  a  Binomial  be  propofed,  but  by  —  if  a  Refidual  .* 
fo  you  have  the  defired  fquare  Root  of  the  given  Binomial  or  Refidual. 

The  Practice  of  this  Rule  will  be  fhewn  at  large  in  the  following  Examples. 


Example  1. 

Let  it  be  required  to  extradl  the  fquare  Root  out  of  this  firft  Binomial 


The  Operation. 

1.  From  the  Square  of  the  greater  part  27,  viz.  from  .  729 

2  Subtradf  the  Square  of  the  leffer  part  V704,  to  wit,  .  704 

3.  The  Remainder  is  ............  2? 

4.  The  fquare  Root  of  that  Remainder  is .  ? 


27-^704. 


5.  To 


/ 

/ 

/ 
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5.  To  which  fquare  Root  add  the  greater  part 

6.  The  Sumis  .  .  L  ••  <  *  *  «  4  •  « 

7.  The  half  of  that  fu  mis  ‘  ‘  •  '  1  - 


27 

32 

16 


8.  The  fquare  Root  of  the  faid  half  Sum  is  the  greater  part  of  the  7 

Root  foughr,  to  wit,  ........  s  ^  *  ....  y  ~r’ 

9.  Then  from  the  greater  part  of  the  given  Binomial,  viz,  from  .  .  27 

10.  Subtract  the  fquare  Root  before,  found  in  the  fourth  ftep,  to  wit,  .  5* 

1 1.  The  Remainder  is  . . . . 22 

12.  The  half  of  which  Remainder  is  .  .  .  Ti 

13!  The  fquare  Root  of  the  laid  half  Remainder  is  the  lefler  part  of  l  ^/ir 

the  Root  fought,  to  wit,  ...  •  .........  j 

14  I  fay,  the  two  Names  or  Parts  in  the  eighth  and  thirteenth  Reps  ?  ,  /  . 

being  connected  by  -f  (hall  be  the  fquare  Root  fought,  to  wit.  y 
Bur  if  —  inlfead  of  -f  be  prefix’d  to  the  leffer  part  of  the  faid  Root,  it  will  give 
4 — -/u,  which  is  the  fquare  Root  of  the  firft  Refidual  or  Apotome  27 — V704. 

The  former  of  thole  two  Roots  anfwers  to  the  Irrational  Line  called  (in  Prop.  37. 
g?  55.  lib.  10.  Elem.  Eucl.)  a  Binomial  Live,  and  the  latter  anfwers  to  the  Irrational 
Line  called  (in  Prop.  74.  &  92.)  an  Apotome  otReJidml  Line. 

The  Proof  of  the  Root  above,  extr  ailed  out  of  the  frjl  Binomial  is  made  by  multiplying  the 
;  .  v  .  Root  into  itfelj  tbits :  ....  :  :  .  .  1 

The  Sum  of  the  Squares  of  the  Parts  of  4+V 1 1,  the  7  .  ,  tj^  j 

Root  found  out  is  .  .  .  ......  y  .  1  5  ' 

The  Produfl  of  the  fame  Parts  multiplied  one  into  the  7  ,  y  that  .g  ,  ^ 

other  is  .........  ......  y  y  t  5  • 

The  double  of  the  faid  Produft  is  ;  .  *  8/1 1,  that  is,  V 176. 

~  -The  Sum  of  the  faid  Sum  of  the  Squares  of  the  Parts  7 

and  the  double  Produft  is . 3  *  *  ■  '  '  a  7*^ 

Whence  it  is  manifeft  that  27+^764  &  theSquare  of  4-f  v'n, therefore  this  is  the 
true  fquare  Root  of  that  firft  Binomial ;  which  was  to  be  proved.  Moreover,  if  the 
laid  double  Produft  be  fubtrafted  from  the  faid  Sum  of  the  Squares  of  the  Parts,  the 
Remainder  27— V704  is  the  Square  of  4 — V11  5  therefore  this  is  the  fquare  Root  of 
that  firft  Refidual. 

Example  2. ,  ’  ~ 

Let  it  be  required  to  extrafl  the  fq  uare  Root  of  this  fecond  Binomial  .  V’^rr'*'  6t 

The  Operation. 

j.  From  theSquare  of  the  greater  part  viz.  from  .  .  — } 

а.  Subtratt  the  Square  of  the  leffer  part  6,  to  wit  .  *  .  .  36 

.  3.  The  Remainder  is . . . .  4 

4.  The  fquare  Root  of  that  Remainder  is 

5.  To  which  fquare  Root  add  the  greater  part,  (by  the")  /[47 

Rule  in  <5W?.  of  this  Chap.) . y  r  -  4 

б.  The  Sum  is . .  .  VaS 

7.  The  half  of- which  Sum  is  . . .  Y\% 

8.  The  fquare  Root  of  that  half  Sum  is  the  greater  part  7  . 

of  the  Root  fought,  to  wit, . .  .  .y  v' 

9.  Again,  from  the  greater  part  of  the  given  Binomial,  viz.  7  ,j47 

from  .  qfr.  .  .  .  .  .  .  .  .  .  .  .  .  y  *  f\[f  ' . 

10.  Subtrafl  the  fquare  Root  before  found  in  the  fourth  7 

ftep,  (by  the  faid'Rule  in  Sell.  %.)  viz . y 

11.  The  Remainder  is . . '.  .  V 27 

12.  The  half  of  which  Remainder  is . .  .*  .  .  Yf^ 

13.  The  fquare  Root  of  the  faid  half  Remainder  is  the 7 

leffer  part  of  the  Root  fought,  to  wit,  .  ;  .  .  .  .  y  + 

14.  I  fay,  the  two  parts  in  the  eighth  and  thirteenth  fteps  7 

being  conne&ed  by  the  Sign  +  fhall  be  the  Root >  Y(^f)i2-\-Y(f)^ 
fought,  to  wit,  .  .....  .  .  .  .  .  .  .  .  } 

And  if —  inftead  of  -f  be  prefix’d  to  the  leffer  part  of  the  Laid  Root,  it  will  give 
Y (4)12 — Y (4)--R  which  is  the  fquare  Root  of  the  fecond  Refidual 

The 
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The  former  of  thofe  two  Roots  anfwers  to  the  Irrational  Line  called  (in  Prop,  58. 
«ft(,  I0.  Elem.  Eucl. )  a  firjt  Bimedial,  and  the  latter  anfwers  to  the  Irrational 

Line  called  (in  Prop.  75.  O'  95-)  a/r-^  Eejiiual. 

The  Proof  of  the  Root  above  extracted  out  of  the  fecond  Binomial. 

The  Squares  of  the  parts  of  ^(4)i2+/(4)H  the  Root  and  vH 

f°  Which  Squares  added  together  (as  in  Example  6.  Sett.  8.  7  thatis^  ^147. 
of  thk  Chan  ismanifeft)  makes  the  Sum  .  .  •  •  •)  v 

The  Produa  of  the  parts,  viz.  V(n)i2  into  1^(4)^  is  ^(4)8 ij  that  is,  3. 

The  double  of  the  faid  Produa  is  .  •  •  •  •  •  * 

Therefore  the  Sum  of  the  Sum  of  the  Squares  of  the  j 

paS&tif  is’tte  Square  of  W+ZUWj 

this  is  the  true  fquare  Root  of  that  fecond  Binomial,  which  was  to  be  proved.  More- 
over  if  the  faid^double  Produa  be  fubtrafred  from  the  faid  Sum  of  the  Squares  of  the 
Parts,  the  Remainder  /aJti— 6  is  the  fquare  of  /(q)  12 W (4)^7*,  therefore  this  is 
the  fquare  Root  of  that  fecond  Refidual. 

Example  3. 

Let  it  be  required  to  extraa  the  fquare  Root  of  this  third  Binomial'  Vi^+VSc- 

The  Operation. 

1.  From  the  Square  of  the  greater  part  viz.  from  •••■—?' 

2.  Subtraft  the  fquare  of  the  lelfer  part,  to  wit,  ......  so 

а.  The  Remainder  is  ..•••*.• . *  *  y 

4.  The  fquare  Root  of  that  Remainder  is  •*••••  •  •  ,/4‘ 

To  which  fquare  Root  add  the  greater  part  .  •  •  •  4  •  yJ^a 

б.  The  Sum  is . . *'  *' 

7.  The  half  of  which  Sunl  is  *  *  * 

8.  The  fquare  Root  of  that  half  Sum  is  the  greater  part  7  .  Vfoy4 

of  the  Root  fought,  to  wit,  .  .  •  •  -f  *  .  ^  * .  *  .< 

9.  Again,  from  the  greater  part  of  the  given  Binomial,  mz.  ?  #  .  /i±f 

10.  Subrra6l  the  fquare  Root  before  found  in  the  fourth  7  .  .  .  V{-  • 

ftep,  to  wit,  .  ......  •  *  . . .  V6q 

11.  The  Remainder  is  .  .  •  •. .  V  - 

12.  The  half  of  which  Remainder  is  .  •  :  ‘  * A  *  *  *  *  > 

12.  The  fquare  Root  of  the  faid  half  Remainder  is  the)  # 

ieffer  part  of  the  Root  fought,  to  wit,  .  .  •  •  -3 
14.  I  fay,  the  two  parts  in  the  eighth  and  thirteenth  fteps  / 

*\eing  connebled  by  +  fhall  be  the  fquare  Root  fought,  >  . 

.  St  'jsa  sspsis 

2?  sr  sas?  • L  “-1 

Line  called  (in  Prop.  76.  V  94-)  a  fecond  Mciial  ReJldual 

The  Troofof  the  Root  above  extra&ed  out  of  the  third  Binomial 

The  Squares  of  the  Parts  of  V( 4>H’PVWI*>  the  and  Vi$ 

Roots  found  our,  are  .  .  •  •  . . that  is, 

•  Which  Squares  added  together  make  •  7  *»  that  is,  ^20 

The  Produa  of  the  parts,  viz.  V(4>-v  int0  y(^1 5  1S  V4'4  5 
The  double  of  the  faid  Produa  is  .  •  -  •  *  *  •  ‘  v  0 
Therefore  the  Sum  of  the  Sum  of  the  Squares  of  the  80 

parts  and  the  laid  double  Produa  is 

Whence  it  is  manifeft,  that  W/86  is  the  Squam  of 
therefore  this  is  the  fquare  Root  of  that  third  tfinorma  .  More- 


/ 
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Moreover,  if  the  faid  double  Produft  be  fubtra&ed  from  rhp  {hu  q'  0  ~~ — 

of  the  Parts,  the  Remainder  /-4-80  is  SSSZ  °f 

this  is  the  fquare  Root  of  that  third  Refidual;  ^  therefore 

Example  4.  .  ; 

Let  it  be  required  to  extrafl  the  fquare  Root  of  this  fourth  Binomial  .  7+v^0_ 

r  The  Operation. 

1.  from  the  Square  of  the  greater  part  7,  from 

2.  Subtrna  the  Square  of  the  iefler  part  ^2°,  ro  wit,-  '  H  '■  ' 

4.  The  fquare  Root  of  that  Remainder  is  V  ’.  *  ‘  *  *  J9 

l ‘  m?Wchlch-fquare  Roor  add  ti?e  Sreater  part  .  ;  /  29  - 

7.  The  half  of  which  is  .’  ’  .*  *  ’  ‘  *  7+V*9 

8  ??  fluare  Root  of  that  half  Sum  is  the  greater  Dart  7*  ’ 

ot  the  Root  fought,  to  wit,  .......  t  r  VTT—yFf: 

9  from*1’  fr°m  the  §reater  part  of  the  given  Binomial,  viz.  \ 

•  *•••**  ••••*»»  *  y  > 

10.  Subtract  the  fquare  Root  before  found  in  the  fourth  fteo  7 

to  wit,  'v  .r.  ...  t  ......  .  f*  V20 

11.  The  Remainder  is . ...  ^  1  /• 

12.  The  half  of  which  Remainder  is  ; .  .0  • .  7  V29 

13.  The  fquare  Root  of  the  faid  half  Remainder  i's  the  leffer  V 

part  of  the  Root  fought,  to  wit,  .....  r  /:-• — 

I4>  [  f2y’  the  nwp  Par9  in  t]^e  eighth  and  thirteenth  Reps  i 

(the  former  of  which  is.  a  Binomial,  and  the  latter  a  Refi-r  / — - - 

dual)  being  connefted  by  -f  .fhall  be  the  fquare  Root 
fought,  to  wit,  ....  *  \ 

to  .the  Irrational  Line  called  (in  f^.4o.  O'  58.  &  10.  Ekm. 

hy  imer; 

;• the 

*  ,  ’  ■  -  j  1  .  t  f ;  i, :  •  •  r 

The  Proof  of  the  Root  above  extraUel  out  of  the  fourth  Binomial . 

The  Squares  of- the  Parts  of  the  Root  found  out  are  7.4.  •Z1-?.  7 

Thetp0r?  Aie  ?T  °D  the  Sciu:”'es  ofthe  Parts  is  •  •  •  i+i  that  ts  T7  *1 

The  ProduQ  ofthe  Parts  will  be  found  (by  Rule  2  /  *5  )  ‘d  _  ,s>  7; 

1*.  of  this  C&y.)  .  .  \  .  .  .  .  K-T-fr--  that  is,  /y 

The  double  of  the  faid  Produft  is  ...  .  J  ' 3  Vlo 

Therefore  the  Sum  of  the  faid  Sum  of  the  Squares  of)  ,  . 

the  Parts  and  the  faid  double  Product  is  .  .  .  .  ,  r^-f-Wo- 

Whence  it  is  manifeft  that  74-/20  is  the  Square  of VTH+VJT:  4.  vT?-/7r. 
therefore  this  is  the  fquare  Root  of  that  fourth  Binomial  •  which  wic  m  hI  V 
Moreover,  if  the  faid  double  Produft  be  fubtrafled  from  the  faidSum  of  tl *£ 

of  the  Parts,  the  Remainder  7—' /20  is  the  Square  of  /TTipyTT.  _ 

therefore  this  is  the  fquarq  Root  of  that  fourth  Refidual  7— y2o/  * T  ■■ 4  * 

c*v-  .  ;  3,J  «V  Example  5*.  •  ..  T  •  >  -f] 

Let  tt.be  required  to  extraa  the  fquare  Root  out  of  rhis  fifth  Binomial  /zo+q; 

The  Operation. 

1 .  From  the  Square  of  the  greater  part  /20,  viz.  from  20 

f:  mppvnx,  .  .  .  id 

4.  The  fquare  Root  of  that  Remainder  is  .  4 

5.  To  which  fquare  Root  add  the  greater  part  ....  ^20 
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6.  The  Slim  is . . v,2o-f2 

7.  The  half  of  that  Sum  is . V  5;  A-  1 

8.  The  fquare  Root  of  the  faid  half  Sum  is  the  grea-  \  ^7-7—7—-. 

ter  part  of  the  Root  fought,  to  wit,  .  .  .  .  .  j  v  *  5  * 

9.  Again,  from  the  greater  part  of  the  given  Binomial,  7 

viz.  from . 3 

10.  Subtraa  the  fquare  Root  before  found  in  the  7 

fourth  ffep,  to  wit, . .  .  .  3  2 

11.  The  Remainder  is^ . :  .  .  .  V20 — 2 

12.  The  half  of  which  Remainder  is . V  5—1 

it,.  The  fquare  Root  of  the  faid  half  Remainder  is  the  7  77 — 

leffer  part  of  the  Root  fought,  to  wit,  ....  3  :yS 

14.  I  lay,  The  two  Parts  in  the  eighth  and  thirteenth  \ 
fteps,  ( the  former  of  which  Parts  is  a  Binomial,  and  Cy~w7j~T-  */~w7ZI T 

the  latter  a  Refidual)  being  conne&ed  by  +  lhall  C  *  5  ^  ' 

be  the  fquare  Root  fought,  to  wit, . J 

Which  Root  anfwers  to  the  Irrational  Line  called  (in  Prop.  41.  &  79.  lib.  10.  Elem. 
End  )  a  Line  containing  in  Power  a  Rational  and  a  Medial ReBangle.  And  if  the  letter 
Name  of  the  faid  Root  be  fubtraffed  from  the  greater,  by  the  interpofition  of  the  Sign 
— ,  it  gives  V.:Vs-\-i~:  —  V*\-  Y% — 1  *  which  is  the  Iquare  Root  of  the  fifth  Refi¬ 
dual  ^20—4,  and  anfwers  to  the  Irrational  Line  which  (in  Prop.  78.  &  96.  lib.  10.) 
is  called  a  Line  making  with  a  Rational  Space  the  whole  Space  Medial. 

The  Proof  of  the  Root  above  Extracted  out  of  the  ffth  Binomial. 

The  fquares  of  the  Parts  of  Y :  V$  •+ 1 :  +  /  :Y ?— *  *  7  j  anq  mmml 

(the  Root  found  out)  are . .y  > 

Therefore  the  Sum  of  the  faid  Squares  of  the  Parts  is  V j-f  V 5;,  that  is,  ^20 
The  Produa  of  the  Parts  multiplied  one  into  the  7  JT7~T.  t w  ;c  « 
other  (according  to  Rule  2.  Sell  12.  of  this  Chap.)  is  3  5 

The  double  of  the  laid  Produa  is  . . -4. 

Therefore  the  Sum  of  the  faid  Sum  of  the  Squares  7  ^  , 

of  the  Parts  and  double  Produa  is  .......  3 

Whence  it  is  manifeft  that  /20-P4  is  the  Square  of  Y:Y<y-\-i:  -f  Y:Y$ — 1. 
therefore  this  is  the  fquare  Root  of  that  fifth  Binomial ;  which  was  to  be  proved. 
Moreover,  if  the  faid  double  Produa  be  fubtraaed  from  the  faid  Sum  of  the  Squares 
of  the  Parts,  the  Remainder  V20—4  is  the  fquare  of  V:Y$-{-i:  —  YW$—i:  there¬ 
fore  this  is  the  fquare  Root  of  the  faid  fifth  Refidual  V 20 — 4. 

Example  6. 

Let  it  be  required  to  extraa  the  fquare  Root  of  this  fixth  Binomial  /20-f  YS, 

The  Operation. 

1.  From  the  fquare  of  the  greater  Part  V 20,  viz.  7  2q 

from . . . 3 

2.  Subtraa  the  fquare  of  the  lefler  part  YS,  to  wit,  ...  8 

3.  The  Remainder  is  ...  . . 12 

4.  The  fquare  Root  of  that  Remainder  is . Y 12 

5.  To  which  Iquare  Root  add  the  greater  Part  .  .  .  .  /20 

6.  The  Sum  is . *  .  •  •  •  V2o-\-Vi2 

7.  The  half  of  which  Sum  is . ^  5 -V  3 

8.  The  fquare  Root  of  the  faid ’half  Sum  is  the! 

greater  part  of  the  Root  fought,  to  wit,  .  .  .  3  v.-vj-pyg.- 

9.  Again,  from  the  greater  part  of  the  given  Bino-  7  ^ 

mial,  viz.  from . S 

10.  Subtraa  the  fquare  Root  before  found  in  the  7  , 

fourth  ftep ,  viz . * . j 

1 1 .  The  Remainder  is  . . V20 — Y 12 

12.  The  half  of  which  Remainder . V  5 — V  3 


24  9 


1 


Ii 


17.  The 


250  Extraction  of  V(2)  out  of  Binomials.  BOOK  II. 

13.  The  Iquare  Root  of  the  laid  half  Remainder  is  f  p—, - — 

the  lefler  part  of  the  Root  fought,  to  wit,  .«  y  1  ^  3 : 

14*  I  lay,  the  two  Parts  in  the  eighth'and  thirteenth  ^ 

Reps  (the  former  of  which  Parts  is  a  Binomial,/  ,77  ,  -  ^ 

and  the  latter  a  Refidual)  being  connected  by  -f  r ' v  :  y  5 ‘ y  3 :  »  ^ ;  ^ 5 — 1/3* : 
(hall  be  the  Iquare  Root  fought,  to  wit,  .  .  3 

Which  Root  anfwers  to  the  Irrational  Line  which  (in  Prop.  42.  &  60.  lib  l0  ft 
Enel.)  is  called  a  Line  containing  in  Power  two  Medial  Rectangles  And  if  the  lefT* 
part  of  the  faid  Root  be  fubtraded  from  the  greater,  by  the  interpofing  of  the  SiV 
— ,  it  gives  YiY^Yy.  —  V:V<;—Vy.  which  is  the  Root  of  the  fixth 
Y20—YS,  and  anfwers  to  the  Irrational  Line  which  (in  Prop.  79.  #  97  lib  ^  /  l 
is  called  a  Line  making  with  a  Medial  ReBangle  a  whole  Space  Medial  ’  °‘ 

The  Proof  of  the  Root  above  extra&ed  out  of  the  fxth  Binomial. 

The  Squares  of  the  Parts  of  VW<;+Vx:  +  V  -.Vt—Vi  •  ^  , 
the  Root  fought  are  .  , . .  ’  yS^fi  and  V$ — 

•  Therefore  the  Sum  of  the  faid  Squares  of  the  Parts  is  that  is  V20 

The  Produft  of  the  Parts  multiplied  one  into  the  other  is  that  is’  Vi. 

The  double  of  the  laid  Produft  is  .  , .  5 

Therefore  the  Sum  of  the  faid  Sum  of  the  Squares  of  the  )  , . 

Parts  and  double  Produfl  is . j‘V2o-j-v/’8. 

Whence  it  ismanifeft  that  /20-K8  is  the  Square  ofVT/s'-Wv  4-  yTJz—Y-> . 
therefore  this  is  that  fquare  Root  of  the  fixth  Binomial 5  which  was  to  be  proved 
Moreover,  if  the  faid  double  Produft  be  fubtrafted  from  the  faid  fum  of  theSouares 
of  the  Parts,  the  Remainder  Vic—VZ  is  the  Square  of  V~7T+V7-  —  •/Ve-L/f 
therefore  this  is  the  Iquare  Root  of  that  fixth  Refidual.  5  ’  5  y  3  * 

Note.  In  every  Binomial  and  Refidual  conftituted  according  to  the  nrecedim. 
i)-  the  fquare  Root  of  the  Difference  of  the  Squares  of  the  Names  or^im  i  *SPni 
to  the  Difference  of  the  Squares  of  the  Parts  o?  the  Root  of  the  Binomial  or  Refidwf 
As  in  the  firft  Binomial  27+^704,  whole  Iquare  Root  has  before  been  found 
4+1/1  r,  the  Square  of  27  to  wit  729,  exceeds  704,  the  Square  of  1/704  bv  if 
whofe  fquare  Root  5  is  equal  to  the  Difference  of  theSquares  of  the  Parts  oftheRnnr 
of  the  Binomial  propofed,  to  wit,  the  Difference  between  1 6  and  1 1  “  R 

This  Property  may  be  demonftrated  thus;  let  b+Vd  reprefent  a  Binomial  Root 
whofe  greater  Part  is  b;  then  the  Square  of  that  Root  is  bb+ibSd+d  ttedivided 
into  its  Names  or  Parts  makes  the  Binomial  bb+d  more  2 bYd-  theTthe  Sauares  nf 
the  Parts  of  this  Binomial  are  bbbb+tbbd+ddaol  Abbd,  and  the  Difference  of  thofe 
Squares  is  bbbb—ibbd+dd,  whofe  fquare  Root  bb—d  is  manifeftlv  the  Difference  of 
fhe  Squares  of  the  Parts  of  the  Root  1,+Vd  firft  propofed ;  whftttto  te  fhewu 
^  The  like  Property  may  be  demonftrated  in  a  Refidual. 

Em  to  extraS  the  Square  Root  out  of  a  Binomial  defgn'd  by  Letters  if  it  has  a 

Binomial  Root.  5  J 

f^e  §en?rf  Rnkwhich  has  before  been  exercis’d  in  exiting  the  fquare 
Root  on  of  Binomials  exprefs’d  by  Numbers,  we  may  extraa  the  fquare  Root  out  of  a 
Binomial  defign  d  by  Letters  when  it  has  a  Binomial  Root,  as  wifi  be  evident  by  the 
following  Examples ;  where  for  the  more  apparent  diftinaion  of  the  Part,  of  .ill 

+ 1  fet  t 

—  1  let  the  Word  [left]  between  the  Parts  of  a  given  Refidual. 


Example  i. 

Let  it  be  requited  to  extra£l  the  fquare  Root  out  of )  ,,  , 

this  Binomial .  >bb-\-d  more  2 Wi 

v  .  c  „  ,  Operation. 

Stof?  w“r"p^ »  \ms+im+u 

2.  Subtraa  the  Square  of  the  leffer  part  tWd,  to  wit,  ' .  .  + 


3.  The 


t 
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3.  The  Remainder  is  .  .  . . bbbb—2dbb4-dd 

4.  The  Iquare  Root  of  that  Remainder  is . bb _ d 

5.  To  which  fquare  Root  add  the  greater  part,  to  wit,  .  .-  bb-\-d 

6.  The  Sum  is  . . 2bb 

7.  The  half  of  whichSum  is  .  * . bb 

8.  The  Iquare  Root  of  the  laid  half  Sum  is  the  greater  part  7 

of  the  Root  fought,  to  wit, . 3  " 

9.  Then  from  the  greater  part  of  the  given  Binomial,  viz.  from  bb\d 

1  o.  SubfraQ:  the  fquare  Root  before  found  in  the  fourth  ftep,to  wit,  bb _ d 

11.  The  Remainder  is  ......*  ,  *  .  .  Jr2d 

12.  The  half  of  which  Remainder  is  . ^ 

13.  The  fquare  Root  of  the  laid  half  Remainder  is  the  lefler  part  7  , 

of  the  Root  fought,  to  wit,  ..........  j*  vi 

14.  I  fay.  The  two  Parts  in  the  eighth  and  thirteenth  fteps  being  )  ,  , , 

conne&ed  by  theSign  -f  ,lhall  be  the  fquareRoot  fought, to  wit,  3  b-yyd 

Which  Root  being  fquared,  or.  multiplied  into  itfelf,  will  evidently  produce  the 
given  Binomial  bb+d  more  ibYd. 

•  .  ■  t  \  '  '  1  >  '  ■*  "  ■  ’  ■  f  f  \  .  >  • 

Example  2. 

'Sf  *  «. 

Let  it  be  required  to  extract  the  Iquare  Root  out  1  .pxx 
of  this  Binomial,  .....  .  .  .  »ore 

The  Operation. 

1.  From  the  Square  of  the  greater  part  ™+P~Zm+2^xx+Pj™** 

viz.  from  ...  .......  8  .  j  mm 

2 .  Subtraft  the  Iquare  of  the  leffer  part  xV^mp,  to  wit,  .  -f  4 mpxx 

3.  The  Remainder  is  ...  .;  .  \mmmm—2mpxx+&SS!S! 

1  mm 

4.  The  Square  of  that  Remainder  is  ...  *  .  T  mm — 

j  1  m 

. 

5.  To  which  fquare  Root  add  the  greater  part,  to  wit,  >  mm-^— 

.  •  >  J  m 

6.  The  Sum  is  . .  2  mm 

7.  The  half  of  which  Sum  is .  mm 

8.  The  fquare  Root  of  the  faid  half  Sum  is  the  ^ 

greater  part  of  the  Root  fought,  to  wit,  .  .  .  5  171 

9.  Again,  from  the  greater  part  of  the  given  Binomi-  \  pxx 

al,  viz.  from . 3  mm'  ?rf 

10.  Subtrafl  the  Iquare  Root  before  found  in  the  7  pxx 

fourth  ftep,  to  wit, . .  3  mm  nT 

11.  The  Remainder  is . 

m 

12.  The  half  of  which  Remainder  is . 

.  m 

13.  The  Iquare  Root  of  the  faid  half  Remainder  is  >  ^pxx  ^  ,p 

the  lelfer  part  of  the  Root  fought,  to  wit,  .  .  3  m  m 

14.  I  fay,  the  two  Parts  in  the  eighth  and  thirteenth  7 
fteps  being  conne&ed  by  -f  fliall  be  the  fquare  > 

Root  fought,  to  wit, . .  .  3  m 

Which  Binomial  Root  being  fquared,  or  multiplied  into  it  felf,  will  produce  the 
given  Binomial. 

Example  3. 

Let  it  be  required  to  extract  the  fquare  Root  out  *)  ,  -r  ,  ,  ^  _  , 

of  this  Binomial,  .  .  .  .  .  .  .  .  f  a+hVal' more  *ab 

li  2  *  Tin 
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The  Operation. 

1.  From  the  fquare  of  the  greater  part,  rife,  from  .  .  aaab-\-2aabb-\-abbb 

2.  SubtraU  the  Square  of  the  lefler  part,  to  wit,  ....  +4 aabb 

3.  The  Remainder  is . .......  aaab—7.aabb\abbb 

4.  The  fquare  Root  of  that  Remainder  is . T^bVab 

5.  To  which  fquare  Root  add  the  greater  part,  to  wit,  .  .  a+bVab 

6.  The  Sum  is  ....  * . . aVab 

7.  The  half  of  which  Sum  is . aVab 

8.  The  Iquare  Root  of  the  faid  half  Sum  is  the  greater  ")  ; — -j—r  „  N  , 

part  of  the  Root  fought,  to  wit,  ....  .  $V:aVab:  or  Y^)aaaB 

9.  Again,  from  the  greater  part  of  the  given  Binomial,  7  — — ,  ,  , 

viz.  from  ............  X  •  *+bVab 

10  SubtraU  the  fquare  Root  before  found  in  the  fourth  7  — t  ,  r 

ftep,  viz.  ..  . . I  •  a—bV ab 

11.  The  Remainder  is . . . . 

12.  The  half  of  which  Remainder  is . bVab 

13.  The  fquare  Root  of  the  faid  half  Remainder  is  the  7  ,  ,  •  , ,  . 

lefler  part  of  the  Root  fought,  to  wit  .....  ^:bVab:  <*  /(4>» 

14.  I  fay,  the  two  Parts  in  the  eighth  and  thirteenth?  _  _ 

Reps,  being  connected  by  4-,  fhall  be  the  fquare  >Y  :aYab :  -f  Y'.bYab: 

Root  fought,  to  wit, . 3 

15.  Which  Binomial  Root  may  be  alfo  exprefs’d  thus  .  Y(^)aaab -f  Y^abbb 
The  Proof  may  be  made  by  multiplying  the  Root  found  out  into  it  felf. 

Example  4. 

Again,  if  the  fquare  Root  of  thisRefidual  be  defired  .  a-^dYbc  lels  zYabcd 
The  Root  being  extracted  by  the  precedent  Method  Y'dYVc T 

will  be  found  .  .  .  .f . ) 

Which  Root  may  be  alfb  exprefs’d  thus  .....'  Y^)aabc — Y(^ jddbc 
But  if  it  happen  that  when  the  Square  of  the  lefler  part  of  the  given  Binomial  or  Re- 
fidual  is  fubtrafled  from  the  fquare  of  the  greater  part,  the  fquare  Root  of  the  Remain¬ 
der  and  the  greater  part  are  not  commenfurable,  (according  to  the  Definition  before 
given  in  Sell.  7.  of  this  Chap.)  there  is  no  more  to  be  done  in  fuch  a  cafe,  but  to 
prefix  before  the  given  Binomial  or  Refidual  the  Sign  /,  with  a  Line  drawn  over  both 
its  Parts,  to  denote  the  univerfal  fquare  Root  of  the  given  Binomial  or  Refidual. 
As  to  extrafo  the  fquare  Root  out  of  this  Refidual  Y:^aa-\-bb: —  4.0,  I  write 
Y:Y~aa-\-bb — ~ci:  which  kind  of  Roots  are  commonly  called  Univerfal. 


’  •  •  •  «  •  1  - 

Se£t  17.  Queflions  to  exercife  the  foregoing  Rales  oj  this  Chapter. 

QUESTION.  1. 

;  ■  t 

To  divide  100  into  two  fuch  parts,  that  if  each  part  be  divided  by  the  other  part, 
the  Sum  of  the  Quotient  may  make  3. 

•  •  •  •  1  ....  1  .  •  i  t  JL  . .. 

RESOLUTION. 

I*.'.  j.  '  ..  ■ .  * 

1.  For  one  of  the  parts  fought  put  .  a 

2.  Then  confequently  the  other  part  is . 100 — a 

3.  Therefore  according  to  the  import  of  the  Queftion  7_  «  ,  100 — a  _  > 

this  Equation  arifes,  viz.  .  .• . X100 _ a  a  5 

4.  Which  Equation  duly  reduced  gives . 1000a — ^=2000 

9.  Wherefore  by  refolving  the  faid  Equation  by  the 

Canon  in  S$&.  10.  Chap.  17.  Booh  1.  the  two  values/  C  504-10/5 
of  <r,  which  are  the  defired  parts  of  100,  will  bef  \  50—10/5 
found  thele,  to  wit, . *  .  J 

•  •  1  6.  The 
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6.  The  Sum  of  the  faid  Parts  or  Numbers  found  out  is  manifeftly  ioo,  lb  it  remains 
only  to  prove  that, 

jo-f  ioyj_^jo — 10V5?  _ 

50 — 10V5;  5o-fio,/5 

The  Proof. 

7.  To  add  thofe  two  Surd  Fra£f  ions  in  the  fixth  ftep  into  one  3 

Sum,  reduce  them  to  a  common  Denominator,  viz.  multiply  /  ,  *“  . 

50-f  10“/ 5  by  jo-f 10V 5, and  the  Product  (by  the  firft  of  the  ^3000~r 1000  > 
three  compendious  Rules  in  Sett.  1  o.  of  this  Ch.)  will  be  fou  nd  ) 

8.  Likewife  multiply  jo — io'/j  by  jo — 10/5  and  the  Pro-  7  , 

du£f  (by  the  fecond  of  the  faid  three  Rules  (will  be  ;  «  3  0  1000  * 

9.  Then  take  the  Sum  of  thole  two  Produ&s  for  the  Nume-  7 

rator  of  a  Fra&ion  or  a  Dividend,  to  wit,  .  .  .  .y 

Alfo  multiply  the  two  Denominators  of  the  Surd  Fra£ti- 


•6000 


lo¬ 
ons  in  the  fixth  ftep  one  by  the  other,  (according  to  the 
laft  of  the  three  R  ules  above  cited )  and  take  the  Product 
for  a  Denominator  or  Divifor,  viz. 

11.  Laftly,  the  Numerator  in  the  ninth  ftep  being  let  over" 
the  Denominator  in  the  tenth  gives  the  Sum  of  the  two*  1 2 3 4 5 6 7 
Surd  Fradfions  or  Quotients  in  the  fixth  ftep,  viz.  . 

Which  Sum  is  manifeftly  3,  as  was  to  be  proved. 


s  2000 


6000 

2000 


=  3 


Another  Proof. 

The  Quotient  that  arifes  by  dividing  jo+  ioV$  by  jo — 10V j 
(according  to  the  Rule  ofDivifion  in  the  fixth  branch  of 

Sett.  11.  of  this  Chap.)  is . ; 

Likewile  the  Quotient  that  arifes  by  dividing  jo— 10/5  by  7  yi! 

jo-pio/s  is . )'  * 

The  Sum  of  thofe  two  Quotients  is  manifeftly  3,  (as  before.) 


QUESTION.  2. 

To  divide  a  given  Number  (fuppofe  6)  into  three  fuch  unequals  Numbers  in  con¬ 
tinual  proportion,  that  the  Sum  of  the  Squares  of  the  Extremes  may  be  to  the  Square 
of  the  Mean  in  a  given  proportion  *  but  the  firft  Term  of  this  proportion  muft  exceed 
the  double  of  the  latter  Term.  Let  it  therefore  be  defired  that  the  Sum  of  the  Squares 
of  the  Extremes  may  be  to  the  fquareof  the  Mean  as  3  to  1. 

lo  V  RESOLUTION. 

1.  For  the  mean  Proportional  put . .a 

2.  T  hen  becaufe  the  lun^of  all  the  three  Proportionals  muft  7  6 _ a 

make  6,  and  the  Mean  is  <*,  the  fum  of  the  Extremes  lhall  be  j 

3.  Therefore"  the  fquare  bf  the  fum  of  the.  Extremes  is.  .  .  3  6 — 12 a-\-aa 

4.  But  (by  Theory.  Chap.  6.  ofthisBook)  the  fquare  of  the  "j 
Sum  of  the  Extremes  of  three  Numbers  continually  pro¬ 
portional  is  equal  to  the  fquares  of  the  Extremes,  together  j 

with  the  double  fquare  of  the  Mean  •,  therefore  from  the  >36 — 12 a—aa 
fquare  in  the  third  ftep  I  fubtrad  2 aa  (the  double  fquare 
of  the  Mean)  and  there  remains  the  fum  of  the  fquares  of 
the  Extremes,  to  wit, . J 

5.  But  (according  to  the  Queftion)  the  fum  of  the  fquares  \ 

of  the  Extremes  muft  be  equal  to  the  triple  fquare  of  thef  12^— aa^aa 

Mean  *,  therefore  from  the  fourth  and  firlf  ftep  this  Equa-  C 
tion  arifes,  viz . .  J 

6.  From  which  Equation  after  due  Redu&ion  this  arifes,  viz.  aa-\r^a—$ 

7.  Therefore  by  refolving  the  laft  Equation  (according  to  7 

the  Canon  in  Set}.  6.  Chap.  15.)  the  value  of  a0  that  is,  — 4.  — the  Mean 
the  mean  Proportional  fought  will  be  difeovered,  viz.  .3 
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8.  And  from  the  feventh  and  fecond  fteps  the  Sum  )  ,  ?  . 

of  the  Extremes  will  be  alfo  made  known,  viz.  v— f-=Sum  of  the  Extremes. 

9.  Then  (as  is  manifeft  by  guefi;  4.  Chap.  16.  Book  1.)  the  Sum  of  the  Extremes  of 

three  Numbers  continually  proportional  being  given,  as  alfo  the  Mean  the  Ex¬ 
tremes  fhall  be  given  feverally  by  this  following  5 

CANON. 

From  the  Square  of  half  the  Sum  of  the  Extremes  fubtraft  the  Square  of  the  Mean 
and  extraft  the  fquare  Root  of  the  Remainder  5  then  this  Equate  Root  being  added  to’ 
and  fubtrafted  from  the  faid  half  Sum,  will  give  the  Extremes  feverally.  "Therefore’ 

10.  From  the  fquare  of  the  half  of  24—' /dx  that  is,  from  .  . 

11.  Subtraft  the  fquare  of  dx — X,  . .  -*-° » jlIviJ. 

a.  The  Remainder  is  ......  .  _ l/iA 

13.  The  fquare  Root  of  that  Remainder  being  extracted  (by  the  7 

general  Rule  before  delivered  in  Sett.  16.  of  this  Chap,  for  ex-  >  _ jl 

tra&ing  the  fquare  Root  out  of  Binomials)  will  be  found  1  \  *. 

14.  Which  fquare  Root  added  to  the  half  of  44 — V*y gives  the  > 

greater  Extreme  fought,  .to  wit,  .  ....  *  ...  3  •  •  3 

15.  But  the  faid  fquare  Root  fubtra&ed  from  the  half  of  4  V  p 

— /dx?  leaves  the  leffer  Extreme,  to  wit  .  4  .  .  •  .’  j  •  •  t — 

16.  Wherefore  (in  the  feventh,  fourteenth  and  fifteenth  fteps)  three  Numbers  conti 

nually  proportional  are  found  out,  viz.  3,  vLti  —  4,  and  4.— /ix,  whofeSum  is 
6  5  and  the  Sum  of  the  Squares  of  the  Extremes  is  equal  to  the  triple  of  the  Square 
of  the  Mean,  as  will  appear  by  1 

4‘  '  •  '  The  Proof. 

Firft,  The  Produ£l  made  by  the  Multiplication  of  the  firft  and  third  Numbers  one 
into  the  other,  that  is  of  ?  mto-Wik  is  ■if-av'ix,  which  is  alfo  the  fquare  of 
the  fecond  Number  — li,  (as  will eafily  appear  by  Multiplication;)  therefore  the 

faid  three  Numbers  are  Proportionals. 

„  Secondly,  The  Sum  of  the  laid  three  proportional  Numbers  is  6  5  for  the  Mean 
V±i— 4.  adc^d  to  4-— v^dx  the  leffer  Extreme*  makes  towhichadding  the  greater 

Thirdiy,  The  Sum  of  the  Squares  of  the  Extremes  3  and  /±i  is  equal  to  the 
triple  of  the  Square  of  the  Mean  VE\ —  4-*,  for  the  faid  Sum,  as  alfo  the  faid  triple 
Square  will  by  Multiplication  be  found  -Sx—  9^X1.  Therefore  all  the  Conditions  in 
the  Queltion  are  fatisfied. 

But  that  the  neceflity  of  Determination  annexed  to  theQueftion  may  be  made  ma¬ 
nifeft,  it  remains  to  prove,  that  if  three  unequal  Numbers  be  in  continual  proportion 
the  Sum  of  the  Squares  of  the  Extremes  is  greater  than  the  double  of  the  Square  of 
the  Mean.  Therefore,  ^ 

Let  three  unequal  Numbers  in  continual  proportion  be  expo- ") 
fed,  fuppofe  thefe,  .............  f  j*  a  ,  Vae.  ,  e  * 

Then  their  Squares  fhall  be  alfo  Proportionals,  ( per  23  Prop.  ? 

6  Elem.  Enel.)  viz . .  .  .  _  .  caa  •  ae  :  :  ae  .  ee^ 

Therefore  (by  2$  Prop.  5.  Elem.  Eitcl.)  .  .  .  .  .  .  * .  .  aaf-eeczae 

But  aa+ce  is  the  Sum  of  the  Squares,  of  the  Extremes  of  the  three  Proportionals 
exp^ed,  and  2  ae  is  equal  to  the  double  Square  of  the  Mean  proportional-,  wherefore 
the  Theorem  is  proved,  and  confequentiy  the  Determination  is  manifeftly  neceflary 
to  be  annexed  to  the  Queftion  piopofed,  that  there  may  be  a  poftibility  of  finding  out 
what  is  thereby  defired.  The  Determination  may  alfo  be  eafily  inferred  from  the  Ca¬ 
non  in  the  foregoing  ninth  ftep.. 

,  QUESTION 

.  f  •  •  •  -*  *J  w  ••  .  ;  , 

.  Whrl:lis/tl1re  Produft  by  the  continual  Multiplica- \  v \  1  47^  ry. *• 

tion  of  thefe  four  Numbers  one  into  another,  which  dif-< 

fer  by  an  equal  Excels,  to  wit,  Unity  >  ;  ,  )  ^2XILlI£L  f 

Y  v  il-f-yioi:  +4 

An  fir. 
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An  ftp.  The  defired  Product  is  exadly . . 

For,  (by  the  laft  of  the  three  compendious  Rules  before  deli- 7 

vered  in  Sett.  10.  of  this  Chap,  for  the  Multiplication  of  Binomials  >Vi 01 _ 1 

and  Refiduals)  theProduft  of  the  firft  and  fourth  Number  is  .  \ 

Likewife  the  Produd  of  the  fecond  and  third  Number  is  .  .  Vi  o  1  -f  1 

Laftly,  the  two  laft  preceding  Products  being  multiplied  one  7 
into  another  (by  the  fame  Rule)  make . .  r  100 


QUESTION  4. 

1.  If  <*,  b ,  c,  be  fuch  Quantities,  that . aaft-ca 

What  is  the  value  of  a  > 

2.  Anfw.  By  the  Canon  in  Sett.  6.  Chap.  1  Book.  1.  .  a  —yir+Iftft. , 

foHowTngCh  VaIU£  °f  “ th£  EqUati°n  Propos’d  may  be  expounded  (as  is  ufhal)  by  the 

Demonjlration. 

3.  If  .  .  ;  4  ■  .  .  4  .  4  7-7— - 

3  . '*••••.  a  =z\ f'h-L'Cc.  1- 

4.  Then  confequently  by  adding  4^  to  each  part  *  *  .  a4- -i*  w^rrrr^  ' 

5.  And  by  multiplying  each  part  of  the  laft  Equa- 7  ;  *  ‘  ^ : 

tion  into  it  felf  .  . j  aaJrca-\-±cC  ^h-{-yc 

6.  Wherefore  by  fub trading  yc  from  each  part, ) 

there  remains . y  aa~rca  =b 

Which  was  to  be  proved. 

Note.  This  Demonftration  is  formed  in  the  way  of  Compofition  hv  th*a~  v  , 

Refblution  of  the  fameQueftion  in  &&  5.  CW„.  Boot?  but  in  a  rA  PS°1 the 
backward  order ;  for  the  firft  ftep  in  the  Compofition  (or  DemortftrationT?^* 1 2 * * 5 6!  °£ 
in  the  Refolutton,  the  fecond  ftep  in  the  Compofition  is  the  laft  but  one  in  th  hp  rft 
lution  s  and  fo  by  returning  backwards  by  thefteps  of  the  Refolution  the 

tion  ends  in  the  Equation  propos’d  to  be  refolved.  But  this  is  largely  hanHW?^  ftra‘ 
fourth  Book  of  Algebraical  Elements.  ^  ^  handled  in  my 


QUESTION  y. 

1.  If  <7,  k ,  be  fuch  Quantities  that . 

What  is  the  value  of  a  ? 


aa  —  ba~k 

a==lh+y:kJr<bh: 


2.  Anfw.  By  the  Canon  in  Sett.  8.  Chap.  15.  Book  1.  ,  __ 

foiafw7ngCh  Val“e  °f  “  thS  EqUati°n  Pr°P0S’d  may  be  exP0Mded“  asl^ears  b/fhe 

Demonjlration. 


If 


4  Then  by  fubtrading  \b  from  each  part 


. ±(?t? : 

5.  And  by  multiplying' each  part  of  the  laft  Equati-*')  *  ’  ,  bbi 

on  into  it  felf,  , . y  aa — ^-\-^bb=k-\-i.bh 

b.  Wherefore  by  fubtrafting -cii  from  each  part  ’  .  aa—bx  -/, 

Whicii  was  to  be  proved. 


QUE  ST  10  N  6. 

1.  If  c  and  n  be  put  for  fuch  known  Quantities  7 

that, . ’  j*  ; 

2.  And  if  a  be  put  for  a  Quantity  unknown,  and  *  . 
What  is  the  value  of  a  > 

3.  Anfw.  By  the  Canon  in  Sett.  1  o.  Chap .  1  e.  Book  j.  7 

t-  f  - _ _ 1 _ _  _  f*  *11  1  P  «  - 


n  not  ~yc 
ca — aa=n 


a 


=  5  IcJcV  :±cc — n  : 

l  y—VTffZft: 


thefe  two  values  of  a  will  be  found  out,  vrt. 

By  each  of  which  values  of^the  Equation  prop'ofed  in  the  fecond  Ae7mafcx 
£!! tin™  lf  elthM  4£+V^-”--  01  be  put  equal  to  the" 

De~ 


( 
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BE  MON STR  A  TION.  _ _ 

4..  Fir  ft,  if  .  •  r . . a — ’■\cc  11: 

5  Then  by  fubtra&ing  \c  from  each  part . a— V  :$cc— n: 

6.  And  by  multiplying  each  part  of  the  laftEqua-  7  .  aa^ca+^c=1<c_H 

tion  into  it  felt . 3 

7.  And  by  adding  ca  to  each  part . aa -f — \cc-\-ca — n 

8.  And  by  fubtra&ing  ±cc  from  each  part  ...  ...  aa—ca — n 

q.  And  by  adding  n  to  each  part . .  aa-^-n—ca 

10.  Wherefore  by  fubtra&ing  aa  from  each  part  ....  ?i—ca — act 

11  That  is, .  .  ca — aa=?i 

Which  was  to  be  proved.  _ 

Again,  if  .  •  •  . a=l.c — Y:^cc — n: 

12.  Then  by  adding  Y:^cc — n:  to  each  part  ,  a-\-Y  :~cc — n:  ~\c 

1^  And  by  fubtra&ing a  from  each  part  .  .  .  Y:~cc — n:—Lc — a 

14  And  by  multiplying  each  part  of  the  laft  V  _  _  =icc-c«4-aa 

Equation  into  it  felt . 3  4  +  ^ 

15.  And  by  adding  ca  to  each  part . ca-\-^cc — n  =\cc-\-aa 

16.  And  fubtra&ing -fee  from  each  part . ca—n=aa 

17.  And  by  adding  n  to  each  part . ca  =aa-±n 

18.  Wherefore  by  fubtra&ing  aa  from  each  part  .  .  .  ca — aa  =n 

Which  was  to  be  proved. 


E  ST  10  N  7. 

1.  If  b  and  c  be  put  for  fuch  known  Quantities,  that  c  is  greater  than  bt  but  lefs  than 
2 3  •  and  if  a  be  put  for  a  Quantity  unknown  *, 

.r  .aa-Y^bb  >,aa — ibb_,baa 

2.  And  if  .  .  .  •  v — -?-  +  v - =  V  -  5 

4  4  c 

What  is  the  value  of  a  > 

RESOLUTION. 

3.  Becaufe  the  Squares  of  equal  Quantities  are  alfo  equal,  by  multiplying  each  part  of 
the  Equation  in  the  fecond  ftep  into  it  felf,  this  is  produced,  viz. 

aa_^  yg* — 9 b*  __  baa 

2  4  c 

4.  Then  to  the  end  the  Surd  Quantity  in  the  Equation  in  the  third  ftep  may  folely 
make  one  part  of  an  Equation,  let  —  be  fubtra&ed  from  each  part  of  that  Equati¬ 


on,  and  this  will  remain,  viz. 

— 9^4 baa 


aa 

2 


2b  aa- 


-caa 


5 


4  *  c  2  2C 

And  to  the  end  theRadical  Sign  in  the  firft  part  of  the  laft  Equation  may  vanifh,  let 

each  part  be  multiplied  by  it  felf,  fo  an  Equation  in  Rational  Quantities  will  be  pro- 

,  ,  .  a* — 9/74  ^bba* — ^bca^ccaa*  , 

ducea,  viz . - —  — - 

4  4  cc  \ 

6.  And  by  reducing  the  laft  Equation  to  a  common  Denominator  4CC,  and  then  by  mul¬ 
tiplying  each  part  by  the  fame  4 cc,  this  Equation  in  integers  will  be  produced,  viz. 

cca 4  —  yb^cc  =  c^bba*  —  /\bca*  4-  cca* 

7.  And  from  the  Equation  in  the  laft  preceding  ftep,  after  due  Redu&ion  is  made,  to 

make  thole  Quantities  wherein  a 4  is  found  to  poffels  one  part,  this  following  Equa¬ 
tion  arifes,  viz.  qbca** —  4 bba*  =  yb+cc 

8.  Then  by  dividing  each  part  of  the  laft  Equation  by  qbc—qbb,  to  the  end  that  a* 
may  ftand  alone,  this  Equation  arifes,  viz. 

a 4  __  _9^cc  _  __  yfrcc^ 

\bc — 4  bb  4  c — 4  b 


9.  But 


9bbcc  intQ  J>_  _  jb}cc__ 
4  c — b  4  c — 4  b 


10.  There- 


1  ftJftS  anTesf”2  ^  *Pm  R°0t  °Ut  °f  ea‘h  Part  of  the  Equation  in  the  tenth 

aa=~mto  •/— — 

|2  Wherefore  by  extraaing  the  fquare  Root  ouYfeach  part  of  the  Equation  in  the 
eleventh  ftep,  the  defired  value  of#  is  difcovered,  viz.  m  uic 

a  =/ :  into  /_J^_  : 

*  2  c—b 


An  Example  of  Queft.  7.  in  Numbers, 
1?.  If  *  *  :  *  *  .  .  b  =  16 


14*  And  .  .  .  .  ,  .  c  =  2J 

15.  And . a  =  a  Number  unknown 

16.  Andif  .  . . y™+}M  +  Vaa—^M  _^baa 


What  is  the  Number  a  > 

17.  Jnfn>  From  the  thirteenth,  fourteenth,  and  twelfth  fteps,  «=V8oo  or  20 
By  which  value  of  a  the  Equation  propos’d  may  be  expounded,  as  wiiiappear  by 

.  The  Proof, 

18.  If  b  —  16,  c  —  2£,  and  a  =  /8oo$  then  it  will  follow  that 

Vaa-\-fbb  ,t/aa — fbb  , baa  ,  '  /rt 

- L—  +v - — -  -V —  (  =  8/8,  or  /512  ) 

4  4  ^  ^  ' 

Note,  The  Numbers  toexprefs  the  values  of  b  and  c  muft  not  be  taken  at  pleafure 
but  fuchthat  the  Number  c  may  exceed  the  Number  b ,  and  be  lefsthan  2 b,  as  ispre- 
feribed  in  the  Queftion  *  the  former  part  of  which  Determination  is  difcovered  by  the 
Denominator  c—b  of  the  Surd  Fraftion  in  the  twelfth  ftep,  and  the  latter  part  of  the 
Determination  is  manifeft  by  the  latter  part  of  the  Equation  in  the  fourth  ftep,  where 
caa  is  to  be  fubtra&ed  from  2 baa,  which  cannot  be  done  fo  as  to  leave  a  Remainder 
greater  than  nothing,  unlefs  c  be  lefs  than  2 b. 


Se£h  XVIII.  An  Explanation  of  Fran,  van  Schooten’r  General  Rule  to  ex  trail 
what  Root  you  pleafe  out  of  any  Binomial  in  Numbers,  having  fuck  a  Binomial 
Root  as  is  defired. 

.  Preparation. 

Firft,  if  the  given  Binomial  has  Fra&ions  in  it,  muft  be  freed  from  them  by  mul¬ 
tiplying  the  Binomial  by  their  Denominator.  As  for  Example,  to  extra£l:  vY 3,)  that  is, 
the  Cubic  Root  out  of  /2424-124,  I  multiply  the  Binomial  by  2,  and  it  makes 
/968+25  j  for /242  multiplied  by  V4,  (that  is*  by  2)  produces  V96 8  ^  and  124 
into  2  makes  2$.  Likewife,  if  there  be  propofed  /2.144-/-LL1,  I  firft  multiply  it  by 
/?,  and  it  makes  /242-Fi-^-,  then  this  Binomial  multiplied  by  2  produces  (as  be¬ 
fore)  V96  84-25;  ^  andfo  of  others. 

Secondly,  if  neither  of  the  two  Parts  of  the  given  Binomial  be  Rational,  it  muft  be 
reduced  by  Multiplication  or  Divifion  to  another  Binomial  that  lhall  have  one  of  its 
Parts  Rational  y  which  Reduft ion  may  always  be  done  by  the  Multiplication  of  either 
Part,  but  oftentimes  more  briefly  by  the  Multiplication  or  Divifion  of  the  lefler  Num¬ 
ber.  As  for  Example,  / 242-4-/ 243  may  be  multiplied  by  /24a,  and  it  makes  2424- 
/?*88o 6  but  more  compendioufly  by  / 2,  and  there  comes  forth  224-/486.  After  the 
fame  manner:  V(3)39?3-F>Wi7578l2>  may  be  firft  multiplied  by  /(4)3993,  and 
the  Produfl;  again  by  /(3)399B,  f°  there  will  be  produced  another  Binomial,  whole 
Rational  Partis  the  abfolute  Number  3993  s' but  more  briefly  by  /(3)9,and  therewill 
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be  produced  another  Binomial  whofe  Rational  Part  is  33  •,  and  yet  more  compendioufly 
if  the  Binomial  propos’d  be  divided  by  V( 3J3,  there  will  arife  1 1  -f Yi  25. 

But  here  is  to  be  noted,  that  when  one  part  of  a  Binomial  is  Rational,  whither  it  be 
of  a  Binomial  firft  given,  or  of  another  deduced  fas  above )  from  that  given,  then  alfo 
the  Square  of  the  other  part  ought  to  be  rational,  otherwife  no  Root  can  be  extracted 
out  of  the  Binomial,  or  the  other  deduced  from  it. 

Thirdly,  to  extraCt  V( 6)  out  of  a  given  Binomial  qualified  as  above  is  fuppofed,  we 
mull  firft  extraCt  the  fquare  Root, and  then  out  of  this  the  Cubic  Root  *  and  to  extract 
V($)  we  muft  firft  extraCt  and  then  out  of  the  Cubic  Root  found  out  we  muft 
again  extraCt  V{i)  j  and  fo  of  any  other  Root  whofe  Index  is  a  Compofit  Number. 
But  as  to  the  Extraction  of  the  fquare  Root  out  of  a  Binomial,  a  Rule  has  been  al¬ 
ready  given  and  exemplified  in  the  preceding  ScB.  1 6,  fo  that  here  there  is  need  onr 
ly  that  I  (hew  how  to  extract  V($),  V( 5  j,  V( 7),  Y(  11),  and  fuch  like  whole  Indi¬ 
ces  are  Prime  Numbers. 

Fourthly,  to  extraCt  V(i  J,  V($ ),  or  the  like  Root,  whofe  Index  is  a  Prime 
Number, we  muft  firft  of  all  try  whether  out  of  the  given  Binomial  there  can  be  extract¬ 
ed  a  Binomial  Root  which  has  one  part  Rational,  but  that  may  be  difcovered  byfub- 
tra&ing  the  Square  of  the  lefTer  part  of  the  given  Binomial  from  the  fquare  ofthe  grea¬ 
ter,  and  extracting  the  Root  out  ofthe  Remainder,  to  wit,  the  Cubic  Root  of  1/(3) 
be  to  be  extracted  out  of  the  given  Binomial,  or  the  Root  of  the  fifth  Power ,  if V(  3)  be 
to  be  extracted  :  and  fo  of  others.  For  if  the  Root  of  the  faid  Remainder  be  not  a 
Rational  Number,  then  the  Binomial  Root  fought  will  certainly  want  a  Rational  part, 
viz.  each  of  its  parts  will  be  Surd  *  in  which  cafe,  in  order  to  extraCt  the  Root,  the 
given  Binomial  muft  be  multiplied  by  the  Difference  of  the  Squares  of  the  Parts,  if 
the  Queftion  be  concerning  the  Extraction  of  the  Cubic  Root  ^  or  by  the  Square  ofthe 
laid  Difference,  if  V(  $)  be  fought  *,  or  by  the  Cube  of  the  fame  Difference,  if  V(i) 
be  required  *  or  by  the  fifth  Power  of  the  faid  Difference,  if  Y(  1 1)  be  fought  ^  and  fo 
of  the  reft.  By  which  Multiplication  anotherBihomial  will  alwaysbe  produced, wherein 
the  Root  of  the  Difference  of  the  Squares  of  the  Parts  will  be  the  lame  with  the  Dif¬ 
ference  of  the  Squares  of  the  Parts  of  theformer  Binomial. 

As  to  extraCt  the  Cubic  Root  out  of  2$-\- Y06 8, 1  firft  fubtraCt  62$  the  Square  of 
2$,  from  968  the  Square  of  V96 8,  and  there  remains  343,  whofe  Cubic  Root  7  is  a 
Rational  Number  •,  which  argues  that  the  Root  of  the  given  Binomial,  if  there  can  be  a 
Root  extracted  out  of  it,  is  a  Binomial  which  has  one  of  its  Parts  Rational. 

Likewife,  to  extraCt  the  Cubic  Root  out  of  22-F-/486,  we  muft  fubtraCt  484,  the 
Square  of  22,  from486,  and  extraCt  the  Cubic  Root  out  of  the  Remainder  2  ;  butbe- 
caule  that  cannot  be  done  exaCtly,  it  Ihews  that  the  Cubic  Root  of  22-f  486  wants 
a  Rational  Part*  and  therefore  22-F1/486  muft  be  multiplied  by  the  faid  Remainder 
2,  that  there  may  be  a  Binomial  44-FV1944,  wherein  the  Cubic  Root  of  the  Diffe¬ 
rence  of  the  Squares  ofthe  Parts  in  2. 

So  to  extraCt  V( 5 )  out  of  n-f-/i2  5;,becaule  121  the  Square  of  1 1  fubtraCted  from 
125  leaves  4,  which  confidered  as  a  fifth  Power  has  not  an  exaCi  Rational  Root,  we 
muft  multiply  ii-fVi*?  by  16  the  Square  of  4,  that  there  may  come  forth  176-f- 
^32000,  where  ^(5)  of  the  Difference  of  the  Squares  of  the  Peres  is  4. 

Again, to  extraCt  Y(-j)  out  of  338  -\-Y  1 14242,  wherein  the  Difference  of  the  Squares 
of  the  parts  is  2  •,  becaufethis  2  is  not  the  leventh  Power  of  any  Rational  Number, the 
given  Binomial  fnay  be  multiplied  by  8,  that  is,  by  the  Cube  of  2,  and  it  make  2704-f- 
Y-]  3 1 1488,  wherein  the  Y(j)  of  the  Difference  of  the  Squares  of  the  Parts  in  2. 

The  RULE. 

When  a  Binomial  given,,  or  another  deduced  from  it,  (if  need  be^  by  the  Precedent 
Preparation  is  fuch,  that  one  of  its  parrs  and  the  Square  of  the  other  parr,  as  alfo 
the  Root  of  the  Difference  of  the  Squares  of  the  Parts,  (to  wit,  the  Cubic  Root  when 
V(  3),  or  Y($)  when  Y($)  js  fought)  are  Rational  whole  Numbers  f  then  out  of  a 
Binomial  lo  qualified  V  (J)-  or  V($ ),  or  Y(j),  &  c.  maybe  extracted,  if  it  has  fuch  a 
Root,  in  manner  following,  viz.  '  / 

Firft,  extraCt  the  Root  of  the  Difference  of  the  Squares  of  the  parts  of the  Binomial 
qualified  as  aforelaid,  viz.  the  Cubic  Root  when  Y(?)  is  fought,  but  )  when  ) , 
or  Y(j)  when  Y(i\  &c.  which  Rootlo  extracted  is  to  berelervedfor  a  Dividend. 

' :  Se- 
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Secondly,  find  out  a  Rational  Number  a  little  greater  thanthe  Root  fought  with  this 
caution,  that  the  Rational  Number  found  out  may  not  exceed  the  fat'd  Root  above  a. 
which  may  eafily  be  done  by  Vulgar  Arithmetick,  and  take  the  faid  Rational  Mumber 
for  a  Divifor.  ■  •  •'  V 

Thirdly,  divided  the  faid  Dividend  by :  the  faid  Divifor, and  if  the  Rational  part  of  the 
given  Binominal  be  greater  than  the  other  part,  add  the  Quotient  to  the  faid  Rational 
DiVilor,  and  the  half  of  the  greateft  whole  Number  contained  in  the  Sum  fhall  be  he 
Rational  partofthe  Root  fought  *  then  from  the  fquareof  that  Rational  part  fubt^aft 
the  Root  of  theDifference.ofthe  fquares  of  the  parts,  (to  wit,  the  Dividend  firft  found 
out  as  above; To  the  Remainder  fhall  be  the  Square  of  the  other  part, when  fuch  a  Root 
as  was  required  can  be  extrafted  out  of  thegiven  Binomial;  whichyou  may  eafily  try 
by  multiplying  this  Root  found  out  into  itfelf,  according  to  the  degree  of  the  Power  re- 
prefented  by  the  given  Binomial :  for  the  Root  found  out  being  multiplied  into  itfelf 
cubically,  if  ■/(*)  was  fought;  or  five  times  into  itfelf  if/(j)  was  fought,  ought  to 
produce  the  given  Binomial.  & 

But  if  the  Rational  part  of  the  given  Binomial  be  left  than  the  other  part,  then  after 
you  have  found  out  the  Quotient  as  above, fubtraft  it  from  the  Rational  D’ivifor,  and 
the  half  of  the  greateft  whole  Number  contained  in  the  Remainder  (hall  be  the 
Rational  Part  of  the  Root  fought ;  to  the  fquare  of  which  part  if  there  be  added  the 
Dividend  firft  found  out  as  above,  the  Sum  will  be  the  Square  of  the  other  part, when 
the  Binomial  propoled  has  a  Root 5  butby  multiplying  the  Root  found  out  into'  itfelf 
as  before,  you  may  eafily  try  whether  it  be  a  true  Root  or  not. 

Example  1.  To  extratt  the  Cubic  Root  out  of  2o-fVr392. 

Firft,  the  Difference  of  the  Squares  of  the  Parts  of  the  given  Binomial,  viz.  theEx- 
cefs  of  400,  the  Square  of  20,  above  392,  the  Square  of  -/39a  is  8,  whole  Cubic 
Root  I  referve  for  a  Dividend. 

Secondly,  I  feeka  Rational  Number  that  may  be  greater  than  the  Cubic  Root  of 
20-f ^392,  the  given  Binomial,  yet  fo  that  the  Excefsmay  not  be  greater  than  4;  to 
which  end  I  extrafl:  the  Square  Root  of  392,  and  find  it  to  be  greater  than  19, but  lels 
than  20 ;  then  to  20  the  Rational  part  of  the  given  Binomial  I  add  1 9  and  20  llverally 
and  it  makes  3  9  and  40,  which  are  the  neareft  Rational  whole  Numbers  that  can  ex* 
prefs  the  true  value  of  the  given  Binomial ;  whence  the  Cubic  Root  thereof  will  be 
found  greater  than  3,  but  lefs  than  34:  this  34- which  (according  to  the  Caution  before 
given ;  exceeds  the  true  Cubic  Root  of  the  given  Binomial  by  an  Excels  not  greater 
than  4,  I  referve  for  a  Divifor. 

Thirdly,  1  divide  2  ( the  Dividend  before  referved)  by  the  laid  Divifor  34,  and  the 
Quotient  is  4-  Now  becaufe2othe  Rational  part  of  the  given  Binomial  is  greater  than 
the  other  part  /a  92, 1  add  the  faid  Quotient  4  to  the  laid  Divifor  34,  and  it  makes  the 
Sum  4t4,  wherein  the  greateft  whole  Number  is  4,  whofe  half  is  2  the  Rational  part  of 
the  Root  fought:  by  the  help  of  whichRational  part  theother  part  is  eafily  difcovered, 
for  if  from  4  the  Square  of  the  faid  2  you  fubtraft  2,  the  Cubic  Root  of  the  Difference 
of  the  Squares  of  the  parts  of  the  given  Binomial,  there  will  remain  2  the  Square  of  the 
other  part.  So  that  2-f-Vr2  is  the  Cubic  Root  of  2o-\-V 392  the  Binomial  propoled, 
as  will  appear  by  the  Proof ;  for  2-\-V 2  being  multiplied  into  it  felf  cubically  produces 
20-4/392,  and  for  the  fame  reafon  2 — / 2  is  the  Cubic  Root  of  20 — V392. 

Example  2.  To  extratt  the  Cubic  Root  out  of  44-4/1944. 

Firft,  the  Cubic  Root  of  the  Difference  of  the  Squares  of  the  Parts  is  2  for  a  Divi¬ 
dend.  Secondly,  the  fquare  Root  of  1944  is  greater  than  44,  but  lefs  than  45 ;  thefe 
added  feverally  to  44  the  rational  part  of  the  given  Binomial,  make  88  and  89,  whofe 
Cubic  Roots  being  extra&ed,  do  mew  that  the  Cubic  Root  of  the  given  Binomial  is 
greater  than  4,  but  lels  than  44;  this  Rational  Number  44,  which  according  to  the 
Caution  before  given  exceeds  the  true  Root  fought  by  an  excels  not  greater  than  4,  I 
take  fora  Divifor.  Thirdly,  I  divide  the  faid  Dividend  2  by  the  faid  Divifor  44,  and 
the  Quotient  is  4,  which  I  fubtraSV  from  the  faid  44,  (I  fubtraft,  becaufe  44  the  Ratio¬ 
nal  part  of  the  given  Binomial  is  lefs  than  the  other  Part  V 1944;  there  remains 
4^.;  then  the  half  of  4, the  greateft  whole  number  contained  in  4-4-,  is  2,  which  is  the 
Rational  Part  of  the  Root  fought.  Laftly,  to  4  the  Square  of  the  laid  2  I  add  2,  the 
Cubic  Root  of  the  Difference  of  the  Squares  of  the  Parts, and  it  makes  6  the  Squared' 
theother  part.  So  that  2  -\-V6  is  the  Cubic  Root  fought, aswill  appear  by  the  Proof; 
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for  if  it  be  multiplied  into  itfelf  cubically,  it  produces  44-4/  1 944  the  Binomial  pro- 
pofed  5  and  for  the  fame  Reafon  V 6 — 2  is  the  Cubic  Root  of  /i  944 — 44.  1 

Example  3,  To  ExtrattY( 5) out  of  176-4/32000. 

Firft,  the  Difference  of  the  Squares  of  the  Parts  will  be  found  1024,  whole  V($)  is 
4  for  a  Dividend.  Secondly,  the  Sum  of  the  Parts  will  be  found  greater  than  3  54,  buc 
lefs  than  35;?  *  and  confequently  /(5)  of  thefum  of  the  Parts  is  greater  than  3,  but 
lefs  than  34-.  Thirdly,  by  the  laid  34 1  divide  the  faid  4,  and  the  Quotient  is  14, which 
I  fubtrafl  from  the  laid  Divifor  34,  (becaule  the  rational  Part  of  the  given  Binomial 
is  lefs  than  the  other  Part)  and  there  remains  2-^  *  then  the  half  of  2  (the  greatelt 
whole  Number  contained  in  2-rf)  is  1,  the  Rational  Part  of  the  Root  lought.  Laitly, 
the  Square  of  the  faid  i,to  wit  1, added  to  4  ( the  V( 5 )  of  the  Difference  of  thefquares 
of  the  Parts  of  the  given  Binomials )  makes  5;  the  Iquare  of  the  other  Part.  So  that 
1-4/5  is  the  /(5)  of  the  given  Binomial  176-4/32000,  at  leaft  if  any  ■/(?)  can  be 
extracted  out  of  the  fame  *  but  1-4/5  multiplied  into  itfelf  five  times  makes  17 6-4 
•/32000-,  therefore  1-4/5  is  manifeftly  thedefired  Y(i)  of  176-4-'/ 32000. 


Example 4.  To  Extratt  Y(j)  out  of  27044-/73 11488. 

Firft,  the  Y(-j)  of  the  Difference  of  the  fquares  of  the  Parts  in  2  for  a  Dividend.  Se¬ 
condly,  the  value  of  the  given  Binomial  will  be  found  greater  than  5:407,  butlefsthan 
5408  i  whence  the  Y(-j )  thereof  will  be  difcovered  to  be  greater  than  3,  but  lefs  than 
34.  Thirdly, by  the  faid  34 1  divide  the  Dividend  before  found  2,  and  the  Quotient  is  4, 
which  I  add  to  the  Divilor  34,  (becaufe  the  Rational  Part  2704  is  greater  than  the 
other  Part )  and  it  makes  the  Sum  4-4  5  and  therefore  2  the  half  of  the  greateft  whole 
Number  contained  in  4-^,  is  the  Rational  part  of  the  Root  fought.  Laitly,  from  4the 
fquareof  the  faid  2  I  fubtrafl  2,  to  wit  V(  7  j,  of  the  Difference  of  the  Squares  of  the 
Parts  of  the  given  Binomial,  and  there  remains  2  the  fquareof  the  other  Part.  So  that 
2-4/2  is  the  defired  Yfj )  of  the  given  Binomial  27044-/731 1488  *  for  this  is  the 
feventh  Power  of  2-4/2,  as  will  appear  by  Multiplication. 

But  here  is  to  be  noted,  that  when  the  given  Binomial  has  been  multiplied  or  divi¬ 
ded  by  fome  Number,  and  thereby  reduced  to  another  Binomial,  and  the  Root  of  this 
latter  is  found  out,  we  muft  divide  or  multiply  the  Root  found  out  by  the  Root  of 
the  Number  by  which  the  Binomial  was  multiplied  or  divided  *  fo  there  will  comd 
forth  the  Root  of  the  given  Binomial. 

As  for  Example,  becaufe  to  extract  the  Cubic  Root  out  of  /242+124,  we  firft 
multiplied  this  Binomial  by  2,  and  found  25-4/968,  whole  Cubic  Root  by  the  Rule 
before  given  will  be  found  1-4/8  *  this  muft  be  divided  by  Y( 3  ,'2,  and  the  Quotient 
/(?)4-4/r 6J1 28  fhall  be  the  Cubic  Root  of  /242-4 1 24  the  Binomial  propofed'. 

But  that  the  reafon  of  the  faid  Divifion  by  /(3  J2  may  the  more  clearly  appear,  let 

there  be  put  1-4/8,  then  it  follows  that  ^=25-4/968,  and— =/242-fi24* 


(the  Binomial  propofed .)  Therefore  by  extra&ing  the  Cubic  Root  out  of  each  part 

of  the  laft  Equation  there  arifes  /( 3)  ddd,  that  is,  ~~d  =/(3j77^+72T7But 

2  y  (.  3)2- 

by  fuppofition  ^=1-4/8}  therefore  1-4/8  divided  by  /(3)2,  that  is  to  lay, 
/ (?)4+  Y(6)  1 28  fhall  be  the  Cubic  Root  of  V2^2-\- 1 24  ^  which  was  to  be  Ihevvn.  * 


Example  2.  Toextratt  /(3J  out  of  /i 14-4/— 4. 

Firft,  to  prepare  it  for  Extra&ion  we  multiplied  by  /?,  and  found  /24a -412L 
whofe/(3)  (as  appears  in  the  laft  preceding  Example)  is  /(3)4-4/(6di28,  which 
by  dividing  by/(6)5  gives  the  Quotient  for  thedefired  Cubic 

Root  of/-^4-4/-~4  The  reafon  of  which  Divifion  by  /(6)j  may  be  thus  manifeit- 
ed,  kt  there  be  put  d=/(3)4-4/(6)i28*  then  it  follows  that  ddd—Vz^z^-ni.^ 

/i.i4-4/i-ii  into  /5,  whence  ddd  =  / .1*4-4/ -U.4 .  therefore  the  Cubic  Root  of 

/  5 


each  part  of  the  laft  Equation  being  extra£led  there  arifes  Y(f)ddd  that  is,  d . 

/  5  /f6;j 

But  by  fuppofition  J=/( 3)4-4 

/(6)i23* 


(for  /( 3)  of/5  is  /(6y)5)=/('3):/.4±f-4/. 


1 1 1 


*"'<*  6i'“  *”'««« 

Example  3.  Tcrextratt  ✓(j)  0#/  ofVUi+Vzii. 

Firft  (according  to  the  fecond  Rule  of  the  precedent  Preparation ;  I  multiply  itbv 
Vi,  and  there  comes  forth  tz+VtfS  5  this  multiplied  by  2  faccording  to  the  Fourth 
preparatory  Rule;  makes  44+V1944,  whofe  Cubic  Root  (as  before  has  been 
fhewn;  is  2+V6,  winch  mutt  be  divtded  by  Vz,  and  there  will  come  forth  Vz  +  V, 
lor  the  Cubic  Root  fought  of  V242+V243.  But  to  manifeft  the  Reafon  ofdivSinl 
2+V6  by  ^  let  there  be  Put  <?=*+/«,  then  it  follows  that  ddd=H+V im~ 

22+^485  into  2,  whence  — ^=22+^488,  and  thisEquation  divided  by  /2(becaufe 

- j—  J,  ^  4,  J  -j  fi  *  f*  ■  i  '  „•*  \  *  V  •  *  ’  *  ..  T 

in  the  Preparation  we  multiplied  by  Vz)  gives  ^i=Vz^z-\-V2^  ;  therefore  V']) 

being  extraflel  4>ut  of  each  Part  of  the  laft  Equation,  there  arifes  V(x)idl 
.  d  d  _____  Vb’ 

that  1S*vYdJs’  °TVz'‘  ='/(  ?^  :i/24z+243  }  But  by  fuppofitiond=24-v’6;  there¬ 
fore  2+V6  divided  bjVz,  viz  the  Quotient  V2-W3  (hall  be  the  Cubic  Root  of 
v  242 -fv  243  j  which  was  to  be  fhewn. 


Example  4.  To  extrdft  Y(%)  out  of  Y( ^399^JrV(6 ) 17578127. 

Firft,  (according  to  the  fecond  Preparatory  Rule)  I  divide  the  given  Binomial  by 
^  3)3,  and  then  (according  to  the  fourth  Preparatory  Rule)  I  multiply  the  Quotient 
’/(3)i33I+v'6i9?3i2S  by  16,  and  there  comes  forth  176+V32000,  whole  V(%) 
(as  has  before  been  fhewn)  is  14-V7.  Nowthis  Root  14-/5  divided  by  Y(s)i6 
and  the  Quotient  multiplied  by  V(  17)3  will  difcover  the  true  V($)  of  Y(z)2qq^  + 
^(^17578125:*,  the  reafon  of  which  Divifion  and  Multiplication  may  be  mademant- 
feft  thus  5  iet  there  be  put  <*=14-/5,  then  it  follows  that  ddddd=in6+Y  32000  - 
and  by  dividing  each  part  of  the  laft  Equation  by  id/beeaufe  in  the  preparatory  work 

we  multiplied  by  16)  there  arifes  ^^=/(3)i 3 3 1+^(6)1953 125  5  and  by  mul¬ 
tiplying  each  part  of  this  Equation  by  ^(3)3,  there  will  be  produced 

^>>3993+^(6)17778127.  Therefore  Y($)  being  extraaed  out  of  each  part  of 

the  laft  Equation  there  will  arife  Y($)ddd--^^\  that  is,  equal  to  V(%  ) 

16  V(5)i6  y 

of  ,v/,('>^T33I-f'^(6)*7778I27-  fuppofition  d—  i-fVj,  therefore  14-/5 

multiplied  into  ^(17)3,  and  the  Produft  divided  by  /(7)i6;  or  14-/7  divided  by 
^(5)16,  and  the  Quotient  multiplied  Y(i$)3  produces  the  true  V( 7 )  of/faWo* 
-\-Y(6)i 7578!  27  *,  which  was  to  be  fhewn. 


The  Demonjlration  follows. 

The  certainty  of  the  preceding  Rule  will  be  made  manifeft  by  the  three  following 
Propofitions. 

PROP.  1. 

If  a  Binomial,  whereof  one  part  and  the  Square  of  the  other  are  rational  Numbers, 
be  multiplied  into  ltfelf  cubically,  there  will  be  produced  another  Binomial, the  Square 
of  whole  leffer  Part  being  fubtrafted  from  the  Square  of  the  greater  Part,  leaves  a 
Cubic  Number,  to  wit,  the  Cube  of  the  Difference  of  the  Squares  of  the  Parts  of 
the  Root  or  firft  Binomial. 

To  make  this  manifeft, let  there  be  propored  the  Binomial  b+Yd,  this  multiplied  in¬ 
to  itfelf  cubically  produces  Hb+ibbY£+ibi+iYd,  to  wit,  the  Cube  of  b+Yd. 
Here  you  are  to  note  well,  that  although  in  that  Cube  there  be  four  Parts  or  Members, 
yet  they  are  to  beefteemed  but  as  two,  one  of  which,  to  wit,  bbb+ibd,  may  defign  a 

Rational  Number,  and  the  other  3 bbVd+dYd  (or  zbb+dxYd)  an  Irrational  or  Surd 
Number,  whofe  Square  is  Rational-,  whence  it  is  manifeft,  firft,  that  the  Cube  of  a  Bi¬ 
nomial  is  alfo  a  Binomial,  viz.  b\Yd  multiplied  into  itfelf  cubically  produces  this 

Bi- 


a 


262 


Extraction  of  /(3),  /(*),  Or.  BOOK  It 

Binomial  bbb-\-^bd  more  7bbVd-\-dVJ  (or  ibb+dxVd.)  Secondly,  the  Rational  part 
bbb+ibd  is  manifeftly  compofed  of  the  Cube  of  the  Rational  part  of  the  Root,  and  of 
the  triple  Product  made  by  the  Multiplication  of  the  lame  Root  into  the  Square  of  its 
other  part.  And  laftly,  the  Difference  of  the  Squares  ofthefaid  Parts bbb-Yi Wand 
ibbVd^rdVd  is  equal  to  the  Cube  of  bb — d ,  or  pf  d — bb,  viz.  to  the  Cube  of  the 
Difference  of  the  Squares  of  the  Parts  of the  Root  b+V  d.  For  the  Squares  of  bbb- f  $b4 
and  ibbVcL-ydVd&ie  bbbbbb -\-.6bbbbd-Y9bbdd  and  $bbbbd 4  6bbdd-\- ddj -y  and  if  thele 
Squares  be  fubtra&edone  from  the  other,  the  Remainder  is  either  bbb  bbb — 3 bbbbd 4 
fjbdd — ddd,  which  is  the  Cube  of  bb — d  *  or  elfethe  Remainder  is  ddd — ibbdd- 4 
3  bbbbd — bbbbbb,  which  is  the  Cube  of  d — bb. 

To  illuftrate this  Propofition  by  Numbers,  let  there  be  put  £=2  andVi=6;  hence 
the  Binomial  2  -\-V6  multiplied  intoitfelf  cubically  produces  the  Binomial  444 
V1944,  wherein  the  Difference  of  the  Squares  of  the  Parts  Quiz,  the  Remainder  when 
1 936  the  Square  of  44  is  lubtraSled  from  1 944  the  Square  of  / 1 944)  is  8,  to  wit,  the 
Cube  of  the  Difference  of  the  Squares  of  the  Parts  of  the  Binomial  Root  2 4/6. 

Likewifethis  Binomial  24/  2  multiplied  into  itfelf  cubically  produces  the  Bino¬ 
mial  204/392,  wherein  the  Differences  of  the  Squares  of  the  Parts,  to  wit  8,  is.the 
Cube  ofthe  Difference  of  the  Squares  of  the  Parts  of  the  Root  24V 2. 

The  fame  Properties  adhere  alio  to  a  Refidual  Root,  viz.  theCubeofthe  Refidual 
Root  b  cn  Vd  isalfoa  Refidual,  to  wit,  ~bbb-Yibd  00  3 bfa/d+  dVdi  .(or  3 bb-\-dxVd  y) 
and  the  Difference  of  the  Squares  of  the  Partsof  the  later  Refidual  is  equal  to  the  Cube 
ofthe  Difference  of  the  Squares  of  the  Parts  ofthe  Roots  or  firft  Refidual. 

PROP.  2. 

If  a  Binomial,  whereof  one  Part  and  the  Square  of the  other  are  the  Rational  Numbers, 
be  multiplied  by  the  Difference  of  the  Squares  of  the  Parts,  the  Produft  will  be  another. 
Binomial,  wherein  the  difference  of  the  Squares  ofthe  Parts  is  a  Cubic  Number,  to 
wit,  the  Cube  of  the  Difference  of  the  Squares  of  the  Parts  ofthe  Root  multiplied 

To  make  this  manifeft,  let  there  be  propofed  the  Binomial  b+Yd,  and  fuppofe  b 
greater  than/d,  then  b\Yd  multiplied  by  bb—d,  the  Difference  of  the  Sq  uares  of  the 
Parts,  will  produce  this  Binomial,  to  wit,  bbb — bd  more  bbYd—dYd,  the  Squares  of 
whole  Parts  are  bbbbbb — 2 bbbbd-\-bbd  and  bbbbd — ibbdd-^ddd  5  then  this  later  Square 
fub traced  from  the  former  leaves  bbbbbb — ^bbbbd-Q  ^bbdd — ddd,  which  is  the  Cube  of 
bb — d ,  the  Difference  of  the  Squares  ofthe  Parts  ofthe  firft  Binomial  b-\-Yd.  The 
fame  Property  would  appear  if  we  fuppofed  b  lefs  than  V d. 

To  illuftrate  this  Propofition  by  Numbers,  fuppole  £±=22,  and 486-  whence 
the  Binomial  22-4/486  multiplied  by  2,  the  difference  ofthe  Squares  of  the  Parts, 
produces  the  Binomial  444/1944,  wherein  the  difference  of  the  Squares  of  the  Parts 
is  8,  which  istheCube  of  2,  the  Difference  of  the  Squares  of  the  Parts  of  the  former 
Binomial  224/486. 

PROP.  3. 

If  the  Difference  ofthe  Squares  of  any  two  Numbers  be  divided  by  a  Number  which 
doth  notexceed  the  Sum  ofrhofe  two  Numbers  above  4, ;  then  the  Quotient  added  to 
the  faid  Divifor  will  give  a  Number  greater  than  the  double  of  the  greater  ofthe  faid 
two  Numbers,  butthe  Excefswill  be  lels  than  Unity.  And  ifthefaid  Quotient  befub- 
tracled  from  the  faid  Divifor,  the  Remainder  (hall  be  greater  than  the  double  ofthe 
leffer  of, the  two  Numbers,  but  this  Excels  alio  (hall  be  lefsthan  Unity. 

To  manifeft  this,  let  a  reprefent  the  greater  of  two  Numbers, and  e  the  leffer  *  alfo  let 

b  reprefent  fome  Fra&ion  not  greater  than  4. 5  then  I  fay,  firft,  a-Ye^b-Y-^T^l. 

#4^4^ 

is  greater  than  2  a,  but  the  Excels  is  lefsthan  1,  which  I  prove  thus: 

It  is  evident  that  aa-\-ee~\-bb-\-2ae-\-2be-{-2ba-\-aa — ee  is  greater  than  2^4 
lae+iba^  therefore  by  dividing  each  of  thofetwo  Compound  Quantities  by  a 

it  follows,  that  thefirft Quotient  a4^4^4^^—  fhall  be  greater  than  the  later 

aa — ee 

Quotient  2a  *,  and  if  this  Quantity  be  fubtra£led  from  that,  the  Remainder  ?— --~ 

f4  eJrb 

will  be  lefs  than  1.  For  by  fuppofition  b  is  not  greater  than  4.  *  therefore  2be  is  lels  than 


CHAP.  9. 


out  of  Binomials  in  Numbers. 


a-K  and  bb  lefs  than  bh  and  confequently  the  Numerator  zbe+bb  is  left  than  the 

Denominator  a-\-e-\-b  :  wherefore  — is  left  than  i 

ibe-\-bb 

After  the  fame  manner  it  may  be  proved  that  a\e\b~™71—  is  greater  than 

a-\-e-\ -b  7 

but  this  Excefs  alfo  fhall  be  lefs  than  i  •,  which  was  to  be  (hewn. 

Now  to  apply  the  preceding  three  Propofitionsto  theDemonftration  of  the  Rule  be 
fore  given,  let  it  be  required  to  extraft  the  Cubic  Root  out  of  the  Binomial  ioo-c 
■/7803,  whofe  Rational  part  100  is  greater  than  the  other  part  /7803  ;  Here  we 
may  fuppofe  bbb+ibd  to  be  100,  and  3 bbVd+dVd  (or  3 bb+dxVd)  to  be  /7803  • 
fo  that  bbb+^bd  more  3 bb-\-d*Vd  maydefign  thegiven  Binomial  100+/7803  •  and 
its  Cubic  Root  b-\-Vd  the  Root  fought,  whole  greater  part  maybe  b ,  and  the  lefler 
V d.  Then  according  to  the  Rule : 


To  extrattV( 3)  out  of  100-W7803. 

Firft,  from  the  Square  of  ioo,  that  is,  from  .  .  .  10000 

Subtract  the  Square  of/7803,  that  is . -7803 

The  Remainder  is . 2197 

The  Cubic  Root  of  that  Remainder  is .  13  (~bb—d) 

Which  Root  13  is  (by  Prop.  1.)  equal  to  the  Difference  of  the  Squares  of  the  Parts 
of  the  Binomial  Root  fought. 

Secondly,  find  outa  Rational  Number  greater  than  the  Sum  of  the  Parts  of  theCu- 
bic  Root  fought,  with  this  caution,  that  the  Excels  may  not  be  above  1  viz. 

To  the  greater  part  of  the  given  Binomial,  that  is,  to  .  100 

Add  the  neareft  value  in  whole  Numbers  of  the  other  )  OQ 
part/7803,  that  is, . . . j- 88  or  89 

So  the  Sum  fhewsthat  the  value  in  whole  Numbers  of ) 
the  given  Binomial  falls  between . j  108  and  189 

Whence  the  Cubic  Root  of  the  given  Binomial  is  greater  than  ?i.,  but  lefs  than  6  * 
fo  that  the  Excefs  of  6  above  the  true  Root  fought  in  lels  than  4. 

Thirdly,  having  found  out  (as  above)  13,  the  true  Difference'of  the  Squares  of  the 
Parts  of  the  Cubic  Root  fought  •,  and  6  a  Rational  Number,  which  exceeds  not  the 
true  Sum  of  the  fame  Parts  above  4,  we  may  by  the  help  of  Prop.  3.  and  1  find  out  the 
Parts  feverally  in  this  manner,  viz. 


Divide  the  faid  .  . . .  13 

By  the  faid . .  .  6 

And  the  Quotient  is  .  .  *  .  . . 24 


Which  added  to  the  faid  Divifor  6,  makes  the  Sum  .  .  84 
Which  Sum  84  does  by  (Prop.  3)  exceed  the  double  of  the  greater  (to  wit,  the  Ra¬ 
tional)  Part  of  the  Cubic  Root  fought,  but  the  Excefs  is  left  than  1 :  therefore  74  is 
lefs  than  the  laid  double,  but  84  is  greater  than  the  lame  ;  and  confequently  becaufe 
the  laid  greater  Part  is  fuppofed  to  be  a  Rational  whole  Number,  the  double  thereof 
muftnecelfarily  be  8,  to  wit,  the  greateft  wholeNumber  between  74  and  84,  and  there¬ 
fore  the  faid  Part  it  felf  is  4,  which  being  found  out,  it  is  ealie  to  find  the  other  Part 5 
for  (by  Prop.  1.)  if  from  16  the  Square  of  the  laid  greater  Part  4,  there  befubtra&ed 
1 3  the  Cubic  Root  of  the  Difference  of  the  Squares  of  the  Parts  of  the  given  Binomial, 
there  will  remain  3  the  Square  of  the  other  part  •,  lb  that  the  Cube  Root  found  out  is 
4-4/3,  which  will  appear  by  the  Proof  to  be  the  true  Cubic  Root  fought  *  for  4-4/3 
being  multiplied  into  it  lelf  cubically  produces  the  given  Binomial  100-4/7803.  And 
for  the  fame  reafon  4 — / 3  is  the  Cubic  Root  of  100 — /7803. 

Or  more  briefly  the  Vroof  may  be  made  thus: 

To  the  Cube  of  4  the  Rational  Part  of  the  Root  found  \  ^  ^ 

Add  the  Product  of  thrice  that  Part  multiplied  into  the  >  ,  h  t  * 

Square  of  the  Surd  Part  found  out,  viz.  the  Product  .  j  ^  5  5  ^ 

And  ir  makes  the  Sum . 100,  that  is,  bbb\ ibd 

Which 


* 
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Which  Sum  is  the  lame  with  the  Rational  part  of  the  given  Binomial,  and  there¬ 
fore  it  proves  that  44-/ 3  is  the  Cubic  Root  fought. 

In  like  manner  to  extra£I  V(i)  out  of  444-/1944,  where  the  Rational  Part  44  is 
lefs  than  the  other  Part  / 1944,  we  may  fuppole  (as  before;  bbb-\-^bd  to  be  44,' and 

$blf+dxVd  (that  is?  ibbVd+dVd)  to  be  / 1944*,  lo  that  bbb-^^bd  more  ibV+dY.Vd 
may  defign  the  given  Binomial  44-4-/1944,  and  its  Cubic  Root  b-\-Vd  the  Root 
fought,  whofe  lefler  part  may  be  b ,  and  the  greater  Vd  *  then  according  to  the  Rule, 

To  extraS  V(t,)  out  of  444-/1944. 

\J  V’f  '•  (  Vi  -  j  .  \ 

Firft,  from  the  Square  of  /i  944,  viz.  from  .  .  .  1 944 

Subtract  the  Square  of  44, . '1936 

The  Remainder  is  .  .  . .  8 

The  Cubic  Root  of  that  Remainder  is .  2  ( ~d — bb) 

Which  Root  2  is  (by  Prop .  1.)  equal  to  the  Difference  of  the  Squares  of  the  Parts 
of  the  Binomial  Root  lought. 

Secondly,  find  Out  a  Rational  Number  greater  than  the  Sum  of  the  Parts  of  the 
Cubic  Root  fought,  with  this  caution,  that  the  Excels  may  not  be  above  4,  which 

may  be  done  thus,  viz.  •  . . 

To  the  lefler  part  of  the  given  Binomial,  viz.  to  .  .  44 

Add  the  neareft  value  in  whole  Numbers  of  the  other  ) 
part /i  944,  that  is,  .  .  .  .  .^  .  .  -.  .  .  .  j44or4? 

So  the  Sum  fhews  that  the  value  in  whole  Numbers  of  > 

the  given  Binomials  falls  between  - . .  .  3  88  and  8? 

Whence  the  Cubic  Root  of  the  given  Binomial  is  greater  than  4,  but  lefs  than  44  j 
io  that  the  Excels  of  44  above  the  true  Root  lought  is  lefs  than  4. 

Thirdly,  having  found  out  2,  the  true  Difference  of  the  Squares  of  the  Parts  of  the 
Cubic  Root  fought  *  and  44  a  Rational  Number,  which  does  not  exceed  the  true 
Sum  of  the  fame  Parts  above  4,  we  may  by  the  help  of  Prop.  3.  and  1.  find  out  the 
Parts  leverally  in  this  manner,  viz. 

Divide  the  faid  .........  1  ...  .  2 

By  the  faid  ...............  44 

And  it  gives  the  Quotient  .  . . 4 

Which  fubtra&ed  from  the  faid  Divilbr  44,  there  remains  .  4^4 
Which  Remainder  4^  does  (by  Prop.  3.)  exceed  thedouble  of  theleffer  Part  (which 
in  this  Example  is  the  Rational  Part  of  the  Cubic  Root  foughqbut  the  Excefs  is  lefs 
than  1 :  therefore  3T4  is  lefs  than  the  faid  double,  but  4-^  is  greater  than  the  fame, 
and  confequently  becaule  the  faid  lefler  Part  is  a  Rational  whole  Number,  the  double 
thereof  mull  necelfari-ly  be  4,  to  wit,  the  greateft  whole  Number  between  g-rfandq^, 
and  therefore  the  faid  Part  it  felfis  2,  which  being  found,  it  is  ealie  to  find  the  other 
Part  •,  for  if  to-4  the  Square  of  the  laid  lefler  Part  2,  there  be  added  2  the  Cubic 
Root  of  the  Difference  of  the  Squares  of  the  Parts  of  the  given  Binomial,  the  Sum 
6  fhall  be  the  Square  of  the  other  Part  *  fo  that  the  Cube  Root  found  out  is  24-/6, 
which  will  appear  to  be  the  true  Cubic  Root  fought  ^  for  2 4-/6  multiplied  into  it 
felf  cubically  produces  the;  given  Binomial  444-/1944.  And  for  the  lame  Reafon 
V6 — 2  is  the  Cubic  Roof  of  / 1944 — 44. 

Jk*..  Sib  ail?  'jo.  Ctftifpcsrfj  ,v  - 

i:‘  •"  /  >r  Or  more  briefly  the  Proof  may  be  made  thus : 

f V loTjJfignol  3o. >>{ oiduD r»;. •  ./ijedoii  I  .  **/?  toidv 

■'  To  the  Cube  of  2  the  Rational  Part  of  the  Root  found  >  0  .  .  , , , 

out,  viz.  to  .  .  .  i;o  vy . j-  8>  that  is,  W 

Add  the  Produfl  of  thrice  that  Part  multiplied  into  the  )  .  ,  »  r 

Square  of  the  Surd  Part  fbund  ouf,  viz.  the  Produff  .  .  tnat  is,  3^ 

And  the  Sum  is  .  .  . . .  44,  that  is,  bbb+i bd. 

Which  Sum  is  the  lame  with  the  Rational  Part  of  the  given  Binomial,  and  there¬ 
fore  it  proves  that  24-/6  is  the  Cubic  Root  lought. 

Lattly,  what  has  here  been  fhewn  concerning  the  Demonffration  of  the  ExtraHion 
of  the  Cubic  Root,  may  eafily  be  applied  to  the  Extraction  of  the  other  Roots  before 
mentioned,  lo  that  there  is  no  need  of  further  Difcourlein  this  Matter. 

CHAP 


CHAP.  X. 

An  Explication  of  Simon  Stevin’y  General  Rule ,  to  extract  one 

Root  out  of  any  poffible  Equation  in  Numbers ,  either  exactly 
cr  very  nearly  true . 

f  F  filling  under  anr  of  the  Forms  in  the  fourteenth  and  fifteenth  Chapters 

fpfl~Rp/lthreFlrft-BtJk  °[thefeElemenrs>are  capable  (as  has  there  been  fliewn)  ofper- 
fe£f .  Refolutions  in  Numbers  viz.  the  value  of  the  Root  or  Roots  fought  in  any  of 

thofe  Equations  may  be  found  out  and  exprefs’d  exaftly,  either  by  Lome  rational  or 
irrational  Number  or  Numbers  ,  but  the  perfea  Refolution  of  all  manner  of  Com- 
pound  Equations  in  Numbers  I  have  not  found  in  any  Author.  And  fince  an  Expoli- 
non  of  the :  General  Method  of  Vtaa,  the  Rules  of  Huidemus  and  others  to  that  pur¬ 
pose  would  make  a  large  Treat.fe  and  after  all  leave  the  curious  Analyft  diffatisfed 
1  £*?  not,doS/hefeElemeu[s  with  a  tedious  Difcourle  upon  thofe  difficult  Rules 
which  at  the  belt  are  exceeding  tedious  in  Operation,  and  fbme  of  them  uncertain 
too  ,  but  rather  purlue  my  nrft  defign,  which  was  to  explain  Fundamentals,  and  fuch 
Rules  as  are  cei  tain  and  molt  important  m  this  profound  Art.  However,  1  (hall  lead 
the  indultnous  Learner  to  a  few  iteps  further,  in  order  to  his  undemanding  the  Re- 
folution  of  all  manner  of  Compound  Equations  in  Numbers,  and  in  this  Chapter  ex- 
plain  Simon  Stevm  s  General  Rule  which  with  the  help  of  the  Rules  in  the  following 
eleventh  Chapter  will  difcover  all  the  Roots  of  any  poffible  Equation  in  Numbers! 
either  exactly  if  they  be  Rational,  or  very  nearly  true  if  Irrational. 

QUESTION,  i. 

If . u-w-f  26.1=40 1 88,  what  is  the  Number  a  > 

RESOLUTION. 

This  Equation  not  falling  under  any  of  the  three  Forms  in  SeB.  1.  Chap.  ie.  Book  1 
cannot  be  refolved  by  any  of  the  Canons  in  that  Chapter,  and  therefore  according'^ 
Simon  St  emit  s  General  Method  I  fearchout  the  Number  a  by  tryals  thus  viz 

1.  I  fuppofe .  .  /  .a  — :  1 

Thence  it  follows  that .  . aia  __  , 

^  ^ . . 26u  =  \6 

Which  27  ought  to  have  been  40188,  but  it’s  too  little ;  whereby  I  find  that  by 

luppoling  a  to  be  1  1  did  not  hit  upon  the  true  Number  a,  and  thereforel  make  ano- 
ther  tryal  in  like  manner  as  before,  viz. 

2.  I  liippofe  .  .  ; . a  —  10 

Thence  it  follows  that . .  _  ,  000 

a . 26a  =  260 

Therefore  .  ....  .  . aaa+26a  =  1260 

Which  1 260  being  yet  too  little,  I  make  a  third  tryal,  viz. 

3.  I  fuppofe  .  . «  =  ioo 

Thence  it  follows  that  . _  . aaa+2&a  =  ,002600 

Which  1 002600  exceeds  the  juft  Refult  or  abfolute  Number  40188  in  the  latter 
part  of  the  Equation  firft  propos’d,  and  therefore  the  true  Number  a  is  lefs  than  100  • 
but  the  iecond  tryal  fhews  it  to  be  greater  than  10,  and  therefore  the  whole  Number 
which  expreifes  the  exud,  or  at  leaft  part  of  the  value  of  a,  muft  neceffarily  confift 
of  two  CharaHers,  and  confequently  the  firft  (towards  the  left  Hand)  muft  be  one  of 
thele  nine,  1,  2,  3, 4,  y,  6,  7,  8,  9;  but  becaufe  by  the  fecond  Inquiry  10  was  found 

too  little,  I  now  make  tryal  with  2  for  the  firft  Figure  of  the  Root  a  viz 

4.  I  fuppofe . *’  =  20 

txr,  1CC  ‘  ‘  •  * . .  .  .  aaa+26a  =  8720 

Which  Refult  8520  being  yet  lefs  than  the  juft  Refult  40188,1  make  tryal  again,  viz. 

5  I  ftp  pole . .  .  .  .  .  .  ,  .  .  a  =  30 

Thence  •  .  .  f  .  •  .  aaa-\-26a  =  27780 

L 1  Which 
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Which  is  yet  too  little  *  therefore, 

6.  I  fuppofe  . . .  • . a  =  40 

Thence . .  aaa-\-  26a  =  65040 


Which  65040  being  greater  than  40188,  it  fhews  me  that  the  true  Root  or  value 
of  n  is  lefs  than  40  •,  but  by  the  fifth  Tryal  it’s  greater  than  30,  and  confequently  the 
laft  Figure  of  the  Root  is  3. 

Now  the  lecond  Chara&er  of  the  Root  muft  neceffarily  be  one  of  thefe,  viz.  o,  1, 
2,  3,4,  5,  6,  7,  8,  9^  and  becaufe  it  has  been  difcovered,  that  the  true  value  of  the 
Root  a  is’ greater  than  30,  the  fecond  Charafter  cannot  be  o,  I  therefore  make  tryal 
with  1,  and  luppofe  0=  31  •,  which  proving  too  little,  1  make  tryal  with  32,33,34, 
feverally  in  like  manner  as  before,  and  at  length  I  find  34  to  be  the  true  Number 
a  fought,  by  which  the  Equation  propos’d  may  be  expounded ^  for  if  0  =  34,  then 
confequently  000+ 260  =  40188. 

II.  But  if  after  tryals  made  (as  before)  the  value  of  0  the  Root  fought  happens  to 
fall  between  two  whole  Numbers  that  differ  by  Unity  *  then  tryals  are  to  be  made  with 
the  leffer  whole  Number  increaled  With  -f,  4,  &c.  until  you  have  found  the 
value  of  0  in  lome  mixt  Number  confuting  of  a  whole  Number  and  fome  certain  tenth 
parts  of  an  Unit.  But  if  the  laid  value  of  0  happens  not  to  be  exprefs’d  exactly  by 
the  faid  leffer  whole  Number  increafed  with  certain  tenth  parts,  then  you  are  to  make 
tryals  with  the  faid  leffer  whole  Number  increafed  with  a  Decimal  FraUion,  having 
for  its  Numerator  a  Number  greater  than  10,  but  lefs  than  100  *  and  for  its  Deno¬ 
minator  100,  as  with  44,  44,  and  by  proceeding  in  that  manner  you  may 
find  the  exaCt  value  of  the  Root  0,  when  its  fractional  part  is  exactly  equal  to  fome 
Decimal  Fraction:  or  elfe  approach  infinitely  near  to  the  faid  exaCt  value  when  ’tis 
Irrational  or  Surd,  as  in  this  following 

QUE  ST  10  N.  2. 

If  ....  .  0000+500=184638.6801  •  (or  1846  3  81-14-4-0  what  is  the 

Number  a  ? 

RESOLUTION. 

Firft,  I  fuppofe  0=1,  but  this  proving  too  little  I  put  0=10,  this  alfo  proving  too 
little,  I  affume  0=100,  which  after  ttyall  find  to  be  greater  than  the  true  Number 
0,  and  confequently  the  Number  a  falls  between  10  and  100  ^  then  making  tryal 
with  20  I  find  it  too  little,  but  making  tryal  with  30 1  find  this  too  great,  and  thefe-' 
fore  the  true  Root  0  falls  between  20  and  3  0.  Again,  making  tryal  with  2 1  I  find  it 
too  great,  but  20  was  before  found  too  little  •,  therefore  the  rrue  Root  0  is ‘between 
20  and  21  i  then  I  make  tryal  with  20.1,  (that  is,  2oT4)  20.2,  20.3,  &c.  and  at 
length  find  20.7  to  be  the  true  Number  0  fought ;  for  if  0=20.7  (that  is,  20 r4)  it 
will  make  0000+  5  00  =  1 846  38.6801  the  Equation  propofed. 

But  if  20.7  had  proved  too  little,  and  20.8  too  great,  then  tryals  muft  have  been 
made  with  20.71,  (that  is,  20-44)  20.72,  20.73,  &c.  In  like  manner,  if  20.7  had 
been  too  little,  but  20.71  (that  is,  20i-44)  too  great,  then  tryals  muft  have  been 
made  with  20.701,  (that  is,  20444-).  20.702,  20.703,  Ufc.  This  will  be  partly  ex¬ 
ercis’d  in  refolding  the  Equation  in  this  following 

QUESTION.  3. 

If  .....  .  000+2000=1954,  what  is  the  Number  a? 

Anfw . 0=8.308,  &c.  found  out  by  tryals  as  before. 

III.  When  the  value  of  (a)  the  required  Root  of  an  Equation  happens  to  be  lefs 
than  Unity,  then  trial  is  to  be  made  with  4  ^  but  if  this  prove  too  great,  then  with 
&c.  Now  fuppofe  .1  (that  is  4)  be  too  great,  .01  (that  is,  i4-)  too  little, 
then  tryal  muft  be  made  with  .02  |  .03  |  .04  |  ,  &c.  until  you  have  found  out  the 
greateft  Figure  that  muft  ftand  in  the  fecond  place  of  the  Decimal  Fraction  expreffing 
the  Root  fought  •,  fuppoling  then  fuch  Figure  to  be  found  8,  viz.  that  .08  (or—4) 
is  lefs,  but  .09  (or  ~)  is  greater  than  the  Root,  tryal  muft  be  made  with  .aSi, 
(that  is,  ,-44)  .082  |  .083  |  &c.  as  in  this  following 

Q^UE  STIO  N  4. 

If  ...  .  .  .  000+32400=269,  what  is  the  Number  a? 

Jnfw.  .  .•  .  0=.q83,  cJc.  that  is,  t44> 

IV.  The 


CHAP.  io.  of  Compound  Equations  in  Numbers . 

IV.  The  preceding  Examples  may  fuffice  to  fhew  the  ufe  of  this  general  Method 
when  all  the  Terms  of  the  unknown  part  of  an  Equation  are  Affirmative,  (viz  when 
-f  is  prefix’d  to  each  Term)  in  which  cafe  there  is  but  one  Affirmative  Root •  in  the 
fearch  whereof  by  Try als  (as  before)  if  the  Numbers  affumed  federally  for  the  value 
of  the  Root  fought  do  afcend  greater  and  greater,  then  the  abfolure  Numbers  relat¬ 
ing  from  thofe  affumed  Values  will  likewife  afcend  ^  and  contrarily,  if  the  affumed 
Roots  do  defcend  from  a  greater  to  a  lefs,  theRefults  will  likewife  grow  lefs  and  lefs : 
whence  by  comparing  an  ablolute  Number  refulting  from  an  affumed  Root  with  the 
juft  abfolute  Number  of  the  Equation  propos’d,  you  may  certainly  know  (if  the  faid 
Refult  and  juft  Abfoluce  be  not  equal  to  one  another)  whether  you  are  to  take  a  Num¬ 
ber  greater  or  lefs  than  that  laft  before  affumed. 

But  when  the  unknown  part  of  an  Equation  confifts  of  affirmative  and  negative 
Terms  mingled  one  with  another,  then  the  fearch  by  Tryals  will  be  more  intricate 
and  doubtful  than  before ;  for  fometimes  it  will  be  hard  to  difcern  whether  a  follow¬ 
ing  affumed  Root  muft  be  taken  greater  or  lefs  than  that  which  was  taken  next  be¬ 
fore.  Moreover,  a  compound  Equation  of  this  latter  kind  may  happen  to  be  fuch, 
that  it  may  be  expounded  by  as  many  feveral  affirmative  Roots,  as  there  be  Unities 
in  the  Index  of  the  higheft  unknown  Power,  viz.  a  Cubical  Equation  may  be  focontti- 
tuted,  that  it  fhall  have  three  different  affirmative  Roots,  a  Biquadratic  Equation  four 
feveral  Roots  ;  and  fo  of  higher  Equations,  as  will  be  fhewn  in  the  following  Chap  1 1 . 
But  in  what  manner  foever  any  poffible Equation  is  conftituted  in  Rational  Numbers* 
this  general  Method  will  always  find  out  one  affirmative  Root,  either  exa&ly  true  or 
at  leaft  very  near  the  truth,  as  will  further  appear  by  the  following  Queftions. 


QU  E  S  T  I  0  N  5. 

If . 000—2200+1570  =  360,  what  is  the  Number  a? 


RESOLUTION. 

1.  I  fuppofe . ...0=1  * 

Thence  it  follows  that . 000 — 2200+1570  =136 

'Which  1 16  is  lefs  than  the  juft  abfolute  Number  360,  and  therefore  I  make  ano¬ 
ther  Tryal,  viz. 

2.  I  luppole . ...  a  =  10 

Thence  it  follows  that  ....  aaa — 2200+1570  =  370 

Which  370  exceeds  the  juft  abfolute  Number  360,  and  therefore  I  conclude  there 
is  one  affirmative  value  of  0,  (either  Rational  or  Irrational;  between  1  and  10 ;  which 
value,  after  Tryals  made  with  2,3,4, 7,  I  find.  to.  be  $  ;  this  will  conftitute  the  Equa¬ 
tion  propofed,  for  if  0=5,  then  aaa — 2200+1570  will  exaftly  make  360. 

But  there  are  two  other  Roots  or  Values  of  0,  to  wit  8  and  9,  each  of  which  will 
likewife  conftitute  the  Equation  firft  propofed,  but  how  they  are  found  out  will  be 
fhewn  in  Sett.  9.  of  the  following  Chap.  n. 

QU  E  ST  10  N  6. 


If  ...  .  32000— aaa  =  46577  (juft,)  what  is  the  Number  a  > 


RESOLUTION. 
1.  I  fuppofe  . . 0  =  1 


3199  (lefs  than  juft) 

10 

31000  (lefs  than  juft) 

100 

— 680000  (lefs  than  juft) 


Thence . 32000 — aaa 

2.  I  fuppofe  .........  0 

Thence . 32000 — aaa 

,  3.  I  fuppofe . a 

Thence . 32000—000 

Now  becaufe  the  fecond  Refult  for  abfolute  Number)  +31000  is  Affirmative,  and 
the  laft  Refult  680000  is  Negative,  I  make  tryals  with  Numbers  between  10  and  100 
for  rhe  value  of  0  ;  for  if  the  Equation  propofed  be  poffible,  before  the  affirmative  Re- 
fults  fall  off  to  negatives,  there  will  be  a  Root  or  Value  of  0  producing  an  Affirmative 
Refult  either  exactly  equal,  or  very  near  to  the  juft  Refult  46577;  therefore, 

4.  I  fuppofe . 0  =:  20 

Thence . 32000 — 000  =  56000  (greater  than  juft) 

LI  2 


Now 
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Now  becaufe  by  taking  20  foixthe  value  of  0,  the  Refult  56000  exceeds  the  juft 
Refult  46577  •,  but  by  taking  10  for  0,  the  Refult  31000  happened  to  belefs  than  the 
faid  46577,  it  (hews  there  is  one  affirmative  Root  or  value  of  0  between  10  and  20 
which  Root,  after  tryals  made  with  intermediate  Numbers  (as  in  former  Examples) 
will  be  found  15,  7,  &c.  Moreover,  becaufe  by  fuppofing  <1=20  the  Refult  56000 
happened  to  exceed  the  juft  Refult  46577,  but  by  putting  a— joo  the  Refult  —680000 
proved  to  be  lefs  than  the  fame  46577,  it  (hews  there  is  an  Affirmative  value  of  0  be¬ 
tween  20  and  100,  which  value  after  tryals  made  will  be  found  47  ^  fo  that  there  are 
two  affirmative  Roots  or  values  of  0  found  out,  to  wit,  1 5,  7.  &c.  (or  1 5  -1  &c  ) 
and  47  5  the  former  of  which  will  nearly,  and  the  latter  exaftly  conftitute  the  Equa¬ 
tion  propofed.  ^ 

V.  Florimond  de  Beaune  in  the  latter  of  two  fmall  Treatifes  printed  in  1659  con¬ 
cerning  the  Nature,  Oonftitution,  and  Limits  of  Equations,  (hews  how  to  find  out 
Limits  within  which  the  Roots  of  all  compound  Equations  not  afcending  above  the 
Biquadratic  kind  are  confined  *  which  Limits  when  they  may  be  difcovered  without 
much  trouble,  and  are  not  very  wide  afunder,  will  help  to  leffen  the  tryals  in  the 
general  Method  before  delivered.  As  in  the  latt  Example,  where 

The  Equation  propofed  was . 3200 0—000  =  46577 

Firft,  becaufe  aaa  muff  be  fubtra&ed  from  3  2000,  7 
and  leave  a  Remainder  equal  to  46577,  it  prefuppofes  )  ’  *  *'  aaa  320°* 

Therefore  by  dividing  each  part  by  a . .  3200 

And  by  extracting  the  fquare  Root  out  of  each  ) 
part,  it  follows  that  ..........  3  a  ~d  76.5,  &'c. 

Again,  from  the  Equation  propos’d  by  Tranfpofi-  ) 
tion ’tis  evident  that . £3200 a  46577  —  aaa 

Whence  ’tis  alfo  maniRft  that . 32000^46577 

And  confequently  by  dividing  each  part  by  3200,  .  .  s  .  .  a  cr  14.5,0V. 

Thus  it  is  found  that  the  value  of  a  the  Root  fought  is  greater  than  14.5,  but 
lefs  than  56.5,  &c.  and  therefore  tryals  according  to  the  general  Method’ aforefaid 
need  not  be  made  with  any  Numbers  that  are  not  within  thofe  Limits. 

From  the  Premifes  ’tis  evident  that  this  general  Method  finds  not  a  perfeft  Root  of 
an  Equation,  unlefs  fuch  Root  be  a  whole  Number,  or  elfe.  a  Fraction  exaCHy  equal 
to  fome  Decimal  FraCfion^  orlaftly,  a  mixt  Number  compos’d  of  a  whole  Number 
and  a  perfeCf  Decimal  Fraction. 

Note.  When  the  Coefficients  or  known  Numbers  multiplied  into  any  of  the  un¬ 
known  Powers  under  the  higheft,  (which  muff  have  no  Coefficient  but  Unity)  are 
Vulgar  (not  Decimal)  Fractions,  or  mixt  Numbers  whole  fractional  parts  are  Vulgar 
Fractions  *  likewife,  when  the  abfolute  Number  that  folely  pofTefles  the  latter  part 
of  the  Equation  propos’d  is  a  Vulgar  Fraction,  or  mixtNumber  whofe  Fractional  part 
is  a  Vulgar  Fraction  •,  all  thofe  Vulgar  Fractions  muft  be  reduced  to  Decimal  Fracti¬ 
ons,  or  elfe  the  Equation  muft  be  reduced  to  another  Equation  in  Integers  (by  Se3. 7. 
in  the  following  Chap.  1 1.)  before  you  enter  upon  the  Refolution  by  tryals  as  aforefaid. 


chap.  XI. 

•  •  *.  •  •  «■  /  1  ■  k  «  •  , 

Extractions  out  of  the  Algebraical  Treatifes  of  Vieta  andRcmtcs 
des  Cartes,  concerning  the  C cnft it ut ion  and  Refolution  of  Com¬ 
pound  Equations  in  Numbers ,  efpecially  thofe  which  have  many 
Roots . 

I.~T*HE  Scope  of  this  Chapter  is,  firft,  to  (hew  how  to  form  an  Equation  that  ffiall 
J-  have  as  many  different  Roots  or  values  of  the  Quantity  fought  as  (hall  be  de- 
fired ;  then  how  to  free  an  Equation  from  Fractions,  and  to  call  away  the  Jecond  Term  * 
and  laftly,  how  to  find  out  the  Roots  of  all  manner  of  Compound  Equations  in  Num¬ 
bers,  either  exa&Iy  if  they  be  Rational,  or  very  near  the  truth  if  Irrational. 


But 


having  many  Roots. 


But  that  the  Learner  may  the  more  eafiiy  perceive  my  meaning,  I  fhall  premife  a 
few  Definitions  in  three  Sections  next  following.'  5  P  emne  a 

II.  When  the  known  abfolute  Number  in  an  Equation  folely  poflMTes  one  part 

thereof,  lent  be  transfer  d  to  the  other  part  by  the  Sign  -,  and  then  there  will  be  an 
Equation  which  has_o  or  nothing  for  one  part,  and  the  other  part  is  by  Cartefius  cal¬ 
led  the  Sum  of  the  Equation  propofed.  As  for  Example,  if  this  Equation' be  propo- 
led,  v,z  aaa— 9*a+  26a=: 24  by  tranfpofiuon  of  24  it  makes  aaa-Ja+  26a-24~o 
whole  firit  part  is  called  the  Sum  of  the  Equation  propoled  ^  * 

III.  In  the  Equations  handled  in  this  Chapter  I  put  a,  «,  or  y,  to  fignifie  an  unknown 
Quantity  ,  and  by  the  firit  Term  of  an  Equation  is  meant  the  higheff  unknown  Power, 
t0,,w‘\  thfC  W1'^h  hasrM0ft  Dtmenfions  or  Degrees  of «  ,  by  the  fecond  Term  that 
which  has  fewer  Dimenfions  by  one  than  thefirft,  and  fo  downwards.  As  in  this  Eaua- 
non,  aaa—9aa- t-  260—04=0,  the  firft  Term  is  aaa,  whofe  Index  is  3  ,  the  fecond 
Term  is -9®,  where  the  Index  of  « is  2 ;  the  third  Term  is  +2 6a,  where  the  Index 
of  ra ,,,s  I  j  a"d  the  hit  term  is  -24,  the  known  abfolute  Number,  whofe  Index  is  o. 

IV.  The  Roots  of  an  Equation  are  of  three  kinds,  vh.  either  Affirmative,  or  Nega¬ 

tive,  or  Impoflible.  An  Affirmative :Root  is  a  Quantity  greater  than  nothing,  as +  5  or 
"h'2c.:  negative  Root  (which  Cartejau  .calls  a  falfe.Root)  exprefles  a  Quantity 

whole  Denomination  is  oppofite  to  an  affirmative,  as->  or-2o;  the  former  of  which 
wants  9,  and  the  latter  20,  of  bemgequal  to  nothing.  Laftly,  impoflible  Roots  are  fuch 
whofe  values  cannot  be  conceived  or  comprehended  either  Arithmetically  or  Geome¬ 
trically  ;  as  in  tins  Equation.  a=2-V-i,  where  V-r,  that  is,  the  Equate  Root  of 
—1  is  no  manner  of  way  intelligible,  for  noNumber  can  be  imagined,  which  being 
multiplied  by  ttfelf  according  to  any  Rule  of  Multiplication  will  produce  — 1 

V.  Thefe  things  premifed,  I  fhall  proceed  to  the  forming  of  Equations  which  fhall 
have  many  Roots.  ~ 

PROP.  T. 

To  form  an  Equation  which  frail  have  two  Affirmative  Roots . 


[.  Suppofe  .........  ~ 


=  2, 


2. 


=  o 
=  o 

==  o 

-aa  =  6 


that  is,  a — 2 
3,  that  is,  a — 5 

Then  by  multiplying  the  faid  a — 2=0  by  \ 
a — 3=0,  this  Equation  is  produced,  viz.  3  *  9  aa  5’®+^ 

3.  That  is,  by  tranlpofition, . .  _ c 

Which  laft  Equation  falls  under  the  laft  of  the  three  Forms  in  SeB.  1  Chap  17. 
Book  1.  and  may  be  expounded  by  either  of  the  two  Roots  or  values  of*  which  by 
the  Canon  in  SeB.  10.  of  the  lame  Chap.  will  be  found  2,  and  3,  to  wit  thole  from 
which  the  laid  Equation  was  produced  by  Multiplication,  as  above. 

Again,  if  this  Equation  m-\-6a  *-5  5 =0,  (that  is,  aa-\-&a—<y  5;)  which  has  one 
affirmative  Root,  to  wit  j,  be  multiplied  by  *—6  =  0,  there  will  be  produced  aaa— 
91  a~\~  33°— °o  (that  is,  91  f  'aaa =  3  3  °)  which.  has  two  affirmative  Roots  or  values 
of  <r,  to  wit  9  and  6,  which  may  be  found  out  by  the  Rule  hereafter  delivered  in 
SeB.  9.  of  this  Chap. 

prop.  ir. 

To  form  an  Equation  which  frail  have  one  Affirmative  and  one  Negative  Root, 

1.  Suppofe . Sa  ~ 

l  a  = — j 


that  is,  a — 3 
■2, that  is,  a-\-  2 


=  o 
=  o 


2.  Then  by  multiplying  the  faid  a — 3  =0  by  ) 

«+  2=0,  this  Equation  is  produced,  viz.  3 
3-  That  is, . .  .  aa—a  = 


aa — a — 6  =  o 


Which  laft  Equation  falls  under  the  fecond  of  the  three  Forms  in  SeB.  1.  Chap.  1 9. 
Book  1.  and  may  be  expounded  by  either  of  thele  two  Roots  or  values  of  0,  whereof 
one  is  Affirmaciveand  the  other  Negative  ^  which  after  the  manner  ofrelolving  1. 

in  SeB.j.  of  the  lame  Chap,  will  be  found  4-3  and — 2,  to  wit,  thole  from  which 
the  faid  Equation  was  produced  by  Multiplication,  as  before. 


PROP. 
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PROP.  Ill 

To  form  an  Equation  which  fhall  have  three  Affirmative  Roots, 

that  is,  a — 2  =  o 

1,  Suppole 


=  2, 

=  3,  that  is,  a — 3  = 
=  4,  that  is,  a — 4  = 


acta — $aa-\-26a — 24  =  o 
aaa — yaa-\-26a  __  =  24 


2.  Then  by  multiplying  the  three  laft  Equations 
(in  each  of  which  the  latter  part  is  o)  one  in- 1 
to  another,  this  Equation  will  be  produced, 

3.  That  is,  by  tranfpolition  of  24,  .  .  , 

Which  Equation  may  be  expounded  by  every  one  of  thefe  three  affirmative  Roots  or 

values  of  0,  to  wit,  2,  3,  and  4  5  which  may  be  found  out  by  the  Rule  in  the  fol¬ 
lowing  Sett.  9.  of  this  Chap. 

The  lame  Equation  may  likewife  be  formed  altogether  by  Letters  thus,  viz.  let  the 
faid  known  Roots  2,  3,  and  4,  be  reprefented  by  b,  c,  dh  and  then, 

C  a  =  bj  that  is,  a — b  =  o 

. <  a  =  c,  that  is,  a — c  =  o 

fa  =  d ,  that  is,  a — d  =  o 
5.  Then  by  multiplying  thole  three  Iaft  Equations,  in  each  of  which  the  latter  part 
is  nothing,  one  into  another,  this  Equation  will  be  produced,  viz. 

—  b  ?  be  7 

aaa  —  c  *>aa  bd  — bed  —  o 

—  d  j  -f  ^  j 

That  is,  .  .  •  .  aaa  —  $aa  26a  — 24  =  o 

PROP.  IV. 

To  form  an  Equation  which  fhall  have  three  Affirmative  Roots ?  and  one  Negative 

Root, 


4.  Suppole 


1.  Suppole 


a  ==  2,  that  is,  a — 2  =  o 

a  =  3,  that  is,  a— 3  =  o 

a  =  4,  that  is,  a — 4  =  o 

-a  = — y,  that  is,  a-b?  =  o 

•  1  n  .  .  .  . 


2.  Then  by  multiplying  the  four  laft  Equations,  in  each  of  which  the  latter  part  is 
o,  one  into  another,  this  following  Equation  will  be  produced,  viz. 

aaaa — a^aaa — iyaa-iric6a — 120  =  o 
That  is,  .....  .  aaaa — 4  aaa — l^aa~\-io6a  =120 

Which  laft  Equation  may  be  expounded  by  every  one  of  thefe  three  Affirmative 
Roots  or  values  of  a,  viz  2, 3,  and  4,  and  by  one  Negative  Root  — 7  ^  every  one  of 
which  may  be  found  out  by  the  Rule  in  the  following  Sett.  9.  of  this  Chap. 

The  fame  Equation  may  likewile  be  formed  altogether  by  Letters  thus,  viz  let  the 
laid  known  Roots  2,3,4, anc* — 5>  be  reprefented  by  £,  c,  </,  and  —fh  then, 

a  =  that  is,  a — b  —  o 

a  =  c,  that  is,  a — c  —  o 

a  =  J,  that  is,  a — d  =  o 

"a  =— /, that  is,  a-\-f  =  0 

4.  Then  by  multiplying  the  four  laft  Equations,  in  each  of  which  the  latter  part  is  o, 
one  into  another,  this  following  Equation  will  be  produced,  viz. 


3:  Suppole 


aaa 


A- be 
A’bd  I 

+cd  h* 

-bt  t 

-cf\ 

-dfi 

<*—iyact 


a — bedf  —  o 


6a  —  120 


o 


After  the  lame  manner  you  may  form  an  Equation,  which  fhall  have  as  many  Roots 
as  you  pleale,  either  all  Affirmative,  or  fome  of  them  Affirmative  and  lome  Negative. 

'  VI.  Oh- 


CHAR  is. 
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VI.  Obfervatiom  upon  the  preceding  four  Propoftiojis. 

1 .  By  what  has  been  laid  ’tis  evident,  that  fometimes  an  Equation  may  have  as  ma-* 
ny  Roots  as  there  be  Unities  in  the  Index  of  the  higheit  unknown  Term  *  I  lay,  lome- 
times,  not  always:  for  altho  this  Equation  aaa-6aa-\-i^a — 10=0,  as  to  its  number 
of  Terms  and  Signs,  be  like  to  the  Equation  formed  in  the  preceding  Prop.  3  fo  that 
one  may  think  it  has  three  Roots,  yet  it  has  only  one  affirmative  Root,  to  wit  2  and 
no  other  Root  either  affirmative  or  negative  can  conftitute  the  faid  Equation,  tor  ’tis 
produced  by  the  Multiplication  of  this  impoffible  Equation  00 — 4a 4- 5  =  0  by 
a — 2—Oj  but  that  00 — 404-5=0,  that  is,  4  0 — 00=5  is  an  impoffible  Equation,  the 
Determination  in  Sett.  9.  ghieji.  1.  Chap.  15.  Book  1.  makes  manilelt. 

In  like  manner,  altho  this  Equation  0000 — 600004-165000 — 2250004-1 15344=0 
as  to  its  Number  of  Terms  and  Signs  be  like  to  an  Equation  that  has  tour  affirmative 
Roots,  yet  that  Equation  can  be  expounded  only  by  two  affirmative  Roots  to  wit 
12  and  18,  and  by  no  other  Root  either  affirmative  or  negative  j  tor  ’tis  made  by  the 
Multiplication  ot  00—3004-216=0,  which  has  two  affirmative  Roots,  12  ana  18 
into  this  impoffible  Equation  00 — 3004-534=0. 

2.  Foralinuch  as  Divifion  refolves  or  undoes  that  which  is  compos’d  or  done  by 
Multiplication,  if  the  Sum  of  an  Equation  which  is  produced  by  the  Multiplication 
of  two  or  more  Equations  one  into  another,  (according  to  the  Method  in  the  preced¬ 
ing  tour  Proppfitions)  be  divided  by  a  Binomial  compos’d  of  the  unknown  Quantity 
(a)  lets  by  the  value  of  any  one  of  the  affirmative  Roots,  or  more  by  the  value  or  one 
of  the  negative  Roots,  the  Quotient  lhall  be  an  Equation  in  which  the  firlt  Term  has 
fewer  Dimenfions  by  one  than  the  firlt  Term  of  the  Equation  fo  divided.  And  it  the 
Quotient  be  divided  in  like  manner,  there  will  come  forth  an  Equation  whole  firlt 
Term  has  tewer  Dimenlions  by  one  than  the  former  Quotient.  As  for  Example  let 
there  be  propoled  the  Equation  in  the  preceding  Prop.  4.  to  wit,  0000 — ^aaa — \yaa 
4-1060 — 120=0,  which  was  made  by  the  continual  Multiplication  of  0 — 2=0 
a — 3=0,  04-5  =  0  *  I  lay,  If  the  Equation  propofed  be  divided  by  any  one  of  tiie 
Binomials  0 — 2,  0—  3,  0 — 4,  0+5,  the  Quotient  will  be  an  Equation  wherein  the 
firft  Term  has  only  three  Dimenfions,  which  are  fewer  by  one  than  thole  in  0000  the 
firlt  Term  of  the  Equation  propoled.  So  if  the  laid  0000 — 4000 — 19004- 1060 — 1 20 
=0  be  divided  by  0 — 2=0,  there  willarile  000 — 200—230-1-60=0,  as  you  fee  by 
the  fubfequent  Divifion. 

0 — 2  )  0000 — 4000 — 1900-E1O60 — 120  (  000 — 200 — 2304-60 
0000 —  2000 


— 2000 — 1900 
— 2000  4-  400 

— 23004-1060 
— 23004-  460 


4-  600 — 120 
4r  600 — 120 


o  o 

Likewife  if  the  Quotient,  to  wit,  the  Equation  000—200 — 2304-60=^=0,  where 
the  firft  Term  000  has  three  Dimenfions,  be  divided  by  0 — 3=0,  there  will  ariffi 
004-0 — 20,  whole  firft  Term  00  has  but  two  Dimenfions.  And  laftly,  if  the  laid 
latter  Quotient  004-0 — 20  be  divided  by  0—4=0,  there  will  come  forth  a  fimple 
Equation,  to  wit,  04-5=0,  that  is  the  negative  Root  0= — 5. 

The  like  Divifion  may  be  pra&ifed  with  the  literal  Equations  at  the  latter  end  of 
Prop.  3.  and  4.  in  the  preceding  Sett.  5. 

3.  If  a  compleat  Equation,  thatis,  fuch  in  which  all  the  Terms  are  extant,  beprodu- 
ced  by  the  Multiplication  of  poffible  Equations  one  into  another,  you  may  difeover  how 
many  affirmative,  and  how  many  negative  Roots  that  Equation  has,  by  this  Rule,  viz. 
As  often  as  —  follows  next  after  4-,  or  4-  next  after  — ,  fo  often  there  is  an  affirmative 
Root ;  and  as  often  as  two  Signs  —  or  two  Signs  4-  Hand  next  to  one  another,  lb  often 
there  is  a  negative  Root.  As  for  Example,  in  this  Equation,  (before  formed  in  Prop.  4.) 
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to  wit,  aaaa—^aaa — 19**4-106* — 120  =  0,  becaufe  next  after  the  firft  Term  -\-aaaa 
there  follows  — 4 aaa,  it  (hews  there  is  one  Affirmative  Root  *  and  becaufe  next  after 
— 4 aaa  there  comes  — 1 9**,  it  fhews  that  the  Equation  has  one  negative  Root. 
Again,  becaufe  next  after  — 1 9**  there  follows  4- 106*,  it  hints  there  is  another  Affir¬ 
mative  Root  5  and  becaufe  next  after  4-106*  there  follows  — 120,  it  fhews  there  is 
a  third  Affirmative  Root:  fo  that  the  laid  Rule  difcovers  the  Equation  propos’d  to 
have  three  Affirmative  Roots,  and  one  negative  Root. 

4.  It  is  alfomanifeft  from  the  manner  of  forming  Equations  according  to  thePro- 
pofitions  in  the  preceding  Se8.  that  in  every  Equation  which  has  as  many  Affirma¬ 
tive  Roots  as  there  be  Dimenfions  in  the  firft  Term,  the  Co-efficient  or  known  Quan¬ 
tity  in  the  lecond  Term  is  equal  to  the  fum  of  all  the  Affirmative  Roots  5  and  the 
known  Quantity  in  the  third  Term  is  equal  to  the  fum  of  the  Produ&s  of  every  two 
of  the  faid  Roots  multiplied  one  by  the  other  ,  and  the  known  Quantity  in  the  fourth 
Term  is  equal  to  the  fum  of  the  Produ&s  of  every  three  of  the  faid  Roots ;  and  fo 
forward  when  there  be  more  Terms  :  but  the  laft  Term,  to  wit,  the  abfolute  Quan¬ 
tity  given  is  equal  to  the  Produft  of  all  the  Roots  multiplied  one  into  another.  As 
in  the  following  Equation  (before  formed  in  Prop.  3.)  viz. 

b'l  4-  be  1 

c  >cia  4~  bd>a  —  ted  =  o. 

d\  4"  cd  3 

S>aa  4“  26a  —  24  =  o. 


aaa  — 

That  is,  aaa  — 


Firft,  the  Sum  of  2,  3,  and4,  (thatis,  of  b,c,d)  the  three  Roots  of  that  Equation 
is  9,  which  is  the  known  Number  of  the  fecondTerm  —yaa.  Secondly,  the  Sum  of 
the  Prod  u£fs  of  every  two  of  the  faid  Roots  multiplied  one  by  the  other  is  26,  thatis 
4-k4-/^+<^which  is  the  known  Coefficient  of  the  third  Term  4-  2  6a,  or  ~bc-\-bd-^cd 
into*.  Andlaftly,  the  Product  of  all  the  three  Roots  multiplied  one  into  another is  24  or 
bed,  to  which  prefixing  —  it  makes  —  24,or  —bed,  the  laft  Term  of  the  Equation  propos’d. 

The  like  Properties  enfue  when  the  Sum  of  the  Numbers  of  Multitude  ojf  Affirma¬ 
tive  and  negative  Roots  is  equal  to  the  number  of  Dimenfions  in  the  firft  Term  of  an 
Equation  faving  that  here  in  liimming  up  all  the  Roots  which  compofe  thofe  known 
Quantities  in  the  fecondTerm,  and  likewife  the  Produfts which  compofe  the  known 
Quantities  in  the  following  Terms,  relpeft  muft  be  had  to  the  Rules  of  Addition  of 
4-  and  —  in  fuch  manner  as  the  Equation  propofed  if  it  be  found  altogether  by  Let¬ 
ters  will  direfl  ^  as  you  may  eafily  perceive  by  the  Equation  formed  in  Prop.  4.  of 
the  preceding  Sett.  5.  '  • 


VIE  How  to  free  an  Equation  from  Fractions,  when  * tis  incumbered  therewith  in 
the  fecond \  third ,  or  any  of  the  following  Terms.  Which  work  is  by  Viera 
called  Ifomceria.  7 


The  Rules  in  Chap.  12.  Bool  1.  fhew  how  to  reduce  an  Equation  fo,  as  that  the 
firft:  Term  may  have  no  Coefficient  butUnity  ^  but  if  after  any  Equation  is  fo  reduced 
there  happens  to  beany  Fra&ion  in  the  fecond,  third,  or  any  of  the  following  Terms 
fuch  Equation  may  be  reduced  to  another  whofe  Terms  fhall  be  all  Integers,  by  the 
Method  in  the  five  Examples  next  following. 

j Example  1. 

1.  Let  this  Equation  be  propos’d  to  be  reduced  to  another')  .  , 

in  Integers,  viz . .  m  $***+!*  =  225 

Operation . 

2.  Suppofe  e—2a,  (2 a,  becaufe  2  is  the  Denominator  of ) 

the  Fraction  4  J,  .  .  . . 3  • 

3.  Then  divide  each  part  of  the  laft  Equation  4>y  2,  (the  ) 

Denominator  aforefaid)  and  there  arifes  ...  .3 

4.  And  by  multiplying  each  part  of  the  Equation  in  the  ) 

third  itep  cubicaily,  there  comes  fotth . 3  • 

5.  Again,  by  multiplying  each  part  of  the  Equation  in  the 
third  ftep  by  |,  (the  Fra&ion  in  the  fecondTerm  of  the  ‘ 

Equation  firft  propofed)  it  makes . 


2a 


-=  * 


2 

eee 

If 


■  =  aaa 


if— 

4 


=  i-a 


6.  Then 


6.  Then  add  the  two  laft  Equations  into  one,  and  the  )  eee  je 

Sum  is  ........  .  .  .  =  aaa-\ 

7.  But  by  fuppofition  in  the  firft  ftep  ...  oX  — 

8.  Therefore  from  the  two  laft  Equations  (by  1  Axiom.  7  eee  3 \  ***+** 

I  Elem.  Euclid.)  . y — -p—  =  22  ? 

9.  Which  laft  Equation  being  reduced  to  Integers  (by  7  ^ 

Sett.  2.  Cbap.  12.  Book  1.)  gives  .  .  1  <~eee-\-6e  =  1800 

k"“"  >  r” b’  •'«  *“  •=«  !f  ?K  “ 

Example  1. 

Again,  if  this  Equation  be  propos’d,  .  .  ; 

It  may  be  reduced  in  like  manner  as  before  in  Ex-  7 
ample  1.  to  this,  viz.  .  .  .  .  .  .  r 

And  if  e  be  10,  then  a  fhall  be  5.  ’ 


aaa-^-Xa  =«  ilx. 
eee-\-6e  =  1060 


Example  3. 


aaa-\-’Laa  =  X1S 
eee-\-7)ee  =  1300 


,  aaa+s^a  =  i* 


<?  =  12* 


12 

eee 

1728 

u<? 

H4 


=  a 


= 


1  2 


So  likewife  this  Equation 

May  be  reduced  to  this . 

And  if  e  be  10,  then  a  is  7. 

Example  4. 

1.  Again,  let  there  be  propofed  .  . 

Operation. 

2.  Suppofe  e=i2 <*,  (120  becaufe  12  is  theDenomi-7 
nator  of  the  Fraction  44  in  the  fecond  Term)  .  .  y 

3.  Then  divide  each  part  of  the  laft  Equation  by  12,  ? 

( the  Denominator  aforefaid)  and  there  arifes  .  5  y 

4.  And  by  multiplying  cubically  the  laft  Equation,  7 

it  produces . .  .  .  ,  *  y 

5.  And  by  multiplying  the  Equation  in  the  third  ftep  7 

by-J4,  it  makes  .y 

6.  And^by  adding  the  two  laft  Equations  into  one,  the  7  eee  lie 

Sum  makes  .  .  .  *  n>  ....  j  +  144  “  aaa+^* 

7.  But  by  the  Equation  propoled .  ft  =  aaa\r±a 

84  Therefore  from  the  two  laft  Equations(by  1 .  Axiom.)  'eee '  ne 

1  Elem.  Euclid.) . J  T728  +  111  ~  ^ 

Which  Equation  reduced  to  Integers  gives  .  .  .  .  eee+ii2e  =  8208 

Thus  an  Equation  is  found  out  in  Integers;  and  when  the  value  of  e  is  difeovered 
the  value  of  a  in  the  Equation  propos  d  is  confequently  known ;  for  by  fuppofitior 
in  the  iecond  ftep  e  is  to  a  as  1 2  to  1 ;  therefore  if  e  be  1 8,  then  a  (hall  be  ip. 

Example  7. 

1.  Again,  let  there  be  propofed  .  .  *wa—  ioaaa+^iaa—ioAia+So'  =  o. 

' .  Operation . 

2.  Suppofe  e~6a^  (6a  becaufe  6  is  the  Denominator  7 

of  the  Fra&ion  4) . y 

3.  Then  by  dividing  each  part  of  the  laft  Equation  7 

c  by  6,  there  arifes  .  .  . . y 

4.  And  by  fquaring  the  laft  Equation  it  makes 

7.  Likewife  by  fquaring  each  part  of  the  laft  Equati-  V 
on,  there  will  be  produced . y 

6.  And  by  multiplying  the  Equation  in  the  fourth  7 
ftep  by  that  in  the  thirds  the  Produft  is  .  .  .  y 

.  M  m 


e  ~  6a 


6 

ee 

T* 

eeee 

1296 


=  a 


—  aa 


=  aaaa 


eee 

—  aaa 


21 6 


7.  And 
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loeee 

21 6 
27  $ee 

21 6 
6  2$e 

~J6~ 


=  I  o  aaa 


—  4  S&a 
=  1 044* 
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7.  And  by  multiplying  the  laft  Equation  by  10,  it  gives  \ 

8.  And  by  multiplying  the  Equation  in  the  fourth  ftep  ) 

by  45T-I-  it  produces . /*’*.**  ^ 

9.  And  by  multiplying  the  Equation  in  the  third  ftep  7 
by  1044,  the  Product -will  be  •  <  <  •  •  •  ♦  3 

1 0  Then  by  conneff  ing  the  Quantities  which  ftand  in  the  firft  Parts  of  the  Equations 
in  the  fifth  feventh,  eighth,  and  ninth  fteps,  together  with  89,  by  the  fame  Signs 
which  refpe&ively  belong  to  each  Term  of  the  Equation  propofed,  the  Sum  fhall 
be  equal  to  the  Sum  of  the  fame  Equation,  and  confequently  equal  to  nothing  5 

hence  this  Equation  arifes,  viz. 

eeee__  _  loeee  +  275^  __  62$e  +  =  0< 

•1296'  216,216  3d 

11.  Which  Equation  being  reduced  to  Integers  (by  Sett.  7.  Chap.  11.  Booh.)  gives 
eeee  —  6oeee  i6$oee  —  225001?  -f  1 15344  =  °* 

Thus  an  Equation  is  found  out  whofeTerms  are  all  Integers  ;  and  the  value  of  the 
Root  e  in  this  Equation  is  to  the  value  of  the  Root  a  in  the  Equation  propofed  as  6 
to  1  •  (for  by  fuppofition  in  the  fecond  ftep  e=6a:)  and  therefore  if  e  be  12,  then 

a  fhall  be  2  •,  or  if  e  be  1 8,  then  a  fhall  be  3. 

VIII.  How  to  tale  away  the  fecond  Term  of  a  Compound  Equation. 

The  Rule  is  this  *  Divide  the  Coefficient  (that  is,  the  known  Quantity)  multiple 
ed  into  the  fecond  Term  of  an  Equation  propofed,  by  the  Index  (or  Number  of  Di- 
menfions')  of  the  Power  which  is  the  firlt  Term.  Then  if  the  Signs  of  the  firft  and 
fecond  Terms  be  unlike,  (viz.  if  one  be  +  and  the  other  — )  fubtraft  the  Quotient 
from  the  Affirmative  Root  fought ;  but  if  the  Signs  be  like,  (that  is,  both  +  or  both 
—)  add  thefaid  Quotient  to  the  Affirmative  Root;  then  Equate  the  find  Sum  or  Re¬ 
mainder  to  feme  Letter  to  reprefent  an  unknown  quantity,  and  proceed  according  to 
the  Method  in  the  following  Examples  ;  fo  at  length  a  new  Equation  will  anfe, 
wherein  the  fecond  Term  is  wanting. 

•  •  •  •  » 


1. 


1. 


72 
=  o 


Example 

Let  there  be  propofed  this  Equation  .  .  •  •  •  •  aa  ~ 

0  Xhat  is  .  .  .  . . .  i  aa — 6a — 72  = 

r  Here  the  number  ofDimenfionsin  the  firft  Term  aa  is  2,  and  the  known  Number 
multiplied  into  a  making  the  fecond  Term  6a  is  6 ;  this  divided  by  the  faid  2  gives 
a  w  hich  fubtraaed  from  the  Root  a  (becaufe  the  Signs  of  the  firft  and  fecond  Terms 
are  unlike)  leaves  a— 3 ,  which  is  equal  to  fome  unknown  number,  lent  be  e ;  then, 

4.  By  luppoiition  .  .  .  .  ..  .  •  •  *  •  •  •  • 

5.  And  confequently  by  adding  5  to  each  part  or  that! 

Equation  there  arifes  •  •  •  •  •  •  \  *  *  4< 

6.  And  by  fquaring  each  part  of  the  laft  Equation  there  7 

comes  forth . _  %  *  *  *.  *  .*  4 

7  And  by  multiplying  each  part  of  the  Equation  in 
the  fifth  ftep  by  the  Coefficient  6  in  the  propofed 

Equation,  it  makes  .  .  ■  •  •  * . 

8.  Then  by  fubtrafting  the  laft  Equation  from  that  in  7 

'  the  fixth  ftep,  there  remains  .  .••••*  •  •  3 

9.  And  laffiy^by  fubtraaing.72  (the  laft  Termofthe;  „ 

Equation  propos’d)  from  the  Equation  m  the  eighth  6a—- 72  -  ee— fel-o 

ftep,  there  remains . . 3 

J  ~  ^  #  ,  i  ...  i  -it  *  .  *  *  . -4* 

Thusvou  fee  an  Equation  is  found  out,  to  wit,  ee — 81=0,  which  is  equal  to  the 
Equation  propofed,  and  it  wants  the  fecond  Term ,  (for  there  is  not  any  number  of  e 
in  the  Equation  found  out.)  Now  if  the  value  of  e  be  made  known,  then  the  value 
of  a  is  confequently  known  ;  but  the  Equation  found  out,  to  wit,  ee  81— o,  that 
is,  „=8i  gives  and  by  the  fifth  ftep  <*=*+?,  therefore  0=12.  £  ■ 


=  e 

S  4 

•  •  •  a 

=  '*-H 

.  .  aa 

=  ee-\-6e-\-^ 

.  .  6a 

=  6e\  18 

.  aa — 6  a 

=  ee — 9 

1 

*3 

1 

0 

II 

>-< 

CO 

I 

II 
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Example  z. 

1.  Again,  let  there  be  propofed  this  Equation,  viz.  .  .  00+60  =  2i6 

2.  That  is,  . 00+60 — 216  =  o 

3.  Here  (as  before)  I  divide  6. ,  the  Coefficient  in  the  fecond  Term  60,  by  2  which 
denotes  the  Number  of  Dimenfions  in  the  firft  Term  aa\  and  the  Quotient’*  I  add 
to  the  Root  0,  (becaufe  the  frit  and  fecond  Terms  of  the  Equation  have  the  fame 
Sign  + )  and  the  Sum  0+  3  is  equal  to  fome  unknown  Number,  let  it  be  e  1  then 

4.  By  fuppofition . a-f  3  =  e  5 

5.  Therefore  by  fubtra&ing  3  from  each  part  of  that 7 

Equation,  there  arifes . y  *  i ■  •  a  =  e — 3 

6.  And  by  fquaring  the  laft  Equation  there  comes  7 

forth  ..............  r  •  •  aa  =  ee— 60+9 

7.  And  by  multiplying  the  Equation  in  the  fifth  ftep  7 

by  6,  it  produces . 3  •  *  6a  —  6e— 18 

8.  Then  by  adding  the  two  laft  Equations  into  one,  7  ,  , 

the  fum  is . ;  . ' .  #  .3  •  aanm6a  __  ee — 9 

9.  And  by  fubtra  fling  216  (the  laft  Term  of  the  7 

Equation  propos’d  )  from  each  part  of  the  Equati-  £-00+ 60—  216  =  a— 225=0 
on  in  the  eighth  ftep,  there  remains  ....  3  > 

Thus  an  Equation  is  found  out,  to  wit,  ee-—  225=0,  which  wants  a  fecond  Term 
(for  there  is  no  Number  of  e  in  that  Equation 0  and  when  the  value  of  e  is  made 
known,  the  value  of  a  in  the  Equation  propos’d  is  known  alfo  5  but  the  Equation 
22'*=o,  that  is,  ce=2z$  gives  e—i 5,  and  by  the  fifth  ftep  0=e— 3  .  therefore 
0=12,  that  is,  17 — 3. 

.  Example  3. 

1.  Again,  let  this  Equation  be  propos’d  .  .  .  000— 1800— • 70+696=0 

2.  According  to  the  Rule  betore  given,  I  divide  18  the  known  Number  of  the  fecond 

Term  — 1 8 aa  by  3,  which  denotes  the  number  of  Dimenfions  in  the  firtt  Term  aaa 
and  the  Quotient  is  6,  this  I  iubtraft  from  the  Root  0,  (becaufe  the  Signs  of  the 
firft  and  fecond  Terms  are  unliked  and  the  Remainder  is  a— 6,  which  is  eoual  to 
fome  unknown  Number,  fuppofe  it  be  ^  then,  q 

3.  By  fuppofition . .  a—6=e 

4.  7  herefore  by  adding  6  to  each  part  of  that  Equa-  7  _ 

tion  there  arifes  .  .  .- . .  .  3  •  a—e-\6 

y  And  ty  fquaring  the  laft  Equation  it  makes  ....  00=^+ 12^+35 

6.  And  by  multiplying  the  two  laft  Equations  one  7  , 

by  the  other,  the  Produfl  is . 3  '  aaa—eee'‘i8eeiiQ8e+2i6 

7.  And  by  multiplying  the  Equation  in  the  fifth  ftep  7 

by  18,  'the  Coefficient  in  the  fecond  Term  of  the>  1 800=18^+ 2  i6<M- 648 
Equation  propos'd)  it  makes . ^  ^ 

8.  Likewife  the  Equation  in  the  fourth  ftep  being? 

multiplied  by  7,  (the  Coefficient  in  the  third  Term  >  70=72+42 

of  the  Equation  propos’d)  produces  ....  3 

9.  Then  to  the  Equation  in  the  fixth  ftep  adding  696,  (to  wit,  the  laft  Term  of  the 
Equation  propos’d)  the  Sum  is 

aaa -{-696  =  ft?e+ i8f?e+ 1080+912 
1  o.  Likewife,  by  adding  the  eighth  Equation  to  the  feventh,  it  makes 

1800+70  =  1800+223^+690 

1 J’  daftly,  by  fubtraaing  the  Equation  in  the  tenth  ftep  from  that  in  the  ninth,  this 
following  Equation  remains,  viz. 

aaa — 18  aa — 70  +  696  =  eee — 11504-222  =  o. 

Thus  an  Equation  is  found  out,  to  wit,  eee— 1150+222=0,  which  wants  the  fe¬ 
cond  Term,  (to  wit,  the  Power  eeh)  and  when  the  value  of  the  Root  e  is  made 
known,  the  value  of  the  Root  a  (hall  be  known  alio,  for  by  the  fourth  ftep  a—e-\-6  ^ 
therefore  if  e  be  2,  then  a  (hall  be  8  j  and  if  e  be  equal  to/112— 1,  then  a  fhall  be 
equal  to  R112+5. 
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Example  4. 

1.  Again,  let  there  be  propoled  ....  aaad\ 6aaa-\-waaf- 6a — ico  =  o 

2.  According  to  the  Rule  before  given,  I  divide  6  the  Coefficient  in  the  fecond  Term 
ArSaaa  by  4,  which  denotes  the  number  of  Dimenfions  in  the  firft  Term  aaaa,  and 
the  Quotient  is  4-,  which  I  add  to  the  Root  a ,  (becaule  the  Signs  of  the  firft  and 
fecond  Terms  are  like)  and  the  fum  is  A-fl,  which  is  equal  to  fome  unknown 
Number,  let  it  be  e  ,  then, 

By  fuppofition  .  *.  ...... 

Therefore  ......  .  ....  a 

The  Square  of  the  laft  Equation  is  .  . 

6-  And  the  two  laft  Equations  multiplied  ) 
one  by  the  other  make  .  .  .  .  *  .  y 

7.  And  the  Equation  in  the  fixth  ftep  be¬ 

ing  multiplied  by  that  in  the  fourth  ftep, 
will  produce . .  . 

8.  And  the  Equation  in  the  fixth  ftep  mul-  4 

tiplied  by  6  produces . y 

9.  And  the  Equation  in  the  fifth  ftep  mul-  ? 

tiplied  by  1 1  produces . y 

10.  And  the  Equation  in  the  fourth  ftep  ) 

multiplied  by  6  givds  j 


3 

4 

5 


=  ee — 


am  =  eec — Lee-Y-^e- 


.3  7 


aaaa  —  eeee — 6eee-\-llee — 


6aaa 


=  6  tec — 14^4- -uiig — 4 


6  2 


liaa  =  nee — jje-f 
.  6a  =  6c — o 


9  9 

■t 


11.  Now’tismanifeft,  that  if  from  the  Sum  of  the  firft  Parts  of  the  four  laft  Equations 
there  be  fubtra&ed  ico,  the  Remainder  will  be  equal  to  the  Sum  of  the  Equation 
firft  propos’d  equal  to  o  ^  therefore  alio  if  100  be  fubtra£fed  from  the  Sum  of  the 
latter  parts  of  the  faid  four  Equations  the  Remainder  fhall  be  equal  to  o,  viz . 

eeee — lee — 99tt  —  o. 

12.  In  which  laft  Equation  the  fecond  Term,  to  wit,  the  Powers,  is  wanting,  as  was 

defired.  And  when  the  value  of  e  is  made  known,  the  value  of  the  Root  a  in  the 
Equation  propoled  fhall  be  known  alfo  5  for  by  the  fourth  ftep  a=e — 4.,  but  (by 
the  Canon  in  Sett.  8.  Chap.i^.  Booh  1.)  the  value  of  e  in  the  Equation  in  the  eleventh 
ftep  will  be  found  V:  i^-f'/ioi  :  and  therefore  a=V~:  iqi  : — A. 

IX.  The  ufe  of  the  preceding  Rules  of  this  Chapter ,  in  the  Refolution  of  all  man* 

ner  of  Compound  Equations  in  Numbers. 


After  an  adfe&ed  or  compound  Equation  different  from  any  of  the  three  Forms  in 
Sett.  1.  Chap.  17.  Rook  1.  is  prepared  for  Refolution  by  the  Rules  of  Chap.  12.  Books. 
and  reduced  (if  need  be)  to  Integers,  and  the  fum  of  all  the  Terms  made  equal  to  o 
(or  nothing)  according  to  Sett.  7.  and  2.  of  this  Chap,  fearch  out  (by  the  Rules  of 
Chap.  8.  of  this  Book)  all  the  juft  Divifors  to  the  laft  Term  (that  is,  the  known  abfo- 
luteNumber  of  the  Equation  fo  reduced.)  Then  try  whether  any  one  of  thofe  Divi¬ 
fors  conne&ed  to  the  unknown  Root  a  by  —  or  -f ,  will  divide  the  total  Sum  of  the 
faid  reduced  Equation  without  leaving  a  Remainder  •,  for  whenfuchDivifionfucceeds, 
either  the  known  part  of  the  faid  Binomial  Divifor  is  the  defired  value  of  the  Root  a, 
or  at  leaft  the  Quotient  gives  an  Equation,  whole  firft  Term  has  fewer  Dimenfions  by 
one  than  the  Equation  divided  •,  and  then  the  Root  of  this  new  Equation,  if  its  firft 
Term  be  a  Square,  may  be  found  out  by  fome  of  the  Canons  in  Sttt.  6,8,io.  of  Chap, 
i  f  Book  j.  Buz  if  the  firft  Term  contains  three  or  more  Dimenfions,  let  this  Equa* 
tion  be  examined  by  Divifion,  (as  before,)  and  if  none,of  thofe  Divifions  work  off  juft 
without  a  Fra&ion,  then  by  taking  away  the  fecond  Term,  (by  the  Rule  in  Sett.  8. 
of  this  Chap  )  another  Equation  more  fimple,  and  fuch  as  may  be  refolved  by  fome 
of  the  Canons  in  Sett.  6, 8, 10.  Chap.  17.  Book  1.  will  fometimes  arife.  But  if  none 
of  thofe  ways  prove  effeffual,  you  may  by  the  general  Method  in  the  foregoing  Chap. 
jo.  find  out  one  affirmative  Root  very  near  a  true  Root,  and  then  joyning  this  Root 
found  out  to  the  unknown  Root  a  by  the  Sign  — ,  you  may  by  this  Binomial  divide 
the  Equation,  and  proceed  to  find  out  the  reft  of  the  Roots  very  near  the  truth.  All 
which  will  be  made  manifelt  by  the  following  Queftions. 


QUEST- 
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QUESTION.  1. 

If  t  .  .  000*^*9004-260  =  24 'I*™.  •  1 

That  is,  if  „  .  .  000 — yaa-\-26a — 24  =  o  3  W hat  is  the  Number  a  > 

R  E  S  0  L  UT  10  N. 


Firft,  (by  the  Method  in  Sett.  7.  Chap.  8.  of  this  Book)  I  fearch  out  all  the  Num¬ 
bers  that  will  feverally  divide  the  laft  Term  24  without  a  Remainder,  and  find  them  to 
be  thefe,  viz.  1,2,3,436,8,12,24*  Then  by  examining  in  order  whether  the  total  fum 

of  the  Equation  propos’d  may  be  divided  by  a — 1  or  a-\- 1,  by  a _ 2  or  a-\-  2  Cfc.  I 

find  it  maybe  exaaiy  divided  by  0—  2  without  a  Remainder,  and  the  Quotient  is  00— . 
704-12,  as  you  fee  by  this  following  Divifion. 

a — 2  )  000—9004-  26a — 24  (  aa — 704-12 

aaa — ~iaa 


— 7004-260 
— 700-f 140 


4-12(3' — 24 

4-120—24 


O  O 

Therefore  2  the  known  Number  in  the  Divifor  a— 2  is  one  real  or  affirmative  Root 
of  the  Equation  propofed  j  for  as  well  the  Divifor  as  the  Dividend  was  fuppofed  equal 
to  nothing,  viz.  a  2=0,  wffience  0= 2  ^  the  Quotient  alio  is  consequently  equal  to 
o,  viz.  aa — 70-f- 12  =  o,  that  is,  7 a — aa—  1 2 ;  hence  (by  the  Canon  in  Se&.  1  of  Chap. 
1  Book  1.)  two  other  affirmative  values  of  the  Root  a  will  be  discovered,  to  wit,  4 
and  3.  So  that  three  real  values  of  0,  to  wit,  2,  3,  and  4,  are  found  out,  by  every 
one  of  which  the  Equation  propos  d  may  be  expounded,  as  the  Proof  will  eafily  fhew. 


& UESTIO  N  2. 


If 

That  is,  if 


000- 

000- 


2—  22004- 1 77a  =  i6o\UTU  „  . 

*— 22^+1574-360  =  o  I What  1S  a=? 

RESOLUTION. 

Firft,  the  Divifor  of  the  laft  Term  360  will  be  found  thefe,  1,2,3,4,7,6,8,9,10, 
1 2,1 7,1 8,20,24,30,36,40,47,60,72,90,1 20,1 80,  and  360  j  then  by  examining  in  order 

whether  the  fum  of  the  Equation  propos’d  may  be  divided  by  a — 1  or  a 4-1,  by  a _ 2 

or  « 4- 2,  by  a—  3  or  *4-3,  Cfc.  I  find  that  a—  7  will  precifely  divide  the ’laid  Sum 
without  a  Fraction,  and  therefore  7  is  one  affirmative  Root  or  Value  of  ah  then  the 
Quotient  aa— 1704-720=0,  that  is,  170—00=72  affords  two  other  affirmative  va^ 
lues  of  a ,  to  wit,  8  and  9.  Thus  you  fee  three  real  values  of  0,  to  wit,  7,  8,  and  9 
are  found  out  *  by  every  one  of  which  the  Equation  propofed^  to  wit,  000—2200-4- 
1770  =  360  may  be  expounded,  as  will  appear  by  the  Proof. 

QUESTION.  3. 

If  .  .  .  91  a— aaa  =  330  7 

That  is,  if  .  .  .  aaa — 9104-330  =  0  3 

RESOLUTION. 


■What  is  0=? 


Firft,  the  Divifors  of  the  laft  Term  330  will  be  found  1,2,3,7,6,10,11,17,22,30 
77,66, 1 10,167,  and.330  ^  then  by  examining  in  order  whether  the  fum  of  the  Equa¬ 
tion  propos’d,  to  wit,  aaa — 9104-330  may  be  divided  by  0 — 1  or  0-fi,  by  0 _ 2  or 

fl4-2,  Cfc.  I  find  it  may  be  divided  by  a — 7  and  leave  no  Remainder ;  therefore  0 _ - 

y=o_gives  a— 7,  which  is  one  affirmative  Root  of  the  Equation  propos’d,  and  the 
Quotient  004-  7^  66= o,  that  is,  aa-\-^a— 66  affords  another  affirmative  value  of 
0,  to  wit  6.  So  that  two  real  values  of  0  are  found  out,  by  each  of  which  the  Equa* 
tion  propos’d  may  be  expounded  ^  for  if  a— 7,  or  0=6,  from  either  fuppofition  it 
follows  that  9 1 0 — 000  =  330. 

QUESTION  4. 

To  find  two  Numbers  whofeSum  (hall  be  7,  and  that  if  the  Sum  of  their  Squares 
be  multiplied  by  the  Sum  of  their  Cubes,  the  Produff  may  be  477. 


RE~ 
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RESOLUTION. 

This  Queftion  may  befolved  by  the  Canon  of  ffctejt.  13.  Chap.  16.  Booh,  but  that 
Canon  being  raifed  from  Poiitions  that  lie  out  of  the  common  Road,  I  fhall  here  folve 
the  Queftion  in  the  ordinary  way,  and  fo  it  will  exercife  the  preceding  Rules  of  this 
Chapter.  Firft  then,  '  Vj 

1.  For  one  of  the  Numbers  fought  put  .  ...  a 

2.  Therefore  the  other  Number  is .  5 — a 

5.  The  fquare  of  the  firft  Number  is  ...  •  era 

4.  The  Square  of  the  fecond  is  ......  tat — 1004-2? 

5.  The  Sum  of  thole  Squares  is . 2  aa — 1004-25 

6.  The  Cube  of  the  firft  Number  is  ..  .  .  ctaa 

7.  The  Cube  of  the  fecond  is  ...  •  •  .  — 0004*1500 — 7504-125 

8.  Therefore  the  Sum  of  thole  Cubes  is  ....  4r*500 — 7504-125 

9.  Which  Sum  being  multiplied  by  the  Sum  of  the  Squares  in  the  fifth  ftep  gives 

this  Produft,  viz.  30 aaaa — 3000004-1375^ — 312504-3125. 

10.  But  according  to  the  Queftion,  the  Product  in  the  laft  ftep  muft  be  equal  to  the 
given  Produft  455,  hence  this  Equation  ariles, 

30 aaaa — ^ooaaa-^  l^-j$aa — 312504-3125  =  455. 

11.  And  by  fubtra&ing  455  from  each  part  of  the  laft  Equation  this  ariles, 

30 aaaa — 3  00000  4* 1 37500 — 3 1 250-p  2670  =  o. 
iz.  And  by  dividing  every  Term  in  the  laft  Equation  by  30  this  ariles. 

aaaa — 1 00004- 45-f^0 — 1 044#  4"  89  =  Q 

13.  Then  by  fuppoling  5=60,  and  proceeding  according  to  the  Example  5.  in  Self.  7. 
of  this  Chap,  to  free  the  Equation  in  the  preceding  twelfth  ftep  from  FraUions* 
this  wiil  be  produced,  viz. 

eeee — 6o£^4"  *650^ — 2250054-1  15344  =  o. 

14.  Now  the  Divifors  of  the  laft  Term  U5344  will  be  found  1,2,3,4,6,8,9,12,18, 
24,27,  Cfc:  and  after  tryals  made  by  Divilion,  (like  as  in  the  three  laft  preceding 
Quettions)  I  find  that  5—12=0  will  precifely  divide  thefum  of  the  Equation  in 
the  thirteenth  ftep,  and  therefore  1 2  is  one  true  value  of  e.  Again,  the  Quotient 
of  that  Divilion  being  ece — 48554-1074* — 9612,  I  feek  the  Divilors  of  the  laft 
Term  9612,  and  find  them  to  be  1,2,3,4,6,9,12,18,27,36,  &c,  Then  after  tryals 
made  (as  before)  I  find  that  e — 18  will  exactly  divide  the  faid  eee — 48^4-10745 
— 9612,  and  therefore  18  is  one  other  affirmative  value  of5^  and  becaufe  the  Quo¬ 
tient  of  the  laft  mentioned  Divilion,  to  wit,  ee — 305-F 534=0,  that  is,  30*? — e& 
=  534,  is  an  impoffible  Equation,  (as  is  evident  by  the  Determination  in  Sell 

Chap  1  5.  Bonk  i.)  I  conclude  that  the  Equation  in  the  thirteenth  ftep  has 
no  other  Root  or  Value  of  e  befides  1 2  and  1 8  before  found.  But  becaule  by  fup- 
polition  in  the  thirteenth  ftep  e—6a ,  4.  of  12  and  likewife  of  18,  that  is,  2  and  3, 
ftiall  be  the  true  values  of  a  to  folve  the  Queftion,  for  their  fum  is  5  j  and  if  13 
the  fum  of  their  Squares  be  multiplied  by  35  the  fum  of  their  Cubes,  the  Product 
is  455,  as  was  delired. 

Sometimes  the  taking  away  of  the  fecond  Term  of  an  Equation  (by  the  Rule  in 
Sell.  8.  of  this  Chap.)  will  be  an  Expedient  to  find  out  an  Equation  refolvable  by  lome 
of  the  Canons  in  Sell.  6,8,  and  10.  Chap.  15. Book  1.  when  tryals  by  Divilion  (as  be¬ 
fore)  will  be  in  vain,  as  will  appear  by  the  following  fifth  Queftion,  which  I  find  re¬ 
solved  two  manner  of  ways  in  Pag.  319.  of  Cartejius  his  Geometry,  let  forthwith 
Comments  by  Fran.  van.  Schooten ,  and  Printed  at  Amflerdam  1659. 

‘  QU  E  S  T  10  N.  5. 

To  find  four  Numbers  in  Arithmetical  Progrelfion  continued,  fuch  that  their  common 
Difference  may  be  Unity, and  the  ProduU  made  by  their  continual  Multiplication  ioo* 

RESOLUTION 

1.  For  the  firft  Number  put . a 

2.  Then  the  fecond  ftiall  be  .......  04-1 

3.  The  third . . . 04-2 

4.  And  the  fourth  .  .  .  .  * . <*4.3 

5.  Therefore  the  ProduU  of  their  continual  7 

Multiplication  is . f  aatat+6aaa+iiaa+6a 


6.  Which 


chap:  1 1. 


having  many  Roots . 


/ 


2  79 


6.  WhichProduamuftbeequaltoioo,) 

therefore . .  •  _)  1 

~j.  That  is,  .  .  ^ . aaaa-\- 6aaa-\-i\aa-\- 6a — ico  =  o 

8.  Of  which  Equation  the  laftTerm  ioo  may  be  divided  by  1,2,4,5,10,20,27,50,  and 
iooj  butDivilion  being  tried  by  0— -  or  4i,  by  0 — or  42,  by  0 —  or  4 4’  etc, 
it  proves  ineffeflual.  Then  by  taking  away  the  fecond  Term,  (as  in  Example 4. 
Sett.  8.  of  this  Chap.)  this  Equation  arifes,  viz.  eeee— iL.ee — 99^=0,  in  which 
the  Root  e  (by  the  Canon  in  Sett.  8.  Chap.  15.  Book  i.j  will  be  found  equal  to 
V :  1  -H-vToi:  but  in  taking  away  the  fecondTerm  a  was  put  equal  to  e— 4,  and 
therefore  a=Y  :i-H-VToi :  —  and  confequently  from  the  firft,  fetond,  third, 
and  fourth  fteps, 


Y 


■Y 101 


V :  144V101 


The  four  Numbers  fought  are  t 'tefe^Y^TiL+Y \ 01 


Y :  144V101 


+  - 
■  h 

”z 


+  1 


Which  Numbers  exceed  one  another  by  Unity,  and  the  ProduU  of  their  Multipli¬ 
cation  is  100,  as  before  has  been  proved  in  hiejl 3.  SeB.  17.  Chap.  9.  of  this  Book. 

* 

Another  way  oj  Refolvhig  Queft.  5. 

For  the  firft  number  put  a — 14,  for  the  fecond  a — 4,  for  the  third  a +4,  and  for 
the  fourth  0+14  *  then  by  multiplying  thefe  four  Numbers  one  into  another,  and 
comparing  the  Produft:  to  ico,  this  Equation  arifes,  viz.  aaaa — 2400=99^4-  whence 
the  four  Numbers  fought  will  be  found  the  fame  as  before, 

E  ST  10  N  6. 

1.  .  If  .  .  .  80346300— 04—341*  =  1304 

2.  That  is,  if  .  .  .  0* — 803 — 6300434^+ *3°4  =  °5 

What  is  the  Number  a  > 

RESOLUTION. 

3.  The  Divifors  of  thelaft  Term  1304  are  1^2, 4, 8, 163,326,  and  1304-,  then  after 

tryals  made  by  Divifion,  (as  in  the  preceding  Queftions)  I  find  0—8=0  will  exa&ly 
divide  the  fum  of  the  Equation  propofed  without  any  Remainder,  and  therefore  8 
is  one  affirmative  value  of  the  Root  a,  Again,  becaufe  the  Divifors  of  163  the 
laftTerm  of  this  Equation  aaa — 63a — 163=0,  (which  was  the  Quotient  of  the  laid 
Divifion) -are  only  Unity  and  163,  I  try  to  divide  the  Equation  laft  mentioned  by 
a — 1  and  041?  likewife  by  a — 163  and  $  but  none  of  thefe  Divifions 

working  off  juft  without  a  FraUion,  and  there  being  no  fecond  Term  to  be  taken 
away,  I  fearch  out  one  affirmative  value, of  a  out  of  the  laid  Equation  aaa — 630 — 
163=0,  (that  is,  aaa — 630=163)  by  the  general  Method  in  the  foregoing  Chap. 
10.  and  thereby  difcover  0=9.0055,  etc.  then  I  divide  the  faid  Cubic  Equation 
aaa — 630 — 163=0,  by  0 — 9.0055=0,  and  theQuotient  (the  Remainder  after  the 
Divifion  is  ended  being  negle&edj  is  0049.005504 18.09903025=0  ^  but  this 
Equation  cannot  poffibly  haye  any  affirmative  Root,  and  therefore  I  conclude  that 
the  Equation  firft  propos’d  to  be  refolved  has  only  two  affirmative  Roots  or  Values 
of  0,  to  wit,  8  and  9.0055,  etc.  found  out  as  above.  : 

By  the  like  Operation  it  will  appear,  that  this  Equation  0 4 — 1703 — 21200449790  * 
. — 21 131=0  may  be  expounded  by  every  one  of  thefe  three  Roots  or  Values  of  0,  to 
wit  11,7.1125,  Ctc.  and  15.8874,  etc.  but  by  no  other  affirmative  Root. 

When  the  Index  of  the  Power  of  the  unknown  Quantity  in  every  Term  of  an  Equa¬ 
tion  is  an  even  number,  the  Refoludon  of  fuch  Equation  will  admit  of  a  Contra&ion, 
which  will  be  made  manifeft  by  this  following 

QUESTION.  7/ 

1.  If  .  .  .  .  a6 — 290*4  2440* — 576  ~  o;  What  is  0=? 

RESOLUTION. 

2.  Here  becaufe  the  Indices  of  the  unknown  Powers  are  even  Numbers,  \ 

to  wit,  6, 4,  and  2,  put  .  ,  .  ",  .  .  .  *  .  .  5 


.  3.  Then 
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C-ftfs  ?  C-f^ 

5.  Then  for  *  *  .  i  :  .  *  .  :  «  ■s — 2904  >  write  < — zge* 

^-i-244^2  ^  .  £4-2442 

4,  T 0  which  Powers  of  e  joy  n  — 976,  thelaltTermof  the  given  Equation,  and  it  makes 

c3 — 29^4- 2442-—  576  =  o. 

5.  Which  laft  Equation  being  refolved  by  Divifion,  (in  like  manner  as  in  the  preceding 
Examples  of  thisSe&ion)  there  will  be  found  three  affirmative  values  of  the  Root 
2,  viz.  4,  9,  and  16  ;  then  becaufe  2  was  put  equal  to  aa;  thefquare  Foot  of  4  9 
and  16,  that  is,  2,  3,  and  4,  (hall  be  three  Roots  or  Values  of  a  in  the  Equation  firft 
propofed,  to  wit,  a6— 2 9^44- 244a2-— $ 76=0,  as  may  eafily  be  proved. 


I  might  here  fhew  how  to  reduce  a  Biquadratic  Equation,  not  falling  under  any  of 
the  three  Forms  in  Se&.i.  Chap.  1 9.  Book.  1.  to  a  Cubic  Equation,  and  fometimes  into 
two  Quadratic  Equations,  but  I  fhall  fpare  that  labour  for  thefe  Reafons :  Firft  that 
Reduction  being  fubjeft  to  many  cafes,  is  very  tedious  and  troublefom.  Secondly,’  fuch 
a  Biquadratic  Equation  is  feldom  capable  of  being  reduced  into  two  Quadratic  Equati¬ 
ons  *  and  when  ’tis  reduced  to  a  Cubic  Equation,  this  may  happen  to  be  fuch  as  its  Root 
or  Roots  in  Numbers  cannot  be  perfectly  found  out  by  any  Rules  hitherto  publifh’d  by 
any  Author.  Thirdly,  by  the  Method  in  this  ninth  Section  all  the  Roots  of  any  Cu¬ 
bic,  Biquadratic,  or  other  Equation  of  higher  degrees,  may  be  found  out  in  Numbers 
either  exa£Uy  if  they  be  Rational,  or  as  near  the  truth  if  they  be  Irrational,  as  (hall  be 
needful  for  any  praftical  ufe.  And  laftly,  my  undertaking  (as  I  have  before  hinted) 
is  not  to  handle  all,  but  the  moft  ufeful  Rules  only  in  this  profound  Art.  J 

Note.  The  Refolutions  of  the  preceding  Queftions  of  this  ninth  Seftion  do  clearly 
fhew,  that  there  is  no  ftnall  labour  in  making  tryals  with  the  Divifors  of  the  laft  Term 
of  an  Equation  to  find  its  Root  or  Roots-,  and  therefore  to  leffen  that  work  firft  it 
will  be  convenient  to  make  fome  tryals  by  the  general  Method  in  the  foregoing' 'chauio 
to  find  out  Limits  within  which  the  Root  or  Roots  of  an  Equation  do  fall  or  to  argue 
the  fame  from  fome  things  given  in  a  Queftion  producing  the  faid  Equation  and  then 
to  make  tryals  only  with  fuch  Divifors  of  the  laft  Term  as  fall  within  thofe  Limits  - 
but  when  all  Contraftions  are  ufed,  the  work  is  fufficiently  laborious,  fo  that  one 
chief  Scope  of  an  Analy  ft  in  refolving  a  knotty  Queftion  muft  be  to  frame  his  Pofitions 
with  fuch  artifice,  that  tbeRefolution  may  end  in  as  iimple  anEquation  as  is  poffible 
And  altho  one  way  of  Refolution  may  produce  an  Equation  compofed  of  high  Pow¬ 
ers,  yet  oftentimes  by  another  way  you  may  come  to  a  more  Ample  Equation  as 
may  partly  appear  by  the  foregoing  fourth  and  fifth  Queftions  of  this  Seftion  •  but 
the  skill  of  finding  out  the  moft  Ample  and  facil  ways  of  Refolution,  is  not  attaina¬ 
ble  (as  I  conceive)  by  any  certain  or  conftant  Method,  but  rather  by  much  ufe  and 
exercife  m  the  folving  of  Queftions. 


5e6h  X.  Concerning  the  Refolution  of  certain  Cubic  Equations  in  Numbers  by  two 
Rules,  the  Invention  whereof  Cardanus  attributes  to  Scipio  Ferreus. 

1.  All  Cubic  Equations,  after  the  fecond  Term  is  taken  away,  when  there  happens  to 

beany,  (by  the  Rule  in  Sett.  8.  of  this  Chap.)  are  reducible  to  thefe  three  follow¬ 
ing  forms,  in  which  a  reprefents  the  Root  or  Quantity  fought,  but  p  and  q  known 
Quantities.  *  * 

aaa  =  —  6a-\-  20  aaa  =  — pa-\-q 

aaa  =2  4"  ha-\-  40  aaa  =2  J^^a-yq 

aaa  =  4~9ldr — ?3°  aaa  ~  4 -pa — q 

2.  Now  let  it  be  required  to  refolve  the  firft  of  thofe  Equations,  viz. 

It  aaa  = x  — 6^4-20,  Or  aaa  =  —pa-\-qh 
What  is  the  value  of  a  ? 

Preparation. 

3.  Suppofe  . . .  — 

4.  Suppofe  alio . 20  = 

And  .  .  \  6  — 

6.  Then  by  multiplying  each  part  of  the  ? 

Equation  in  the  third  ftep  into  itfelf  >ada  =5 
Cubically,  this  is  produced,  viz.  \ 


e  — y 
eee — yyy 

I® 


eee—  ^eeyAr'i  eyy~~yyy 


7.  And 


the  other,  it  makes 

8.  And  by  fubtra&ing  the  Equation  in"/ 

the  leventh  ftep  from  that  in  the  >20— 6a  =  eek—ien-\-‘ien—w» 
fourth,  there  remains  .  .  .  .  ^  m 

9.  Therefore  by  the  fixth  and  eighth  ) 

ifeps ’tis  manifeft  that  .  .  .  .  yaaa  ~  eee  leey+3eyy—yyy  =  20 — 6a 

10.  From  the  premises  it’s  evident,  that  if  in  the  Equation  propos’d  to  be  refolv’d  tr 

wit,  aaa  =  —6a +  20,  or  aaa  = —pa+q,  we  luppole  the  Root  a  fought  to  be 
equal  to  the  difference  of  two  unknown  numbers  candy ;  alfo  the  abfolbre  nnm 
her  20  ( or  q )  to  be  equal  to  the  difference  of  the  Cubes  of  the  S 
two  numbers,  and  the  Co-efficient  6  (or  p)  to  be  equal  to  the  triple  Produfl-  of  thrir 
^u'tiplioMion :  then  as  well  aaa  as  io-6a  (that  is,  q-pa)  ffiall  be  equal  to  the 
Cube  of  the  differenceof  thole  two  numbers,  tra.  to  the  Cubeofe— y  •  and  therefore 
when  two  fuch  numbers  arefound  out,  their. difference  ffiall  be  the  Root  or  number 
ufought  But  tofind  out  the  faid  two  numbers  .{e.andyj  there  is  given  the  Produff 
of  their  Multiplication,  to  wit  2  (or  ip)  that  is,  one  third  part  of  the  Co-efficient 
as  alfo  20  (or  q)  the  difference  of  the  Cubes  of  the  fame  two  numbers  And  1  hem 
fore  the  numbers  themfelves  (hall  be  given  feverally  by  the  Canon  of  Onefl  f- 
Chap.  16.  Book  1  and  confequently  the  Root  «  fought  (hall  be  given  affix  as  will' 
be  made  manifeft  by  this  following  5 


ioo 

8 

I08 

'/ioS 

io-FV  108 
^(3)  :  io+ZioB: 

t 

"““IO-fl/  1 08 


Fl<l 


r? m 


Operation, 

11.  To  the  Square  of  half” 
the  given  Abfolute  num- ' 
ber  20  (or  q )  viz.  to  . 

32.  Add  the  Cube  of  2 
(or  -Ip)  viz.  the  Cube  of( 
i  of  the  Co-efficient  6 
(or  p )  which  Cube  is 

13.  The  Sum  is  ...  . 

14.  The  Square  Root  ofV 

that  Sum  is  .  .  .  y 

15;.  To  that  Square  Root 
add  half  the  Abfolute 
number  20  (or  q)  and 
the  Sum  is  ...  . 

1 6.  The  Cube  Root  of  that  * 

Sum  is  the  greater  num¬ 
ber  e  fought,  viz.  .  .  ^ 

17.  Again,  from  the  fquare- 
Root  in  the  fourteenth/ 
ftep  fubtraft  half  the  ab¬ 
folute  number  20  (or  <7)*! 
and  the  Remainder  is  . 

1 8i  Then  the  Cubic  Root 
of  that  Remainder  (hall 
be  the  lelfer  number  j 
fought,  viz.  .  .  .  ■ 

19.  And  then  the  difference  of  the  two  Cubic  Roots  found  out  in  the  fixteenth  and 
eighteenth  fteps  fhall  be  the  value  of  the  Root  a  in  the  Equation  propofed  viz. 

a  =  1  -fvToB: — V(l): — 10-+V108  :  that  is, 

a  =  =  — V(3)  :  — jfjp: 

20.  It  remains  to  make  tryal  whether  the  Binomial  10+VT08  has  a  perfeft  Cubic 
Root  or  not}  io  by  the  Rule  in  Seff.  18  .Chap.  9.  of  thisfecond  Book,  it  will  appear 
that  1A-V3  istheCubic  Root  of  1  off- 1/108,  and  1/3— 1  is  the  Cubic  Root  of 
1/108— 10}  and.  confequently  the  value  of  the  Root  a  before  found  out  in  the 
nineteenth  ftep  is  exprelfible  by  a  rational  number}  for  if Vj—i  be  fubtraaed 

N  n  from 


V  C3):  — 10-fV 108 


tVQ+tFPPP 

v-tw+ttupFi 

Fq-FV^qq-F-pppp 


3 ) :  Ft +  ^Fqq  -f  -v'rppp  • 


•Fq+Vl-qq-F-^ppp 


:  — Fq-FVFqq-F- 


-FPPP  • 
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from  14Y3,  Remainder  2  is  the  defired  value  of  a  in  the  Equation  propofed  * 

for  if  a  =  2,  then  ***=20 — or  d<*3-E6a==20..  . 

or  Tn  like  manner  by  the  Canon  in  the  foregoing  mneteeth  ftep  the  value  of  *  in  this 
Equation  «**+ 4 =*4,  will  he  found  this  that  follows,  v,z.  _ 

„  =  V(3)  :32+Vi753 :-/(?): -?2+Vi75?- 
But  this  value  of*  cannot  be  expreft  by  any  rational  number,  becauie  the  Binomial 
2 tA-V i 7 2  has  not  a  perfea  Cubic  Root,  and  therefore  the  faid  value  muft  either 
reft  in  that  Surd  Form,  or  elfebe  expreft  by  fome  rational  number  near  the  true  value, 

which  will  be  found  2.  05,  &c.  that  is,  2.-rr-?-i  &c.  r  ,  r  A 

22.  In  the  next  place  let  it  be  required  to  refolve  a  Cubic  Equation  of  the  fecond 

of  the  thiee  Forms  before  mentioned,  viz. 

If  t  .  .  .  ,  ***  —  6*44°  5  or,  =  FI4S'> 

What  is  the  value  of  a  > 

Preparation. 

22.  Suppofe  .  .  :  .  .  i  .  •  .  .  a  =  e^~y 

24.  Suppofe  alfo, . 4°  =  eee+M 

6  =  ley 


aaa  =  eee-^^eey^^eyy-^yyy 


6a  =  leey+ieyy 


25.  And 

26.  Then  by  multiplying  each  part  of  ( 
the  Equation  in  the  twenty  third  ftep  ( 
into  itfelf  cubically,  this  is  produced,  _ 

27.  And  the  Equations  in  the  twenty 

third  and  twenty  fifth  fteps  being  mu-  ' 
tually  multiplied  one  by  the  other 
will  produce  .  «  .  . 

28.  And  the  Sum  of  the  Equation  in 7 

the  twenty  fourth  and  twenty  feventh>6*44°  —  eee+3eey+^eyy+yyy 
fteps  makes . . 

29.  Therefore  by  the  twenty  fixth  and")  aaa  __  eeej^^eey’\-^eyy-\-y\y=6a-\-Ao 
twenty  eight  fteps  ’tis  evident  that  .J 

30.  By  t  he  eight  laft  preceding  fteps  ’tismamfeft.  That  if  in  the  Equation  propos'd  to 
'  be  refolved,  to  wit,  **«=6«+4o,  or  Jda=pa+q,  we  fuppofe  the  Root*  fought 

to  be  equal  to  thefum  of  two  unknown  numbers,  e  and  y,  alfo  the  abfolute  number 
40  for  q)  to  be  equal  to  the  fum  of  the  Cubes  of  the  fame  two  numbers,  and  the 
Co-efficient  6  (or p)  to  be  equal  to  the  triple  Produft  of  their  Multiplication,  then  as 
well  ***  as  6*440  (that  is,  p* 4 #)  Thai!  be  equal  to  the  Cube  of  e+y  5  and  there¬ 
fore  when  two  fuch  numbers  are  found  out,  their  fum  (hall  be  the  Root  or  number  * 
fought  But  to  find  out  the  faid  two  numbers  (e  and  >•)  there  is  given  the  Produft  of 
their  Multiplication,  to  wit  2  (or#)  that  is,  -fpartofthe  Co-efficient,  as  alfo  40 
(or  q)  the  f  um  of  the  Cubes  of  the  fame  two  numbers,  and  therefore  the  numbers 
lhall  be  given  feverally  by  the  Canon  of^- 14*  Cb.  16.  Book  1 .  and  confequently  the 
Root  *  fought  (hall  be  given  alfo.  All  which  will  be  made  manifeft  by  this  following 

Operation. 

31.  From  the  Square  of  half  the  given  \ 


400 


8 

39* 

^392 


abfolute  number  4o(or  g )  viz.  from  ) 

32.  Subtract  the  Cube  of  2  (or#)  ) 
viz.  the  Cube  of  4  of  the  Co-effici-  > 
ent,  which  Cube  is  ...  .  3 

3  3 .  The  Remainder  is  .  .  .  . 

34.  The  fquareRoot  of  that  Remaind.  is 

35.  Which  lquare root  added  to  half 7 

the  abfolute  number  40  (or  gj>  204^392 
makes  the  fum . j 

36.  The  Cubic  Root  of  the  fum  in  )  — 7-7-— ~ 

the  laft  ftep  is  the  value  ofe  ,  4 (?):20+/3?2: 

37-The  fquare  root  in  the  thirty  fourth  7 
ftep  being  fubtrafted  from  half  the  >  20 — 4392 

abfolute  number  40  (org)  leaves  3 

38.  The  Cubic  Root  of  that  Remain-  ?  y. _  _■  1 47 

der  is  the  value  of  y  .  .  .  . 


m 

Appp 

iw—Appp 


rq+Vi-qq—^fpp  : 


V(l)'.~q-W±qq—^ppp: 


±q—V~qq—APPP 


^(3)  *•  42—' V?qq— r±m : 

3  6  Then 


)  >  «  «* 
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39-  Then  the  fum  of  the  two  Cubic  Roots  found  out  in  the  thirty  fixth  and  thirrv 
eighth  fteps  (hall  be  the  value  of  the  Root  a  in  the  Equation  propos’d  to  be  refolded 
a  =  V(i)  -  2  -f  /392  :  -fV(3 )  •  2o  -f  /3Q2  :  that  is, 

40.  It  remains  to  make  tryal  whether  the  Binomial  20-4/392  ha.s  a  perfe£t  Cu¬ 
bic  Root  or  not  *,  fo  by  the  Rule  in  Sett.  1 8.  Chap.  9.  of  this  Iecond  Book,  you  will 
find  24-/2  to  be  the  Cubic  Root  of  204-/392,  and  2-/2  the  Cubic  Root  of 
20— /^2,  and  confequently  the  value  of  the  Root  a  before  found  out  in  the  thirty 
ninth  ftep  is  exprelTible  by  a  rational  Number  5  for  if  2 — V 2  be  added  to  24// 
the  fum  4  is  the  defired  value  of  a  in  the  Equation  propofed  to  be  refolved  :  for  if 
«= 4,  then  aaa  =  6a-\- 40. 

41.  Another  Example  of  refolving  a  Cubic  Equation  of  the  Iecond  form  may  be  this 
viz.  Let  it  be  required  to  find  the  value  of  a  in  this  Equations =i2a  -fi  8,  that 
is,  aaa=pa-\-q^  then  the  Cannon  expreft  by  the  Literal  Equation  in  the  thirty^ninth 

llep  will  give  _ 

a=V(l):  94-/17  :  4/Q):  9— /17  : 

,  But  this  value  of  a  is  inexpreflible  by  any  rational  number,  becaufe  the  Binomial 
94-/17  has  not  a  perfett  Cubic  Root,  and  therefore  the  laid  value  muft  either  relt 
in  that  Surd  Form,  or  elfe  be  exprefs’d  by  fome  rational  number  near  the  true  value, 
which  will  be  found  4.  07,  Cfc.  that  is,  4-4^,  &c. 

The  premiffes  do  clearly  fhew  the  rife  of  two  Rules  delivered  by  Card  anus  in  its 
Algebraical  Treadle  entituled  Ars  magna ,  which  Rules  are  mentioned  in  divers  Au¬ 
thors,  and  the  Subftance  of  them  is  contained  in  the  two  literal  Equations  in  the  fore¬ 
going  nineteenth  and  thirty  ninth  Iteps  •,  the  former  of  which  Equations  is  a  Canon  to 
find  out  the  Root  of  any  Cubic  Equation  in  Numbers,  which  falls  under  the  firft  of  the 
three  Forms  before  mentioned,  and  to  expreft  the  fame  perfectly  either  by  fome  ratio¬ 
nal  or  irrational  Number  •,  and  the  later  of  thole  literal  Equations  finds  out  the  like 
exa£t  Root  of  any  Cubic  Equation  of  the  fecond  Form,  except  in  one  cafe  only,  viz. 
when  the  Square  of  half  the  abfolute  Number  (q ;  which  is  the  laft  term  of  the  Equation, 
is  lels  than  the  Cube  of  one  third  part  of  the  known  Co-efficient  ( p ).  But  no  Author 
that  I  have  met  with,  gives  a  certain  Rule,  either  to  find  out  the  Root  in  that  cafe  if  it 
be  an  irrational  number  or  thetwo  affirmative  Roots  of  a  Cubic  Equation  of  the 
third  Form,  if  each  of  thefe  alio  be  irrational.  Huddenius  indeed  faith  in pag.  *03.  of 
Cartejius  his  Geometry  before  mentioned,  he  had  a  Rule  ( which  he  intended  to  pubJilh) 
by  which  all  irrational  Roots,  as  well  of  numeral  as  of  literal  Equations, may  be  found 
out,  but  that  much  defired  Rule  is  not  yet  come  to  light.  But  when  a  Cubic  Equation 
of  what  kind  loever  has  one  Root  exprelTible  by  a  rational  N  umber,  both  that  and  the 
relt  of  the  Roots,  when  the  Equation  is  capable  of  more  than  one,  may  be  exactly  found 
out  by  the  help  of  the  Divifors  of  the  laft  term,  according  to  Sett,  9  of  this  Chap. 

- - - — ; - : - — - ; _ - 

*  )  ♦ 

CHAP,  xii 

Of  the  Method  of  refolving  Queflions  wherein  many  Quantities 
are  fought^  by  affuming  different  Letters  to  reprefent  the  Jaid 
Quantities  feveratty. 

LTlItherto  in  the  Algebraical  Refolution  of  a  Queftion,  wherein  two  or  mors 
II  Quantities  have  been  fought,  I  have  affirmed  only  one  letter,  as  a  or  e,  to  re¬ 
prefent  fome  one  of  the  unknown  Quantities,  and  formed  the  Pofitions  for  the  reft  by 
the  help  of  that  letter  and  the  Quantities  given  in  the  Queftion.  But  many  Quelfions 
may  be  more  eafily  refolved  by  affuming  a  peculiar  letter  to  reprefent  every  one  of  the 
Quantities  fought  -,  as  a  for  one  unknown  Quantity,  e  for  a  Iecond,  y  %  a  third,  Cfc. 
By  this  Method  alio  thole  intricate  and  oblcure  ways  of  refolving  Quelfions  by  iecond 
Roots,  or  (as  Simon  Stevin  calls  them)  poltpofed  Quantities,  will  be  avoided. 

N  n  2  In 
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Rejolution  of  Queftions 

In  handling  the  following  Method  I  fhall  give  three  principal  Rules,  and  explain 
them  by  Examples  j  but  to  prefcribe  Rules  for  all  Cafes,  is  fas  1  conceive)  an  im- 
poffible  Work. 

RULE  I. 

When  many  Quantities  are  fought  by  a  Queftion,  firft  let  them  be  feverally  repre- 
fented by  different  Letters ;  then  after  you  have  well  confidered  the  Condition  in  the 
Queftion,  abftract  it  from  words,  and  exprefs  the  Tenor  thereof  by  Equations  5  that 
done  by  the  help  of  tranfpofition  find  what  the  firft,  that  is,  any  fingle"  Letter  repre- 
fenting  a  number  or  quantity  fought  in  the  firft  Equation  is  equal  to  j  then  wherefoever 
that  firft  Letter  is  found  in  the  other  Equations,  take  inftead  of  it  thofe  Quantities  to 
which  the  faid  firft  Letter  was  found  equal :  fo  fuch  firft  Letter  will  quite  vanifh  out 
thofe  other  Equations.  Again,  by  Tranfpofition  fet  a  fecond  Letter  alone  in  one  of 
thofe  Equations  out  of which  the  firft  Letter  was  expell’d,  and  proceed  as  before  *  fo 
at  length  one  of  the  numbers  fought  will  be  made  known,  by  the  help  whereof  the  reft 
will  eafily  be  difcovered.  This  work  will  be  better  underftood  by  Examples  than 
many  Words,  and  therefore  I  fhall  proceed  to  Queftions. 

~  gUE  ST  10  N  1.  _  ~  ‘ 

A  Fa£lor  exchanged  6  French  Crowns  and  2  Dollars  for  47  Shillings  of  EngliJI)  Mo¬ 
ney  •,  alfo  at  another  time  he  exchanged  9  French  Crowns  and  5  Dollars  ( each  of  thefe 
being  of  the  fame  value  with  the  former)  for  76  Shillings  .*  I  demand  the  value  of  a 
French  Crown,  and  alfo  of  a  Dollar,  in  EngliJI)  Money  >  • 

Let  a  reprefent  the  delired  value  of  a  Crown ,  and  e  the  value  of  a  Dollar,  then 
the  Queftion  being  abftra&ed  from  Words  may  be  ftated  thus  . 

1.  If . 6a  2*  =  45 

2.  And  .  .  .  9a  Hr  5s  ==  76 

What  are  the  Numbers  a  and  e  >  |j  — - - - - - 

RE  SOLUTIO  N. 

By  Tranfpofition  of  ie  in  the  firft  Equation  this  arifes  .  6a  =  45: — 2& 

4.  And  by  dividing  each  part  of  the  third  Equation  by  6,  \  __  45 — 20 

it  gives  .  . . S - 6  1  . 

The  fourth  Equation  multiplied  by  9  produces  .  —  4°S  1 

6 

6.  Then  if  inftead  of  <ya  in  the  fecond  Equation  you  take  7  407 — iSe 

the  later  Part  of  the  fifth,  this  will  arife  .  .  .  j  5  e  —  7° 

7.  The  fixth  Equation,  after  due  Redu&ion,  difcovers  )  __ 

the  value  of  a  Dollar,  viz . 3  e  ~~  4L 

•8.  Thefeventh  Equation  multiplied  by  2  gives  .  .  .  ie  =  84 

9.  And  by  letting  the  later  part  of  the  eighth  Equation  7  . 

in  the  place  of  ie  in  the  firft,  this  Equation  arifes  *  ya  ‘  ~  45 

10.  From  which  laft  Equation,  after  due  Reduction,  the  7  ___ 

value  of  a  or  one  French  Crown  is  difcovered,  viz.  .  jT  a  ~~  ^Tr 

Thus  by  the  feventh  and  tenth  Equations  it  is  found  that  a  Dollar  was  valued  at 
4  s.  id.  and  a  French  Crown  at  6  s.  1  d.  which  numbers  will  fatisfie  the  Conditions  in 
the  Queftion,  as  may  eafily  be  proved. 


QUESTION.  2. 

^  Three  Men  had  every  one  of  them  a  certain  number  of  Pounds  in  his  Purfe  *,  the 
fum  of  the  firft  and  fecond  mans  Money  was  5  (or  b)  Pounds,  the  Sum  of  the  fecond 
and  third  mans  Money  was  12  (or  c)  Pounds,  and  theSum  of  the  third  and  firft  mans 
Money  wras  1 1  (or  d)  Pounds :  How  many  Pounds  had  every  one  in  his  Purfe  ? 

Let  the  three  numbers  of  Pounds  fought  be  reprefented  by  a ,  e,  and  y  5  thenrefpefl: 
being  had  to  the  numbers  given,  the  Queftion  may  be  ftated  thus,  viz. 

If . .  . . a\e  =  b  (  =  7) 

2.  And  . e-\-y  =  c  (  =  12) 

3.  And . .  r  .  y-\-a  =  d  (  =  11) 

W hat  are  the  Numbers  a7  e,  and  y  ?  fi  -  _ 

‘  R  E- 
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by  various  Po  fit  ions. 
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4.  By  Tranfpofition  of  a  in  the  firft  Equation  there  will  arile  c  =  b — ct 

5.  Then  by  taking  the  later  part  of  the  fourth  Equation  in-  7, 

Head  ofein  the  fecond,  this  Equation  ariles  .  ,  y  ~~  c 

6.  And  by  Tranfpofition  of  b — a  in  the  5th  Equation  it  gives  y  =  c — b-\-a 

7.  And  by  taking  the  later  part  of  the  fixth  Equation  in-  7  ,  .  . 

ftead  ofy  in  the  third,  this  arifes  ......  |c— £+*+*  =  & 

8.  From  which  feventh  Equation,  after  due  Reduction,  >  __  . 

th^N  umber  a  will  be  made  known,’  viz.  .  .  .  .  y a  ~~ 

9.  Again,  if  inftead  of  a  in  rhe  firft  Equation  we  take  the  )  , ,  ,  ,  , 

later  part  of  the  eighth,  this  ariles  .  .....  5.'  rd  ^°Jre  —  & 

10.  Then  from  the  ninth,  after  due  Reduction,  the  Num- 7  9  _  - 

ber  e  will  be  made  known,  viz . y  ~  t* 

11.  Again,  if  inftead  of « in  the  third  Equation  we  take-) 

the  later  part  of  the  eighth,  this  ariles  ,  .  .  .  p'r^Jr~d-  'Tc  —  d 

12  Laftly,  from  the  eleventh  Equation,  after  due  Redu£l-  7  _  ,  . 
ion,  the  Number  y  will  be  made  known,'  viz.  .  .  .  f  I  ~~  't? 

The  eighth,  tenth,  and  twelfth  Equations  give  this 


CANO  N. 

From  the  fum  of  every  two  of  the  three  Numbers  given  fubtraft  the  remaining  num¬ 
ber,  then  the  halves  of  the  three  remainders  (hall  be  the  numbers  fought.  Whence 
the  numbers  fought,  to  wit,  a,  «?,  andy,  will  be  found  2, 3,  and  9;  for  2  +  3  =  5,  alfo 
3+9  =  12,  and  9+2  =  11,  as  was  required. 

The  foregoing  Refolution  of  this  Qiiejl.  2.  is  formed  according  to  Rule  1.  but  the 
fame  Canon  may  be  more  expeditiouiiy  difcovered  by  thi$  following  Refolution^  viz . 

The  Sum  of  the  firft,  fecond,  and  third  Equati-7  ,  ,  _  ,  ,  ,  , 

ons  which  ftate  the  Queftion  is  ....  y  ^  ‘ 

The  half  of  that  Sum  is . a+e+y  =  ii+Tc+i-df 

Then  from  that  half  fum  fubtraft  the  firft  E-  7 
quation,  and  the  Remainder  will  be  .  .  .  .  3 

Again,  from  the  faid  half  fum  iubtra&thefe-  7 
cond  Equation,  and  the  Remainder  is  ...  y 
Laftly,  from  the  faid  half  fum  fuRraft  the  7 
third  Equation,  and  rhe  Remainder  gives  .  j 
Which  three  laft  Equations  do  manifeftly  give  the  lame  values  of andy,  as 
were  found  out  by  the  former  Refolution. 


y  = 

a  =  ^++7— fc 

mu /I  1  :  (1.  t 

e  =  1^+i.c— 


*  QUESTION.  3. 

Three  mendifcourfingof  their  Moneys  in  this  manner  •,  the  firft  fays  to  the  other 
two,  if  1 00  /.  were  added  to  his  Money,  the  fum  would  be  equal  to  both  their  Mo- 
neys  *  the  lecpnd  fays  to  the  other  two,  if  100  /.  were  added  to  his  Money,  the  fum 
would  be  equal  to  the  double  of  both  their  Moneys  *  the  third  fays  to  the  other  two, 
if  100  /.were  added  to  his  Money,  the  fum  would  be  equal  to  the  triple  of  both  their 
Moneys  :  The  Queftion  is,  to  find  how  many  Pounds  each  Man  had. 

Let  the  three  numbers  of  Pounds  fought  be  reprelented  by  a,  e,  and  y*  then  the 
Queftion  may  be  ftated  thus,  viz. 


1.  If . .  .  'i . tf+100  =  e+  y 

2.  And  .  .  . . c+ioo  =  20+2 y 

3.  And  .  .  .....  .  .  ...  y+100  = 


What  are  the  Numbers  andy  ?  ||  - - - — 

RESOLUTION. 

4.  From  the  firft  Equation  by  Tranfpofition  7  ,  I0Q  ?  ..  e 

of y,  this  ariles, . $  ‘  * ' 

5.  Then  if  inftead  of  e  in  the  fecond  Equation"? 

there  be  taken  that  which  is  equal  to  e,  to  wit,  + 1 00— y+ 1 00  =  za\  2 y 

•the  firft  part  of  the  fourth,  this  will  arife,  3 

6.  That  is,  after  due  Reduction, . zoo  =  a+  3 y 


7.  Again, 


a 
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7.  Again,  if  inftead  of  3*  in  the  third  Equation? 

there  be  taken  the  triple  of  the  firft  part  of>y4-  100  =  3^4-3^4-300 — 
fourth  Equation,  this  will  arile,  to  wit.  .  3 

8.  Which  lait  Equation  after  due  Reduction  gives  y  =  la 4-50 

9.  Then  if  inftead  of  39  in  the  fixth  Equation,  7 

there  be  fet  the  triple  of  the  latter  part  of  the  >200  =  a-\-  1  jo 

eighth,  this  will  come  forth,  viz.  .  .  .  3 

10.  'From  the  ninth  Equation,  after  due  Redu-  ?  =  •£ 

£fion  the  numbers  will  be  difcovered,  viz  .  y  ° 1 1 

11.  Again,  if  inftead  of  a  in  the  fixth  Equation,? 

there  be  taken  9-^  to  wit,  the  value  of  200  =9^4-3^ 
found  out  in  the  tenth,  it  will  give  .  .  .  3 

12.  The  eleventh  Equation  duly  reduced  difco- 
vers  the  Number  y,  viz.  .  . 

13.  From  the  fourth,  tenth,  and  twelfth  Equa¬ 

tions  by  exchange  of  equal  Quantities  this 
Equation  arifes,  viz . .  . 

14.  The  thirteenth  reduced  gives  ;  .  .  .  .  2  =  45:-^ 

From  the  10th.  14th  and  12th.  Equations  the  three  numbers  fought  <*,  e  and  y  are 
difcovered,  viz.  the  firft  man  had  9,4/.  thefecond  tf-Al-  and  the  third  63-^  l.  which 
numbers  will  latisfie  the  Queftion,  as  may  eafily  be  proved. 

If  1 21  be  given  inftead  of  100  in  this  third  Queftion,  then  the  three  numbers  fought 
will  be  whole  Numbers,  to  wit,  11,  55,  77. 


RULE  II. 

When  the  lame  Quantity,  fuppofetf,  is  found  in  two  fcveral  Equations,  and  equal 
numbers  are  prefixed  to  thole  Quantities,  then  iftheirfignsbe  both  4-  or  both — -,  fub- 
tra£E  the  lefler  Equation  from  the  greater  4  but  if  one  of  the  figns  be  4-,  and  the  0* 
ther  — ,  add  thole  two  Equations  together  ^  fo  the  faid  Quantity  a  will  quite  vanilh, 
as  will  appear  by  theRefolutionof  the  following  Queftion. 

QUESTION  4. 

_  The  fum  of  two  Numbers  being  given  12  for  b)  and  their  difference  8  for  c)  to 
find  the  Numbers. 

Let  a  be  put  for  the  greater  Number,  and  e  for  the  lefler,  and  the  Queftion  may  be 
ftated  thus : 

1.  If . : . a-\-e  =  b  (  =  12  ) 

2.  And . a — e  =  c  (  =  8  ) 

What  are  the  Numbers  ar,  and  e  >  || - 

RE  SOLUTION. 

3.  For  as  much  as  a  or  4-10  is  found  in  each  of  the 
Equations  propofed,therefore(according  to  Rule  2.) 

I  fubtrafl  the  lefler  Equation  from  the  greater  ^ 
whence  the  letter  a  quite  vanilhes,and  there  remains  , 

4.  Then  by  dividing  each  part  of  the  third  Equation  v 

bv  2  the  number  e.  is  rmrle  Irnrmm  viz.  \  \  ^  / 


2e  —  b—C  (  =  4  ) 


12) 


by  2,  the  number  e  is  made  known, 

5.  And  by  taking  the  latter  part  of  the  fourth  Equa-  \  ,  , ,  ,  ,  ,  _ 

tion  inftead  of  e  in  the  firft,  there  remains  .  ..  y  1 

6.  Laftly,  the  fifth  Equation  duly  reduced  difcovers  7  ^  , 

the  number  a,  viz.  .  .  .  . . S  ^4-4*  (  =  10 ) 

The  6th.  and  4th.  Equations  difcover  a  Canon  to  find  out  the  numbers  fought, 
which  in  this  Example  are  10  and  2,  and  the  Canon  is  the  fame  with  that  before 
found  in  Qiiejt.  1.  Chap.  14.  Book  1. 

Othermfe  thus. 

5.  Forasmuch  as  a\e  is  found  in  the  firft  Equation,'} 
and  — e  in  the  fecond,  therefore  by  adding  thole  (  __  »  ,  ,  _  * 

two  Equations  together,  (according  to  Rule  z.)  the  A  '  20  ' 

letter  e  vanilhes,  and  the  fum  is  .  .  .  .  .  j 

8.  There- 
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g  Therefore  by  dividing  each  part  of  the  leventh  7 
*  Equation  by  2,  there  arifes  the  fame  value  of  a,  >  a  =  (  =  io  ) 

which  was  before  found  in  the  fixth  Equation,  viz.  3 
9.  And  by  fetting  the  latter  part  of  the  eighth  Equa-  ~  w  =  x 

y  tion  in  the  place  of  a  in  the  firft,  this  arifes,  .  .  j  1  1  '  1 2  ' 

10  Which  laft  Equation  reduced  difeovers  the  7 
lame  value  of  <?,  which  was  before  found  in  the>e  =  \b-\c  (  =  2  ) 
fourth  Equation,  viz . . 

RUL£  III. 

When  the  fame  quantity,  fuppofe  a,  is  found  in  two  feveral  Equations,  but  the  num¬ 
bers  prefix’d  to  thofe  equal  quantities  are  unequal,  thofe  two  Equations  may  be  redu¬ 
ced  into  two  others  which  (hall  have  equal  numbers  prefix’d  to  the  faid  Quantity  a, 

*  by  this  Rule,  viz.  Multiply  all  the  quantities  in  the  firft  Equation  by  the  number 
which  is  prefix’d  to  the  faid  quantity  a  in  the  fecond  ;  multiply  likewife  all  the  quan¬ 
tities  in  the  fecond  Equation  by  the  number  which  is  prefix’d  before  the  fame  quantity 
a  in  the  firft  *  fo  by  fuch  alternate  Multiplication  two  new  Equations  will  be  produced, 
wherein  the  numbers  prefix’d  to  the  laid  quantity  a  will  be  equal  to  one  another  :  and 
then  by  adding  or  fubtra&ing,  according  to  the  import  of  Rule  2.  of  this  Chap,  that 
quantity  a  will  quite  vanifh.  That  done,  renew  the  like  work  to  expel  the  lame 
quantity  out  of  the  reft  of  the  Equations  $  and  proceed  in  like  manner  with  a  lecond 
quantity,  until  at  length  the  value  of  fome  one  quantity  be  made  known.  This  I 
lhall  make  plain  by  the  Refolution  of  five  Qiiejlions  next  following. 

QUESTION.  5. 

To  find  two  Numbers  that  if  the  Quadruple  of  the  greater  be  increafed  with  the 
triple  of  the  lefs  it  may  make  3  6*,  but  if  the  triple  of  the  greater  be  leffened  by  the 
double  of  the  lefs,  the  remainder  may  be  10. 

Put  a  for  the  greater  number,  and  e  for  the  leffer,  then  the  Queftion  may  be  ftated 

thus,  viz. 

1.  If . .  *  •  4*+3*  =  3* 

2.  And . .  3a— 2e  =  10 

What  are  the  Numbers  a  and  e  >  |]  * - 

RESOLUTION. 

3.  The  firft  Equation  multiplied  by  3*  which  is  prefix’d  to  a  in')  T  .  _  Io8 

the  fecond,  produces . $  ~ / 

4.  The  fecond  Equation  multiplied  by  4,  which  is  prefix’d  to  a  in  \  12a__Se  _ 

the  firft,  makes  ...••••  •••••••  5 

5.  Now  for  as  much  as  the  quantity  120  is  found  both  in  the-j 

fourth  and  third  Equations, and  is  affirmative  in  each,  therefore  f  ,  g  6o 

according  to  Rule  2.  I  fubtra£l  the  leffer  Equation  from  the  C  9  ^ 
greater,  fo  the  quantity  1 2 a  vanifhes,and  this  Equation  remains  ^ 

6.  The  fifth  Equation  after  due  Reduction  difeovers  the  number  7  g  _ 

7.  Then  I  fet  1 2  ( which  by  the  fixth  Equation  is  the  value  of  ie)  5  =  26 

in  the  place  of  30  m  the  firft,  and  this  Equation  arifes  .  .  $  *  3 

8.  Lattly,  the  feventh  Equation  duly  reduced  difeovers  the  num-  \  .  a%__  6 

From  the*  8th.  and  6th.  Equations  the  two  numbers  fought  are  found  6  and  4, which 
will  folve  the  Queftion  *  for  four  times  6  with  thrice  4  make  36  *  and  thrice  6,  to 
wit  18,  leffened  by  twice  4  gives  10,  as  was  required. 


QUE  ST  ION  6. 


1.  If  .....  5  . 

2.  A*d . ,  •  •  * 

3.  And  .  .  . .  •  • 

What  are  the  numbers  a,  e,  and y?  II 


2  a-j-$e-~2y  =  50 
5  a — 2  <M-yy  —  240 

W  =  10 


R  E - 
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RESOLUTI  ON. 

4  The  firft  Equation  multiplied  by  5,  which  is  prefix’d  to  „ 

a  in  the  fecond,  produces . .  .  =  2JQ 

5.  Likewife  the  fecond  Equation  multiplied  by  2,  which  7  „  . 

is  prefix’d  to  *  in  the  firit,  makes . $  1  °a~V+  ic y  =  480 

6.  Then  (according  to  Rule  2.)  by  fubtra&ing  the  fourth  7 

Equation  from  the  fifth,  the  quantity  10a  vanifhes,  >  .  — 19642c 3  =  230 

and  this  Equation  arifes 


.  Again,  the  third  Equation  multiplied  by  5,  which  is  7  , 

prefix’d  to  a  in  the  fecond  produces . 3 


■153  =  50 


4*23  1  oy  =  290 


ro 


8.  And  the  fecond  Equation  multiplied  by  x,  which  isfup- 

pos’d  to  be  prefix’d  to  a  in  the  third,  gives  the  fame^-  49* — 2*473  = 
•fecond  Equation  without  alteration,  viz . 

9.  Thenbecaufe  47a  and  — 70  by  Addition  will deffroy 
one  another,  therefore  (according  to  Rule  2.)  I  add 
the  feventh  and  eight  Equations  together,  fo  the  let¬ 
ter  a  vanifhes,  and  this  Equation  arifes,  ...... 

10.  Again,  1  proceed  with  the  fixth  and  ninth  Equations 
according  to  Rule  3.  viz.  I  multiply  the  fixth  Equation  — 437644607  ==  5290 
by  23,  (which  is  prefix’d  toe  in  the  ninth)  and  it  makes  _ 

11.  Alfo  the  ninth  Equation  multiplied  by  19  (which  is  7  .  _ 

prefix’d  to  e  in  the  fixth)  produces . 5 

12.  Then  (according  to  Rule  2.)  by  adding  the  tenth  and 

eleventh  Equations  together,  the  Letter  e  vanifhes, 
and  this  Equation  arifes,  viz.  .  .  t . _ 

13.  And  by  dividing  each  part  of  the  twelfth  Equation  7 

by  270,  the  number  3  is  difcovered,  viz.  3 

14.  Then  infteadof  107  in  the  ninth  Equation  taking  ten? 
times  40,  that  is 400,  (which  by  the  thirteenth  Equati->  4236—400  =  290 
on  is  equal  to  1 07)  the  ninth  will  be  reduced  to  this,  3 

17.  And  from  the  fourteenth  Equation,  after  due  Redu-  7 
ftion,  the  number  e  will  be  difcovered,  viz.  .  .  3 

16.  Then  inftead  of  36—27  in  the  firft  Equation,  I  take-^ 

9c — 80,  (which  by  the  fifteenth  and  thirteenth  Equati-  / 
ons  will  be  found  equal  to  36 — iy)  fo  the  firft  Equa-  C* 
tion  will  be  converted  into  this,  viz . 

17.  Laftly,  the  fixteenth  Equation  duly  reduced  difco- 7 

vers  the  number  a,  viz . .  .  .  .  .  f 

From  the  17th.  15th.  and  1 3th. Equations  the  3  defired  numbers  «,  6,  7,  are 20,  30, 

and  40,  which  will  conftitute  the  3  Equations  firft  propofed,  as  may  eafily  be  proved. 


42703  =  1 0800 


y  =  4°- 


6  =  30 


2^490 - 80  =  50 


a  —  20 


QUESTION  7. 

Three  Men  difcourfe  of  their  Moneys  in  this  manner;  the  firft  faith  to  the  other 
two, if  you  give  me  ioo  Pounds,  my  Money  will  be  made  equal  to  both  your  remaining 
Moneys :  the  fecond  faith  to  the  other  two,  if  ye  give  me  100  Pounds,  my  Money  will 
be  made  equal  to  the  double  of  both  your  remaining  Moneys  :  laftly,  the  third  faith 
to  the  other  two,  if  ye  give  me  100  Pounds,  my  Money  will  be  equal  to  the  triple  of 
both  your  remaining  Moneys.  I  demand  how  many  Pounds  eachMan  had? 

Let  a  Letter  be  affumed  to  reprefent  eachMans  Money,  as  a  for  the  firft,  e  for  the 
fecond,  and  7  for  the  third  •,  then  the  Queftion  may  be  ftated  thus,  viz. 


1.  If . .  «4loo=  e4  y — ioo 

2.  And . .  .  .  .  .  .  .  6-H-ioo  =  2^427 — 200 

3.  And . y4ioo  =  3^43e — 3°° 


What  are  the  numbers  a,  <?,  and  7  ?  || 


4. 


RESOLUTIO  N. 

,  *  *  *  »  '  «  »  t 

The  firft  Equation  by  tranfpofition  will  be  reduced  to 
this  .  t  ;.  ....  " . . 


«*  ».  *  ■*  « 

— a+e+y 


200 

7;  Like- 


CHAR  12.  by  various  Tofitiotis . 

Likewife  the  fecond  Equation  by  tranipofi-  >  .  . 

tion  gives . I  +2a-e+2y  =  3'co 

6.  And  the  id  Equation  by  tranfpofition  produces  4-3*4-32—7  =  400 

7.  Then  I  proceed  with  the  fourth  and  fifth 

Equations  according  to  Rule  3.  viz.  I  multi- r  .  ,  __ 

ply  the  fourth  Equation  by  2,-  (which  ispre-^  2e  »  —  400 

fix’d  to  a  in  the  fifth,)  and  it  produces  .  J 

8.  The  Sum  of  the  fifth  and  feventh  Equations  gives  ,  .  24-4 y  —  700 

9.  Again,  I  proceed  with  the  fifth  and  fixth  } 

Equations  according  to  Rule  3.  viz.  multi-  l  ‘  .  *  _  __ 

plying  the  fifth  Equation  by  3,  (which  is  r  *  '*  y  9 

prefix’d  to  a  in  the  fixth,)  it  gives.  .  .  .  J 

10.  Alfo  the  fixth  Equation  multiplied  by  2,  7  ,  .  . 

(which  is  prefix’d  to  a  in  the  fifth )  produces  )  *  ^ 

11.  Then  by  fubtra&ing  the  tenth  Equation  7  ,  Cl,  __  T  _ 

from  the  ninth,  the  Remainder  is  .  .  .3  ^  ^ 

1 2  Again,  I  proceed  with  the  eighth  and  ele- 
venth  Equations  according  to  RuUj.  viz  (  ,  .  &  =  . 

multiplying  the  eighth  Equation  by  9,  (which  r  532  3 

'  is  prefix’d  to  e  in  the  eleventh,)  it  makes  .  j 

13.  Then  (according  to  Rule  2.)  the  eleventh)  _ 

and  twelfth  Equations  added  together  make  3  44' * 1 2 3  4 5 6 7 8 9 

14.  And  by  dividing  the  thirteenth  Equation  ^  j 

by  44,  the  number  y  is  made  known,  viz.  j  J  4571 

15.  From  the  eighth  and  fourteenth,  by  ex*  \  e  1  -8l_i  — 

change  of  equal  Quantities,  this  arifes,  viz.  3  “ >  1 1  J 

16.  And  from  the  fifteenth,  by  fubtra&ion  of 

5814  from  each  part,  the  number  2  isdif-J>-  .•  .  ;  e  =  n8T4 

covered,  viz.  .  . . . 

17.  From  the  fir  ft,  fourteenth  and  fixteenth' 

Equations,  by  exchange  of  equal  Quantities,  >0+100=118-4+145-4. — 100 
this  Equation  ariles,  viz . -3 

18.  Laftly,  the  feventeenth  Equation,  after  due  \  .  a  _  6  _j_ 

Redu&ion,  dilcovers  the  number  *,  viz.  j  3 1 1 

Thus,  by  the  18 th,  1 6th  and  141b  Equations  it  is  found  that  the  firft  Man  had 

63-4  L  the  fecond  118-4  l.  and  the  third  14 44  Z.  which  three  Numbers  will  latisfie 

the  Queftion,  as  may  eafily  be  proved. 

QUE  ST  10  N.  8. 

1.  If . .  .  .  ff-K*-hrJ+TB  =  112 

2.  And  . . .  e-\-\a-\-^y-\--\u  =  114 

3.  And  .  .  . . y-FT^+r^+r"  =  125-f. 

4.  And . .  .  .  .  4.  .  .  «-F4-F44--|-y  =  133E 

What  are  the  numbers  *,  2,  y  and  u?  ||  - - 

RESOLUTION. 

5.  The  firft  Equation  multiplied  by  3,  (the  De-7 

nominator  of  the  Fraftion  i)  produces  this  >  ^a-\-2e-\-iyJr2it  =  33 6 

Equation  in  Integers,  to  wit,  .  .  .  .  j 

6.  Likewife  the  fecond  Equation  multiplied  by)  3a+.e+y+3B  _  ,;6 
4,  produces  •»•••••*••  j 

7.  And  the  third  Equation  multiplied  by  ?  gives  4*4424- $y +4M  .=  628 

8.  Alfo  the  fourth  Equation  multiplied  by  6  >  ;(J+  ,  +6u  _  8oo 

produces . 

9.  Forafmuch  as  3*  is  found  in  the  fifth,  and 

alfo  in  the  fixth  Equation,  I  fubtraft  the  .  ,  ,  _  T20 

leffer  from  the  greater,  fo  3*  quite  vanilhes,  ?  *  *  'rj'r 
and  this  Equation  ariles, . * 


28^ 


Oo 


10.  Then 


! 


2<?0 
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10.  Then  I  proceed  with  the  fifth  and  feventh  Equa-^ 
tions  according  to  Rule  3.  viz.  I  multiply  the  fifth/ 

Equation  by  4,  (which  is  prefix’d  to  a  in  the  fe-C  i20-f-8e-f8y4-  87/= 1344 
venth,)  and  there  comes  forth . J 

11.  Alfo  I  multiply  the  leventh  Equation  by  3*7 

(which  is  prefix’d  to  a  in  the  fifth,)  and  it  produces  3  I2a  *  l2i?'f* I53,+  i2«=i884 

1 2.  Then  by  fubtra&ing  the  tenth  Equation  from  the  7 

eleventh,  the  quantity  12a  quite  vanifhes,  and>  <  .  Ae-\-ix4-Au— 

this  Equation  arifes,  to  wit,  ......  540 

13.  The  ninth  Equation  multiplied  by  2,  produces  .  .  *  4*4- 234- 211=  240 

14.  Then  by  fubtra&ing  the  thirteenth  Equation  7  4 

from  the  twelfth,  this  arifes  to  wit,  .  .  .  .  3  *  •  •  5j'+2a=:  300 

i?-  Again,  I  proceed  with  the  fifth  and  eighth  Equa-^ 
tions  according  to  Rule  3.  viz.  I  multiply  the  fifth  / 

Equation  by  ?,  (which  is  prefix’d  to  a  in  the  eighth,)  C  1  ^  '  I05+  ioy-f  101/= 1680 

and  it  produces . 3 

16  Likewife  the  eighth  Equation  multiplied  by  3,  7  ' 

(which  is  prefix’d  to  a  in  the  fifth,)  produces  .  3  1 57+ 18x1=2400 

17.  Then  by  fubtrafting  the  fifteenth  Equation  from  7 

the.  fifteenth,  this  arifes,  viz.  .......  3  *  ’  5e'*’5>7+8#=  720 

18.  Again,  I  proceed  with  the  ninth  and  feventeenth 
Equations  according  to  Rule  3.  viz.  I  multiply  the  / 

ninth  Equation  by  7,  (which  is  prefix’d  to  e  inf*  '  *  l0+  600 

the  feventeenth,)  and  it  produces  ,  .  .  .  -  „  3 

19.  And  the  feventeenth  Equation  multiplied  by  2,  ^ 

(which  is  prefix’d  to  e  in  the  ninth,]  produces  .3  *  Ioe4-ioy4-i6xx=i44o 

20.  Then  by  fubtra&ing  the  eighteenth  Equation  ) 

from  the  nineteenth,  there  remains  .  .  .  .3  *  *  •  $J+n»=  840 

21.  And  by  fubtra&ing  the  14^  Equation  from  the^ 

20 £6,  (for  fince  $y  is  found  in  each  of  thofe  Equa-/ 

tions,  they  need  no Redu&ion according  to  Rule  3.)  { . 9#=  54° 

there  remains . J 

22.  Which  twenty  firft  Equation  divided  by  9  difco-  7 

vers  the  number  it,  viz. . 3 . n=  60 

23.  From  the  20 th  and  22 d  Equations,  by  letting^ 

eleven  times  60,  to  wit,  660  in  the  place  of  ux/>  .  .  .  ?y4-66o=  g4Q 

in  the  20 th,  there  arifes . 3  * 

24.  Therefore  from  the  twenty  third  Equation,  after  7 

due  Redu&ion,  the  number  y  is  difcovered,  viz.  3  *  *  *  y-  36 
2$.  And  from  the gtb,  24tft,and  22^  Equations, this  arifes,  .  .  ie-\- 364-60=:  120 

26.  The  2 5th  duly  reduced  difcovers  the  number  yiz.  .  .  .  e~  12 

27.  Eromthe  $th,  26th ,  24 tb^  and  2 id  Equations,  by  7  , 

exchange  of  equal  Quantities,  this  Equation  arifes,  3  3a+2 34_r72+ 120=  336 

28.  Laftly,  from  the  27^,  after  due  Redu&ion,  the  7 

numbers. is  difcovered,  viz . 3  a~~  4° 

Thus  by  the  28 th,  2 6t/;,  24^  and  22^  Equations  the  four  numbers  fought,  (to  wir 
are  found  40,12,36  and  60, which  will  conftitute  the  four  Equations  in  (guejl.  s! 


E  ST.  9. 

A  Maid  being  at  the  Market  is  offer’d  10  Apples  for  a  penny,  and  27  Pears  for 
two  pence  *  now  if  at  thofe  rates  fhe  would  lay  out  94  pence  to  buy  ico  Apples  and 
rears  together,  how  many  Apples,  and  how  many  Pears  ought  fhe  to  have  > 

1.  For  the  number  of  Apples  fought  put  ...  . 

2.  And  for  the  number  of  Pears  fought  put . . 

3.  Then  fearch  out  thecoft  of  the  number  of  Apples  in  the  firft 

ftcp,  and  fay,  If  10  .  1  : :  a  .  (+  .  fo  the  coft  of  the 

10 

number  of  Apples  fought  is  .  • . 


4.  Search 


1  — - — - -  ......  - _ 
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"  ■  ■  — 

4.  Search  out  alfo  the  coft  of  the  number  of  Pears  in  the  fecond  a 

ftep,  and  fay,  If  2$  .  2  ::  e  .  (2d.  .  fo  the  coft  of  the  num-S*  2e 

,  2 $  \  2* 

her  of  Pears  fought  is  found  ..  . . J  > 

5.  Then  (according  to  the  Queftion)  the  Money  laid  out’forT 

all  the  Apples  and  Pears  fought  muft  be  equal  to  qjl  Pence  ■  C  a  —  * 

hence  this  Equation, .  5  Cio  2$ 

6.  But  the  number  of  Apples,  together  with  the  number  off 

Pears  bought  muft  make  ico,  therefore  . . r  a  +  e  =  ico 

7.  Then  the  Equation  in  the  filth  ltep,  after  due  Red u£f ion,'  \ 

will  give  this  Equation  in  Integers,  to  wit, . *  y  Soa-^qos  =  475:0 

8.  And  the  Equation  in  the  fixth  ltcp  being  multiplied  by  70  } 

produces. . .  r  5fo<*+  $oe  =  yooo 

9-  Then  by  fubtra&ing  the  Equation  in  the  leventh  ftep  from  ) 
that  in  the  eighth,  there  arifes . r  «  100=25:0 

10.  And  the  Equation  in  the  ninth  ftep  divided  by  io,  difco-  ) 

vers  the  number  0,  viz.  .  . . 5.  #  #  r  •  .  e  =  25; 

11.  Laftly,  from  the  fixth  and  tenth  fteps,  the  number  a  isal*  ) 

16  made  knpwn,  viz . *  .  .  #  r  •’  .  « =  75 

By  the  firft,  fecond,  eleventh  and  tenth  fteps  it  appears  that  ’there  might  be  bought 
7?  Apples, and  2^  Pears  5  which  numbers  will  folve  the  Queftion, as  may  eafily  be  proved. 

QUESTION  10.  '  T 

To  divide  90  into  four  fuch  Numbers,  that  if  the  firft  be  increafed  with  2  •  the  fe 
cond  leffened  by  2  5  the  third  multiplied  by  2  *  and  the  fourth  divided  by’  2  •  the 
Sum,  Remainder,  Product  and  Quotient  mav  be  equal  between  themfelves  ’ 
La^^nd  d  be  put  for  the  two  given  Numbers,  90  and  2  5  alfo  a,  0,  «  and  «  for 
the  four  numbers  fought,  then  the  Qieftion  may  beftated  thus; 

I# , . «+?+>■+»  =  3 

2-  And . a+d  =  e—d 

3*  And . .  a-\-d  =  dy 

4-  And . .  a+d  =  Ji 

d 

What  are  the  numbers  a,  0,  y  and  u  ?  .|1 _ 

RESOLUTION 

5.  The  firft  Number  fought  is  equal  to  it  felf,  viz.  .  .  a  =  a 

6.  From  the  fecond  Equation,  by  tranfpofition  of )  ,  , 

— <*  this  arifes,  ........  .  |  a+2d  =■  * 

7.  And  by  dividing  each  part  of  the  third  Equa-  \  a-^4 

tion  by  *7,  this  arifes . j  —  y 

8.  And  the  fourth  Equation  multiplied  by  ^produces  da+dct  =  u 

9.  The  Sum  of  the  four  laft  Equations  gives 

ia-\-2d\  -\-da-\-dd  =  a-\-e-\-y-\-u=zb 

10.  Which  laft  Equation,  after  due  Redu&ion,  gives  •  a  =  bd—ddd~2dd—d 

f  dd^\“  *Zd  -4-  J  r 

11.  7  hen  from  the  tenth  and  fixth  Equations,  by  7  __  bd-{-  ddd-i-  zdd-\- d 

exchange  of  equal  Quantities, . j  *  .  *  e  ‘~^dd^Tfi — 

12.  And  from  the  tenth  and  leventh  Equations  ...  y=  ^ 

dd-\-  2d -{-1 

15.  And  from  the  tenth  and  eighth  Equations,  .-  ...  u  =  -  ^ 

.  .  dd-jr2d+i 

The  four  laft  Equations  give  a  Canon  to  find  out  the  four  numbers  fought,  which  are 
18,22,10  and  40, which  will  folve  the  Queftion.  For,  firft,  their  fum  is  90 h  then  if  the 
firft  number  18  be  increafed  with  the  given  number  2,  it  makes  20 ;  and  if  the  fecond 
.  >  O  o  2  number 
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number  2  2  be  leffened  by  2,  the  Remainder  is  alfo  20 :  Moreover,  if  the  third  number  10 
be  multiplied  by  2,  ic  likewife  produces  20:  Laftly,  if  the  fourth  number  40  be  divided 
by  2,  the  Quotient  is  alfo  20.  Therefore  the  conditions  in  the  Queftion  are  fatisfied. 

But  the  Numerator  of  the  Fraftion  in  the  latter  part  of  the  tenth  Equation  (hews. 
That  the  Numbers  b  and  d  muft  not  be  given  at  random,  but  fo,  that  ddd-\- 2dd-\- d 
may  be  fubtratted  from  bd  and  leave  a  Remainder  greater  than  nothing*  therefore  bd 
muft  be  greater  than  ddd-\-  2dd-\-d^nd  confequently  b  muft  be  greater  than  dd-\-  2i-f  r. 
Therefore,  to  the  end  the  Queftion  may  be  poflible,  the  numbers  given  muft  be  fub- 

jeft  to  this,  . 

Determination. 

The  number  given  to  be  divided  (b)  muft  be  greater  than  the  Square  of  (i-fi) 
the  fum  of  the  other  number  given  and  Unity. 


Q VEST.  11. 

There  are  two  numbers  wliofe Sum  is  equal  to  the  difference  of  their  Squares  *,  and 
if  the  Sum  of  the  Squares  of  thofe  two  numbers  befubtra£led  from  the  Square  of  their 
Sum,  the  Remainder  will  be  60  :  what  are  the  two  numbers  > 

Put  b  for  the  given  number  60,  alfo  a  for  the  greater  number  fought,  and  e  for  the 
leffer  $  then  the  Queftion  may  be  ftated  thus,  viz. 


1.  If . .  aa — ee  — 

2.  And . aa-\-ee-\-2ae — aa — ee  ~  b 


What  are  the  numbers  a  and  c  > - 

RESOLUTION. 


3.  The  fecond  Equation  after  its  firft  part  is  duly  ) 
contraUed  is  ...........  j* 

4.  And  the  third  Equation  divided  by  2  gives  .  . 

5.  And  if  each  part  of  the  firft  Equation  be  divi-  ^ 


2  ae  —  b 


ae  — 


\b 

a-\-e 


a — e  =  — —  =  1 
a\e 


ee\e  —  \b 


ded  by  a\e  it  will  give 

6.  From  the  fifth  Equation,  by  tranfpofition  of  e,  \  __ ,  , 

there  arifes . •  .  .  i  ■  •  ~  •C+  I 

7.  The  fixth  Equation  multiplied  by  e  produces  .  ae  =  ee-{-e 

8.  From  the  fourth  and  feventh  Equations,  by  7 

exchanging  equal  Quantities . S 

9.  Then  the  eighth  Equation  being  refblved  by  the' 

Canon  in  Sett.  6.  Chap.  15.  Book  1.  the  lefler 
number  fought  will  be  made  known,  viz. 

10.  And  from  the  ninth  and  fixth  Equations  the 
greater  number  fought  will  alfo  be  made  known ' 
viz. 


The  two  laft  Equations  give  a  Canon  to  find  out  the  two  numbers  fought,  which 
are  6  and  5  *  as  may  eafily  be  proved. 


QUEST.  12. 

There  are  two  numbers,  fuch,  that  if  their  Sum  be  fubtra&ed  from  the  Sum  of  their 
Squares,  the  Remainder  is  42  *,  but  if  the  Sum  of  the  faid  two  numbers  be  added  to 
the  Product  of  their  Multiplication,  it  makes  34  :  what  are  the  numbers  > 

Let  a  and  e  reprefent  the  two  numbers  fought,  then  the  Queftion  may  be  ftated 
thus,  viz. 


1.  If . .  aa\ee — a — e  ~  42 

2.  And  .  .  .  .  .  • . .  aa-\-a- \-e  =  34 


What  are  the  Numbers  a  and  e  >  J|  - 

RESOLUTION. 


3.  By  adding  the  firft  and  fecond  Equations  toge-  "> 
ther,  the  Sum  will  be  ........  j* 

4.  And  by  adding  the  fecond  Equation  to  the  f 

third,  the  fum  will  be . j 

5?.  Suppofe . . 


aa\ee\at  —  7  6 
aa-\ee’\-iae\a’\-e 

*  *  y  =  <*+* 


=  no 
6,  The# 


— 
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6.  Then  by  fquaring  each  part  of  the  fifth  Equati- 

tion,  this  ariles . 

7.  The  Sum  of  the  two  laft  Equations  makes 


.=  10 


^  yy  —  &cl\ ee-\-2cte 

_ _  x  .  yy-^-y  —  ee-\-2ae-\-a-\-e 

£  And  from  the  feventh  and  fourth  Equations,  by  7  ,  _  T IQ 

exchange  of  equal  quantitieSithisEquationanfes,  y  }J  y 

a.  Which  eighth  Equation  being  refolved  by  the  ) 

Canon  in  SeB.  6.  Chap.  iy.  Book  1.  the  num->  y  (—  a-\-e ) 
ber  y,  to  wit,  a\e  will  be  made  known,  viz.  3 

10.  Then  by  fetting  10  (the  value  of  a+e)  in  the  7  , 

place  of  a  -\-e  in  the  fecond  Equation, there  arifes  S  + 

11.  And  by  fubtra&ing  10  from  each  part  of  the  7 

tenth  Equation,  there  remains . S 

12.  And  from  the  ninth  Equation,  by  tranfpo- 7 

fitiori  of  a,  there  ariles  .  .  •  •  ■  *S 

13.  And  if  a  in  the  eleventh  be  multiplied  by  10  7 

— a  inftead  of  e,thefaid  eleventh  Equation  will  >1  oar— ^=24 

be  reduced  to  this,  .  •  -  •  ♦  j 

14.  Wherefore  the  laft  Equation  being  refolved?  c  a~6 

by  the  Canon  in  SeB.  10.  Chap:  15.  Book  1.  the  >  -j  g  __ 

two  numbers  fought  will  be  difcovered,  viz  3 

Thus  6  and  4  are  found  out,  which  will  folve  the  Queftion  propofed,  as  will  be 
evident  by  the  Proof 


ae  =  24 


e  —  10 — d 


QU  E  ST.  13. 

There  are  two  numbers,  fuch,  that  the  Sum  of  their  Squares  make  100,  and  if 
the  Sum  of  the  two  numbers  be  added  to  the  Produft  of  their  Multiplication,  it 

makes  6ih  what  are  the  numbers?  ,  _ 

Let  a  and  e  be  put  for  the  two  numbers  fought,  then  the  Queftion  may  be  ftated 


thus, 

1.  If 


VIZ. 


.  aa\ee  =  loo 
ae-\-a\t  =  6  2 


2.  And  .  .  .  •  •  •  •  •  *  *  * 

What  are  the  Numbers  a  and  ef  (I  - - 

R  E  SOLUTIO  N. 

2.  The  fecond  Equation  multiplied  by  2  produces  .  2 ae\  2 <*+  2e  =  1 24 

4.  The  fum  of  the  firft  and  third  Equations  gives  aa\ee\  2*e+  20+  2e  =  224 

5.  Suppole  .  .  •  •  •  •  /  •  y  ”  a~^e 

6.  Then  by  fquaring  each  part  of  the  fifth  Equati-  7  ^  _  aaj^eejr2ae 

on  this  is  produced,  viz . .3 

7.  And  by  adding  the  double  of  the  fifth  Equation  7  +  ^  __  aa-\-ee-\-2ae-\-2a4-ze 

to  the  fixth,  it  gives . .  •  *  3 

8-  And  from  the  feventh  and  fourth  Equations,  by  7  ,  2y  =  224 

exchange  of  equal  quantities, this  Equation  arifes  yJ 
o.  Which  laft  Equation  being  refolved  by  theCa-7 
non  in  SeB.  6.  Chap.i$.  Booki.  the  number  y,>  .  y  =*  a+e  -  14 
to  wit  a\c ,  will  be  made  known,  viz.  .  .3 
1  o.  Then  from  the  ninth  and  fecond  Equations,  7 

by  taking  14  inftead  of  a-fe,  the  fecond  Equa-W+ 14=^  6  2 
tion  will  be  reduced  to  this,  viz.  .  .  •  •  j 

11.  Which  laft  Equation,  by  equal  fubtrattion  ot  7  _  4g 

14.  gives  •  •  ••  •  ••••  •  •  9m  j 

12.  The  ninth  Equation  by  tranfpofition  of '  a  gives  e  =  14—^ 

19.  Then  by  multiplying  a  in  the  eleventh  Equa-7  _  . 

tion  by  14— a  inftead  of  <?,  this  Equation  is >14 a—aa  —  48 

produced,  to  wit,  .  .  •  •  •  •  •  ■ •  *  J 

14.  Wherefore  the  laft  Equation  being  refolved  )  =  g 

by  the  Canon  in  SeB.  10.  Chap.  1 y.  Book  i..  the  >  .  ■q  e  —  5 
two  numbers  fousht  will  be  diicovered',  viz.  3  .•it 

So  the  numbers  fought  are  found  8  and  6,  which  will  folve  the  Queftion,  as  vtoll 

appear  by  the  Proof.  *  QUEST.  14. 
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QUE.STIO  N 14. 

There  are  two  numbers,  fuch,  that  their  fum  is  equal  to  the  Produft  of  their  mul¬ 
tiplication  i  and  if  the  Produfr  or  fum  of  the  laid  Numbers  be  added  to  the  fum  of 
their  Squares,  it  makes  15T :  What  are  the  Numbers  ? 

Let  a  and  e  be  put  for  the  two  numbers  lought,  then  the  Queft.  may  be  ftated  thus  viz. 
*•  If . .  . . ae  =  a-\-e 

2.  And . .  aa-\-ee-\-ae  =  ijJ. 

What  are  the  Numbers  a  and  e  ?  - 1 

RESOLUTION. 

3.  The  Sum  of  the  firft  and  fecond  Equations  is  .  .  aa-\-ee-\- 2ae=a-{-e-{-i^ 

4.  And  from  the  third  Equation,  by  tranfpofition 7 

of  #4  e,  there  ar ifes . 3  aa-\-ee-\-  2ae-  a — e=zi<$± 

5  Suppofe  .  .  .  ..  .  •  1  ■  .•  ■  •  •  }  = 

,  yy  ■=zaa-\-ee-\-2ac 


yy  y  ~-aa-\-ee-\-2ae — -a-+e 

yy—y  = 


•  y  =  a-j-e 
a-\-e  ~ 


=  44 


6.  Then  by  fquaring  each  part  of  the  fifth  Equation 

7.  And  by  fubtrafring  the  fifth  Equation  from  the  7 

lixth,  there  remains  ....  .  .  .  .3 

8.  And  from  the  fourth  and  feventh  Equations,  by  ) 
exchange  of  equal  Quantities,  there  will  arife  .  3 

9.  Which  laft  Equation  being  refolved  by  the  Canon 

in  Seif.  8.  Chip.  15.  Book  1.  the  number  y,  to 
wit,  a-\- e  will  be  made  known,  viz.  ,  .  . 

10.  Therefore  from  the  firft  and  ninth  Equations,  . 

11.  From  the  ninth  Equation  by  tranfpofition  of  a 

12  The  eleventh  Equation  multiplied  by  a,  pro¬ 
produces  .  / . . 

13.  And  from  the  tenth  and  twelfth  Equations,  by 
exchange  of  equal  Quantities, 

14.  Wherefore  the  laft  Equation  being  refolved  by  ) 

the  Canon  in  Seif.  10.  Chap  17.  Book  1.  the> 
two  numbers  fought  will  be  difcovered,  viz.  .  ^ 

So  the  numbers  fought  are"  found  3  and  i  f,  which  will  folve  the  Queftion-  for 

their  Sum  is  equal  to  the  Produdf  of  their  Multiplication,  and  if  their  Sum  4!  be 

added  to  1  lithe  Sum  of  their  Squares,  it  makes  15-f,  as  theQueftion  requires.  * 


} 
y} 


ae  — 

ae  =r 


44 

4  T—a 


44*- 


44<* — an 
■aa  =  44 


i a  =  ?. 

I  e  =  is. 


QUESTION.  17. 

There  are  two  Numbers,  fuch,  that  the  Square  of  their  difference  is  equal  to  the 
Product  of  their  Multiplication,  and  the  Sum  of  their  Squares  makes  20  :  what  are 
the  Numbers? 

Let  a  and  e  be  put  for  the  two  Numbers  fought,  and  let  a  be  the  greater  •  then  the 
Queftion  may  be  ifated  thus,  viz. 

t*  II  . . .  •  .  .  aa—~  2ae-\-ee  =  ae 

2.  And . . aa-\-ee  =  20 

What  are  the  Numbers  a  and  e?  ||  _ - 

RESOLUTION. 

3.  From  the  firft  Equation  by  tranfpofition  of — 2 7 

thisarifes  .  .  .  •  .  aa+ee  =  Sae 

4.  Therefore  from  the  fecond  and  third  Equations  .  3 ae  =  20 

5.  And  the  third  Equation  divided  by  3,  gives  .  .  ae  = 

6.  And  by  adding  the  double  of  the  fifth  Equation  7  .  . 

to  the  fecond,  it  makes  .  .  .  .  .3  aaJreeJc2ae  — 

7.  Therefore  by  extracting  the  Square  Root  of  each 
part  of  the  fixth  Equation,  the  fum  of  the 
two  numbers  fought  will  be  made  known,  viz.^ 

8.  from  the  feventh  Equation,  by  tranfpofition  of/ 

tf,  this  arifes . 3 

9.  The  eighth  Equaticn  multiplied  by  ar,  produces 


I  ©  d 

‘“*rTl 


a-\-e  =  V~- 


e  =  — a 

ae  =  •/. 


Xar, — act 


10.  And 
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by  various  Pofitions. 


295 


aa  = 


Ca  =  V8±  +  Vl± 

\e  t=  i/8-f  —  ^i-f 


10.  And  from  the  fifth  and  ninth  Equations  this  arifes,  .  Vs 

11.  Wherefore  the  laft  Equation  being  refolved  by 
the  Canon  in  Se&.  io.  Chap.  17.  Booh.  1.  the  two 
numbers  fought  will  be  difcovered,  viz. .  .  . 

.  •  The  Proof. 

The  difference  of  the  two  numbers  in  the  eleventh  ftep  is  .  Vi~  4-  Vi~  = 

The  fquare  of  the  laid  difference  is  .  „  !  .  .  . 

And  (by  the  laft  of  the  three  Rules  in  SeB.  io. 

Chap.  9.  of  this  Book)  the  Product  of  the  Multipli¬ 
cation  of  the  fame  two  numbers  is  alfo  .  .  . 

Laftly,  (by  the  firft  and  fecond  of  the  laid  three' 

Rules)  the  fum  of  the  Squares  of  the  laid  two  num-  ^ . 20 

bers  is . 


Vis 

r  ? 

2  a 

r 


QUEST.  16. 

There  are  two  numbers,  fucb,  that  if  their  fum  be  multiplied  by  their  difference, 
the  Product  is  21  -,  but  if  the  fum  of  the  Squares  of  thole  two  numbers  be  multiplied 
by  the  difference  of  their  Squares,  the  Product  is  609  :  what  are  the  numbers  > 

Let  a  and  e  be  put  for  the  two  numbers  fought,  and  let  a  reprelent  the  greater  * 
then  the  Queftion  may  be  ftated  thus,  viz.  _ 

1.  If . a  -f  g  x  a —  g,  that  is,  aa — £?«?,  =r  21 

2.  And . aa-\~ee  y.aa — ee,  that  is,  aaaa- 

What  are  the  numbers  a  and  e  >  j|  — - 


1  ' 


-eeee* 


=  609 


aa — ee—  21 
aa  =ee-{' 


21 


■eeee-\-^2ee-\-  441 


ee  = 


4 


RESOLUTION 

3.  By  fuppofition  in  the  firft  Equation, . 

4.  Therefore  (by  tranlpolition  of  — ee)  t  ...  t 

5.  And  by  fquaring  each  part  of  the  fourth  Equation  ) 

this  a  riles,  ...  ...  .  ..  \ 

6  And  by  taking  the  latter  part  of  the  fifth  Equation  7 
inftead  of  aaaa  in  the  fecond,  the  laid  fecond  >^^+42^+441 — eeee—60^ 
Equation  will  be  reduced  to  this,  .  •  •  •  3 

7.  The  fixth  Equation,  after  due  Reduction,  gives 

8.  Therefore  by  extracting  the  Iquare  Root  out  of' 

each  part  of  the  feventh  Equation,  the  lefler  num¬ 
ber  fought  is  difcovered,  viz.  .  .  .  .  _ 

9.  Then  from  the  fourth  and  feventh  Equations  this  > 

arifes, . y 

10.  Therefore  by  extracting  the  fquare  Root  out  of' 
each  part  of  the  laft  Equation,  the  greater  number 

fought  is  alio  made  known,  viz . 

So  the  numbers  fought  are  found  5;  and  2,  which  will  folve  theQueftion,as  will  be 

evident  by  the  Proof. 


e  =  2 


aa 


a 


—  4-4-21=2? 


=  ? 


QUEST  17. 

There  are  two  numbers,  fuch,  that  if  their  fum  be  multiplied  by  the  fum  of  their 
Squares,  the  Product  is  272  *  but  if  the  difference  of  thelame  two  numbers  be  multi¬ 
plied  by  the  difference  of  their  Squares  the  ProduCt  is  3  2 :  what  are  the  numbers? 

Put  a  for  the  greater  number  lought,  and  e  for  the  lefler  ;  then  the  Queftion  may 
be  ftated  thus,  viz.  '  _  _ 

1.  If . .  . a-\-e  'Aaa-\ree  —  272  • 

2.  And  .  . a — exaa — ee  —  32 

What  are  the  numbers  a  and  e>  || - - 

R  E  SOLUTION. 

aaa\  aae\ aee\  eee  —  272  ' 

4.  Likewife, 


3.  By  multiplying  a\e  into  aa- \-ee,  the  firft  ) 
Equation  will  be  reduced  to  this,  .  .  j 
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4.  Likewife  by  multiplying  a — e  into  aa — ee,  the") 

lecond  Equation  will  be  reduced  to  this,  .  .  3  1  1  ees  ““ 

5.  The  fum  of  the  third  and.  fourth  Equations  gives  2 aaa  -f  ieee  = 

6.  The  half  of  the  fifth  Equation  is,  .  *  aaa  ■+  eee  = 

7.  The  fourth  Equation  fubtrafted  from  the  third  7  2aae+oaee  = 

leaves . .  .  .  •  3 

8.  The  half  of  the  leventh  Equation  is . aae-\-  aee  = 

9.  The  Sum  of  the  feventh  and  eighth  Equations  is  .  .  iaae+iaee  = 

10.  The  fum  of  the  fixth  and  ninth  Equations  is  aaa+  iaae+zaee+eee  = 

1 1.  The  Cubic  Root  of  the  tenth  being  extra&ed,  7 
there  ariles  .  .  .  <  •  .  *  .  3  a'6 

1 2.  By  dividing  each  part  of  the  firft  Equation  by  7 
therelpe&ivepartof  the  eleventh, there  will  arife  3 
By  the  two  laft  Equations,  the  fum  of  the  two  numbers  lought  is  found  8,  and 

the  fum  of  their  Squares  34  ^  therefore  by  the  Canon  of  Quefl.  7.  Chap.  16.  Book  1. 

the  numbers  themlelves  will  be  found  5  and  3,  which  will  lolve  theQueftion,  as  may 

eafily  be  proved. 


32 

304 

152 

240 

120 

360 

512 

8 


aa-\-ee  —  34 


18. 


QUEST. 

To  divide  a  given  number  14  (or  b)  into  three  continual  Proportionals,  fuch,  that 
if  the  faid  given  number  be  divided  lbverally  by  every  one  of  the  laid  three  Propor¬ 
tionals,  the  fum  of  the  three  Quotients  may  be  equal  to  1 2f  (or  d)  a  number  given. 

RESOLUTION. 

1.  For  the  firft  (or  leaft)  of  the  three  Proportio-  7  1 

nals  fought  put  .  .........  $  e 

2.  For  the  fecond  (or  mean)  Proportional  put  .  a 

3.  Then  the  fquare  of  the  mean  Proportional  be-  7  aa 

S  e 


4' 

$ 


ing  divided  by  the  firft  gives  the  third,  to  wit, 

‘  '  '  -  ’  i.r  \  ---TXVTi 

Therefore  the  Sum  of  the  three  Proportionals  is 


aa 


Which  fum  muft  be  equal  to  the  given  number  7  ,  ,  aa  _  . 

14,  (or  bO  whence  this  Equation  ariles,  viz.  3  ^  ~  —  & 


-f 


e 


b 

-  + 
a 


be 


aa 


6.  Then  by  reducing  thatEquation  to  Integers, this  arifes  ee\ae\aa  =  be 

7.  Again,  (according  to  theQueftion)  let  the  gi¬ 
ven  number  b  be  divided  by  every  one  of  the , 
three  Proportionals  in  the  fourth  ftep,  fo  the 
three  Quotients  added  together  will  give  . 

8.  But  the  fum  of  the  three  Quotients  in  the  fe-‘ 
venth  ftep  muft  be  equal  to  the  given  fum  1 2f , 

(or  dO  hence  this  Equation  ariles,  .  . 

9.  Which  laft  Equation  reduced  to  Integers  will  7  ,  ,  ,  ,  , 

•nrnrlnrp  C  baaa-\-baae-\-baee  =  daaae 


a 


+  —  = , 1 

aa 


produce  .  . " . .  .  .  .3 

10.  And  by  dividing  every  Term  of  the  Equation  7 

in  the  ninth  ftep  by  a ,  this  ariles  .  .  .3 

11.  The  fixth  Equation  multiplied  by  b,  produces 

12.  And  from  the  tenth  and  eleventh  Equations,- 
(where  each  of  two  Quantities  is  found  equal ' 
to  a  common  third)  this,  ariles,  viz.  . 

13.  The  twelfth  Equation  divided  by  e  gives 

14.  And  the  thirteenth  Equation  divided  by  d  gives 


baa-\-bae-\-  bee  —  daae 
baa-\-bae-{-'  bee  =;  bbe 

.  daae  =  bbe 

v  daa  =  bb 
bb 

d 


aa  = 


Jbb 


15.  Therefore  by  extrafling  the  fquare  Root  out 
of  each  part  of  the  fourteenth  Equation, the  mean  ’ 

Proportional  fought  will  be  made  known,  viz.  ^ 

16.  And  becaule  a  is  now  known,  to  wit,  4-,  and  f 

b  =  14*,  therefore  the  Equation  in  the  fixth  ws-f  45 4-16  =  14s 
ftep  may  be  reduced  into  this,  viz.  .  . .  .  \ 


17.-  Which 


CHAP.  12. 


by  various  Pofitions. 

l7-  Which  lait  Equation,  after  due  Reduftion,  will  give  ,n,  „  „ 

18.  Laftly,  the  Equation  in  the  feventeenth  itep  being?  '  Ioe~e!=16 
relolved  by  the  Canonin  SeS.  ic.Cbap.  15.  Hook  1.  theC  e~5  2 
Hrlt  and  third  Proportionals  will  be  difcovered,  viz  \  '  l  8 

Thus  the  three  Proportionals  fought  are  found’2,  4  8  which  will  hr;*e  . 
ditions  in  the  Queftion :  For  firft,  f,  4  and  8  are  m$Ml7ta 
fecond^t,  their  ium  is  i4j  thirdly,  if  14  be  divided  by  2,  4  and  8  leverahv The  r  ; 
of  the  Quotients  7  ,  ■  and  U  is  iH  4  aswasprefcribed  in  the  Queftion  “m 

Jt  may  alfo  be  obferved,  that  thofe  three  Quotients  are  continual  t 

wi'Ue  inanifeft  from  the  feventh  ftep  of  theVolution,  wSTityXeSted 

by—,  —and —  5  for  the  Produfl  made  by  the  Multiplication  of  the  two  extremes, 
to  wit,  the  Produa  that  is,  g,  is  equal  to  the  Square  of  the  mean  Proportional  A; 

_ _ _ ___ _ •  •  •  a* 

QUEST  19.  '  ~ ;  ;  T  7 

To  find  three  numbers  in  Arithmetical  Progrefiion,fuchthat  if  thefirfl  be  multiolied 

•  c  t  ,eT°r;d  2>  *be  dl'rcl  by  3,  thefum  of  the  Products  may  be  62  ■  andPthat 
thefum  of  the  fquares  of  the  three  numbers  may  make  273  y  " 

r-  LnMhenhne?rmmb£rS/0UT  be  rfprefented  by  4,  ,/y/and  fuppofe  4  to  be  the 
fmallelt  and  firlt  Term,  then  the  Queftion  may  be  flated  thus,  viz.  * 

I*  d  , . ' . .  .  .  e — a  as  « — 0 

2‘  4nj . a+2c+3y  =  62 

3.  /ina.  .  . . aa-*r-ee-\-xx  =  27c 

What  are  the  numbers  <?,y  >  *  If  ’  7> 

RESOLUTION. 

4.  By  fuppofition  in  the  firft  ftep . ~  e _ 2  __  _ 

5.  Therefore  by  Tranfpofition  of  —a  and — *  7 . .  3 

therearifes . ....  \y  4  1  •  *+3  =  2e 

6.  And  by  dividing  each  part  of  the  laft  E- 7 

quation  by  2,  it  gives  .  .  .  .  .  j*  •  *  •  4^+rJ  =  e 

7.  And  by  fquaring  the  Equation  in  the  fixth  7 

Itep  there  comes  forth . y  •  ^ 

8.  Then  if  inftead  of  2e  in  the  fecond  Equation,  7 

there  be  taken  the  firft  part  of  the  fifth,  theC  ;  .  a+a+x+ix  =  a9 
fecond  will  be  converted  into  this,  viz.  .  y  j  V 

9.  That  is,  . .  20-+-/1V—  a-* 

10.  The  half  of  the  laft  Equation  is  .  .  •  .  •  .  *  ;  \  a+%  =  o£ 

11.  And  by  tranfpofition  of  Quantities  in  the  7*  *  3  6 

tenth  Equation  this  arifes,  viz.  .  .  .  y  •  •  •  31 — 27  =  a 

1 2.  And  by  fquaring  the  eleventh  Equation,  7 

there  comes  forth  .  .  . . y  •  9°x — 1243/+ 477  = 

13.  From  the  feventh,  eleventh  and  twelfth  7  96  1  1  t 

Equations  this  arifes,  . j  t-t — 4^+-^  =  ee 

14.  It  is  evident  that . yy  =  yy 

1  ?.  And  by  adding  the  twelfth,  thirteenth  and  7  2 ,  2  7  /  *4  8  /  ^ 

fourteenth  Equations  into  one  fum,it  makes  j  ' 

1 6.  But  by  fuppofition  in  the  third  ftep, .  27?  = 

17.  Therefore  from  the  fifteenth  and  fixteenth  7  ,,  '  4go  ;  • 

Equations,by  Exchange  ofequal  Quantities,  3  *  =275 

1  8.  And  after  due  Redu£Hon  the  Equation  in  7 
the  feventeenth  ftep  gives  .  .  .  y  4  4  •  •  y~r — yy  = 

19.  Therefore  by  refolving  the  Equation  in  the 
18  ftep,  (according  to  the  Canon  in  ^<3. 10  V 

Chap  1?.  Roo£  1.)  rwo  values  ofy  will  be^ . .  ==  or  I3-J 

difcovered,.  viz . .  .  J 

20.  And  from  the  19th  and  Equations . .  =  -  0r  2 6 

21.  Laftly,  from  the  2oth}ijtb  and  ^Equations  .  ..*,*.*  e  =  9’ 0 rli 

pP  ’  From 


2pS 


,  _ _ _ _ _ _ — 

Kejolution  of  Queftions  BOOK  II. 

From  the  three  laftEquations ’tis  evident,  that  the  three  defiled  Number**,  e  j  njay 
be  either  5,  9,  13,  or  3|,  84,  and  1 3* :  For  firft,  J,9,«3«e  j?  Arithmetical  Pro- 
greflion  ;  and if  5  be  multiplied  by  1,  9  by  2,  and  13  by  5,  the  fum  of  the  three  Pro- 
du£ts  is  62*,  moreover,' the  fum  of  the  Squares  of  5*  %  *3  makes  275,  as  was  re¬ 
quired.  The  like  may  be  proved  by  3-fi  8t  andl3r- _ 

QUEST.  20. 

To  find  three  fuch  numbers,  that  the  Square  of  the  firft  being  added  to  the  Produtf: 
of  the  firft  multiplied  into  the  fecond  may  make  the  fum  48  *  aifo,  that  the  Square  of 
the  firft  being  fubtrafted  from  the  Produa  of  the  firft  multiplied  into  the-third  the 
Remainder  may  be  32  5  and  that  the  Sum  of  the  Squares  of  the  firft  and  third,  may 
have  the  fame  Proportion  to  the  Iquare  of  the  fecond  as  5  to  2. 

Let  the  three  Numbers  fought  be  reprefented  by  a,  e,  y,  and  then  the  Queftion  may 

beftated  thus,  viz.  * 

1.  If  i  •  •  aa\at  —  4° 

2!  And  .*  .’  .’  .  .  .  .  •  •  •  ay~aa  ~  3 2 

3.  And  cta-\-yy  .  ee  : :  y  .  2 

What  are  the  numbers  0,  e,y  >  || - 

RE  SO  LUTIO  N. 

4.  From  the  firft  Equation  by  tranfpofition  of  7  .  ae  =  48— act 

act ,  this  arifes,  viz . *  *  • 

5.  And  by  dividing  each  part  of  the  laft  Equa-  7  g  _  48— aa 

tion  by  a,  it  gives  .  ...  i  ...  j  a 

6.  And  by  tranfpofition  of  —aa  in  the  fecond  7  ,  ay  =  aa\  32 

Equation,  It  makes  •  *  jT 

7.  And  by  dividing  the  fixth  Equation  by  a7 l  .  #  y  — 

there  arifes . j  i  a 

8.  From  the  Analogy  in  the  third  ftep,  by  com- 7 

paring  the  Product  of  the  extreme^  to  the  >  :  .  $ee  =  2aa-\-  2yy 
Produft  of  the  means,  this  Equation  arifes  3 

9.  The  Square  of  the  feventh  Equation  is  .  >  •  .  >y  ffif! 

.  t  -  .  .  2048+128^4-2^ 

10.  The  double  of  the  ninth  Equation  is  .  .  5-  .  .  2 yy  = — -  — - - 

n.  If  inftead  of  2 yy  in  the  later  part  of  the*) 
eighth  Equation  there  be  taken  the  later  r  __  2*48+ 128**+ 4** 

part  of  the  tenth,  the  eighth  will  be  conver-  r  *  *  >  act 

ted  into  this,  viz . -.  .  .  J 

12.  The  Square  of  the  fifth  Equation  is  .  .  >  .  .  ee  ~J?-0*~~9^aJra* 

1 3.  The  twelfth  Equation  multiplied  by  5;  gives  >  •  .  5 ce—  - — - - 

14.  From  the  eleventh  and  thirteenth  Equati--^ 

ons,  by  comparing  their  later  parts  one  to/  _ 

the  other,  and  reducing  the  Equation  there- C  60  •*  —  9472 

by  refulting,  this  Equation  arifes,  viz.  .  -J 

15.  Which  Equation  in  the  14^  ftep  being  re-7 

folved  by  the  Canon  in  Se8.  10.  Chap.  17.  >  .  .  a  =  V?92,  or  4 
Book  1 .  will  difcover  two  values  of  «,  viz.  \ 

1 6.  But  the  leffer  of  thofe  two  values  of  a,  to! 
wit,  4,  is  the  firft  number  fought  by  the  1 
Queftion,  for  the  Square  of  the  greater  value  j 

exceeds  48,  but  according  to  the  >  .  .  .  t  =  8 

fuppofition  in  the  firft  ftep  it  ought  to  be  j 
lefs  than  48  j  fuppofing  then  a  =  4,  it  | 
follows  from  the  fifth  ftep,  that  .  .  .  J 

17.  Laftly,  from  the  i$tb  and  yth  Equations,  .  .  .  .  y  =  12 

So  three  numbers  are  found  out,  to  wit,  4,  8  and  12  *  which  will  fatisfie  theQuelt- 
on,  as  may  eafily  be  proved.  ST.  id. 


CHAP.  12. 


by  various  Fo jit  ions. 


*•  ^ . aa-\-ae  =  io 

2*  . .  ec-\-ey  ==21 

And . .  .  yy+ya  =  24 _ 

RE  SO  L  UT  IO  N. 
4.  By  tranfpofition  of  00  in  the  firft 
Equation  this  arifes,  .  ...  y 
$.  And  by  dividing  each  part  of  the  7 
fourth  Equation  0,  it  gives  .  .  3 

6.  And  by  fquaring  the  fifth  Equation  7 

it  makes . c 

7.  Arid  from  the  fecond,  fifth  and  7 
fixth  Equations  this  arifes,  .  .  y 

8.  And  by  fubtfaaing-~2°”+I0° 

aa 

from  each  part  of  the  leventh  E- 
quation  this  remains  .... 

9.  And  by  dividing  each  part  of  the 


What  are  the  Numbers  0,  e,  y  ? 


e  = 


ee  =  __ 


10  —  aa 

io  —  a  a 

a 

04 — 2000 4*  tOO 

0  4- 


at 1 

■ 20004-100 

aa 


+ 


io — 00 


a 


4  =  21 


io 


a 


aay  __  41^ - lop - 34 

00 


8th  Equation  by 


1  o — aa 
a 


this  arifes 


y  =  4lga — 100 — 
1  00 — aaa 


10.  And  by  fquaring  the  ninth  Equa¬ 
tion  it  makes  ...... 


7.  vv  =  a%  8206-4- 1 88 104«°»82  00004-  iooon 
3  loo  aa — 2  004  -f  0* 

11.  And  by  multiplying  the  ninth  E-  )  ya  ~  4Iaaa — too# — 0* 

3  1  00 — 000 


quation  by  0,  it  produces 

1 2.  And  by  adding  the  eleventh  Equation  to  the  tenth,  the  fum  makes 

yyJrycl  —  ^  ^  I  3  ^ A  2  3  9  I  j  QQ00  !  Q  Q  Q  Q 

10000 - 20044  06 

*3.  Therefore  from  the  third  and  twelfth  Equations  this  arifes, 

208~-I  3  ia6-\r  239104 - 920000-1-  IOOOO  _ 

ioo  aa — 20044  06 

14.  Which  laft  preceding  Equation,  after  due  Reduction,  gives  this  that  follows  viz. 
— as-\--j8-Ui6 — 143  54044  580000  =  5000. 

17.  That  is,  after  Tranfpofition  of  5000, 

— 0s -f  7840* — 14354044580000 — 5000  =0. 

16.  Then  by  fuppofingw  — 20,  and  proceeding  according  to  theRulein  Se8.  y.Ch,  11. 

of  this  fecond  Book ,  the  Equation  laid  above  written  will  be  reduced  to  this  following 
Equation  in  Integers,  viz.  ■  6 

— zf84-3i4«<? — 2  29682*4-1- 3  71 2ooai< — 1280000  =  o 

17.  And  by  fuppofing  *  =  uu  we  may  inftead  of  —  i*8  in  the  laft  preceding  Equa¬ 
tion  write — *4,  and  inftead  of  +  3i4?**we  may  let  314*3,  alfo —  22968**in 
the  place  of— 229681*4,  and  4-371200*  inftead  of  +  37 12  00m/,  and  laft  of  all  the 
Abfolute  number —  1280000:  whence  this  following  Equation  arifes  ;  and  then 
after  *  is  made  known,  its  fquare  Root  be  the  number  u  ^  (for  by  fuppofition  x=uu, ) 

— *44314*3  — 22968**-!- 371200* — 1280000  =  o. 

18.  Now  becaufe  the  laft  Term  —  1280000  in  the  Equation  laft  above  written  has 
many  Divifors  which  will  be  ufelefsin  thefinding  of  the  value  of  *,  it  will  be  con¬ 
venient  before  they  be  found  out,  to  fearch  out  limits,  within  which  fuch  a  value  of 
the  Root  *doth  fall  as  will  produce  a  value  of  a  capable  of  folving  the  Queftion 
propofed ;  to  which  end  I  proceed  thus,  viz. 

?  P  2  19.  By 


*99 


E  S  T  21. 

To  find  three  fuch  numbers,  that  the  fquare  of  the  firft  tm „ 
of  the  firft  multiplied  by  the  fecond  may  make  10  •  alfo  ’that  the  Sn  ^  t^e^r(?^u^: 
cond  with  the  Produft  of  the  fecond  into  the  third  may  make^ , .  and  ffi  °!hhe  f 
Square  of  the  third,  with  the  Produa  of  the  third  into  the  firftmavmake^  thatthe 

1.  .a',;;”  n“"te  ^ *  rep''f'"“i  *  *■  asssta 


/ 


iq  By  the  latter  part  otttieiourtnuquduuu  xl 

20  And  by  the  fecond  Equation,  alter  tranfpofmon  of  dO  ^  2I 
it  will  likewife  appear  that  .  •  •  •  \\\\\\  ez=V  21 

Vi.  Then  byPmultipiying  V 21  mftead  of  e  by  a  in  the  firft  7 

S41  the  Canon  in  Sett.  V 

246AndUanfe  whenlTsiuppofed  to  be  equal  to  Vat,  the- 

¥ri"^sSft!pSIlTI’ 1  -  y 


10 


a= 1 


6  1 

i  o  o  5 


rttri 


6  x 

Tfl"1  o) 


©V; 


2a 


$aa 


(  40 

i  ^?T 
•^3  40 


{ 


2  2 

V  o*  J 


&c. 


3  « 


cr  1  o-^-v, 
nu  =  4«« 


87:. 


>►  mi 


x 


f^4o 
(.  crio 


3  6 

l'o‘  o‘5 


Ml 


(■“□40 

Tcrio 


8^. 


8'V. 


ealuy 'be  conceived  that  when  /is  lefs  than  Vat,  fas  it 
ought  to  be)  then  the  firft  Equation,  to  wit  aa+ea= 10 

25WThereCforerby  doubling  each  part  of  the  nineteenth  and  3 
twenty  fourth  fteps,  it  is  mamfeit  that  .  .  •  ►  •  ;  3 

06.  And  by  fquaring  each  part  in  the  twenty  fifth  ftep,  it  j. 

2 7  . ‘But  by  fuppofition  in  the  fixteenth  ftep  n=2<r,  and  con-  7 

fequently .  J 

2 8. Therefore  from  the  two  laft  precedent  fteps  it  s  evident  that 

oo  Anri  becaufe  by  fuppofition  in  the  leventeenth  ftep,  .  . 
l9i  Therefore  froL  the  twenty  eighth  and  twenty  ninth  £ 

fteps  it  Mows  that  •  avajue'of  'x  ;n  the  Equation  in  the  feventeenth  ftep  as  in 
3K  HjtV|l|n/ri,oducin2  a  true  value  of  thedelired  firft  number  a,  mutt be  lefs  than  40, 
P? irea4?  than  T™,  it  is  toanifeft  that  among  the  Divifors  of  1280000,  the 
kft  Term  of  that  Equation,  thefe  three  only,  to  wit,  16,  20  32  are  neceffary  to 
la  1 1  u  finding  out  the  faid  value  of  #,  and  confequently  of  a  5  and  therefore 

r of  this  Wfirftiivide  the  faid  Equati¬ 
on  ^nthefeventeenth  ftep,  to  wit,  — x4+3i4x1-22968xx+37I200x—i28oooo 

_  n  1.,,  _ _ j5  and  the  Quotient  is  exactly  —*1+298**— 18200*4-80000, 

wherefore  16  toll  be  a  true  value  of  x  in  that  Equation  :  And  becaufe  by  fuppo¬ 
fition  x=  m,  =  4«,  it  follows  that  V16  (that  is,  Vx)=«=2 a,  and  confequently 

2  —  a  the  firft  number  fought.  _  . 

22  Now  fince  2  is  found  equal  to  a,  the  firft  Equation,  to  7  .  2g 

'  wit,  <w+«=io  will  be  reduced  to  this,  viz.  ...  .  5 

33.  Whence  the  fecond  number  c  is  difcoveredy  W*.  .  •  •  3 

94.  And  confequently  the  fecond  Equation  will  be  reduced  ^  9+3)1=; 

oe  Whence  the  third  number  y  is  difcovered,  viz.  .  .  .  .  3—4  \,lr1 

Thus  the  three  numbers  fought  (to  wit,  a,  e,  y,  are  found  2,  3,4,  will  folve 

the  Oueftion-  For  the  Square  of  the  firft  with  the  Produft  of  the  firft  and  fecond 
h  „ aifo  the  Souare  of  the  fecond  with  the  Produft  of  the  fecond  and  third 
I^kes  21  ■  and  the  Square  of  the  third  with  the  Produa  of  the  third  and  firft  makes 

24i\"tcWThatqthee< Quotient  found  out  in  the  thirty  firft  ftep,  to  wit,  the  Equation 
-X J+Mto-i82®0*+ 80000  =  o  has  three  Affirmative  Roots,  whofe  values 
,1  .it.  n, 1? in  %,ft  a  C  1 1  of  this  fecond  Book)  will  be  found  very  near  equal  to 
b8be7f'i  Tnd  K-  bur  thefe  arewuhout  the  limits  of  x  difcovered  in  the 
tSrdeth Jfepi ami  therefore  although  the  Equation  in  Ae  fifteenth  ftep  may  bee^ 
pounded  by  four  Affirmative  values  of  a,  yet  only  one  of  them,  to  wit,  2,  is  capable 

°f'&eh^^t!fl  HfAhofe  Divifprs  which  were  difcovered  to  be  within  the  li¬ 
mits  for  the  finding  of  a  due  value  ofx  had  produced  an  exaa  Quotient  without  a 
Remainder  and  confequently  in  fuch  cafe  the  number  a  had  been  Irrationa  ,  y 
Rational  number,  near  the  true  value  ofx,  and  confequently  o 'a might  be  found  out 
by  the  help  of  the  General  Method  in  Chap.  to.  of  this  fecond  Book. 
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CHAP.  XIII. 

Concerning  the  Refolution  of  fuch  Arithmetical  Queftions  as  are 

capable  of  innumerable  Anfwers. 

L  A  Fter  a  Queftion  is  ftated  by  Equations  in  fuch  manner  as  has  been  fhewn  in  the 
.LX  foregoing  twelfth  Chapter,  if  thofe  Equations  be  equal  in  multitude  to  the 
Quantities  fought,  then  the  Queftion  has  a  certain  determinable  number  of  Anfwers 5 
but  whenfoever  a  Queftion  affords  not  as  many  given  Equations,  not  mutually  depen¬ 
ding  upon  one  another,  as  there  be  Quantities  required,  it  is  capable  of  innumerable  An¬ 
fwers.  Queftions  of  this  latter  kind  are  very  pleafant  and  delightful,  but  oftentimesex- 
ceeding  hard  to  be  refolved,  efpecially  when  all  the  Anfwers  in  whole  numb  rs  that  a 
Queftion  is  capable  of  are  defired;  and  therefore  I  fuppofe  it  will  not  be  unacceptable 
to  the  Learner,  if  in  this  Chapter  I  give  him  a  tafte  of  that  vaft  Skill,  by  expounding 
.three  propolitions  found  out  by  Monfieur  Bachet  h  the  two  firft  of  which  contain  the 
fu  bit  a  nee  of  the  eighteenth  and  twenty  firft  in  his  ingenious  little  Book,  entituled 
Problemes  plaifans  &  delettables ,  qui  'fefovt  far  lesNombres,  (Printed  at  Lyons  in  1624  *J 
but  his  Method  of  folving  and  demonftrating  the  fame  being  very  tedious  and  obfeure, 
I  (hall  wave  it,  and  deliver  two  ways  of  my  own  finding  out,  which  are  both  intel¬ 
ligible  and  demonftrative.  The  third  Propofition  (which  is  handled  by  the  fame  Au¬ 
thor  in  his  Comment  upon  41  Prop,  of  the  fourth  Book  of  DiophantusJ  I  fhall  alfo 
explain  at  large  by  various  Queftions. 

PROP.  I 

Two  whole  numbers  prime  between  themfelves  being  given,  to  find  out  two  others, 
fuppofe  a  and  b  ^  that  if  a  be  multiplied  by  the  greater  of  the  two  given  numbers, and 
to1  the  Product  there  be  added  a  given  whole  number,  the  fum  fhall  be  equal  to  the 
Produff  of  b  multiplied  by  the  leffer  of  the  two  numbers  firft  given.  Moreover  to  find 
out  ail  the  whole  numbers  a  and  b  that  are  capable  of  producing  the  lame  effeft. 

Explication. 

1  Numbers  prime  between  themfelves  are  fuch  as  have  Only  Unity  for  their  common 
'  Divifor*,  (per  Dejin.  12.  Elem.  7.  Euclid.)  fo  12  and  5  are  laid  to  be  Prime  between 
themfelves  becaufe  they  have.no  common  Divifor  but  1,  to  divide  them  feverally, 
fo  as  to  leave  no  Remainder  *,  the  like  may  be  Laid  of  20  and  21,  7  and  3,  &c. 

2.  I  call  a  number  the  Multiple  of  another  when  it  exa£fly  contains  that  other  twice, 
thrice,  or  more  times,  without  any  Remainder  :  As^  6  is  a  Multiple  of  3,  becaufe 
it  contains  3  exaffly  twice  *  likewife  18  is  a  Multiple  of  6,  becaufe  it  contains  6 
iuft  thrice  Without  any  Remainder.  Moreover  I  take  the  Liberty  to  call  a  num¬ 
ber  the  Multiple  of  it  felf,  becaufe  it  contains  it  Mf  juft  once.  Thefe  things  pre- 
mifed,  1  fhall  proceed  to  fhewtwo  ways  of  folving  the  preceding  Prop.  1.  and  ex¬ 
plain  the  fame  by  Queftions. 


Se£h  II.  The  firjl  Method  of  folving  the  foregoing  Prop.  1. 

$JJE  ST.  1. 

To  find  out  all  the  values  of  a  and  b  in  whole  numbers  that  may  make  9a-v6~-jb, 
viz.  that  nine  times  the  whole  number  a  with  6  added  may  make  feven  times  the  . 

whole  number  b.  . 

The  Equation  propofed  .  .  9^+6— 7^, 


The  Refolution, 
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Explication . 

1.  To  the  number  9  prefixt  to  a  I  add  6}  (to  wit,  +6  which  follows  9a)  and  it  makes 
1 7,  to  this  I  add  again  9  and  the  fum  is  24,  to  which  I  add  again  9,  and  it  gives  3  2  : 
and  in  like  manner  I  continue  the  addition  of  9  to  every  next  preceding  fum  until 
I  have  found  out  thefe.feven  numbers,  15,  24,  33,  42,  5:1,  60,  69,  which  (land 
(as  you  fee  in  the  Example)  under  9a,  and  on  the  left  hand  of  thofe  numbers  I  let 
1,  2,  3,  4,  7,  6,  7.  Thefe  two  Columels  of  numbers  do  fhew  that  if  1  be  taken 
for  the  value  of  <*,  then  9a-\- 6  makes  17  ^  but  if  2 =<*,  then  9a-\-S~  24  •  if  3  =  a 
then  9«-f  6  =  93  5  and  fo  of  the  reft.  The  addition  aforefaid  is  in  this  Example 
continued  only  to  the  feventh  fum  inclufive,  becaufe  (as  hereafter  will  appear )  the 
fmalleft  whole  number  that  can  exprels  the  value  of  a,  never  exceeds  the  nnmW 
prefix’d  to  b  in  the  Equation  propos’d. 

2.  Then  under  7 b  I  fet  the  Multiples  of  7  orderly  one  under  another,  viz.  14  fto  wit 
twice  7J21, 28,  &e.  until  I  have  found  out  a  number  equal  to  one  of  the  feven  num¬ 
bers  1  7,  24,  33,  &c.  fo  at  length  among  the  Multiples  of 7,  I  find  42,  that  is  fix 
times  7,  to  be  equal  to  42  that  Hands'  among  the  numbers  in  the  lecond  Columel 
which  later  42  (by  the  coriftrudion  aforefaid)  is  compos’d  of  6  and  four  times  9 
Whence  ’tis  manifeft  that  if  4  be  taken  for  the  value  of  and  6  for  the  value  of  b 
then  9a-\r6—-jb  ( =42)  viz.  nine  times  4  together  with  6  is  equal  to  feven  times* 
6,  and  therefore  one  Anfwer  to  the  Queftion  is  difeovered. 

Note  1.  When  the  given  whole  number  prefix’d  to  b  in  the  Equation  propos’d  is  a 
fingle  figure,or  fome  fmall  number  of  two  places,  then  this  firft  Method  will  readily 
difeover  the  fmalleft  values  of  a  and  b  in  whole  numbers  ^  for  the  fmalleft  whole  mini 
ber  ,7  never  exceeds  the  given  number  prefix’d  to  b ,  as  hereafter  will  be  made  manifeft  • 
But  if  the  number  prefix’d  to  b  be  large,  then  the  work  by  this  firft  Method  will  C 
intolerably  tedious,  efpecially  inthefolving  of  Prop.  2. 

Note  2.  If  the  two  given  whole  numbers  which  are  prefix’d  to  a  and  bin  the  Equation 
propos’d  be  not  prime  between  themfelves,  then  it  will  fometimes  be  impoffible  to 
find  out  any  whole  numbers  for  the  values  of  a  and  b ,  tofolve  the  Propofition  •  as  if 
two  whole  numbers  a  and  b  be  defired  that  may  make  6a+  3  =2&,  it  may  eafilv  be 
fhewn  that  ’tis  impoftible  to  find  out  two  fuch  whole  numbers  5  for  the  whole  number 
a  muft  he  either  even  or  odd,  but  whither  it  be  even  or  odd,  if  it  be  multiplied  bv 
the  even  number  6  the  Product  (hall  be  even  *  (by  Prop.  21,  &  28  Elm.  9.  Euclid)  to 
which  adding  3  the  fum  will  be  odd,  (for  odd,  added  to  even  makes  odd,)  which  fum 
muft  be  equal  to  2 b,  andconfequently  the  half  of  that  fum  is  the  number  £  •  but  the 
half  of  an  odd  number  cannot  be  a  whole  Number,  and  therefore  b  in  the  Equa 
tion  propos’d  cannot  be  a  whole  number:  But  if  the  given  whole  numbers  which  are 
prefix’d  to  a  andb  be  Prime  to  one  another,  then  whatever  whole  number  be  given 
to  be^  added  to  the  defired  Multiple  of*,  innumerable  whole  numbers  may  be  found 
out  for  the  values  of  a  and  as  hereafter  will  be  fhewn.  1 ' 

3.  After  the  two  fmalleft  whole  numbers  are  found  out  for  the  values  of  a  and  bto 

conftitute  the  Equation  propofed,  all  other  pairs  of  whole  numbers  that  are  capable 
of  producing  the  fiimeeffeff,  may  be  orderly  enumerated  into  two  Arithmetical 
Progreffions  thus  formed  3  viz.  Having  found  4  for  the  fmalleft  whole  number  a 
and  6  for  the  fmalleft  whole  number  b  to  conftitute  the  Equation  before  propofed’ 
to  wit,  9*4-  6=-jb,  let  the  faid  4  be  made  the  firft  Term,  and  7,  which  is  prefix’d 
to  £,  the  common  difference  of  the  Terms  of  the  firft  Progreflion  h  then  let  6  the 
fmalleft  whole  number  b,  be  the  firft  Term,  and  9  which  is  prefix’d  to  a  in  the  faid 
Equation,  the  common  difference  of  the  Terms  of  the  latter  Progreflion  fo  the 
Terms  of  thofe  Progreffions  will  be  thefe,  viz.  °  3 

Values ofa  •  4,  11,18,27,  32,  39,  4^  Sh 
Values  of  bh  6,  17,24,33,  42,  71,  6  o,  6 9,  &c. 

4.  Now  out  of  the  firft  of  thofe  Progreffions  you  may  take  any  Term  for  the  value  of  a 
as  1 1, (the  lecond  Term,)and  then  the  correfpondent  Term  in  the  latter  Progreflion’ 
to  wit,  1 7,  mall  be  the  value  of  b  $  by  which  two  numbers  1 1  and  1 7  the  Equation 
9a+6=-jb  may  be  expounded,  viz.  nine  times  11  with  6  added  is  equal  to  feven 
times  17.  Likewife  18  and  24,  alfo  27  and  23,  and  every  pair  of  correfpondent 
i  erms  in  thofe  two  Progreffions  will  caufe  the  fame  effeff,  as  I  fhalj  now  demonftrate. 
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Preparation. 

5.  Let  cand  n  reprelent  two  whole  numbers  Prime  between  7 

themfelves,  and  a,  b,  d}  three  other  whole  numbers,  fuch  >  ca-\-d  =  nb 
that  all  five  will  make  this  Equation,  viz . 3 

6.  Let  an  Arithmetical  Progrefiion  be  fo  formed  that  al 

may  be  the  firft  and  leaft  Term,  and  n  the  common  dif->  a ,  a+27^ 

ference  of  the  Terms,  as . *  .  ^ 

7.  Let  another  Arithmetical  Progrefiion  be  formed  from 7 

b  the  firft  and  leaft  Term,  and  c  the  common  differences  b ,  b+c0  b-\-2c,  &c. 
of  the  Terms,  as, . .  •  .  3 

8.  I  fay,  if  you  multiply  c  by  a\n  (the  fecond  Term  of  the  firft  Progrefiion,)  inftead 
of  a  in  the  Equation  in  the  fifth  ftep,  and  to  the  Produft  add  i,  the  fum  fhall  be 
equal  to  a  Multiple  of  «,  to  wit,  the  Produ£t  <)f  n  multiplied  into  b-\-c ,  (the  fe¬ 
cond  Term  [of  the  later  Progrefiion  *)  and  the  like  may  be  affirmed  of  every  fol¬ 
lowing  Term  in  each  Progrefiion. 

Dcmonjlration. 

y.  By  fuppofition  in  the  fifth  ftep, . *  .  .  .  ca-\-d~nb 

10.  And  by  adding  at  to  each  part  of  that  Equation,  \  _  Ca+at+d=»b+at 

this  arues,  «  •  •  •  *  .....*  »  •  j  _  _ 

1 1 .  Therefore  from  the  laft  Equation, . cxa-fw,  -\-d—nxb-\-c 

Which  was  to  be  fhewn. 

12.  Again,  if  to  each  part  of  the  Equation  firft  gran-  7  _  ca+2cn+d=znb+2cn 

ted  in  the  ninth  ftep  you  add  2 cn,  it  makes  .  .  )  _ _ ~  f _ 

13.  That  is, . <  •  »cxd-t-2w,  \d-71%b\2c 

14.  After  the  fame  manner  it  may  be  fhewn  that  .  .  -\-d~nxb+ic 

And  fo  forwards.  Which  was  to  be  proved. 

15.  Now  fuppofing  a  and  b  to  exprefs  the  fmalleft  whole  numbers  that  are  capable  of 
conftituting  the  Equation  in  the  fifth  ftep,  to  wit,  ca-\-d~7tb,  I  mult  demonftrate 
that  no  other  whole  numbers  belides  the  Terms  which  follow  a  and  b  in  the  two  Pro- 
greflions  formed  in  the  fixth  and  feventh  fteps,  can  be  taken  inftead  of  a  and  b  to 
produce  the  fame  effe£t :  If  it  bepoflible,  let  a-\-  fome  whole  number/,  viz.  a\f 
be  taken  inftead  of  a  •,  and  let  b- f  fome  whole  number  g,  viz.  b-\-g  be  taken  inftead 
0fb .  then  c  multiplied  by  a-\-f  makes  ca\cf,  to  which  adding  /  the  fum  is 

which  muft  be  equal  to  the  Product  of  n  multiplied  by  b-\-g ,  to 
wit,  7ib\ Tig,  whence . ca+cf-\-d=nb-\-7tg 

16.  And  by  fuppofition  in  the  fifth  ftep, . ca\ d~nb 

j-7.  Therefore  by  fubtrafting  the  laft  Equation  \  r 

from  the  laft  but  one,  this  remains,  .  *  .  3  *  *  *  ‘  *  J  6  . 

1 8.  And  by  refolving  the  laft  Equation  into  Pro-  ?  %  c  f  * 

portionals,  this  Analogy  arifes,  viz.  .  .  }  *  ’  J  *  6 

19.  Whence  it  is  manifeft  that  the  whole  numbers/ and  g  are  in  the  fame  Reafon  (of 

Proportion,)  as  the  whole  numbers  n  and  c ,  and  confequently,  fince  n  and  c  are  by 
fuppofition  whole  Numbers  Prime  between  themfelves,  /  muft  neceftarily  be  equal 
either  to  n,  or  2 or  &c.  and  g  muft  be  equal  to  c,  or  2 c,  or  3c’,  c.  Where¬ 

fore  a-pw,  a+2w,  jw,  &c.  viz.  the  Terms  which  follow  a  in  the  Progrefiion  in 
the  fixth  ftep,  and  b-\-cyb-\-ic^  b-\-ic,  &c.  viz.  the  Terms  which  follow  b  in  the 
Progrefiion  in  the  feventh  ftep,  are  the  only  whole  numbers  that  can  be  taken  inftead 
of  a  and  b,  the  leaft  whole  numbers  to  conftitute  the  Equation  propofed,  to  wit, 
ca^-d—nb.  Which  was  to  be  Ihewn. 

20  If  there  be  two  wholenumbers  a,  and  £,  given  or  found  out,  which  will  conftitute 
the  Equation  before,  propofed  or  fuch  like,  and  thofetwo  numbers  be  not  the  fmalleft 
values  of a  and  £,  you  may  by  the  help  of  thdfe  given  find  out  the  fmalleft,  by  this 
Rule  •  viz.  Divide  the  given  whole  number  a ,  by  the  given  number  which  is  prefixt 
tob  in  the  Equation  pro  poled,  then  after  the  Divifion  is  finiftfd  there  will  remain  either 
a  number  or  nothing  •,  if  a  number  remain,it  fhall  be  the  fmalleft  value  ofa  but  ifo  re¬ 
main  then  the  number  prefixt  to  b  is  the  fmalleft  value  of  a,  and  confequently  the  cor- 
refpondent  valueof  b  is eaiily  dilcoveredby  the  Equation.  The  reafon ol  this  Rule  is 
manifeft  by  S.q.C.ij.Ba.  For  if  any  Term  greater  than  the  leaft  of  an  Arithmetical 

Progrefiion 
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Progreflion  be  given,  .as  alfo  the  common  Difference,  the  leaft  Term  (hall  besiven 
alfo,  either  by  a  continual  fubtra&ion  of  the  common  Difference  or  bv  the  Rule 
above  expreft.  3  1 

As  for  Example,  If  in  the  former  of  the  two  Arithmetical  Progreflions  in  the  third 
ftep,  which exprefs  values  Of  a  and  b to  conltitute  the  Equation  92+6+7/,  th  . 
given  3  2  for  the  value  of  a,  I  divide  3  2  by  7  which  is  prefix’d  to  b,  and  find  7  contain’d 
four  times  in  32,  and  there  remains  4;  now  this  Remainder  4  is  thefmalleft  value  of  a 
whence  the  correfpondent  whole  number is  eafilydifcovered  ;  for  if«=4  then  02 

+  6=42=7^;  Therefore  42  divided  by  7  gives  6  for  the  whole  number  i  y 

AS.a‘n*  if  f =20  ana  fi=2d,  then  this  will  be  a  true  Equation,  vh.  72+4-4/,. 
now  lfyou  defire  thefmalleft  whole  numbers  aandfito  conftitute  that  Equation ditdde 
20  the  given  value  of  a  by  4  which  is  prefix’d  to  b,  and  there  remains  o  therefore 
(according  to  the  Rule  before  given)  the  faid  4  (hall  be  the  fmalleft  value  ofa  ■  whence 
5^+4=: 24=4^,  and  confequently  6=b.  3 

Lattly,  from  what  has  been  faid  in  the  third  ftep,  all  the  values  of  2  and  b  in 
whole  numbers  that  are  capable  of  conftituting  the  faid  Equation  72+4=4/,  are  the 
Terms  of  thefe  two  Arithmetical  Progreflions,  roe.  4  5a+4-4*  are  the 

Values  ofa  ;  4,  8,  12,  id,  20,  24,  28,  32,  (S'c. 

Valuesof  b-,  6,  11,  id,  21,  26,  31,  3d,  41,  ©V. 

Seft.  Ill  Another  way  of  Jolving  the  foregoing  Prop.  1. 

In  this  later  Method  there  are  four  principal  Cafes,  which  I  (hall  firft  explain  bv 
Queftions  and  then  (hew  how  the  Refolution  of  the  Propofition  will  always  run  into 
one  of  thole  four  Cafes.  *  ,  1 

'quest.  2.  . 

To  find  all  the  whole  numbers  2  and  b  that  are  capable  of  conftituting  this  Equat 
viz.  8#+  97  —  * 

The  Equation  propofed,  .  ;  ;  ;  i 


ion 


The  Refolution 


8^+97 =5& 


8  +  97=105 

13.1=21  =* 

5 

i=a 


Explication. 

firft  I  add  97  (to  wit,  +97  in  the  Equation  propofed)  to  8,  which  is  nrefi x’d 
to  (T,  and  it  makes  1 05,  this  I  divide  by  5  the  number  prefix’d  to  b  h  and  becaufe  the 
Qaotient  21  happens  to  be  exacUy  a  whole  number  without  any  remainder,  it  (hall 
be  the  fmalleft  whole  number  b  feught,  and  the  whole  number  a  in  this  cafe  is  always 
1.  The  Reafon  is  evident,  for  if  «=i,  then  82+97=8+97  .  and  if  this  fum  hin 
pens  tobeaMuItipIe  ofthe  given  number  prefix’d  to  A,  thenV  is  neceffarily  a  who?e 
number.  This  is  the  firft  of  the  four  Cafes  above  mentioned. 

Then  after  i  and  21,  the  fmalleft  whole  numbers  a  and  b  to  conftitute  the  Equation 
proposd,  are  found  out  all  the  other  values  of  2  and  bin  whole  numbers  will  be  found 

Si', it ” ""  “  “  * 

Values  of 2;  1,  d,  ir,  id,  21,  2 6,  &c. 

Values  ofi  ;  21,  2%  37,  47,  53,  di,  ©v. 

r,Ff2ynn?-ylv0n0rref?0ndecnc  numbersin  thofe  Progreflions  may  be  taken  for  values 
^fas,L  vqUatIOn’  8"+  9T =rfi  as  for  Example,  if  «  betaken  fcr«  and 

18;  =  ’, 85  AfdfooTthe’reli"11  97  added  ^  **  equaI  t0  fivetimes  «*• 


To  find  all  the  whole  numbers 
viz.  490+ 6 =13$ 


QUEST.  3. 

a  and  ^  ril3t  are  capable  of  conftituting  this  Equation, 


The 


C  H  A  P.  1 3-  capable  of  Innumerable  Anfrrers. 


The  Equation  propofed, 


The  Refolution, 


I 

49*4-6 

=  13  b 

f 

2 

SS 

~  6$ — io' 

? 

49 

=  39+io 

4 

104 

=  104 

104 

li 

00 

11 

s 

6 

104—6 

4.6 

11 

M 

11 

Si 

Explication , 

Fit  ft,  I  add  6  (t0  wit,  ■ +6  in  the  Equation  propofed)  to  49  which  h  mefivvi  „ 
and  it  makes  ??  ;  now  if  this  y?  were  exaftly  divifible  by  1;  which  is  mefivM  r  h 
the  Quotient  would  be  the  wkde  number  b  fought,  and  1  thenumber  a,  (asin 
But  5  5  not  being  a  Multiple  of  13,  I  proceed  thus,  viz.  I  feek  the  Multiple  of  ^  which 
is  next  greater  than  ??,  by  dividing?;  by  13,  fo  I  find  that  fout  times  13  is  left  than 
;?,  but  five  times  13,  that  is,  8?  exceeds  ??,  by  io;  therefore  ;;  is  equal  to  6? 
wanting  io,  viz  ;;=6?-iq.  This  is  the  fecond  Equation  in  theExamlfe 
2.  Then  I  divide  49  which  is  prefix’d  to  n  by  13  which  is  prefix’d  to  /fo  I  fi„d 
that  three  times  1 3  that  is,  39,  is  the  greateft  Multiple  of  1 3  contained  in  49  and 
there  remains  io*  therefore  49  =  39+10:  which  is  the  third  Equation  49’ 

,!•  wWrbe“-fe  +IQ  Is  *ou.?d  third  Equation,  and -io  in  the  fecond  I 
add  thofe  Equations  together,  io  the  faid  10  vamfhes,  and  there  arifes  ioa  -  ’ 
which  is  the  fourth  Equation,  4-—1045 

4.  Then  I  divide  1 04,  that  is,  either  part  ofthe  fourth  Equation,  by  1 3  which  Unr* 

fix’d  to  b  in  the  Equation  propos  d  and  the  Quotient  8  is  the  whole  number  b  fought" 
?.  Then  from  the  faid  104  m  the  fourth  Equation,  I  fubtraft  d,  (to  wit  If  £ 
the  Equation  propos  d)  and  divide  the  Remainder  98  by  49  which  is  nrefii’H 
fo  the  Quotient  gives  2  for  the  whole  number  a  fought,  •  P  xd  co  <7, 

I  fay  2=«and  8=i  will  make  49«+6= as  was  required  in  Buefl  ,  and  all 
the  values  of  a  and  b  in  whole  numbers  that  are  capable  of  producingthe  fame  effiJi 

are  the  Terms  of  thefe  two  following  Arithmetical  Progrefiions  whofe  confiruftion 
has  been  (hewn  before.  e  uua 


Values  of  a ; 


1?  ,  28  ,  '  41 


£?  c. 


c.tv 

c. 


,  /  s  j  —  j  -j-  —  1  54  ,  ^ 

values  of  b ;  8,  97,  rod,  !??,  204,  293, 

Note,  That  the  manner  of  forming  the  fecond  and  third  Equations  in  the  foreer,;™ 
Refolution  of  Quefl  3,  muft  be  diligently  obferved,  becaufe  the  like  work 'is  conlan® 
ly  ufed  in  the  following  fourth,  fifth  fixth,  feventh,  eighth  and  ninth  Queftions  - 
But  it’s  by  accident,  that  the  fame  number  10  follows  the  Signs  — and  +  in  the  faid 
fecond  and  third  Equations,  and  therefore  the  adding  them  together  to  produce  rhe 
fourth  Equation,  is  an  Operation  peculiar  only  to  this  and  the  like  accident  which  I 
tsH  tbss  fecond  of  the  four  Cafes  before  mentioned.  5  f 

But  that  in  this  fecond  Cafe,  the  Refolution  infallibly  produces  whole  Numbers  fo- 
the  values  off?  and  b,  I  prove  thus  :  Firft  by  Conftruaion,  6?— io  (the  later  nart 
of  the  fecond  Equation)  wants  io  of  a  Multiple  of  1 3,  and  39+ 10  (the  later  part  of 
the  third  Equation)  exceeds  a  Multiple  of  1 3  by  io  *  therefore  the  Sum  of  the  faid 
65— 10  and  39+IO?  to  wit,  104  (the  later  part  of  the  fourth  Equation)  fhall  he 
a  Multiple  of  1 3  5  and  confequently  1 04  divided  by  1 3  willexaaiy  give  a  whole  Num 
ber,  to  wit,  8  for  the  value  of  b,  Secondly,  becaufe  104  (the  firft  part  ofthe  fourth 
Equation)  is  by  conitruttion  compos  d  of  a  Multiple  of  49  together  with  6  •  bv  fub 
traaing  6  from  104,  the  Remainder  98  fhall  be  a  Multiple  of  49,  and  coniequentlv 
98  divided  by  49  will  give  the  Quotient  an  exaa  whole  number,  to  wit  2  for  the 
value  of  a.  Whence  it  is  manifeft,  that  if  after  the  fecond  and  third  Equations  are 
formed  out  of  the  firft  (to  wit,  the  Equation  propofed)  according  to  the  preceding 
Direaions  for  folving  §ueft,  3.  it  happens  that  the  number  following  4-  in  the  l  iter 
part  of  the  third  Equation,  is  the  fame  with  the  Number  following  —  in  the  later 
part  of  the  iecond,  there  will  certainly  arile  two  whole  Numbers  for  the  values  of 

a  and  h. 
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Q  U  E  S  T.  4.  l' 

To  find  all  the  whole  Numbers  a  and  b  that  may  make  82 0+66  =  1  3b. 


The  Equation  propos’d, 

•  • 

I 

82<2+66  =  13  b 

■ 

£  i  ! 

2 

3 

148  .  .=,  156 — 8 

82  =  78+4. 

r  .  -  -  ^  ■ 

0 — liO  i 

4 

164  =  15:6+8 

The  Refolution,  . 

< 

«  •  • 

5 

3  T  2  =  312 

-»  ‘''I'  f.O. 

6 

l  7 

512  -  24  -b 

13 

312—66  _  ^ 

"""  “  ** 

.  . ,  % 

3?  . 

Explication. 

1.  The  fecond  and  third  Equations  are  formed  out  of  the  firft  in  fuch  manner  as 
before  has  been  explain’d  in  the  Refolution  of  Qtrefl.  3* 

2.  Becaule  the  Number  4  which  follows  the  Sign  +  in  the  later  part  of  the  third 
Equation,  happens  to  be  an  Aliquot  Part,  to  wit,  4.  of  8  which  follows  the  Sign  —  in 
the  later  part  of  the  fecond  Equation,  I  multiply  each  part  of  the  third  Equation  by 
2  (the  Denominator  of  the  faid  Aliquot  Part,)  to  the  end  there  may  be  +  8  in  the 
Equation  made  by  that  Multiplication  •,  fo  there  is  produced  164=15:6  +  3,  which 

is  the  fourth  Equation.  .  _ 

2  Now  fince  +8  is  found  in  the  fourth  Equation,  and  — 8  in  the  fecond,  I  add 

thole  Equations  together,  fo  the  faid  8  vanilhes,  and  there  arifes  312  =  312  -,  which 

is  the  fifth  Equation.  ' c  „  ,  N  ,  , .  ,  . 

4.  Then  I  divide  3 1 2,  (to  wit,  either  part  of  the  fifth  Equation)  by  1 3  which  is  pre¬ 
fix’d  to  b  in  t  he  Equation  propofed,  and  the  Quotient  24  is  the  wholenumber  b  fought. 

5.  Laftly,  from  the  faid  312  (in  the  fifth  Equation)  I  fubtraft  66,  to  wit,  +66 
in  the  Equation  propos’d,  and  divide  the  Remainder  2a.6  by  the  given  number  82, 
(which  is  prefix’d  to  a  *,)  fo  the  Quotient  3  is  thef  whole  Number  a  fought. 

I  fay,  3  =  a  and  24  =  b  will  make  82^+  66  =  1 3  b,  as  was  required  in  Qiiejl.  4. 
and  all  the  values  of  a  and  b  in  whole  Numbers  that  are  capable  of  producing  that 
Equation,  are  the  Terms  of  thefe  two  Arithmetical  Progrelhons,  (whofe  Conffruftion 
has  been  fhewn  before  in  the  third  ftep  of  Sett.  2.)  viz. 

Values  of  3  ,  16  ,  29  ,  42  ,  55  ,  68  ,  Efc. 

Values  of  £•,  24,  106,  188,  270,  35:2  ,  434,  Cfc. 

Note ,  That  it  was  by  meer  chance  that  the  number  following  the  Sign  +  in  the 
third  Equation  happened  to  be  an  Aliquot  Part  of  the  number  following  the  Sign  — 
fecond,  and  therefore  the  multiplying  of  the  third  Equation  by  the  Denominator  of 
the  Aliquot  Parr,  is  an  Operation  peculiar  only  to  that  and  the  like  accident,  which 
is  the  third  of  tihe  four  Cafes  before  mentioned.  The  Reafon  of  the  Operation  in  this 
fourth  Queftioh  (or  third  Cafe,)  may  beeafily  difeernedby  the  Demonftration  before 
given  in  Quefi.  3.  but  for  further  illuftration  I  Ih all  add  another  Example  of  Cafe  3. 

QUEST.  5. 

To  find  all  the  whole  Numbers  that  may  be  values  of  a  and  b  in  this  Equation,  viz 
601^+9  =  200  b. 


The  Equation  propofed  ...  ij 

6cia-\-<p  =  200  b 

*  r 

The  Refolution,  ...... 

2 

3 

610  =  boo — 190 

601  =  600+  1 

4 

5 

114190  =  114009  +  190 

114.800  —  114800 

6 

^  7 

I I480O  =  ;74  =  b 

200 

114800 — 9  __  , 

— z. - Z.  =  1 91  =;  a 

601  ' 

Explica - 
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Explication. 

The  Refolution  of  this  Queftion  is  like  that  in  the  foregoing  giiefl.  4.  for  fince  -f  1 
in  the  later  part  of  the  third  Equation  happens  to  be  an  Aliquot  part  of  1 9c  which 
follows  —  in  the  fecond  Equation,  I  multiply  each  part  of  the  third  by  190,  to 
the  end  that  +  190  may  be  found  in  the  Produft,  as  you  fee  in  the  fourth  Equation  4 
then  by  adding  the  fourth  Equation  to  the  fecond,  the  Sum  makes  the  fifth*  which  is 
free  from  the  Signs  A-  and  — $  laftly,  from  the  fifth  Equation  the  whole  numbers 
574  and  1 91  exprefling  the  values  of  b  and  a  are  difcovered,  in  like  manner  as  in  the 
preceding  third  and  fourth  Queftions  *  which  numbers  will  conftitute  the  Equation 
propofed:  For  601  times  191  together  with  9  is  equal  to  200  times  774,  that  is, 
114800  ^  and  all  the  relt  of  the  values  of  a  and  b  in  whole  Numbers  to  make  that 
Equation  will  be  found  in  thefe  two  following  Arithmetical  Progrcflions  formed  by 
the  Rule  before  given  in  the  third  ftep  of  Sett.  2. 

Values  of  03  1 91  ,  391,  J91  ,  791,  991^  &c. 

Values  of  b\  774,  1175,  1776,  2377,  2978  ,  &c. 


Explication. 

1.  The  fecond  and  third  Equations  are  formed  out  of  the  firft  in  like  manner  as  be¬ 
fore  in  the  Explication  of  §>uejl.  3. 

2.  But  becaufe  28  w'hich  follows  -f  in  the  third  Equation,  is  not  equal  to,  nor  an 
Aliquot  part  of  60  which  follows  —  in  the  fecond,  the  procefs  cannot  be  made  like  that 
in  the  third,fourth  and  fifth  Queftions  3  lb  that  now  a  fourth  Cafe  takes  rife,  andthefcope 
of  anewfearch  is  to  find  out  a  number  J,  fuch,  that  if  it  multiply  the  faid  +28,  the 
Product  may  exceed  a  Multiple  of  93  (which  is  prefix’d  to  b)  by  60 3  for  then  it  will  bee- 
tident,  that  if  the  third  Equation  be  multiplied  by  that  number  f  an  Equation  will  be  pro¬ 
duced  whole  firft  part  f  hall  be  a  Multiple  of  1 2 1  ,and  the  latter  part  fhall  exceed  a  Mu  tiple 
of  93  by  60,  and  then  the  reft  of  the  work  will  be  like  that  in  Cafe  2.  in  ghiejl.  3.  In  the 
fearch  therefore  of  the  number  </,the  fourth  Equation  is  aftumed,  to  wit.  93  c-b  6o=28d. 

3.  The  fifth  and  fixth  Equations  are  formed  out  of  the  fourth,  in  like  manner  as 
the  fecond  and  third  out  of  the  firft. 

4.  Becaufe9  which  follows  -f  in  the  fixth  Equation,  is  neither  equal  to,nor  an  Aliquot 
part  of  1 5  which  follows  the  Sign  —  in  the  fifth,the  next  fcope  (for  the  like  reafon  before 

Q^q  2  given 
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river,  concerning  the  number  i)  is  to  find  out  a  number/,  fuch,  that  if  it  multiply  the 
faid  +9,  the  Produtt  may  exceed  a  Multiple  of  28  which  is  prefix’d  to  d,  by  the  find 
•  to  which  end  thefeventh  Equation  is  affumed,  to  wit,  28*?+ 15  =  9/ 
y  ’  The  eighth  and  ninth  Equations  are  formed  out  of  the  leventh,  in  like  manner 

as  the  fecond  arid  third  out  of  the  firft.  _ 

6.  Becaufe  1  which  follows  +  in  the  ninth  Equation,  is  an  Aliquot  Part  of  2  which 
ftands  next  after  —  in  the  eighth,  the  ninth  is  multiplied  by  2  the  Denominator  of 
the  faid  part  *,  (according  to  the  Rule  in  Cafe  3.  gueft.  3.)  whence  the  tenth  Equation 

is  produced,  to  wit,  s6==54“f'2' 

7  The  eleventh  Equation,  to  wit,  99=99  is  the  Sum  of  the  eighth  and  tenth  *  and 
fince  the  faid  eleventh  is  free  from  the  Signs  +  and  — ,  aRegreflive  work  now  begins, 
to  find  out  the  whole  numbers  /,  d ,  b  and  ah  in  this  manner,  viz. 

8.  By  dividing  either  part  of  the  eleventh  Equation,  to  wit,  99,  by  9  which  is  pre¬ 
fix’d  to /in  the  feventh,  there  arifes  1 1  =/,  as  in  the  twelfth  Equation. 

9  Then  multiplying  the  number  /,  to  wit,  1 1 ,  by  9  3 ,  that  is,  either  part  of  the  fixth 
Equation,  and  to  the  Produd  adding  153,  that  is, either  part  of  the  fifth  Equation,  the 
Sum  makes  1176,  (as  you  fee  in  the  thirteenth  Equation)  which  1176  is  a  Multiple  of 
28  to  wit,  that  which  is  reprefented  by  28  d  in  the  fourth  Equation  •,  Therefore, 

10.  By  dividing  the  faid  1176  by  28,  the  Quotient  42  is  the  number  d,  as  in  the 

fourteenth  Equation.  .  ....  r ,  . 

11.  Then  multiplying  the  number  <?,to  wit,  42, by  1 21, that  is,  either  part  of  the  third 
Equation,  and  to  the Produft  adding  126,  that  is,  either  part  of  the  fecond  Equation, 
the  Sum  makes  5208,  as  you  fee  in  the  fifteenth  Equation,  which  7208  is  a  Multiple 
of  93  to  wit,  that  which  is  reprefented  by  93  b  in  the  firlt  Equation?,  Therefore, 

12.  By  dividing  either  part  of  the  fifteenth  Equation,  to  wit,  5208  by  93,  the 

Quotient  56  is  the  number  b  fought.  •  .  - 

15.  Then  from  the  faid  5208  fubtratting  5*  to  wit,  +5  in  the  firlt  Equation,  and 

dividing  the  Remainder  7203  by  121  which  is  prefix’d  to  a  in  the  firft  Equation,  the 

Quotient  gives  43  for  the  number  a  fought,  as  in  the  feventeenth  andlaft  Equation. 
Therefore,  if  43  be  fora,  and  56  for  b ,  then  1210+5  =  93^  which  is  the  Equation 
propofed  in  @iieft.6.  and  all  the  values  of  a  and  b  in  whole  Numbers  that  are  capable 
ofconftituting  that  Equation  are  theTerms  of  thefe  two  following  Arithmetical  Progref 
lions,  whofe  Conftru&ion  has  been  fhewn  before  in  the  third  ftep  of  Sett.  2. 

Values  of  a?  43,  13*,  229,  322,  415,  S08  ,  Re¬ 
values  of  bh  56,  177  5  298,  419,  540,  66 1,  ere. 

14.  After  the  Numbers  /  and  d  in  the  foregoing  Refolution  of  Qiteft.6.  are  known, 
the  Numbers  e  and  c  in  the  feventh  and  fourth  Equations,  may  ealily  be  difeovered  * 
but  there  is  no  need  of  their  help  in  the  finding  out  of  the  delired  Numbers  a  and  b. 

1 5.  But  methinks  I  hear  the  Reader  make  this  Obje&ion,  viz.  How  does  it  appear, 
that  from  every  three  whole  numbers  given  in  Inch  fort  as  before  is  declared  in  Prop..  1. 
there  may  infallibly  be  found  out  two  whole  numbers  a  and  b  to  folve  the  faid  Pro- 
pofition,  by  the  Operation  before  explained  in  the  four  Cafes  before  mentioned  :  For 
Anfwer\o  this  Objection,  I  (hall  here  fhew  how  far  the  Procefs  need  be  continued  at 
the  fartheft,  to  find  out  an  Equation  having  + 1  in  its  later  part  *  for  when  fuch  Equa¬ 
tion  arifes,  ’tis  manifeft  by  the  Operation  in  the  third  Cafe  explain’d  in  gwft.  4,  and 
5.  that  two  whole  numbers  a  and  b  will  infallibly  be  difeovered  to  fatisfie  the  Propo- 
fition,  and  confequently  innumerable  other  pairs  of  whole  numbers  to  produce  the 
fame  effefl.  Firft,  then  in  the  foregoing  Queft.  6.  the  given  number  121  which  is 
prefix’d  to  0,  being  divided  by  the  given  number  9  3  which  is  prefix’d  to  b,  after  the 
Divifion  is  finifh’d  there  remains  28,  to  wit  +28  in  the  later  part  of  the  third  Equa¬ 
tion:  Secondly,  the  faid  Divifor  93  being  divided  by  the  faid  Remainder  28,  after 
the  Divifionis  ended  there  remains  9,  to  wit,  +9  in  the  later  part  of  the  fixth  Equa¬ 
tion  :  Again,  the  laft  Divifor  28  being  divided  by  the  laft  Remainder  9,  after  this 

.  Divifion  is  ended  there  remains  1,  that  is,  -+i  in  the  later  part  of  the  ninth  Equation, 
which  Remainder  1  you  will  always  infallibly  come  unto  by  a  continued  Divifion  in 
that  manner,  becaufe  the  two  given  Numbers  prefix’d  to  a  and  b  are  fas  the  Propo- 
lition  requires)  Prime  between  themfelves ;  and  that  continued  Divifion  is  no¬ 
thing  elfe  but  the  Method  of  finding  out  the  greateft  common  Divifor  unto  two 
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Numbers  *  fo  that  you  may  at  firft  (if  you  pleafe)  difcover  unto  what  Letter  at  the 
fartheft,  the  procels  need  be  continued  before  you  return  backward  according  to  the 
Operation  explain'd  in  giieft.  6.  But  oftentimes  before  you  corhe  to  the  laid  Remain¬ 
der  i,  theRefolution  will  run  into  one  of  the  three  Cafes  explain’d  in  Queft.  2,  3,  4, 
and  /.  as  will  appear  by  the  following  feventh,  eighth,  and  ninth  Queftions. 


^  vj  . %  '  1 

§_UEST,  7. 

If 

1 

?7*+  1  =  26  b,  -j 

Out  of  1.  | 

2 

i 

=104  —  6 

n  =  78  +  19 

Suppofe 

4 

2 6c-\-6  =  19  d 

Out  of  4. 

5 

6 

32  =  38  —  6 

26  — 19+7  . 

Suppofe 

7 

19  e\6  —  7/ 

Out  of  7.  i 

8 

25  =23—3 

9 

19  =14  +  5 

Suppofe 

io 

7  £+3  =  5  b 

Out  of  10. 

11 

7+3  =  10 

Out  of  10  and  11. 

* 

12 

10  —  2 _ b 

5 

Out  of  12,  9, *8, 

2X  19,  +  25  =  63 

13,  and  7. 

H 

63  =  9  -/ 

% 

7 

14,  6  and  5. 

15 

9x26,  32  =  2 66 

2 66  4 

- =14  =  a 

19 

1 5  and  4. 

1 6 

16,  3  and  2. 

17 

l4*97>+98  =  >456 

17  and  1. 

18 

'Hit  =56  =  b 

2  6 

17  and  1. 

,1456—1  .  ^  . 

97 

Numbers  > 


c  =  ?  d  =  > 


e  =  ?/=? 


> 


g  =>  i>=> 


work  begins. 


’O 


Explication. 

In  this  feventh  Queftion  the  procels  is  formed  like  that  in  the  foregoing  fixth*  and 
the  laft  Letter  in  the  work  is  h ,  whofe  value  is  difcovered  in  the  twelfth  Equation  by 
the  he’p  of  the  tenth  and  eleventh,  according  to  the  Operation  in  ghiejl.  2.  and  then 
by  the  help  of  the  Number  b ,  the  Work  returns  backward  to  find  out  the  Numbers/, 
d,  b  and  a,  in  like  manner  as  in  Quefi.  6.  But  in  this  feventh  Queftion  the  laft  Letter 
in  the  Procels,  to  wit,  6,  is  made  known  before  an  Equation  arifes  which  has  +  1  in 
its  later  Part ;  aud  the  like  effect  happens  in  the  following  eighth  and  ninth  Queftions. 

Now  in  Anfwer  to  this  feventh  Queftion,  all  the  values  of  a  and  b  in  whole  Num¬ 
bers  that  are  capable  of  conftituting  the  Equation  propofed,  to  wit,  970+1  =  26  b , 
are  the  Terms  of  the  two  following  Arithmetical  Progreffions,  which  are  deduced 
from  the  two  fmalleit  values  of  a  and  />,  (to  wit,  15  and  5  6  found  out  as  above, ) 
according  to  the  Rule  in  the  third  ftep  of  Sett.  2.  • 


Values  of  a  •,  15  ,  41  ,  67  ,  93  , 

Values  of  b  *  56,  155,250,347, 


14?,  £*• 

444 »  541  ,  vc. 


^UE  ST.  S. 


ft 


310 


— 


Evolution  of  Queftions 


BOOK  II. 


<  > 


t“K 

a 


11:  >  < 

t 

-j:  ./U 


if 

Out  of  i.{ 
Suppofe 
Out  of  4. | 

5  +  6- 
7>  4- 
8,  3,  2. 

9,  1. 

9*  i- 


7 

6 

7 

8 

9 

10 


^UE  ST.  8. 

119  a+6  =  57  by  i 

What  are  the  whole 
numbers  a  and  b  > 

125 

=  171—46 

L  »i».'  * 1  )  J  •  ;  1 

119 

:  =  i'4+  7 

I  Jii  j  i  i,.,  ; ,  Cl  U  [  i  " 

77  c-f  46 

=  5  d 

c => d=> 

103 

-;■=  105  —  2 

—  77+2 

160 

160 


1! 


32 


—  160 

==  d 


11 


Regrefs. 


▼  '.I 
x  :f 


3.2.x  119,  +  125:  =  3933 

■  o  : ,  _•  | 

3933 


77 


=  69  =  b 


—  6 


119 


=  33 


a 


o-r  t 


Values  of  33  ,  90  ,  147  ,  204  ,  261  ,  318  ,  &c. 

Values  of  by  69  ,  188  ,  307,  426  ,  747  ,  664,  &c. 

In  which  Progrefiions,  every  two  correlpondent  Terms  may  be  taken  for  values  of 
a  and  b  to  conftitute  the  Equation  in  Queft.  8. 


c  ,rrv , 

j .  u  J  j 


^UE  ST.  9. 


If 

i73^+i  =  7lK 

O 

c 

rt 

O 

M 

i - A — S 

2 

3 

174  ■  §=?  213—39 

17?  •  =  >42+31 

Suppole 

4 

71C+39  =  31  d 

Out  of  4. 

7 

6 

no  =  124 — 14 

71  =  62-f  9 

Suppole 

7 

31^+14  =  9/ 

Out  of  7. 

8 

31  -f  14  —  47 

8,  and  7 ; 

9 

=  5=/ 

9  ~ 

9>  by  5. 

10,  4. 

10 

11 

>  x  71,  +110  =  46J 

">^  =  jj  =  d 

3* 

ir,  3,  2. 

12,  1. 

12 

13 

17x173, 4-i74  =  2769 

VJl  =  79  =  b 

71 

12,  1. 

H 

27  69-i  =  ,6  =  « 

173 

Values  of  a 
Values  of  b 

.  1  .  1 '  ;  1  J  .  1 .  t 

5 

5 . 

>6  ,  87  ,  158  ,  229  , 

39,  212  ,  385  ,  558, 

{What  are  the  whole 
numbers  a  and  b  > 


c  =  >y  =  > 


uO 


e=>/=? 

-  • 

Regrels. 


■n 


Sett.  4.  PROP.  II, 

Two  whole  numbers  Prime  between  themfelves  being  given,  to  find  out  two  others 
suppofe  a  and  b  that  if  a  be  multiplied  by  the  lefler  of  thofe  two  numbers  given,  and 
to  the  Produft  there  be  added  a  whole  number  given,  the  fum  fliall  be  equal  to  the 
Product  of  b  multiplied  by  the  greater  of  the  two  numbers  firft  given.  Moreover  to 
ddcover  all  the  whole  numbers  a  and  b  that  are  capable  of  producing  the  fameeffeft. 

When  each  of  the  two  given  numbers  which  are  Prime  between  themfelves  is  a  An¬ 
gle  figure  or  fome  fmall  number  confining  of  two  Charafters,  then  the  firft  of  the 
two  waysof  folvmg  the  foregoing  Prop.  1.  will  readily  folve  this  fecondt  but  waving 
that  Method  I  fliall  fhew  two  other  ways  by  the  help  of  the  later  of  thole  two  Methods 

/  Tbs 
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The  firjl  Method  oj  folding  Prop.  2. 
QUEST.  10. 


If 

Out  of  1. 
By  Prop.  1. 

Eq.  3  x  28. 

■  2+4. 

Out  of  5, 1. 

5,  i- 

By  the  Rule  in 
Sett.  2.  Num.  20. 


2 

J 

4 

9 


1 

'8 

9 


71^+8 


=  17?^  ;• 


J  What  are  a  and  £  in 


whole  Numbers  > 


149 

2769 


=  173—28 
=  2768+1 


'V>  h 
\'4 

-  X 

•i.’iU 


•  H\  '4-'. 

.  i- 


M3  03 


77532  =  77504+28 

77677 _ ~  77^77  -  '  • 

77677  __  * — 


J73 
77^77  1 


7i 


56  —  a  7 
23  =  £| 


the  leaft  Values. 


true  Values. 

!  ;  '*1  X  .11)  JO 

•  I  •  r 

■  t:  i  t  .iioqe 

.w  {  ^'jerruiji  v 

,  \ 

t  •  v  *!  r  par.' 


Explication. 

1.  I  multiply  71  which  is  prefix’d  to  a  in  the  Equation  propoled,  by  fueh  a  Num¬ 
ber,  that  when  3,  to  wit,  -+  3  in  the  fame  Equation  is  added  to  the  Produft,  the 
Sum  may  be  either  equal  to,  or  lefs  than  lome  Multiple  of  173  5  fo  multiplying  71 
by-  2,  the  Produft  142  increafed  with  3  makes  145,  which  is  equal  to  173  wanting 
2*8  vh.  145  =  173 — 28,  which  is  the  fecond  Equation. 

2.  Then  by  Prop.  1.  of  this  Chap.  I  feek  two  fuch  Numbers  a  and  b ,  that  if  a  be 
multiplied  by  173,  and  the  Product  increafed  with  +  1,  theSummay  be  equal  to  the 
ProduQ;  of  b  multiplied  by  71  •,  viz.  Suppofing  1730  +  1  =  71  and  proceeding 
according  to  the  foregoing  Queji.  9.  I  find  16  for  the  value  of  a ,  and  39  tor  b  there- 
foreTnx'T^,  +  1  =71*  39  i  or  71  x  39  =  173  xi6,  +15  that  is,  2769  = 
2768  +  T  which  is  the  third  Equation. 

3.  Beca’ufe  + 1  in  the  later  part  of  the  third  Equation  is  an  Aliquot  Part  of  28  in 
the  fecond.  I  multiply  the  third  Equation  by  28  the  Denominator  of  the  faid  Part, 
and  it  maWes  the  fourth  Equation,  to  wit,  77532  =77504+  28. 

4.  Then  by  adding  the  fourth  Equation  to  the  fecond  the  Sum  gives  the  fifth,  which 
is  free  from  the  Signs  +  and  —  *  and  from  the  fifth  Equation  the  whole  Numbers 
449  and  1094  arq^difcovered  for  values  of  b  and  a ,  in  like  manner  as  in  Qiejf.  4,  and  5. 
and  by  the  help  of  thole  the  fmalleft  values  of  a  and  b ,  to  wit,  56  and  23  are  found 
out  by  the  Rule  in  the  twentieth  ltep  of  Sett.  2. 

^  Laftly,  by  the  help  of  the  two  fmalleft  values  of  a  and  b ,  and  the  Rule  in  the 
third  fteo  of  Sett.  2,  all  that  are  capable  of  folving  Qiejf.  10.  will  befounddn  the 
two  following  Arithmetical  Progretfions,  which  may  be  continued  as  far  as  you  pleafe. 

Values  of  a  \  $6  ,  229  ,  402,  575,  748,  921,1094,  &c. 

Values  of  b ;  23,  94,  l6S ,  23d,  307,  37s,  449  , 


If 


Out  of  1. 
By  Prop.  1. 

Eq.  3  X  48. 
2  +  4. 

Out  of  5,  and  1. 

5,  i- 

By  the  Rule  in 
Sett.  2.  Num.  20. 


&UEST.  11. 


1 

2 

J 

4 

9 

.  ,  ,  f  What  are  a  and  b  in 

22^+5000  —  65b,  whole  Numbers > 

5022 

66 

=  5070—48 
=  65  +  1 

3168 

8190 

=  3120+48 
=  8190 

6 

7 

8190  .  ,  -% 

8190-5000  C  «ue  VaIues> 

— - 1 -  =  149  =<*1 

22 

8 

9 

*9  =  a  1 
82  =  b  J 

-  the  leaft  Values. 

Expli - 
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Explication. 

1.  I  add  22  to  5000  and  it  makes  5022,  which  is  not  exaflly  divifible  by  67  for 

77  times  dj  is  lefsthan  5022,  but  78  times  6;,  that  is,  5070, ’exceeds  7022  bVa.8  • 
therefore  5022=5070 — 48,  which  is  the  fecond  Equation.  ^  ■ 

2.  Then  by  Trap.  1.  of  this_C%>.  I  feek  two  fuch  whole  numbers  a  and  b  that  if 
a  be  multiplied  by  65,  and  to  the  Produft  there  be  added  1,  the  Sum  may  be  eaual 
to  the  Produft  of  b  multiplied  by  22  *,  viz..  Suppofing  65^+1=222^  and  procedine 
according  to  the  later  Method  of  refolving  the  foregoing  Prop.  1.  I  find  1  and  *  to  be 
values  of  a  and  b  *  therefore,  65x1,  + 1  =22  x  3  5  or  22*2  =  6777  4-  t  . 

is,  66=65  +  1,  which  is  the  third  Equation.  5 

.  5.  By  profecuting  the  Work  as  before  in  the  Explication  of  gueft.  t0.  all  the  de 
fired  values  of  a  and  b  in  whole  numbers  that  are  capable  of  conftituting  the  Eoua 
non  firft  propofed  in  this  eleventh  Queftion  will  be  found  to  be  the  Terms  of  thefe  two 
following  Arithmetical  Progreffions,  viz.  ! 

Values  of  a  j  15  ,  80  ,  145-y  2to  ,  275  ,  j  340  ,  &c. 

Values  of  b  5  82,  104,  12  6,  148,  170,  >192,  Cfc. 


-rrmVf  ;  Vrd  v.r,  -4 

Another  way  of  Jolving  Pr< 

odi  .1  /•■  fl  zdi  c. 

QUEST.  12. 

- 

If 

1 

7**+3  =  173  K 

Out  of  i.-[ 

2 

*45?  =  173  —  28 

.  i 

J 

213  =  173  +  40 

Suppofe 

4 

173C+28  =  40  d 

J  Out  of 

5 

201  =  240  —  39 

( 

6 

173  =  1^0+  13 

<5x  3. 

-a  i 

7 

5>I9  =  480  +  39 

5  +  7- 

8 

720  =  720 

8,  4. 

■ 

9 

7^°  =  .8  =  i 

40 

9)  3,  2. 

10 

18x21  3, +  145  =  3979 

10,  1. 

13 

3979  _  _  b , 

173 

10,  i. 

12 

3979  3  _  a 

S  What  are  a  and  b  in 
I*  whole  numbers  ? 


c  =  ?  d  =  > 


Regrels. 


71  .  f 

Explication.  \ 

.  *•  J+tbis  Queftion,  which  is  the  fame  with  the  forecmina  tpnpfc  r  ,  „ 
tion  is  formed  as  is  there  directed.  reS01no  tent+  the  fecond  Equa- 

2.  The  third  Equation  is  thus  formed:  Forafrrmrh  nc  ■.  .  , 

than  T73  which  is  prefix’d  to  b,  I  multiply  7,  by  Lch  aTumherTh^l  7p  IS,IeS 
may  exceed  1 7*  and  be  alfo  Prime  to  it  ,  fo?  multiplying  7  ,T  f  rhe  Pr^fft  ^ 
e...ceeds  175,  alfo  213  and  173  are  Prime  to  one  another  §thenf  rHvMf.T’r  21 3 
by  173.  and  find  that  213  contains  173  once and, J*  1  a t  ' the  flme  “3 
21 3  = '73+40,  which  is  the  third  Equation  ’  d  4  ®  d  aboV£  5  therefore 

4 j16"’  afe  f0rmed  lik£  the  «>«th,  fifth, 

Fquadon  Is  an  Ali<Juot  part  of 

of  the  laid  Part  (for ?!  T’d  ?he  fi*th  Eqn«.on  by  3  the  Denominator 

519=480+59.  k  5  lsT°f3P.)  and  it  produces  the  feventh  Equation,  to  wit, 

f  anhd  oVenth>  <«*<*U"g  to  the  Ope- 

out  the  values  of <^and«ln  luc^manne^^sheplf^6^6-^^-  ^ork  begins,  to  find 
ons  ot  this  Chap.  So  at  length  all  the  values  c. f  !’Vr  1?^"  1"  dlvers  preceding  Quefti- 
twelfth  Queftion  will  by  this  later  Method 

,  Sett.  5. 


CHAP.  I  capable  of  innu?7ierabie  Anjwers, 


SeE.  5.  PROP.  III. 

To  dividea  given  number  into  three  or  more  numbers  fuch  tb it 
be  multiplied  by  a  different  number  given,  the  fumof  the  Products  °  ,tIiern 

given  number.  But  the  fumof  thofe  Products  mult  fall  between  the  twoV^f3  roa  ' 
by  multipiymg  the  given  Dividend  into  thegreateft  and  leaft  of  the  given  Mulrin^r  made 
The  folution  of  this  Problem  is  explain’d  by  the  following  Oueffin-i  ^1Sfors* 

ter,  and  of  tentimes  requires  the  help  of  the  two  preceding  ProDofition-'  *n  ^iaf’ 
appear  by  the  fifteenth  Quezon.  S  ^opoiitions,  as  will  partly 


QUEST.  JV 


What  are  the  whole  numbers  or,  e  andy  >  || 

T>  T'  n  T  "r  r  /~n  -r  >— 


may  be  hated  thus: 
e+  y=  24 
3  6a- f  24s -f-  8y=  j  1 5 


RE  SOLUTION. 

3.  The  firft  Equation  multiplied  by  36,  which  is  7 

prefix’d  to  a  in  the  fecond,  produces  •  •  .  j  3^+36*+ 3  6^=864 

4.  The  2^  Equation  iubtracfed.from  the  third,  leaves  .  .  i2<?ijr28y=:'»48 

•  1 2^—348 — 28y 

*  •  £=29  — .77 


3 


5.  The  4th  Equation  by  tranfpofition  of  ff  z8y,  gives 

6.  The  fifth  Equation  divided  by  12  gives 

J.  Ifinftead  of  e  in  the  firft  Equation  there  beta- 7  t  iy  * 

ken  the  later  part  of  the  fixth,  this  arifes  .  .  5  a~r29 — ~  47=24 

.  .  •  1  , 3 

8>  That  is  j  ••»••••  *  ««•  0  «  »  •  ^  24. 

3  * 

9  .From  the  eighth  Equation  by  tranfpofition  of  29-f^  7  ^  ^  ^ 

this  arifes,  ; . ;  •  .  .  .  .  *  3  3 

10.  That  is,  ,  ;  .  .  .  .  . 

3  > 

1 1.  By  the  later  part  of  the  tenth  Equation  his  evi-  7 

dent  that  .  .  .  y 

12.  Therefore  by  multiplying  each  part  in  the  ele-  7 

venthffepby  3,  it  follows  that  ,  $ 

13.  And  by  dividing  each  part  in  the  12 tb  flep  by  4, 

14.  And  from  the  later  part  of  the  fixth  Equation, ' 
by  arguing  in  like  manner  as  in  the  eleventh, 
twelfth  and  thirteeth  fteps,it  will  be  manifeft  that 

15.  Now  if  Fractions  or  mixt  numbers  were  admitted  to  be  the  values  of  a.e  andv 
then  by  the  thirteenth,  fourteenth,  tenth  and  fixth  fteps  his  evident  that  5 

y  =  any  number  between  34  and  124-  * 

a^l-u 

e=zo—ll 

3 

16.  But  to  find  out  whole  numbers  to  folve  the  Quezon, the  limits  in  the  thirteenth  8c 
fourteenth  Heps  do  fhew  that  y  muft  be  fome  whole  number  greater  than  ?  but  not 
greater  than  1 2,  yet  every  whole  number  within  thofe  limits  will 

not  ferve  the  turn,  for  the  values  of  a  and  e.  before  difcovered  will 

not  be  whole  numbers  unlefs  ^  and  11  be  whole  numbers  5  but 


47 

--  cr 
3 

4ycr  iy 

4f  3t 
y~3  12-f 


a 

e 

y 

3 

IS 

6 

7 

8 

9 

II 

1 

12 

3  \y/i* 

T  and  cannot  be  whole  numbers  unlefs y  be  3,  or  fome  Mul 

tip.e  of  3,and  becaufe  3  is  without  the  limits, y  may  be  6,  or  9, or  i2$and  conlequently 

^ r  from 
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^  ,  rc  n  (Tnll  he  2  or  7  or  1 1  ;  and  £,  i  *7 .or  8,  or  i.  Now  in  anfwer 

from  the  fifteenth  P  ^  6  (towifa,  candy)  are  three  fuch  whole  numbers, that 

riiebTta'f  24  andV the  firft  be  multiplied  by  36,  the  lecond  by  24,  and  the  third 
w  8  the  fum  o’f  the  three  Produfts  makes  ;  1 6,  as  was  required.  1  he  like  may 
hid  of  eadr  of  the  two  other  Anfwers.  But  if  Fraflions  or  mtxt  numbers  were 
admitted!  innumerable  Anfwers  might  be  given  to  the  Quell, on,  as  before  has  been 

^WnWheneone  panofdm  Equation  confrltsofan  Affirmative  letter  and  fomeNe- 
^  AMoffite  number  a  1  "mi?  may  thence  be  inferred,  above  which  the  number  fig- 
SafieVdbv  th1t  let"er  ought  to  be  taken.  But  if  one  part  of  an  Equation  confifts  of  a 
k!6  lire  letter  and  of  an  Affirmative  abfolute  number,  it  will  give  a  limit  beneath 
Nn?hThe  number«prefentedby  that  letter  muft  be  chofen.  Sometimes  alfo  two 
Emits  will  be  difcovered,  fas  in  this  thirteenth  Qneftion  for  the  choice  of  the  number 
*.  )  and  fometimes  but  one,  (as  in  divers  of  the  following  Queflions.) _ 

- -  ”  QUEST.  14.  .....: 

To  find  three  fuch  whole  numbers  that  their  fum  may  make  100  ;  and  that  if  the 
firft  be  muWpUed  by  4,  thefecond  by  3,  and  the  third  by  the  fum  of  the  three 

PrTTrffieZeeTumbe?s°fought  put  *, .  and  y,  then  the  Queftionmay  be  ftated  thus * 

T~  . e~i  y  —  100 

1.  It  .  •  •  •  *  * 

What  are  the  whole  numbers  #,  t  andy  }  II 

resolution. 

2,  The  firft  Equation  multiplied  by  4,  (which  is  prefix’d  7 

’to  a  in  thefecond  Equation,)  produces  .  .  .  •  ) 

4.  Thefecond  Equation  fubtrafted  from  the  third,  leaves  > 

5.  The  fourth  Equation  by  tranfpofition  of +By  gives  h  ; 

6.  If  inftead  of e  in  thefirft  Equation  there  be  taken  the  7  i00 — 

later  part  of  the  fifth,  this  will  arile,  •  •  7  5 

7.  That  is,  after  due  Reduflion, . > 

8.  From  the  later  part  of  the  fifth  Equation  it’s  ma-  7  ii> 

nifeft  that . ; . .  5 

9.  And  confequently  by  multiplying  each  part  in  the  1  iy 

JOO 

eighth  ftep  by  5  \  ’  > 

jo.  And  by  dividing  each  part  in  the  ninth  ltep  by  1 1,  7 

it  follows  that . S 

,  Whence  ’tis  manifeft,  that  if  the  three  numbers  fought  were  fiotreftrained  to  whole 
numbers,  any  number  lefs  than  45^  might  be  taken  for  the  number  y,  and  then  the 
numbers  a  and  c  would  be  difcovered  ftom  the  feventh  and  fifth  fteps.  But  to  have  the 
Quelfion  folved  by  whole  numbers,  the  number y  muft  be  fome  whole 

number  not  greater  than  4?,  and  fuch  as  may  caufe— ^  and  S  to  be 

whole  Numbers,  for  orherwife  the  values  of  e  and  a  in  the  fifth  and 

feventh  fteps  will  not  be  exprefiible  by  whole  Numbers ;  but and 

Q  cannot  be  whole  Numbers  unlefs  y  be  ?,  or  fome  Multiple  of 
5 

and  therefore  y  may  be  54  or  10,  or  1?,  or  any  of  the  reft  of  the 
numbers  in  the  third  Columel  of  this  Table  j  and  confequently,  from 
the  fifth  and  feventh  fteps  of  the  Refolution,  the  whole  numbers  e  and 
a  will.be  fuch  as  ftand  under  e  and  a.  Thus  you  fee  that  the  Queftion 

f"  •  t  1  XT  1  _ ^11  A  t-T»  o  ♦- 


4^+3^+  ir>  —  yoo 


4 a  “E  4e-E  47 — 400 

.  e+ — ±  =  loo 
5 

.  e—100 — uy 


100 


6y 

a—~L 


IOO 


II 


a 

e 

y 

6 

89 

5 

12 

78 

Io 

18 

61 

15 

24 

58 

20 

3o 

45 

25 

36 

34 

30 

42 

23 

35 

48 

12 

4c 

54 

1 

45 

u  vv  111  .  uv  iuvii  ao  uanu  ujiuvx  i-  cmvi.  *•*.  j - -  ***; - - 

eceives  nine  Anfwers  in  whole  Numbers,  which  are  all  that  it’s  capable  of:  So  that 
f  you  take  6  for  a *  89  for  e  $  and  $  for  y,  their  fum  is  100  3  and  if  6  be  multiplied 

by  45 


CHAP-  1 3. 
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by4  ;  89  by  3  J  and  S  by  the  fum  of  the  three  ProduSs  makes  300,  as  the  Que 
ition  requires  The  like  may  be  proved  of  every  one  of  the  other  eight  AnfiJrc  ^ 
Note.  When  three  numbers  are  fought  by  a  Queftion  of  this  nature  that  is  canabl. 
of  many  Anfwers  in  whole  numbers,  all  the  values  of  every  one  of  the  letters in' „,n 
numbers  are  m  Arithmetical  Progreffion  and  therefore  when  two  of  thofe  Anfwere  are 
found  out  all  the  relf  within  the  limits  dilcovered  by  the  Refolution  are  conlequenRv 
given  by  Addition  or  Subtraflion  of  the  common  difference  in  each  Rank  as  £ ?iy 
fily  be  perceived  by  the  values  of  a  e,  y  in  the  Table  above-written.  But  when  four 
numbers  are  fought,  the ;  values  of  a  letter  are  oftentimes  found  in  feveral  Arithmeti 
cal  Progreflions,  as  in  the  following  Queft.  10.  ™‘ 


QUEST.  15. 

To  divide  1933  into  three  whole  numbers,  fuch,  that  A  of  the  firft  to^i,.. 
With  4  of  the  fecond  and  ^  of  the  third  may  make  i6y.  ’  t0gethet 

F-thethree  whole  numbers  fought  put  a,  e,  and  y,  then  the  Qiielfion  may  be 


a-h  e-\- 

raJT l6-j 


Hated  thus 

1.  If . .  • 

•  •  m  •  « 

1.  And . .  4  . 

What  are  the  whole  numbers  a,  5,  andy?  f| 

RE  SOLUTION. 

The  firft  Equation  multiplied  by  4,  produces  .  f  iy  =  n±it 

The  fourth  Equation  fubrra&ed  from  the  > 

third,  leaves  .  j 

The  fecond  Equation  by  tranlpolition  of 
— ~e  gives 

The  fifth  Equation  divided  by  gives  >►  .  y =222^1  22&e 


3 

4 


>  • 

.-jnrj. y  —r-\- 


ily 

o  A-J 


=: 


6. 


■»  o  4  5 


gives  v 


91 

22261 


+ 


97 
22  6e 


If  inftead  of  y  in  the  firft  Equation  there  be  \  . 

taken  the  later  part  of  the  fixth  this  arifes,  y  ^  ^ 

a—  1 2 6440 _  323a 


*  j 

8.  The  feventh  Equation,  after  due  Reduft- 


=  i*33 


ion,  gives 


} 


9.  By  the  eighth  Equation  it’s  manifeft  that 

10.  And  confequently  by  dividing  each  part  7 


97 

323?"-^  126440 


97 


1 4  7 


^  391^, 


977  —  22261  y 226a 


of  the  lalt  ftep  by  323, 

11.  Now  to  find  out  the  values  of  a,  e  and  y 
in  whole  numbers,  (if  there  be  a  poflibility) 

I  multiply  the  fixth  Equation  by  the  De¬ 
nominator  97,^  and  it  makes  ... 

12.  That  is,  .  .  226s 22261  ~Q~jy 

13.  Then  by  the  foregoing  Prop,  i.of  thisChapter,  I  fearch  out  all  fuch  whole  numbers 

as  may  be  values  of  e  and  y  to  conftitute  the'  laft  Equation,  that  is,  226*+ 22261 
=  9777  but  with  rhis  Condition,  viz  That  the  greateft  whole  number  among  thofe 
that  are  found  out  for  the  values  of?  may  not  exceed  291,  b 

as  the  preceding  tenth  ftep  requires  5  fo  I  find  four  values 
of?,  to  wit,  47,  144,  241,  3385  and  four  values  of  y,  to 
wit,  339;  565:,  791  and  1017:  Then  the  Sum  of  every 
two  correfpondent  values  of  e  andy  being  fubtra&ed  from 
1733  the  Number  firft  given  to  be  divided,  the  Remainders 
fhall  be  the  defired  values  of  *,  to  wit,  1 147, 824,  701  and 
178  ;  fo  there  are  only  four  Anfwers  to  the  Queftion  in  whole  Numbers,  to  wit, 
thofe  inferted  in  the  Table  in  the  Margin. 

The  Proof  of  the  firjl  Anfwer. 

The  Sum  of  1 147,  and  47  339  is . 

•f  of  1147  is  •  •  •  . . 1434, 

1-rr of  339  is  .  •. . .  .  6 , 

Laltly,  the  fum  of  thofe  three  Produ£ls  is  .  .  .  167, 

<  *  •  *  R  r  2  • 


a 

e 

y 

1 147 

47. 

339 

824 

144 

56$ 

701 

241 

791 

178 

338 

1017 

Therefore 
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ZiASk  InnunLiblt  Anitas  givei  by  the  itMh,  eighth,  as)  tel. 

fteps  of  theRefolution. 

QUEST.  1 6. 

hr<  a„  j  the  thtee  Numbers,  that  their  Sum  may  make  300  ;  and  that  if  the  firft 
be  mtdripMby  6,  thefecond  by  5,  and  the  third  by  2^,  theSum  of  the  three 

Pt Let  aV y  be  puffortheAree  Numbers  fought ;  then  by  forming  the  refolution  in  like 
manner  akin  the  precedingthirteenth,  fourteenth  and  fifteenth  Queft.  it  will  appear  that 
y  —  any  Number  between  i4~?t  7^ * t  * « » 

e  =  3  04  ~  -  >  - 

300 

,  -  =^-4- 

Whence  ’tis  evident,  that  there  cannot  be  three  whole  numbers  found  out  to  folve 
thisQueftion,  for  300  is  the  fmalleft  whole  Number  that  can  be  taken  fory  tocaufe 

y9jyand®£2?  to  be  whole  Numbers;  but  300  exceeds  the  greater  of  the  two  li¬ 
mits  above  difcovered  for  chufing  of  the  number y. 

_  _ _ m*m^**mm —  11  ' 

QUEST.  17. 

trnne  would  lay  out  98  pence  to  buy  40  Birds,  fuppofe  Patndges,  Larks  and 
Quails'-6  how  many  of  each  kind  may  be  bought  when  Patridges  are  at  3  pence  a  piece. 

Larks  a't  an  half  penny  a  piece,  and  Quails  at  4  pence  a  piece 

Let*  renrefent  the  number  of  Patridges,  e  the  number  ot  Larks,  and  y  the  number 
of  Quails ;  then  according  to  the  Queftion  «+e+y=4o;  and  becaufethe  numberof 
all  the  Patridges  multiplied  by  the  price  of  one  ot  them  produces  the  full  colt  ot  all, 
it’V  manifelt  that  is  the  full  coif  of  all  the  Patridges;  and  for  the  like  realon  ±?Gg- 
nifies  the  full  coif  of  all  the  Larks  ;  likewife  4y  the  full  coftot  the  Quails:  But  thofe 
three  particular  Sums  of  Money  muff  be  equal  to  98  pence,  therefore  3«+Te+4y 
—  98  •,  fo  that  the  Quezon  may  be  ftated  thus  j  _ __ 

2.  And  •  3“+4£+4>=98 

What  are  the  whole  Numbers  a,  e  and  y  ?  II 

R  E  SO  LUTIO  N. 

The  firft  Equation  multiplied  by  3  (which  is  prefix’d  to) 
a  in  the  fecond,)  produces . . 

4.  The  fecond  Equation  fubtrafted  from  the  third,  leaves  ►  .  —  — J>= 22 

5.  From  the  fourth  Equation,  after  due  Tranfpofition,  this  7  #  22 

ariies  ,  ^  •  >  <  •  •  •  3  2 

6.  Then  inftead  of y  in  the  firft  Equation,  iftherebefetthe)  a+ 

later  part  of  the  fifth,  the  firlt  will  be  reduced  to  this,  j  2 

7.  The  fixth  Equation,  after  due  Reduftion,  gives  .  .  a=62—¥. 

2 

3.  By  the  later  part  of  the  fifth  Equation  it’s  evident  that  >  S£  c  2Z 

9.  And  confequently  by  multiplying  each  part  in  the  eighth  \ 

ftepby  2, . . i  44 

10.  Whence  by  dividing  each  part  by  7,  it  follows  that  >»  si 

5 

U.  Again,  from  the  later  part  of  the  feventh  Equation,  7 
by  arguing  in  like  manner  as  in  the  eighth,  ninth  and>  e  "a  17^- 
tenth  lteps,  it  will  appear  that . *  O  7 

r  •  12.  Now 
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capable  of  innumerable  Anjwers. 


12.  Now  fince  the  nature  of  this  Queftion  requires  that  the  defired  value  of  a. ,  enndy 
be  whole  numbers,  it’s  evident  from  the  fifth  and  feventh  fteps  that  e  muft  be  an  even 

number,  otherwife  If  and^will  not  be  whole  numbers  5  for  ife  be  an  odd  number, 

2  2 

the  Dividends  and  -je  will  be  odd,  (for  odd  multiplied  by  odd  produces  odd )  and 
therefore  their  halves  cannot  be  whole  numbers.  Since  then  e  muft  be  an  even  num¬ 
ber,  it’s  manifeft  by  the  tenth  and  eleventh  fteps,  that  e 
may  be  10,  or  12,  or  14,  or  16,  but  no  other  even 
number  whatever *  *  and  confequently  from  the  fifth  ftep  y 
fhall  be  3,  or  8,  or  13,  or  18 •,  and  from  the  feventh  ftep, 
a  fhall  be  27,  or  20,  or  13,  or  6.  Thus  it  appears  that 
the  Queftion  may  be  folved  by  four  feveral  Anfwers  (and 
not  more)  in  whole  numbers,  viz.  Firft,  27  Patridges, 

1  o  Larks,  and  3  Quails,  which  are  in  multitude  40,  may 
be  bought  for  98  pence  at  their  refpe&ive  prices  given  in  the  Queftion  *  or  20  Par* 
iridges,  12  Larks,  and  8  Quails,  which  are  likewife  40  in  Multitude,  and  the  like 
may  be  affirmed  of  the  other  two  Anfwers  inferted  in  the  Table  in  the  Margin. 

But  if  a  Queftion  of  the  fame  nature  be  defired  that  has  but  one  anfwer  in  whole 
numbers,  the  following  Epigram  (cited  by  Monfieur  Sachet  in  his  Comment  upon  the 
one  and  fortieth  Queftion  of  the  fourth  Book  of  Diopbantus,)  will  be  fatisfa&ory. 


Partr. 

a 

Larks. 

e 

Quails. 

y 

27 

10 

3 

20 

12 

8 

14 

i? 

6 

1 6 

|  18 

QUEST.  18. 

Ut  tot  emantur  aves ,  bis  denis  utere  nummis  5 
Perdix ,  Anfer  ^  Anas  empta  vocetur  avis. 

Sit  Jimplex  obolus  pretium  Perdicis ,  ematur 
Sex  obolis  Anfer ,  bifque  dnobus  Anas. 

Ut  tua  procedat  in  lucent  qu&Jlio^  mentent 
Confule ,  Jic  loquiter  pettoris  area  mihi. 

Sint  Anatestres  atque  dua,  Jimplex  erit  Anfer , 

Accippe  Perdices  quatuor  atque  decern.  % 

The  fence  is  this :  If  the  price  of  a  Patridge  be  an  half  penny,  a  Goofe  3  pence, 
and  a  Duck  2  pence  ^  how  many  of  each  kind  may  be  bought  at  thofe  rates,  if  it  be 
defired  that  all  the  Birds  bought  may  be  20  in  number,  and  colt  20  pence  > 

Let  a  reprefent  the  number  of  Patridges,  e  the  number  of  Geefe,  andy  the  number 
of  Ducks  then  this  Queftion  (like  the  preceding  feventeenth)  may  be  ftated  thus  : 

T  if  . ,...«+*+  7=20 

’  And  . . 4*+3«+2j=2o  • 

What  are  the  whole  Numbers  0,  e  and  y  >  j|  - - 

*  RESOLUTION. 


2. 


3.  The  firft  Equation  multiplied  by  i-,  produces  .  .  . 

4.  The  third  Equation  fubtraft ed from  the  fecond,  leaves  >  .  ¥+11  — iq 

eg  2y 

5.  By  tranlpofition  of  --  in  the  fourth  Equation,  thisarifes  #►  .  — 

—  V 

6.  The  fifth  Equation  divided  by  -f,  gives  .  .  .  *  >  •  4  y 

7.  By  fetting  the  later  part  of  the  fixth  Equation  in  the  L  — ¥+y— 20 

place  of  e  in  the  firft,  this  arifes . )  5 

8.  Which  laft  Equation,  after  due  Reduction,  gives  .  a =16— 22 

9  From  the  later  part  of  the  fixth  Equation  it  may  be  in-  7 
ferr’d,  (in  like  manner  as  in  divers  of  the  preceding  >  yn  6- f 

Queftions)  that . •  •  ;  •  •  3  , 

1  o.  But  the  fixth  and  eight  fteps  do  fhew,that  to  the  end  the  values  of  e  and  a  may  be 

whole  numbers,as  the  nature  of  this  Queftion  requires,  it  is  requifite  that  ¥  and  ¥ 

be 


t 


«w- 
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be  whole  numbers  ;  by  Hand  ~  cannot  be  whole  numbers,  unlels  y  be  5  or  fome 

Multiple  of  5  5  and  by  the  ninth  ftepy  muft  be  left  than  6+  therefore  $  is  the  only 
whole  number  that  can  be  taken  for  7,  or  the  number  of  Ducks  ^  and  conlequently 
the  fixth  ftep  gives  i  for  the  value  of  e ,  that  is,  i  Goofe  •  and  by  the  eighth  ftep 
the  value  of^  is  14,  that  is,  14  Partridges ;  which  three  numbers  will  lblve  the 
Queftion,  as  may  ealily  be  proved. 


a 


The  Resolutions  of  the  following  nineteenth  and  twentieth  Queftions  do  few  howto  -find 
out  innumerable  Anfwers  to  any  Queftion  belonging  to  the  Rule  of  Alligation  alternate 
in  vulgar  Arithmetic ,  when  three  or  more  things  are  to  be  mixed  together ,  according  to 
the  import  of  that  Rule .  ’.  5 

QUEST.  i9. 

A  Vintner  having  three  forts  of  Wines,  the  prices  whereof per  Gallon  are  24  pence 
22  pence,  and  18  pence,  defires  to  make  a  Mixture  out  of  them  that  may  contain  60 
Gallons, in  fiich  manner, that  the  total  Mixture  being  fold  at  fome  mean  price Gallon 
between  24  pence  and  1 8  pence, fuppofe  at  2opence,may  make  the  fame  fum  of  Money 
as  all  the  particular  quantities  of  Wine  in  the  Mixture  at  their  own  prices.  The  Que¬ 
zon  is, to  find  what  quantity  of  each  fort  ofWine  may  be  taken  to  make  that  Mixture. 
For  the  defired  number  of  Gallons  of  the  firft  fort  of  Wine  to  make  the  Mixture  put 
;  for  the  number  of  the  lecond  fort  eh  and  of  the  third  y:  Then  a-Ye-\-yz=So 
(the  total  number  of  the  Gallons  in  the  Mixture  ^  )  and  becaule  every  Gallon  of  the 
mix’d  quantity  muft  be  fold  for  20  pence,  the  60  Gallons  mix’d  are  worth  1 200  pence 

and  fo  much  alfo  muft  all  the  Products  of  the  particular  Quantities  of  each  fort  of 

Wine  multiplied  by  their  peculiar  prices  amount  unto ;  therefore  240+22*4-  i8y= 
1200=60x20.  So  that  the  Queftion  may  be  ftated  thus  :  •  y 

^  i  . . 0+  *+  7~  do 

2.  And . 240+ 2  2^+187=  1200  (=60X20) 

What  are  the  numbers  0,  *,7  ?  H - 

RESOLUTION. 

3.  The  firft  Equation  multiplied  .by  24 
(which  is  prefix’d  to  a  in  the  fecond 
Equation)  produces  . 

4.  The  lecond  Equation  fubtrafted  \ 

from  the  third,  leaves  .  .  .  j 

5.  The  fourth  Equation  by  tranlpofition  7 

of  67,  gives . -  ■  j 

6.  The  fifth  Equation  divided  by  2^  gives 

7.  By  taking  the  later  part  of  the  fixth  £-  ^ 
quation  inftead  of  <?  in  the  firft, this  arifes,  f 

8.  The  leventh  Equation,  after  due  Re-  ) 
du&ion,  difcovers  the  value  of  0,  viz.  3 

9.  From  the  8 th  Equation  it’s  evident  that 

1  o.  And  from  the  fixth  Equation,  .  .  ^ 

11.  By  the  10 th,9th,  8 th  and  6th  He ps  it’s  manifeft  that  innumerable  Anfwers  may  be 
given  to  the  Queftion  propofed  j  for  fince  Fraaions  are  not  here  excluded  from  being 
Anfwers,  you  may  efteem  .  y  =  any  number  between  3  o  and  40  • 

0  =  27—60  ;  5 

e  ~  120 — 33- 

12,  Whence  nine  Anfwers  in  whole  numbers  are  difcovered,  to  wit,  thole  expreftin 
w  "  tllis  fable.  But  the  Rule  of  Alligation  in  Vulgar  ’Arithmetic  finds 

out  only  one  Anfwer  to  this  Queftion,  to  wit,  the  fixth.  And  becaufe 
innumerable  Numbers  may  be  taken  between  30  and  40  for  values 
of  7,.  you.  may  find  out  as  many  Anfwers  as  you  pleafe  in  Fra&ions 
C which  are  not  excluded*  in  Queftions  of  this  Nature  ;  )  fo  if  for  y 
you  take  30+  then  a  =  1,  (=  27  —  60,;  and  *  s=  28*  ( =  120 

—37.) 

The. 


240+  24*+  247= I440 

.  .  2*+  67  =  240 

.  .  2^=140 — 67 

.  .  e=i2o — 37 

0+1  2C - 37+7  =  60 

0  =  27 — 60 

y  ^  30 

7  ^40 


a 

1 e 

.V 

2 

27 

V- 

4 

24 

32 

6 

21 

'33 

34 

8 

18 

10 

15 

35 

12 

12 

lA 

H 

9 

37 

1 6 

6 

33 

J 

3  9 
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The  Proof  of  the  fir  ft  Anfwer. 

Two  Gallons  of  Wine  at  24  penceper  Gallon,  together  with  27  Gallons  at  22  pence 
per  Gallon,  and  31  Gallons  at  18  pence  per  Gallon,  amount  to  1200  pence  ;  which  is 
alfo  the  value  of  60  Gallons  at  20  pence  per  Gallon. 

-  *  «•  «  •  •  V  ' 


QU  E  S  T.  20. 

A  Vintner  having  four  forts  of  Wines,  whofe  pxicesper  Quart  are  16  pence,  10  pence, 
8  pence, and  6  pence,defires  to  make  a  Mixture  out  ofthem  that  may  contain  1 00  Quarts, 
fo  as  this  mixt  quantity  being  fold  at  fome  mean  price  per  Quart  between  1 6  pence  and 
6  pence, fuppofe  at  12  pence, may  produce  the  famefum  of  money,  as  all  the  particular 
quantities  of  Wine  in  the  Mixture  if  they  were  fold  at  their  own  prices.  TheQueftion 
is  to  find  what  quantity  of  Wine  of  each  fort  may  be  taken  to  make  that  Mixture  > 
Let  a  e  y  and  u  be  put  for  the  unknown  quantities  of  Wine  that  are  fought  to  make 
the  Mixture  -,  thena-f  e-\-y-\-a—  100,  (the  rotal  number  of  Quarts  in  the  Mixture,) 
and  by  multiplying  thofe  Quantities  feverally  into  their  peculiar  prices, the  fum  of  the 
Produ&s  is  i6«-f  ioe-\- 8y-{-6u  *  which  fum  muft  be  equal  to  the  Produfl  of  100 
multiplied  into  12,  that  is,  1200  pence  -,  So  that  theQuelfion  may  be  ftated  thus  * 
If . .  .  a+  y-f 


1 00 


6e-\  6y~ f*  6u — 600 


10  a 


2<  . 1 6a-\-ioe-{-%y-\-6ii  =  1200 

What  are  the  Numbers  a ,  <?,  y  and  u  >  J|  - - - 

The  given  Equations  being  fewer  in  multitude  than  the  numbers  fought,  it’s  a  fign 
that  the  Queftion  is  capable  of  innumerable  Anfwers  ;  now  that  you  may  find  out  as  ma¬ 
ny  ofthem  as  youpleale,  the  firft  fcope  in  the  Refolution  muft  be  to  difcover  limits  to 
direft  your  choice  of  fome  one  of  the  numbers  fought,  and  accordingly,  the  drift  in 
the  eight  Equations  next  following  is  to  fearch  out  limits  for  the  firft  number  a. 

RESOLUTION. 

2.  From  the  firft  Equation  by  tranfpofition  of «,  \  e+v+u=ioo—<* 

thisarifes,  .  .  .  v  ••••••••  'S 

4.  And  from  the  fecoud  Equation  by  tranfpofition  7  Ioe+8y+6»=I2oo— 1 6a 
of  1 6a,  thisarifes,  .  •  •  •  •  •  •  •  ;  3 

5  The  third  Equation  multiplied  by  6,  to  wit,- 
the  leaft  of  the  known  numbers  which  are  pre-' 
fix’d  to  the  letters  in  the  firft  part  of  the  fourth 

Eqation,  produces  .  •  •  * 

6  Again,  the  third  Equation  multiplied  by  10,  \ 
that  is,  the  greateftof  the  known  numbers  which  £  Ioe+ 10,+  IoK=IOOO— 
are  prefix’d  to  the  letters  in  the  firft  part  of  the  C  n  J 

fourth  Equation  produces  .  *  *  *  *  • 

7  It  is  manifeft  that  the  firft  part  of  the  fifth  Equa- 
*  tion  is  lefs  than  the  firft  part  of  the  fourth,  there¬ 
fore  alfo  the  later  part  of  the  fifth  (hall  be  lels 
than  the  later  part  of  the  fourth,  viz..  • 

8.  Therefore  from  the  feventh  ftep,  after  due  Re- 7 
du&ion,  it  follows,  that  .  *  •  •  *  •  J 

9  Again  for  as  much  as  the  firft  part  of  the  fixth 
Equation  is  greater  than  the  firft  part  of  the  4^, 
therefore  alio  the  later  part  of  the  fixth  (hall  be 
greater  than  the  later  part  of  the  fourth,  viz.  . 

10?  Therefore  from  the  ninth  ftep,  after  due  Re-  7 
duftion,  it  follows,  that . 3 

Now  fince  it  is  found  by  the  eighth  and  tenth  fteps,  that  a  the  number  of  Quarts 
fought  of  the  firft  fort  of  Wine  to  make  the  Mixture  muft  be  left  than  60,  but  greater 
than  33-f,  let  lome  number  within  thofe  limits  be  taken  for  the  value  of  a,  viz. 

n.  Suppofe 


600— 60.-31200 — 1 6a 


a  “ti  60 


1000— I  o<z  cr  I2C0— — 1 60 


a  cr 


35r 


1 


320 


Rejolution  of  Queftions 


B  O  O  K  II. 


.  •  .  47  =a 
47+c+)'4-w=:ioo 

.  .  s-\-y-\-2i—^ 


log  4-8)14-67/ =448 
I  oe-{~  I  ojf4-  1077=5  30 

.  .  2>' 4-47/ =8  3 


xi.  Suppofe  .  .  .  .  .  t  .  .  . 

12.  Then  by  fetting  47  in  the  place  of’  a  in  the  \ 

firft  Equation,  this  arifes . j 

13.  Whence  by  equal  fubtra&ion  of  47  there  7 

remains  .  .........  y 

14.  And  by  multiplying  the  Equation  in  the "7 
eleventh  ftep  by  16,  (the  number  prefix’d  >  752  =  1 6a 
to  a  in  the  lecond,)  it  gives  ....  V>,  ^ 

15.  Then  by  fetting  752  in  the  place  of  16a  7  . 

in  the  fecond  Equation,  this  arifes  .  .  j  ~/$2-\-ice-\-Sy  ,  67/— 1300 

16.  And  by  fubtra&ing  752  from  each  part  of 

the  Equation  in  the  fifteenth  ftep,  this  re- 
mainsj  viz.  ,  .  ....  .  .  f'-j. 

17.  The  Equation  in  the  thirteenth  ftep  multir7 

plied  by  1  o,  ( which  is  prefix’d  to  e  in  the  > 
fixteenthj  produces  ^ 

18.  Then  by  fubtrafling  the  Equation  in  the 

fixrcenth  ftep  from  that  in  tfie  feventeenth, 
the  letter  e  vanifhes,  and  this  Equation  re¬ 
mains,  vizi . . 

19.  From  the  eighteenth  ftep  by  tranfpofition  7 

of  -f  47/,  this  Equation  arifes,  .  .  .  .  y  ^  2  4K 

20.  And  by  dividing  each  part  of  the  Equation  7  _ 

in  the  nineteenth  ftep  by  2,  it  gives  .  .  3  T~’4t  2k 

21.  Then  by  feting  the  latter  part  of  the  Equa- 7 

tion  in  the  twentieth  ftep  in  the  place  of y  S*.  ^4-41 — 27/4-77=55 
in  the  thirteenth  ftep,  it  makes  •  •  .  .  j 

22.  Whence,  after  due  Reduction,  .  .  .  .-  £=7/4-12 

23.  By  the  later  part  of  the  Equation  in  the7 

twentieth  ftep,  it’s  evident  that  7/  “3  20- 

therefore  7  .  .  .  '  • .  ,  ^  .  .  \ 

And  becaufe  the  knoivn  number  12  which  follows  4-7/  in  the  twenty  fecond  fteph 
(exprefling  the  value  of  e)  is  Affirmative,  there  is  not  any  limit  to  fhew  above  which 
the  number  u  ought  to  be  taken  5  and  therefore,  according  to  the  three  and  twentieth 
ftep,  11  may  be  any  number  lefs  than  204 :  Therefore, 

24.  Suppofe  .  /  .  .  .  .  ..  ...  n—20  ' 

25.  Then  from  the  twentieth  and  twenty  foittth  7 

fteps  it  follows,  that  .  .  ....  |  **  C=4« — 

26.  And  from  the  twenty  fecond  and  twenty  7  .  v  * 

fourth  Heps,  ,  .....  .  .  .  / 1  e=V>  (=#+>0 

Thus  by  the  eleventh,  twenty  lixth,  twenty  fifth  and  twenty  fourth  fteps;  four  whole 
numbers  are difcovered,  to  wit,  47,52,  1  and  zo  for  the  values  of  a,  e,%  andn,  which 
numbers  will  folve  the  Queftion.  For  if '42- Quarts  of  the  firft  fort  of  Wine,  37  Quarts 
oi  the  fecond,  1  quart  of  the  third,  and  20  of  the  fourth  be  mixed  together,  the  fum 
makes  1 00  quarts,which  at  1 2  pence  per  quart  yields  1 200  pence  *  and  the  fame  number 
01  pence  will  be  produced  by  felling  47  quarts  at  16  pence  per  .Quart,  32  quarts  at  io 
pence,  1  quart  at  8  pence,  and  20  quarts  at  6  pence 5  which  was  required. 

.  But  bef 1 (by  the  twenty  third  ftepj  7/ may  beany  whole  number  lefs  than  20  i 
nineteen  Anlwers  more  in  whole  numbers  may  be  found  out  by  repeating  the  Procefs  in 
the  twenty  fourth,  twenty  fifth  and  twenty  ftxth  fteps  ^  fo  that  47  being  taking  for  a, 
here  will  be  twenty  Anlwers  in  whole  numbers, which  are  inferred  in  the  following  Ta- 
ihe  And  by  putting  a  equal  to  every  whole  number  feverally  between  3  3 -[-and  6c,which 
are  the  limits  dilcovered  in  the  eighth  and  tenth  fteps, for  the  chufing  of  the  number  *,af- 
.  ,  ueiCPetLtionof  theProcels  withevery  oneof  thole  whole  numbers,in  like  manner 
tv  fnn/4  Vrt  1  47  ffomthe  eleventh  ftep  to  theendoftheRefolution,two  hundred  nine- 
r  M  nfvVierS  T0*6,111  whole  numbers  will  be  difcovered, which  with  thofe  twenty  in 
m  1  able  make  three  hundred  and  fourteen  Anfwers  in  whole  numbers  to  this  twentieth 

Queftion, 


CHAP.  i?.  capable  of  Innumerable  Anfwer  s. 

. ■  — — —  ■■■■— — — — —  ■  ■  .  ■■  ■■  ■  I  ■  ■■  ■  ■— — — 

Queftion,  to  which  the  Rule  of  Alligation  in  Vulgar  Arithmetic  gives  only  one  Anfwer 
which  confifts  partly  of  Fra&ions  too  5  but  by  the  Method  above  deliver’d;,  innume¬ 
rable  Anlwers  may  be  found  out  in  Fra&ions.  The  Table  follows. 


a 

e 

y 

11 

47 

32 

1 

20 

47 

3* 

3 

*9 

47 

30 

5 

18 

47 

29 

7 

17 

47 

28 

9 

16 

47 

27 

11 

I$~ 

47 

26 

13 

U 

47 

*5 

15 

*3 

47 

24 

*7 

12 

47 

23 

1 7. 

11 

47 

22 

21 

20 

47 

21 

23 

9 

47 

20 

25 

8 

47 

*9 

27 

7 

*7 

18 

29 

6  ' 

47 

‘7 

3i 

5 

47 

16^ 

33 

4  ' 

47 

*5 

35 

3 

47 

14 

37 

2 

47 

13 

39 

1 

QUE  S  T.  21. 

Forty-one  perfons  confifting  of  Men,  Women  and  Children,  fpent  in  the  whole  at 
a  Feaft  40  Shillings  *  whereof  every  Man  paid  4 Shillings,  every  Woman  3  Shillings, 
and  every  Child  4  pence,  or  4  of  a  Shilling :  It’s  defired  to  find  the  number  of  Men’ 
likewife  of  the  Women  and  Children. 

The  Nature  of  this  Queftion  not  ad  mitring  Fractions  in  the  Anfwer,  the  fcope  of  the 
Refolution  mult  be  to  divide  41  into  three  fuch  whole  Numbers,  that  if  the  firft  be 
multiplied  by  4,  the  fecond  by  three,  and  the  third  by  4,  the  Sum  of  the  three  Products 
may  make  40  :  To  which  purpofe,  let  a ,  e  andy  be  put  for  the  defired  numbers  of  Men, 
Women  and  Children,  and  then  the  Queftion  may  be  ftated  thus,  viz. 

^  •  •  •  •  •  . . .  A-  e  y  =  4* 

5.  And  .  .  * . .  2  .  4a  =  40 

What  are  the  whole  numbers  0,  <?,  y  ?  J|  - - - ! _ , 

RESOLUTION. 


y 

y 


j 

.  By  forming  the  Refolution  in  like  manner  as  in  the  forego¬ 
ing  thirteenth,  fourteenth  and  fifteenth  Queftions  it  will  1  e  ~~ 
appear,  that  .  . . I 


3 

^  33r 


o 


i24-n>. 


a  = 


83. 


Whence  ’tis  manifeft  that  32  and  33  are  the  only  whole  Numbers  within  the  Li¬ 
mits  for  the  chuiing  of  the  Number  y,  but  this  muft  neceflarily  be  a  Multiple  of 

3,  otherwife  ^  and  S  will  not  be  whole  Numbers,  and  confequently  the  values  of 

e  and  a  above  exprefs’d  cannot  be  whole  Numbers  *  therefore  3  3  is  the  foie  whole 
Number  that  can  be  taken  for  the  value  ofy,  to  wit,  the  number  of  Children,  and 
conlequently  the  values  of  e  and  a  above  exprefs’d  will  give  3  for  the  number  of  Wo¬ 
men,  and  5  for  the  number  of  Men  :  which  three  numbers  5,  3  and  3  3  will  folve  the 
Queftion,  for  their  fum  is  41  *  and  if  the  firft  be  multiplied  by  4,  the  fecond  by  3, 
and  the  third  by  4,  the  fum  of  the  three  Products  is  40,  as  was  required. 

Sf  £ UEST 


Resolution  of  Queftions  BOOK  II. . 
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QUEST.  22. 

Twenty  perfons,  confifting  of  Men,  Women,  Boys  and  Girls  fpent  at  a  Feaft  in 
the  whole  94  Shillings  *,  whereof  every  Man  paid  6  Shillings,  every  Woman  4  Shil¬ 
lings,  every  Boy  3  Shillings,  and  every  Girl  1  Shilling  :  It’s  defired  to  find  out  the 
number  of  Men,  likewife  of  Women,  Boys  and  Girls. 

The  fcope  of  this  Queftion  is  to  find  out  four  fuch  whole  numbers  that  their  fum 
may  make  2 o-, and  that  if  the  firft  be  multiplied  by  6,  the  fecond  by  4, the  third  by  3, and 
the  fourth  by  1,  the  fum  of  the  four  Produ&s  may  make  94  *  therefore  by  putting 
a  e  y,  h,  to  reprefent  thofe  four  whole  numbers,  the  Queftions  may  be  ftated  thus  * 


u  =  20 —  a 


u 


94 — 6a 


e-\-  y-\-  11  =  20- 


!.  IF . d+e+y+u  —  20 

2.  And  <  .  .* . •  •  •  **+4*+3J+«  =  94 

What  are  the  whole  Numbers  <*,  *,  y,  u  f 

RESOLUTION. 

The  firft  Scope  is  to  fearchout  Limits  for  the  Number  a  in  like  manner  as  before  in 
the  twentieth  Queftion,  viz. 

3  By  tranfpofition  of  a  in  the  firft  Equation,  this  arifes,  <?■+■  y+ 

4.  Likewife  by  tranfpofition  of  6a  in  the  fecond  Equa- )  +  . 

tion,  there  comes  forth . .  •  j 

?  The  third  Equation  multiplied  by  1,  (to  wit,  the  * 
fmalleft  of  the  Numbers  prefix’d  to  the  Letters  in  the 
firft  part  of  the  fourth  Equation,  where  1  is  fuppofed 
to  be  prefix’d  to  »,)  does  produce.the  fame  third,  viz. 

6  Again,  the  third  Equation  multiplied  by  4,  to  wit, 
the  greateft  of  the  Numbers  prefix’d  to  the  Letters  in^  4e+4y+4»  =  80—4* 
the  firft  part  of  the  fourth  Equation,  does  produce  v 

7.  It  is  manifeft  that  the  firft  part  of  the  fifth  Equation 
'  is  lefs  than  the  firft  part  of  the  fourth,  therefore  alio 

the  later  part  of  the  fifth  (hall  be  lefs  than  the  later 
part  of  the  fourth,  viz . .  * 

8.  Therefore  from  the  feventh  ftep,  after  due  Reduction, 

it  follows  that  • 

9.  Again,  forafmuch  as  the  firft  part  of  the  fixth  Equa¬ 

tion  is  greater  than  the  firft  part  of  the  fourth,  there¬ 
fore  alio  the  later  part  of  the  fixth  fhall  be  greater 
than  the  later  part  of  the  fourth,  viz . ■ 

10.  Therefore  from  the  ninth  ftep,  after  due  Reduftion,  7 

it  follows,  that  .  .  , . .  S 


20—  a  "U  94 — 6a 


a  “3 1 4$. 


80 — 4#  tr  94 — 6a 


a  c*  7 


Now  fince  5cis  found  by  the  tenth  and  eigth  fteps,  that  a,  (or  the  number  of  Men) 
is  greater  than  7,  but  lefs  than  14^,  let  fome  whole  number  within  thofe  Limits  be 
taken  for  the  value  of  a,  viz. 


11.  Suppofe . .  •  .  •  •  *  • 

12.  Then  by  fetting  12  in  the  place  of  a  in  the  firft  7 

Equation,  this  ariles,  .  .  <  •  •  •  •  5 

13.  Whence  by  equal  fubtraftion  of  1 2,  there  remains  . 

14.  And  by  multiplying  the  Equation  in  the  eleventh  7 

ftep  by  6,  it  makes  .  .  .  v  *  *  *  *  $ 

15:.  Then  by  letting  72  in  the  place  of  6a  in  the  fecond  \ 
Equation,  it  gives . .  -  j 

\6.  And  by  fubtra&ing  72  from  each  part  of  the  laft  7 
Equation,  the  Remainder  is  .  . . ) 

17.  The  Equation  in  the  thirteenth  ftep  being  multiplied  7 
by  4,  (which  is  prefix’d  to  e  in  the  fixteenth)  gives  y 

18.  Then  by  fubtra&ing  the  Equation  in  the  fixteenth’ 

ftep  from  that  in  the  feventeenth,  the  Letter  e  vanilh- 
c$  and  this  Equation,  remains,  .  *  .  •  •> 


.  12  =  a 

12+  e\  y+  w  =  20 
.  e-\-  y+  »  =  3 

.  .  .  .  72  =  6a 

72+4  *+3j?+  »  —  94 
.  ,  4^+3 >+  »  =  22 
.  .  4<r+4y+4«  ==  32 

1  •  y+3»  =  10. 

19.  Whence 
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323 


Jo— 3« 


8 


277 — 2 


3- 

1 

(or 


the  number  of 


29.  Whence  by  tranfpofition  of  377  ,  this  Equation 

ariles,  . . 

20  Then  by  fetting  the  later  part  of  the  Equation  in 
the  nineteenth  ftep  in  the  place  of y  in  the  thirteenth,  >e  10—377 
this  ariles,  .  .  .  . . . 

21.  Whence,  after  due  Redu&ion,  this  Equation  arifes, 

22.  From  the  later  part  of  the  nineteenth  Equation,  it 

may  be  infer’d  that . 

23.  And  from  the  later  part  of  the  twenty  firft  Equation,  t 

Now  fince  by  the  twenty  fecond  and  twenty  third  fteps,  v__  „„  _ 

Girls)  is  found  to  fall  between  1  and  34-  let  2  be  taken  for  the  value  of  77,  vr 

24.  Suppofe . «■  ...  u  ~  2 

25.  Then  from  the  nineteenth  and  twenty-fourth  fteps,  y  =  4  (  =  10 — 377  ) 

2 6.  And  from  the  twenty  firft  and  twenty  fourth  fteps,  e  =  2  (  =  277 — 2  ) 
Thus  by  the  eleventh,  twenty  fixth,  twenty  fifth  and  twenty  fourth  fteps,  four 

whole  numbers  are  difcovered,  to  wit,  12,  2,  4  and  2,  for  the  values  of  0,0,  y  and  77. 

Again,  by  taking  3  for  the  value  of  7/,  (which  is  within  the  Limits  before  difcovered) 
the  nineteenth  and  twenty  firft  fteps  will  difcover  1  and  4  for  the  values  of  y  and  e,  (d 
being  1 2,  as  before.  Wherefore  two  Anfwers  to  the  Queftion  are  found  out  5,  for  the 
number  of  Men  being  put  12,  the  number  of  Women  will  be 
2,  the  number  of  Boys  4,  and  the  number  of  Girls  2 ;  or  the 
number  of  Men  being  12  as  before,  there  will  be  four  Wo¬ 
men,  1  Boy  and  3  Girls.  Again,  if  1 1  be  put  equal  to  a,  (or 
the  number  of  Men,)  and  theprocefs  be  repeated  from  the 
eleventh  ftep  to  the  end  of  the  Relolution, there  will  be  found 
two  Anlwers  more  in  whole  numbers.  In  like  manner, if  9, 10 
and  1 3  be  feveraliy  be  put  equal  to  77,  three  Anfwers  more  will 
be  difcovered  *  But  if  8  and  14  be  feveraliy  put  equal  to  a, 
altho  they  be  within  the  Limits  in  the  eighth  and  tenth 
fteps,  yet  the  work  being  repeated  as  before  will  notfucceed 
to  find  e,  y  and  11  in  whole  numbers ;  fo  that  there  are  only  leveh  Anfwers,  to  wit, 
thofe  inferted  in  the  Table  *  but  that  every  one  of  them  will  folve  the  Queftion  may 
eafily  be  proved.  , 

If  a  Queftion  of  this  nature  be  defired  that  has  but  one  flnfwer  in  whole  numbers, 
let  the  number  of  perfons  be  60,  and  100  the  number  of  Shillings  fpent*  alfolet  every 
Man  fpend  2  Shillings,  every  Woman  4-  of  a  Shilling,  every  Boy  l  of  a  Shilling,  and 
every  Girl  ~  of  a  Shilling  *  then  by  forming  the  Refolution  as  before,  the  number  of 
Men  will  be  found  46,  the  number  of  Women  3,  the  number  of  Boys  9,  and  the 
number  of  Girls  6. 


a 

e 

y 

77  j 

9 

9 

1 

i 1 

10 

6 

3 

1 

11 

5 

2 

2 

11 

3 

5 

A 

12 

2 

4 

2 

12 

4 

1 

3 

1? 

1 

.  3 

3 

QUEST.  23. 

To  divide  200  into  five  fuch  whole  numbers,  that  if  the  firft  be  multiplied  by  12, 
the  fecond  by  3,  the  thitd  by  1,  the  fourth  by  4-,  and  the  fifth  by  -f-,  the  Sum  of  the 
Produ&s  may  alfo  make  200. 

This  Queftion  may  be  refolved  like  the  foregoing  twentieth  and  twenty  fecond,  but 
I  (hall  leave  it  as  anexercife  to  the  induftriousAnalyft,  who  (if  he  thinks  it  to  be  worth 
his  pains,)  may  find  out  6639  Anfwers  to  it  in  whole  numbers,  (asMonfieur  Bachet ,  in 
the  two  la  ft  Pages  of  his  little  Book  before  cited  in  Sett  1.  of  this  Chapter,  does  affirm. 

Nicholas  Tartaglia  handling  this  Qpeftion,  (which  is  the  laft  of  the  feventeenth 
Book  of  the  Firft  Part  of  his  Arithmetic,)  thought  it  a  great  matter  that  he  had  found 
out  one  fingle  Anfwer  to  it  in  thefe  five  whole  numbers,  to  wit,  6, 12,  34>  S2->  96?  and 
averted.  That  Queftions  of  this  fort  could  not  be  perfe&ly  folved,  either  by  the  Al¬ 
gebraical  Art ,  or  any  certain  Rule  $  but  the  Contents  of  this  Chapter  do  manifeftly 
ihew,  that  the  Imperfe&ion  was  in  the  Artift,  and  not  in  the  Art. 


The  End  of  the  F  irft  V olume. 
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Ledtures  read  in  the 
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CONCERNING 

The  Geometrical  Conftruftion  of  Algebraical  Equations  ,*  And  the  Numerical 
Refolution  of  the  fame  by  the  Compendium  of  Logarithms'. 


LECTURE  I. 

THave  oftentimes  experience  on  feveral  Occafions,  how  difficult  a  thing  it  is 
to  Difcourfe,  efpecially  of  Mathematical  Matters,  fo  as  to  pleafe  the  Learned 
therein  and'  at  the  fame  time  toInPruft  fuch  as  yet  want  to  be  taught :  The 
_JL  former ’require  nothing  but  what  is  New  and  Curious,  nor  are  pleas’d  but  with 
Elegant  DemonSrations,  made  Concifeby  Art  and  Pains :  The  later  demand  Ex¬ 
plications  drawn  out  in  Words  at  length,  lead  any  part  of  the  Reafoning  not  being 
clearly  apprehended,  ffiou’d  hinder  the  Evidence  of  the  whole  Argument whilit 
thofe  already  vers’d  in  Mathematics  cannot  endure  fuch  Prolixity. 

But  feeing,  according  to  the  Intent  of  the  Noble  Sir  Henry  Savil,  the  Mathe¬ 
matic  Studies’  of  the  Junior  .Academics  are  committed  to  the  Care  of  his  Pro- 
feifor  of  Geometry  •,  I  thought  it  fit  to  confult,  not  fo  much  my  own  Reputa¬ 
tion  as  the  Profit  of  the  Auditory  :  Omitting  therefore  what  might  make  a  fhew 
of  deeper  Learning,  the  Geometric  Confiruftion  of  Analytic  Equations  fhall  be 
the  Subjett  ofthele  Lectures  :  ’Tis,  indeed,  a  common  one,  and  treated  of  by  Au¬ 
thors  of  great  Note^  and  on*that  Account,  perhaps,  I  may  feem  to  do  no  more  than 
the  fame  thing  over  again.  But  having  fome  Grounds  to  think!  have  added  Some¬ 
thing  of  my  own,  whereby  thefe  Conftfu&ions  may  be  _  perform’d  with  all 
poffible  Facility  and  having  likewife  extended  them  to  Equations  of  Six  Dimen¬ 
sions  without  any  Reduftion  •,  I  don’t  doubt  but  that,  as  it  will  be  of  Advan¬ 
tage ’to  Studious  Learners,  fo  it  may  not  be  unacceptable  to  Mathematicians  of  a 

higher  Clafs.  .  .  .  . 

For  our  Method  needs  no  Preparation  of  the  Equation,  requiring  only  the 

Bile&ion  of  the  given  Co-efficients  .■  Whereas  the  Conftruflion  of  Equations  cl 
five  or  fix  Dimenfions,  that  Mr.  Des  Cartes  gives  at  the  end  of  his  Geome¬ 
try  requires  the  labour  of  an  intollerable  Calculus  h  and  contrary  to  the  Tenor 
of  his  own  Rules,  he  makes  ufe  of  a  Curve-Line,  than  which  there  is  Scarce 
another  that  is  more  Compounded,  among  all  thofe  of  the  Second  Kind,  (lately 
enumerated  by  the  great  Sir  If  Newton )  which  from  its  Tricufpid  Form  is  by  him 

ca]]ed  ^  yjdcTIS 

What  Serves  our  purpofe  is  only  one  Invariable  Curve,  and  that  alfo  the  iroft 
fimole  of  its  kind  viz.  a  Cubic  Paraboloid,  or  that  wherein  the  Cubes  of  the  Or¬ 
dinates  are  to  one ’another  as  their  refpcaive  Abfcijfds  :  which  Curve  being  once 
described  may  Serve  inftead  of  an  Inflrument  for  the  Conftruttion i  or  any  luch  Equa¬ 
tion*  and  the  Roots  will  be  had  by  means  of  the  Interfeflions  of  this  Curve  and  a 
9  Conic- 


Wl<  ■  !> 
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Conic-Seftion,  whofe  Pofition  is  readily  defin’d  by  the  Co-efficients  of  the  given 

Equation,  and  thence  ealy  to  be  defcrib’d.  5 

They  are  undoubtedly  in  the  right,  who  require  in  Geometric  Problems  a  Geo¬ 
metrical  Conftru&ion  by  Lines,  fuch  as  we  are  about  to  (hew ;  and  in  Arithmetical 
ones,  an  Arithmetical  Effefrion,  z.  e.  by  Numbers  or  Calculation.  But  thefe  Sci¬ 
ences  being  very  near  a-kin,  give  mutual  Afliftance  to  one  another  *  f0  that  whenever' 
?tis  requir’d,  that  any  thing  in  Geometry  fhou’d  be  more  accurately  determin’d  no 
Mathematician  will  undertake  to  do  it  by  a  Rule  and  Compafs  (becaufe  of  the 
defect  of  Inftruments,  and  of  our  Senfes,  whereby  the  Interleft ions  of  Lines  im- 
perteaiy  drawn,  are  yet  more  imperfeft)  but  he  will  give  a  Solution  as  near  the 
Truth  as  you  pleafe,  by  an  Arithmetic  Calculus ,  according  to  an  Equation  deter¬ 
mining  the  Nature  of  the  Problem.  •  . 

To  this  end  I  have  formerly,  (in  Philof.  TranfaS.  Numb.  210)  Publifh’d  a  ge¬ 
neral  Method  of  Calculation,  which  is  fufficiently  Compendious  :  But  that  Cal¬ 
culus  feems  to  be  fomething  Defeftive  in  higher  Equations,  explicable  by  many 
Roots,  and  thofe  not  bounded  within  narrow  Limits :  For  this  way  we  come  at 
the  true  quantities  of  the  Roots  only  by  Trial,  and  Correaing  of  Errors  much 
after  the  manner  of  the  Rule  of  falfe  Pofition.  On  the  contrary,  a  Geometric  Con- 
Itrucuon  rightly  manag’d  lays  open  the  whole  Myftery  in  a  ffiort  view  and  at 
once  mews  direftly  as  well  the  Number  and  Quantities  of  the  Roots  ’as  their 
Signs,  viz.  whether  they  be  Affirmative  or  Negative:  And  then  the  Meafure  of 
any  Root  being  taken  out  of  the  Scheme,  as  not  much  differing  from  the  Truth 
may  prefently  be  verified  by  the  help  of  the  aforementioned  Calculus  to  wha? 
Number  of  Places  you  pieafe:.  And  this  is  one  Notable  Ule  (if  not  the  chief! 
of  thefe  Conftru&ions.  v  clllcv 

That  thefe  ConftrucUons,  therefore,  might  be  perform’d  with  the  greateft  Fac? 
lity  and  Eafe,  we  muff  confider,  that  all  Problems  determin’d  by  Sim%  Equations' 
and  which  may  be  refolv’d  by  the  common  Rules  of  Arithmetic,  viz  Addition’ 
SnbduQion,  Multiplication,  and  Divifion,  or  by  any  Operations  any  way  Com 
pounded  of  them,  require  only  Right-Lines  to  Conftrua  them.  y 

But  Plane  Equations  viz  fuch  as  involve  the  Square  of  the  Quantity  fought  and 
are  folv’d  Arithmetically  by  extraaing  the  Square  Root,  require,  befidel  Rkbt- 
Lines,  fome  Curve  of  th e  Comc-SeRums,  to  Conftrua  them :  Among  which  Curves 
the  Circle,  for  the  Facility  of  its  Defcription,  is  look’d  on  as  the  moft  fimole  and 
next  !t  th e  Parabola  which,  indeed,  from  the  Nature  of  itsEquationf  is  more 
fimplethan  the  Circle  it  felf :  But  feeing  it  cannot  be  defctib’d  but  by  Points  and 
the  uncertain  Motion  of  the  Hand,  the  Antients  hardly  admitted  it  into  their 
Geometry  ;  and  would  fcarceallowthat  to  be  Geometrically  effeaed  which  could 
not  be  defcrib’d  by  the  help  of  the  Compaffes:  Whence  that  Famous  Difaffiffi 
non,  concerning  the  Duplication  of  the  Cube  Geometrically  came  to  nothing  -\ee 
mg  they  attempted  to  folve  a  Solid  Problem  by  the  Geometry  of  Planes  § '  6 

But  the  Modern  Mathematicians,  in  this  Bufinefs,  exclude  no  Curves  provided 
it  be  certain  that  the  Thing  propos’d  cannot  be  done  without  them,  or  by  more  Cm 
pie  ones  :  And  ’tis  a  Fault,  if,  without  neceffity  require  it,  you  mateufeoA' 
Parabola  mftead  of  a  Circle,  or  an  ESipfe  or  Hyperbola  fnftead  of  a  Parabola  rL 
fequently,  a  Circle  only  can  haveplacein  the  Conftmaion  of  Plane  Problems'1 

But  if  there  are  three  or  four  Dimenfions  of  the  Quantity  fought  intheEnua 
non  ;  befides  a  Circle,  a  Parabolic  Curve  is  moft  cSmmodioufly  made  u^of 

wlth(iheF.rcle>  will  conftruft  all  Cubic  and  Biquadratic  Eoua' 
tions,  with  the  greateft  eafe  imaginable.  4  c 

And  admitting  the  Parabola  defcribed,  nothing  is  more  facil  than  Thp  T),mr 
cation  of  the  Cube,  TrifeSion  of  an  Angle]  and  the  finding  If UoZureelt 
Proportionals,  8a.  nor  as  yet  is  there  any  need  of  an  EUipfe  or  HmrMa  Ctk 

SSSttKt  K  8SS»  Ufa  trSr 

ss*%a*,"ao"of  •"*<—** 


If 


A  P  P  E  Al  D  1  X: 

- - - 

'  ~  r  r  ■  —  i  .  -  - - -  ■  - ■»■■■*  ■  »-»■  ...  ■  ■  A 

If  there  be  five  or  fix  Dimenfions  of  the  Quantity  fought  in  the  Equation,  the 
Conic-Se&ions  alone  are  not  fufficient,  therefore  the  Afliftance  of  fome  Curve  of 
the  Second  Kind  muft  be  had,  of  which,  as  I  faid  before  the  Cubic  Varaboloid 
is  the  moft  fimple-,  This  Curve,  combined  with  fome  one  of  the  Conic  Sections, 
will  Conftruft  all  Surfolid  ( as  they  are  called )  and  Quadrato-Cubic  Equations’, 
x  however  affe&ed.  And  this  Varaboloid  once  rightly  defcrib’d,  and  cut  in  Brals, 
will  be  ready  at  hand  for  the  Solving  of  all  fuch  Equations  of  five  or  fix  Di¬ 
menfions.  \ 

But  if  the  Equation  propos’d  be  of  a  higher  Degree,  fuppofe  7,  S,  or  9  Di- 
menfions, there  will  be  need  of  fome  other  of  thofe  feventy  two  Curves  of  the  Second 
Kind,  enumerated  by  the  Illuftrious  Sir  If.  Newton  but  which  of  them  it  muft  be, 
and  in  what  Situation  or  Pofition  to  be  applied,  will  depend  on  the  Co-efficients 
of  the  given  Equation  :  and  the  Interfeftions  of  that  Curve  with  the  Cubic  Para¬ 
boloid  ( whereof  there  maybe  nine;  will  defign  all  the  Roots  of  the  Equation.  But 
feeing  we  have  not  as  yet  thorowly  attain’d  to  all  the  Properties  and  Defcriptions 
of  thefe  new  Invented  Curves,  we  fhall  atprefent  content  our  felves  with  conftruft- 
ing  all  Equations  under  thofe  of  feven  Dimenfions  in  as  clear  a  Method  as 
may  be. 

Thefe  things  being  premis’d  in  general,  let  us  come  to  the  thing  it  felf :  And  firft 
of  all,  as  to  Simple  Equations,  that  are  conftrufled  by  Right-Lines  only  $  Thefe  re¬ 
quire  no  more  than  the  firft  Rudiments  of  Geometry,  namely,  to  exhibit  the  Sum  or 
Difference  of  given  Right-Lines  .•  To  find  a  fourth  Proportional  to  three  given 
Right-Lines  :  To  cut  a  given  Right-Line  in  a  given  Ratio,  and  the  like :  Which, 
as  they  contain  no  manner  of  difficulty  to  any  tho’  never  lo  little  vers’d  in  the 
Elements  of  Euclid,  I  fhall  therefore  leave,  as  more  proper,  to  each  Perfon’s  pri¬ 
vate  Study  and  Exercife,  and  fhall  take  no  farther  notice  of  them. 

But  Plane  Equations ,  or  (as  they  are  now  commonly  called)  Quadratics,  viz „ 
fuch  as  contain  the  Square  of  the  Line  fought,  require  a  Circle,  as  was  faid 
before,  to  conftrudt  them :  And  after  a  due  Radu&ion,  will  all  be  in  fome 
one  of  thefe  Forms,  viz. 

1.  xx  =  ab 

2.  xx  -E  b  x  =  ad 

3 .  x  x  — ■  b  x  =  a  a 

4.  b  x  —  x  x  ~  a  a 

• 

In  the  Firft,  where  the  Square  of  the  unknown  Quantity  x  is  equal  to  the  Rect¬ 
angle  a  b,  the  Quadratic  Equation  is  faid  to  be  Pure,  and  *  the  Quantity  fought,  is 
a  Mean  Proportional  between  aan&b-,  and  confequently,  is  conftru&ed  by  13  :  El. 
6.  of  Euclid,  thus, 


Make  the  Right  Lines  AB,  BC,  equal  to  the  Lines  or  Quantities  as  b ;  Bifea 
AC  in  E :  from  E,  as  a  Centre,  with  the  diftance  AE  or  CE,  defcribe  a  Semicircle 
ADC.  Then  on  the  Point  B,  ere£l  BD  Perpendicular  to  AC,  which  will  Inter¬ 
red  the  Semicircle  in  D  :  I  fay,  BD  is  the  mean  Proportional  fought  or  *. 

For  the  Triangles  ADB,  DBC,  are  fimilar  by  31  El.  3  Euclid.  Conlequently 
AB  :  BD : :  BD  :  BC,  wherefore  the  Square  ofBDor  **  is  equal  to  the  Rectangle 

ABxBC  or  akby  17  El.  6  Euclid.  Which  was  to  be  done, 

*  ‘  -  The 


appendix . 

The  three  other  Quadratic  Equations  are  called  Jj fefted  Equations  ;  of  which  the 

fecond  and  third  Forms  have  the  fame  way  ofConftruttion  ^  For  whether  xx-\-bxy 
OYXX _ i  x  be  equal  to  the  Square  of  a,  the  Quantity  b  is  every  where  the  differ¬ 

ence  of  the  two  Extremes,  between  which  a  is  a  mean  Proportional  $  fince  *  is  to  <r, 
as  a  to  x  +  b  in  the  fecond  Form,  orx  —  b  in  the  third  Form,  by  17.  El.  6.  Euclid. 

Hence  arifes  the  Conftruaion.  .  ,  ^  ,  , 

Make  BE  =  4A  and  ereft  the  Perpendicular  DB,  which  make  equal  to  a. 


On  E  as  a  Centre,  with  the  Radius  DE,  defcribe  a  Semicircle  ADC,  interfeft- 
fog  the  right  Line  BE,  produc’d  both  ways,  in  the  Points  A  and  C  ;  I  lay  that  the 
right  Line  AB  is  the  Affirmative  Root  of  the  Equation  *  x  +  bx  =  a  a,  and  BC 
that  of  the  Equation  xx  —  b  x  —  aa  $  But  BC  is  the  Negative  Root  of  the  former, 

as  AB  is  that  of  the  later.  .  t  , 

For  feeing  BE  is  half  the  Difference  of  the  right  Lines  AB  and  BC,  if  AB  be 
put  for  the  Quantity  *,  BC  will  b Qx  +  b,  and  therefore  the  Reftangle  or 

ABxBC,  will  be  equal  to  the  Square  of  DBora  :  In  like  manner,  if  BC  be  equal 
.v,  AB  will  be  x—b^  and  confequently,  their  ReHangle  xx—bx  will  be  equal  to 
Square  of  a.  Wherefore  the  Conftruaion  is  right. 

In  the  fourth  Form,  viz.  bx—xx  —  aa,  a  is  a  mean  Proportional  between  the 
extremes  x  and  b  —  x  ^  wherefore  b  is  the  Sum  of  the  Extremes  :  Hence  the  Con¬ 
ftruaion  may  be  perform’d  after  this  manner.  * 

Defcribe  a  Semicircle,  whofe  Diameter  AC  let  be  equal  to  bh  draw  Df  a  Pa¬ 
rallel  to  AC,  at  the  Diftance  DB=a  :  Which  Parallel,  if  the  Equation  be  poffible, 
will  interfea  the  Circle  in  the  Points  D  and  F  *  from  the  Point  of  mterfeaion  D, 
let  fall  the  Perpendicular  DB  to  the  Diameter  AC  j  I  fay,  that  both  AB,  and  BC 
are  Affirmative  Roots  of  the  Equation. 


For  AC  or  b  being  their  Sum,  if  AB  be  put  equal  to  x ,  BC  will  be  equal  to  b  —  x  % 
or  if  BC  be  x,  AB  will  be  b —  x  5  whence  in  both  Cafes, b  x  —  x  x,  or  the  Re£langle 
ABxBC,  will  be  equal  to  aa,  or  the  Square  of  DB.  Which  was  to  be  done. 

This  laft  Equation  fometimes  becomes  Impoffible,  viz.  when  a  is  fo  great  as  that 
the  Parallel  DF  does  neither  cut  nor  touch  the  Circle  ADC,  that  is,  when  a  is 
greater  than  4.  b :  For  a  ought  to  be  a  Geometrical  mean  Proportional  between  the 
Parts  of  b ,  and  confequently  lels  than  an  Arithmetical  Mean,  or  4^  ?  not  are  they 
equal,  except  in  the  Cafe  of  Contaft,  where  likewife  x  and  ar  become  equal. 

Hence 


Hence  is  difcover’d  a  New,  and,  for  its  Facility,  not  unufeful  Method  for  Re- 
foiving  thefe  fort  of  Equations,  by  the  help  of  the  Tables  of  Logarithms. 

For  the  Second  and  Third  Form.  For  the  Fourth  Form. 


f  nMEucUd  El.  III.  Prop. 2o)the  Angle  DEA  isdouble  theAngle  DCA  or  ADB- 
and  if  DB  or  a  be  made  Radius,  the  Roots  AB  and  BC  will  be  Tangents  of  the 
Arcs  that  aniwer  the  Angles  ADB,  CDB,  which  together  are  equal  to  a  Right- 
Angle,  becaule  in  a  Semicircle,  (by  Euclid El.m,  Prop.  31  h)  Confequentlv  if 
m  the  fecond  and  third  Form,  you  make,  as  the  half  of  b  to  a  fo  the  Radius  to  a 
Tangent  *  or  in  the  fourth  Form,  fo  Radius  to  a  Sine,  the  Arc  anfwering  thereto 
meafures  the  Angle  DEA,  which  having  Bifefted,  you  have  the  Angle  ADB 
whofe  Complement  to  a  Quadrant  is  the  Angle  CDB  *  fo  that  the  Logarithmic 
Tangent  of  half  the  Arc  AD  Added  to,  and  Subdu&ed  from,  the  Logarithm  of  BD 
or  a,  will  give  the  Logarithms  of  both  Roots. 

.  »-  .  *  p  /  *  '  *  ,  a  ,  * 

W  )  '  *  ■  ■  ■  -  1-  t  .  1  ;  .  ;  t  ■  *.  .  . 

Examples  of  the  Praxis  in  Numbers, 

'  '  ...  ■...  .  .  ;  •  f 

Let  the  Roots  of  the  Equation  x  x  +  b  x=a  a ,  (expounding  Hy  15  and  a  a  bv 
175)  be  required. 

Then  74- :  /17S  : :  Radius  :  Tang.  6o°  .27* 

its4-=3o  .134. 

Log.  175  =  2.243038 


Log.  V 179  =  1.1215:19 
Log.  74-  =  0.875061 


10.246458  =  Tang.  6o°  .27' 

And  1.121519  =  Log.  a. 

9.765366  =  Tang.  30°  .13' 4.. 

Sum  0.886885  =  Log.  7.7070  =  Root  of x  x  -f-  15  x  =  175, 
Di£  1.356153  =  Log.22.7070  =  Root  of  —  15  *  =  175, 

f  II  CIMII  . A#  N 

Again,  let  £  x  —  x  x  =  a  a,  be  1 1  *  —  **  =  17* 

Then  54*:  V17 : :  Radius :  Sine  of  48°  .33'  40" 

its  4.  =  24  .16.50 
Log*  17  =  1.230449 


Log.  ^17  =  0.615224 
Log.  54.  =  0.740363 


9.874861  =  Log.  Sine  48°  .33*  40'* 
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And  9.694281  =  Log.  Tang/240  .16' .jov 
0.619224  =  Log.Viq. 


Sum  0.269505;  =  Log.  1.8  6 fere  =  x~) 

„ -  >  fought. 

Diff.  0.960943  =  Log.  9.14  fere  —  x\ 

So  that  x  may  be  either  1.86  or  9.14,  whole  Sum  is  b  —  11. 

.  * 

The  ufe  of  this  Compendium  in  the  Numerical  Refolution  of  thele  Equations, 
will  be  more  Confpicuous,  when  in  my  next  I  fhall  Ihew  the  like  Solution  of  Bi¬ 
quadratic  Equations,  affe£fed  by  a  Square  only. 

Another  Method  of  Conflruftitig  Quadratic  Equations ,  when  the  given  guan* 
tity  ts  not  a  Square ,  but  any  given  ReElangie ,  as  cd. 

# 

„  ,  \  .  *  '  1  r 

Cale  1.  xx^bx  =:  cd.  Cafe  2.  b  x —  x  x  =  c  d. 


D 


Let  AB  be  made  equal  to  b.  On  A  and  B  ereS  the  Perpendiculars  AC  and  BD, 
make  AC=c,  BD=i,  which,  in  t  afe  1,  place  the  contrary  ways,  but,  in  Cafe  2, 
the  fame  way  with  the  Line  AB  :  Joyn  CD,  and  bifeft  it  in  E.  With  the  Centre  E, 
and  Radius  EC  or  ED,defcribe  an  me  cutting  the  Line  AB  (produc’d  in  Cafe  1) 
/in  G  and  H  5  I  lay  that  AH  and  AG  are  the  Roots  of  the  propos’d  Equation,  viz. 

In  Cafe  1,  AG  is  the  Affirmative,  AH  the  Negative  Root  of  the  Equation 
x  x-\-b  x—c  d  ^  but  AH  the  Affirmative,  and  AG  the  Negative  Root  of  the  Equation 
xx— b  *=c  d  •,  and  in  Cale  2,  AH  and  AG  are  the  two  Affirmative  Roots  of  the 
Equation  bx  x  x=c  d  $  where  ’tis  to  be  Noted,  That  if  the  Semicircle  whole 
Diameter  is  CD,  neither  cut  nor  touch  the  Line  AB,  the  Equation  propos’d 
is  impoffible.  . 

For  lince  CA  0*  c,  and  DB  or  d  are  at  right  Angles  to  the  Right  Line  AB,  and 


t 


the  Centre  E  is  equally  diftant  from  them,  (by  Euclid.  III.  14.)  the  Right  Line 
BF  is  equal  to  AC  *  therefore,  the  Re&angle  c  d ,  that  is  BDxCA,  is  equal  to 
BD  x  BF,  which  (from  the  3  5  and  36  III.  Elem.  Euclid J  is  equal  to  the  Redangle 
BH  x  BG  or  AG  x  AH. 

But  by  Conllruftion  AB  —  b  is  equal  (in  Cafe  1)  to  the  Difference  of  AG  and  AH 
as  (in  Cafe  2)  to  their  Sum  *  Wherefore  c  d  is  equal  to  x  x+b  x,  in  Cafe  1  and 
c  d  is  equal  to  b  x  —  x  x  in  Cafe  2.  ^  E,  D.  ?Thist 


I 
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This,  ’tis  probable,  is  the  Method  the  Antients  ufed,  when  by  their  Analyfis 
they  had  a  given  Re&angle,  the  Sum  or  Difference  of  whole  iides  was  known, 
and  it  was  required  to  find  the  fides  *  which  they  called  applying  a  Redtargle 
exceeding  or  deficient  by  a  Square  to  a  given  right  Line  -.Being  but  one  particular 
Cafe  of  the  more  general  Connruttion  deliver’d  by  Euclid.  Elem.  VI.  Prop.  28,  29. 


Ottob.  25,  1704. 


LECTURE  II. 


/ 


IN  my  laft  Le£ture,  I  endeavour’d  to  fhew  you  the  Confhuction  of  all  Equa- 
tions  of  the  Quadratic  Form,  and  that  by  a  Method  which  I  think  to  be 
concife  enough,  viz.  by  finding  the  Extremes,  when  the  Mean,  and  Sum  or  Differ¬ 
ence  of  the  extremes,  of  three  continual  Proportionals  are  given :  And  this  is  done 
agreeable  to  the  Mind  of  the  Antients,  as  you  may  fee  in  the  84  and  8y  Prop,  of 
Euclid' s  Data . 

At  the  fame  time  I  fhew’d  that  thofe  Equations  might  be  refolv’d  by  a  Loga¬ 
rithmic  Calculus ,  viz.  by  the  BifeHion  of  an  Angles  But  before  I  pals  to  Cubic 
Equations,  there  occurs  that  Species  of  Biquadratics  affedted  with  a  Square  ;  which 
in  its  own  Nature  fs  really  Quadratic,  but  whole  Roots  are  not  Lines,  but 
Squares  *  and  the  Square  being  given,  the  Root  is  alfo  given. 

Now  the  Cc^iftru&ion  of  any  of  thefe  is  as  eafy  as  that  of  fimple  Quadratics, 
on  confideration  that  in  the  Equation  where  x*  +  **  bz  =  d\  dd  is  a  Mean  Pro¬ 
portional  between  x  x  and  x2  +;  bz :  confequently  b  b  is  the  given  Difference  between 
the  two  Extremes.  But  in  the  Equation  where  bz  x2~  x+  —  d\  bb  will  be  the 
Sum  of  the  Extremes  5  wherefore,  the  Bulinefs  comes  to  the  fame,  as  if  the 
Problem  were  thus  propos’d,  The  Sum  or  Vijfereuce  of  two  Squares ,  and  the  Rett  angle 
of  the  fdes  being  given,  to  find  the  fides.  Whence  ariles  this  Conftru£tion. 

In  the  firft  Cafe,  where  bb  is  the  Difference  of  the  Squares  ;  Defcribe  a  Semi¬ 
circle,  whofe  Diameter  let  be  AC  =  V  V  4  d*  -f  b*  *  in  this  Semicircle  infcribe 
the  Chord  AG,  which  let  be  equal  to  d:  Let  fall  the  Perpendicular  GH  upon  the 
Diameter  AC;  then  AG  or  d  will  be  a  mean  Proportional  between  AC  and  AH,  be- 
caufe  of  the  fimibjtr  Triangles  ACG  and  AGH  :  At  the  Diftance  BD,  which  let 
be  equal  to  AH,  draw  DF  Parallel  to  AC,  cutting  the  Circle  in  the  Point  D  :  Hay 
the  Conftru&ion  is  finifh’d  ;  and  that  the  Chords  AD,  GD,  are  the  Roots  x  of  the 


;  l 


Equation  propos’d,  namely,  AD  the  Affirmative  and  CD  the  Negative,  if  the 
Produa  bbxx'm  the  Equation,  be  Affirmative,  that  is,  if  it  be  +  bbxx^  and 
on  the  contrary,  CD  will  be  the  Affirmative  Root  and  AD  the  Negative,  if  the 
faid  Produft  b  b  *  x,  in  the  Equation,  be  mark’d  with  the  Sign  — . 


Tfai 


s 


appendix. 


The  Demonftration  is  evident,becaufe  in  any  two  Quantities,  the  square  of  tne  Sum 
exceeds  the  Square  of  the  Difference,  by  four  times  the  ke&a'ngle  of  the  Parts  * 
and  confequently  if  to  the  Biquadrate  of  £,  you  add  four  times  the  Biquadraie 
of  <7,  the  Sum  will  be  the  fquare  of  the  Sum  of  thofe  fquares  of  which  bb  is  the 

Difference  *  therefore,  the  fide  of  this  fquare,  viz.  b\  will  be  the  fum  of  the 

Iquaresof  the  Roots  fought,  equal  to  the  Square  of  AC. 

Hence(by  47 . 1.  El.  Euclid  )  the  Roots  AD,  CD  will  be  the  fides  of  a  Right  angled 
Triangle,  whofe  Hypotenufe  is  AC,  and  confequently  are  in  the  Semicircle  ADC, 
(by  31.  III.  El.  Euclid.)  And  feeing  d  is  a  mean  Proportional  between  the  Diameter 
AC,  and  the  Perpendicular  BD,  the  Re&angle  ACxbD  will  be  equal  to  the 
Square  of  d  *  but  AC  is  to  AD,  as  CD  is  to  BD,  becaufe  of  the  fimilar  Triangles 
ACD,  DCB,  therefore  the  Rettangle  ADxCD,  equal  to  the  Reftangle  ACxbD, 
will  be  alfo  equal  to  the  Square  of  d  *  and  the  difference  of  the  Squares  of  AD  and 
CD  being  equal  to  bb,  the  Chords  AD,  CD  are  the  Roots  of  the  propos’d  Equation : 
Confequently  the  Conftru&ion  holds. 

And  that  the  Antients  handled  this  Matter  in  a  Method  not  much  different  from 
this,  may  be  feen  in  the  87  Propcfition  of  ■Euclid’s  Data. 

But  in  the  other  Cafe,  viz.  where  d*  =  bbxx  —  *4,  the  Conltru&ion  is  fome- 
what  readier  •,  becaufe  bb  is  now  become  the  Sum  of  the  Squares  of  the  fides  of 
which  dd  is  the  Re&angle  *  Confequently,  on  AC,  which  let  be  equal  to  b ,  as  a 
Diameter,  defer ibe  the  Semicircle  ADC.  Let  the  Chord  AG  be  equal  to  d .  From 
G  let  fall  the  Perpendicular  GH  upon  the  Diameter  AC :  and  at  the  Diftance 


BD,  equal  to  AH,  draw  DF  Parallel  to  AC,  cutting  the  Circle  in  the  Point  D: 

I  fay  the  Chords  AD,  CD,  exhibit,  even  in  this  Cafe,  the  Roots  of  the  Equation 
propos’d,  and  that  they  are  both  Affirmative. 

For,  becaufe  the  Angle  ADC  is  right,  the  Square  of  AC  or  b  is  equal  to  the 
Sum  of  the  Squares  of  AD  and  CD,  (by  47  I.  El.  Euclid )  and  the  Reftangle 
ACxBD,  equal  the  Rettangle  ADxCD,  is  alfo  equal  to  the  Square  of  AG  or  d  * 
becaufe  by  Confirmation, AG  is  a  mean  Proportional  between  AC  and  BD.  Wherefore 
the  Conftru&ion  is  true,  feeing  the  Sum  of  the  Squares  of  AD  and  CD  is  equal  to 
the  Square  of  b,  and  alfo  the  Rectangle  ADxCD  is  equal  to  the  Square  of  d. 

But  this  laft  Cafe  is  limited  and  becomes  impoffible,  if  the  Square  of  d  ex¬ 
ceeds  half  the  Square  of  b  :  For  the  Parallel  DF  in  that  Cafe  cannot  fo  much  as 
touch  the  Circle  ADC,  as  we  have  noted  in  alike  Cafe  in  the  Conltru&ion  of 
Quadratics. 

Hence  feveral  other  Methods  may  eafily  be  found  for  the  refolving  of  Equations 
of  this  Kind,  befides  the  common  Forms  of  Solution,  which  arife  from  the  Sum  * 
and  Difference  of  the  Squares  of  the  fides  given. 

In  the  fecond  Cafe,  there  is  one  which  will  certainly  appear  new,  and  no  lefs 
fit  for  Pra&ice  *  for  becaufe  b  b  is  the  fum  of  the  Squares,  and  d  d  the  Re&angle  of 
their  fides,  b  b  -E  2  dd  will  be  the  Square  of  the  Sum  of  the  Roots,  and  bb  —  2  dd 
will  be  the  Square  of  their  Difference,  by  the  4th  and  7th  of  the  11.  El.  of  Euclid, 
and  confequently  half  the  Sum  and  half  the  Difference  of  the  Tides  of  thefe  Squares 

will 
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wiil  be  the  Roots  of  the  Equation  fought  •,  botn  of  which  will  be  had  by  two 
Extraflions  of  the  Square  Root}  which  is  fomewhat  more  compendious  than 
the  common  Method. 

The  Bifeftionof  an  Angle  gives  us  alfo  two  different  Solutions.,  both  of  them 
commodious  enough,  and  to  be  perform’d  veryeafily  by  the  Logarithms. 

For  if  you  make  it,  as  half  the  Co-efficient  bb  to  the  Square  of  d,  fo  the 
Radius,  to  the  Tangent  of  the  Angle  DEA,  in  the  firft  Cafe}  or  to  its  Sine,  in 
the  fecond  Cafe:  Bileft  the  Angle  DEA,  and  you'll  have  the  Angie  DCA 
(  by  the  20th  of  III  Elem.  of.  Euclid )  equal  to  the  Angle  ADB,  and 
their  Complements  to  a  Quadrant  will  be  equal  to  the  Angles  DAB,  BDC.  Con- 
fequently,  if  the  Logarithm  of  the  Square  of  d  be  increafed  and  diminifhed  by  the 
Logarithm  of  the  Tangent  of  the  Angle  ADB,  the  Sum  and  Difference  will  be 
Logarithms  of  the  Squares  of  the  Roots  fought  5  Whence  the  halves  of  the 
laid  Logarithms  will  be  the  Logarithms  of  the  Roots. 

All  thele  things  clearly  follow  from  what  I  have  demonftrated  in  my  former 
Lefture  concerning  Quadratics. 

But  the  fame  may  be  obtain’d  another  way,  by  the  Sines  ©f  the  fame  Angle,and  of 
its  Complement  to  a  Quadrant :  For  if  you  put  the  Diameter  AC  for  the  Radius 
of  a  Circle,  the  Roots  AD,  CD  will  be  the  Sines  of  the  Angles  DCA,  DAC  5 
and  confequently  are  had  By  adding  the  Logarithms  of  thofe  Sines  to  the  Logarithm 

of  VV^dddd~\-bbbb^  in  the  Firft  Cafe  *,  or  to  the  Logarithm  of  b ,  in  the  fecond 
Cafe.  And  I  cannot  eafily  believe,  that  Equations  of  this  Power  may  be  Conftrufted 
by  fewer  Lines,  or  refolved  by  an  eafier  Arithmetic  Operation. 

•  B  .ituv-  ,  rft  r 

Example  1.  Let  *4 *_bbxx  be  **+;7**  ==  14 5. 

c,i : '  ti.il  1)  i  .cot  sd  c  /  2.  ^  f  eliv;3A  1  ;;;  c-  zoinf  -  v/.v’i:* 

Then  3?  i:Vi&  : :  Radius':  Tang.  73 °;47'*3 

its  half  =  3 6  .53  .47^ 

For  Log.  145  2.161368 


For  Log.  145 

Log.  “/I45  1.080684 

Log.  3F  0.544068 

_  _ *  V I  •  s,  5.  t  \ 


.DO/i  . 


o  ys, 


10.536616  =  Tang.  73°47'«35" 

Then,  1.080684  =  Log,  V 145 

9.875482  =  Log.  T.36°.53\47'\i 

4}  Q 


a)  Sum  =  0.9 56 1 6S  (0-478683  ±=  tog.  ?.oo 66f  V  The  Roots  fought 
2)  Diff.  =  1.205202  (0.602601  =  Log. 4.00499  )  6 

Whereof  the  Lefler  is  the  Affirmative  Root,  if  it  be  -f  bb-,  but  the  Greater, 
ff it  be  —  bb,  An  the  Equation. 


n  01 
-?  1 


.•  I't »  • 

;to 


1  'In- 

’l 1  * 


Another  way* 

i  1 v  *•  •  •  t  — ,  ,  . .  /  .  • 

2.7986506  =  Log.  629  =  4^4+ 


-.it 


V  5 

f  f  '*  •. 

f  L* 

, 

on  :  l 

iiooni 

f-di 


■4  V  >.  .  ;  - 

-*  ->  J  *4.  ^ 


'Vf  »;•’  • 

Jill  Y  <  , 

-mo 


•  ...  r  v 

o.6996626=Log.  W629 
9. 77 842 04= Sine  36  °.S’3'47"-5 


o.478o83o=Log.*  =  3.00665 


OiU  ■-  ,7 


0.699663  =  Log,  VV629 
9.902938  =  Co-Sine,  3 6 *.5 3,*47"t 

0.602601  =  Log.  n  =  4.00499 
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<  f  {  . 

Example  2.  yxx —  x4  =  10. 

Then  34 :  Vio  ::  Radius  :  Sine  64°. 37' .23" 

its  half  =  32.18  .414 

For  Log.  Vio  =  0.500000 
Log.  34  =  0.544068 

9.955932  =  Sine  64°  37*23" 


Then  9.727966  =  Sine  32  M8'.4i"4 
0.422549  Log.  V-j  ~b. 

Sum  =  0.150515  =  Log.  x  =  1.41421  =  V  2. 

And  9.926936  =  Co-Sine  32M8'4i"4. 
0.422549  =  Log.  V7  =b. 

Diff.  0.349485  =  Log.  x  =  2.23607  =^5. 


feeing  about  to  fhew  the  Conftru&ion  of  Cubics  and  Biquadratics,  in  the  next 
Le&ure,  ’twill  be  neceflary  that  the  young  Student  lhould  acquaint  him- 
felf  with  fuch  Properties  of  the  Parabola,  as  are  deliver’d  in  the  firlt  Book  of 
Apollonius  s  Conics  *  and  likewife  confult  what  is  to  be  found  of  this  matter  in 
Des  Cartes  s  third  Book  of  Geometry  :  the  Inveftigation  of  all  which,  I  (hall  en¬ 
deavour  to  deliver  in  fuch  a  Method  as  may  render  expedite  the  Conftru&ing 
all  Solid  Problems,  even  of  thole  in  which  there  is  a  fecond  Term  $  which  is 
wanting  in  Des  Cartes'1 s  Method. 

»•  1  .  .... 

.  *  *  *  j  Cj  7^  1  •  ' , 

Novemb.  8,  1704, 


<oo8o.  1  xijiT  '  *  ‘ 

hi. 

jO 'jnr  f  ■  -  ‘  ^  ' 

,  .  -_-y  o  —  _/  ■'  <  - . 

Hitherto  we  have  been  Treating  of  thole  Equations  whereby  Plane  Problems 
are  refolv’d  5  which  the  Antients  made  the  limits  of  their  Geome  try,  as  not 
caring  in  their  Conftru&ions  to  make  ule  of  Curves  to  be  delcrib’d  by  Points,  but 
rather  contenting  themlelves  with  Circles  only.  Wherefore  they  deny’d 
that  Solid  Equations  could  be  Geometrically  effeded,  that  is,  by  Rule  and  Com- 
pafles :  But  the  modern  Geometry  allowing  it  felf  a  greater  Freedom,  in  its  Conftru- 
£tions  rejects  no  Curve  that  it  knows  how  to  defcribe  or  find  the  Points  o£ 
provided  it  be  certain  that  the  thing  propos’d  cannot  be~effe8:ed  without  it,  or  by 
fome  more  fimple  Curve.  ,  v  '  > 

Now  the  moft  fimple  Curve,  in  refpefl  of  its  Equation,  is  the  Parabola ,  viz.  That, 
the  Squares  of  whole  Ordinates  are  to  one  another,  as  th eAbfcijfa :  which  is  evident 
Rom  the  nth  of  the  i  ft  Book  of  Apollonius's  Conics.  Andany  Parabola  once  delcrib’d, 
is  fufficient  to  Conftruft  any  Cubic  or  Biquadratic  Equation,  by  letting  fall  Per¬ 
pendiculars  onthe  Axis  of  the  Parabola ,  from  its  Interferons  with  a  Circle,  to  be 
deficrib’d  according  to  the  direfbion  of  the  Signs  and  Quantities  of  the  given 
Co-efficients  of  the  feveral  Terms  of  the  Equation.  And.indeed,  we  are  very  much 
oblig’d  to  Des  Cartes ,  for  his  Ihewing,  not  only  that' the  Parabola  would  do  the 
bufinels,  but  that  his  Method  comprehended  all  Equations  of  three  or  four  Dimen- 
fions,  whole  fecond  Term  was  wanting,  by  a  very  elegant  and  ealy  Conftru£t:on  * 


‘  > 


c> 


/  If 


L  E  C  T  UR  E 

-•  /  J  JO  •  4  '  O 

'  ■  ‘  .  r' *> 't  n  \  o 


.  *  n . 


1 


4 


/ 


APPENDIX. 

as  may  be  feen  in  the  third  Book  of  his  Geometry  :  But  fince  Des  Cartes  requires 

the  taking  away  the  fecond  Term  of  the  Equation,  if  there  beany  ;  and  befides 
he  having  no  where  delivered  the  Inveftigation  of  his  Method  we  (hall  there¬ 
fore,  in  the  firft  place,  fhew  you  the  Invefligation  of  the  Method  *  and  then  the 
Conftru&ion,  even  where  there  is  a  fecond  Term  prefent, 

Since,  from  Arithmetical  Principles,  ’tis  certain  that  fome  Cubic  Equations  may 
be  expounded  by  three  different  Roots,  as  Biquadratics  by  four  •  which  is  the 
number  of  InterfeCfions  of  a  Circle  with  a  Conic-SeClion  ♦,  ’tis  evident,  that  thele 
Roots  may  be  Analogous  to  jhofe  Interfe&ions*  and  consequently  may  be  difco- 
ver’d  by  a  Circle  given  in  Pofition  ( that  is,  to  be  defcrib’d  according  to  the  known 
Quantities  in  the  Equation)  applied  to  a  given  Parabola.  Now  a  Circle  is  laid 
to  be  given  in  Pofition,  when  the  Radius  and  Pofition  of  the  Centre  is  given,  which 
Pofition  cannot  generally  be  defined  without  two  given  Lines  befides  the  Radius. 

Wherefore  to  the  Parabola  ABC,  whole  Latus  Return  is  <*,  let  there  be  applied 
a  Circle ,  whofe  Radius  EP  or  EL  call  r,  and  let  the  Centre  be  E,  whofe  Diftance 
AD  or  FE,  below  or  above  the  Vertex  of  the  Parabola ,  let  be  b ,  and  the  Diftance 
AF  or  DE,  of  the  fame  Centre  from  the  Axis  of  the  Parabola  call  c.  Let  this  Cir¬ 
cle  crofs  or  touch  the  Parabola  in  the  Points  G,  M  ,  and  from  G,  M,  let  fall  the 


P 


Ordinates  GK,  MN  on  the  Axis :  and  call  AK,  the  Abfciffe  on  the  Axe  of  the  Para  ¬ 
bola^  y  and  the  correfponding.  Ordinate  GK*.  Then  (by  the  nth  of  the  ift  of 
Apollonius ,)  the  Re&angle  ay  is  equal  to  xx ;  and  if  D  be  above  the  Vertex  of  the 
Parabola ,  DK  or  EO  is  the  Sum  of  AD  and  AK,  ory  -f  b  *,  but  if  it  be  below,  it 
will  be  the  Difference  of  them,  pry —  bz  Whofe  Square  Subtracted  from  the 
Square  of  the  Radius  of  the  Circle,  leaves  the  Square  of  (GO)  the  Ordinate 
in  the  Circle,  becaufe  of  the  Right  Angled  Triangle  GEO  (by  47th  Euclid,  iff) 
Wherefore,  the  Square  of  GO  will  be  equal  to  it — bb — >y±;2^y  *  But  feeing  y 

(becaufe  of  the  Parabola)  is  equal  to  — ;  let  this  value  be  put  for  y,  anditsfquare 

v  a 


j  2 ,bxx 

inftead  of  yy,  then  you  will  have  rr  —  bb  —  —  £ - - 

aa  a 

GO,  or  the  Square  of  GK±^ED,  that  is,  the  Square 
Which  Equation  by  Reduction  becomes 


equal  to  the  fquare  of 
of  x  ±-C  or  xx  ±_2  cx cc ; 


x4  *  ±-  labxx  ±_  laacx  —  aarrj 

-p  aaxx  +  aabb  >  =s  <* 

aacc  y 

Let  k4  *  j±  adxx  ±1  aapx  aaaq  ±=  o,  be  the  Equation  to  be  ConftruCted  : 
And  mutually  comparing  the  Co-efficients  of  the  correfponding  Terms,  a  a±d  be¬ 
comes  equal  to  2  b\  confequently,  if  it  be — d  in  the  Equation,  then  the  half 
Sum,  but  if  it  be  A*  d ,  then  the  half  Difference  of  a  and  d,  becomes  that  is, 
the  Line  AD,  which  is  to  be  ufed  in  the  ConftruCtion  :  By  the  like  reafon  c  or 
(ED )  the  Diftance  of  the  Centre  from  the  Axe,  will  be  equal  to  ip.  And  the  Ra- 
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dius  of  the  Circle  (r)  is  had  by  comparing  the  laft  Terms  }  for  the  Sum  of  the 
Squares  of  b  and  c,  that  is,  the  Square  of  AE  -t-  or  ~  the  Reftangle  aq  is 
found  equal  to  (rr)  the  Square  of  the  Radius  5  Wherefore  if  the  Square  of  thfe 
Line  AE  be  encreas’d  by  the  Redtangle^,  if  it  be  —  q,  or  dimitiifli’d  by  the  fame 
if  A-</,  the  Square  of  the  Radius  of  the  Circle  fought  will  be  had,  3 

But  if  the  Quantity  q  be  wanting  in  the  Equation,  then  (each  of  the  Terms 
being  to  be  divided  by  x)  it  becomes  a  Cubic  h  to  be  Conflrufted  the  fame  wav- 
only  here  the  Reftangle  aq  vanifhing,  the  Radius  of  the  Circle  becomes  then  A E 
and  it  panes  through  the  Vertex  of  the  Parabola.  9 

Whence  arifes  the  following  general  ConftruGion  of  all  Equations  of  thefS 
Forms,  where  the  fecond  Term  is  wanting,  viz . 

.  r  '  M  *  ■  '  '  »  .  ,  *  > 

1.  x*  *  ±_abx  _rt  aap  =  o 

2.  at4  *  ±i  abxx ±i  aapx  ±l  aaaq  =  o 


Any  Parabola  (BAG),  being  defcrib’d,  on  the  Axis  AK,  its  Latus  Mum  call 
a  i  make  AH  equal  to  half  the  Latus  Rcfiitm  ;  and  from’ the  Point  H  below 
towards  K,  if  in  the  Equation  it  be  —  b,  or  above,  if  it  be-f*.  let’HD  be 
made  equal  to  half  b  :  Ereft  DE  Perpendicular  to  the  Axe,  to  the  right  fide  of  it 
if  it  be  -p,  but  to  the  left,  if  4-p,  and  make  it  equal  to  half  p  :  The  Circle 
defcrib’d  on  the  Centre  E,  with  the  Radius  EA,  will  interfeft  the  Parabola  in  fo 
many  different  Points  M,  on  the  right  fide  of  the  Axe,  as  there  are  Affirmative 
Roots  *,  and  m  fo  many  Points  G,  on  the  left  fide,  as  there  are  Falfe  or  Negative 
Roots  in  the  Cubic  Equation  s  and  Perpendiculars  let  fall  on  the  Axis  as  MN 

frK  are  flip  RnnK  f-nemiplvpc  5  » 


j.  w 

But  if  it  be  a  Biquadratic  Equation,  you  mufl:  take  a  mean  Proportional  between 
a  and  q }  whofe  Square,  or  the  Re&angle  aq ,  is  to  be  Added  to  the  Square  of  AE,  if 
it  be  —  or  Subdu£fed,  if  it  be  -*-g,  to  have  the  Radius  of  the  Circle  requir’d 
to  perform  the  Conftru&ion.  And  this  is  Cartes' s  own  Conffruflion  j  which  we 
have  not  only  demohitrated,  but  have  alfo  fhewii  the  Method  of  Inveftigation  j 
whofe  further  ufe  will  be  evident  by  what  follows,  in  finding  the  Pofition  of  the 
Conic-Section  to  be  applied  to  a  Cubic  Paraboloid ,  in  the  Conftruflion  of  Qua- 
drato-Cubic  Equations :  Nor  have  we  any  thing  to  add  to  this  of  Cartes ,  only  that 
inour  Confiruclions  the  Affirmative  Roots  are  always  on  the  Right,  and  the  Nega¬ 
tive  always  on  the  Left  fide  of  the  Axis  5  which  he  places  fometimes  on  the  Right* 
.tometimes  on  the  Left,  not  without  lome  hazard  of  miftaking. 

But  Des  Cartes ,  as  we  laid  before,  firft  of  all  orders  the  fecond  Term,  if  pre- 
rent,  to  be  deftroyed,  in  thefe  Equations  •,  and  if  it  be  prefent,  his  Conit  ruff  ions 
will  not  do ;  we  lhall  therefore  take  care  to  fupply  this  Defe£f 5  and  fhew  how 
the  Parabola  it  felf  performs  the  Office  of  taking  away  the  fecond  Term. , 


i  / 
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3.  X’  X.  px  x2laPx  T  aaq—Q 

4.  *4  i~  b  x 5  J±apx2  ^±a  aqx  s±r  =  o 


5.  x*  +  -f- 


Which  comprehends  all  the  Equations  of  thefe  Forms  that  can  be  ima¬ 
gined. 

Now  ail  Cubics  may  be  Conftru&ed  various  ways  by  different  Circles  and  a 
given  Parabola  h  three  of  which  I  fhall  here  exhibit :  But  in  Biquadratics  the  bu- 
finefs  can  be  done  but  by  one  only  Circle. 

The  Demonlt  ration  of  all  which,  requiring  an  Algebraic  Calculus ,  I  fhall  leave 
as  an  Exercife  for  the  Studious  Tyro.  (Vide  Vbilof.  TranfaS.  No.  188,-  and  1 90.) 

The  fir  If  Conftru&ion  of  Cubic  Equations  arifes  from  the  confideration  of  the 
taking  away  of  the  fecond  Term,  by  putting,  after  the  common  way,  y  equal  to 
x-\-  or  —  the  third  part  of  the  Co-efficient  of  the  fecond  Term,  whence  the  fol¬ 
lowing  Rule  may  eafily  be  Demonltrated,  viz. 

The  Parabola  BAM,  the  Axe  AE,  and  the  Latus  Return  (aj  being  given,  let  the 
Equation  be  reduced  to  the  foregoing  Forms ;  Then  at  the  Diftance  BC  equal  to 
the  third  part  of  b ,  draw  BK  parallel  to  the  Axe,  to  the  Right-Hand,  if  it  be 
-f£,  otherwife  to  the  left,  interfering  the  Parabola  inB:  draw  the  indefinite 
right  Line  DP,  perpendicular  to  and  bife£Hng  the  fuppos’d  Line  AB,  and  cutting 
the  Axis  in  the  point  G  :  From  B  let  fall  BC  perpendicular  to  the  Axe,  and  make 
GE  always  equal  to  AC,  and  place  it  downwards  *  Make  EH  equal  to  half  p,  to  be 
placed  upwards  if  it  be  -i-p,  but  downwards  if — p.  From  the  Point  H,  or  from 
E  if  the  Quantity  p  be  wanting,  erett  HQ  Perpendicular  to  the  Axe,  cutting  the 
indefinite  Line  DP  in  che  Point  O.  Laftly,  in  the  indetermin’d  Line  HQ,  make 
OR  equal  to  half  q  *  to  be  placed  from  O,  to  the  Right,  if  it  be  —  g,  but  to  the 
Left,  if  -\-q  :  Then  a  Circle  defcrib’d  from  the  Centre  R,  with  RA  as  Radius, 
will  cut  the  Parabola  in  fo  many  Points,  befides  the  Vertex ,  as  the  Equation  pro¬ 
pos’d  has  true  Roots ;  and  they  will  be  the  Perpendiculars  LM,  demitted  from 
feveral  Points  of  Interferon  M,  on  BK  the  Parallel  to  the  Axe  :  which,  in  this 
Figure  being  all  to  the  Right  of  the  aforefaid  Parallel,  are  all  to  be  look’d  upon  as 
Affirmative. 


A 


E 


vr 

M 


The  Conftru&ion  of  the  Equation 

x* ~bxxjrapx9—aaq  =  o. 
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The 
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The  Ufefulnels  of  this  Conftru&ion  confifts  in  this,  that  ’tis  perform’d  by  a 
Circle  palling  through  the  Vertex  of  the  Parabola ,  as  well  as  if  the  fecond  Term 
were  wanting  *  and  therefore  feemsfitteft  for  determining  the  Number  of  Roots  in 
thofe  Cubic  Equations  where  all  the  Terms  are  prelent. 

The  Second  Conftru&ion  of  Cubics  is  deriv’d  from  the  Cubic  Equation’s  being 
reducible  to  a  Biquadratic,  in  which  the  fecond  Term  is  wanting,  by  multiplying 
the  Equation  propos’d  into  x  —  b  =  o,  if  it  be  +  b  in  the  Equation,  or 
into  x+b= o,  if  it  be — b:  Whence  arifes  a  Biquadratic  wanting  the  lecond 
Term,  which  will  have  the  fame  Roots  as  the  Cubic,  and  one  more  equal  to  ~\-b, 
if  it  \b  in  the  Equation,  or  equal  to  — if  it  be  —b.  The  Conftru&ion 
is  thus : 


The  Conftru&ion  of  the  Equation 
xi  —  bxx—apx-^aaq  —  o 


Of  the  given  Parabola  AMD,  let  A  be  the  Vertex,  AL  the  Axis,  and  a  the  Latus 
Retlum.  At  a  diftance  equal  to  b  draw  DK  parallel  to  the  Axe,  to  the  Right,  if 
it  be  -f  b  in  the  Equation,  but  to  the  Left,  if  it  be  — b  •,  which  will  meet  the  Parabola 
in  the  Point  D.  On  the  Centres  D  and  A,  with  the  lame  Diftance,  deferibe  oc¬ 
cult  Arcs  interfering  one  another  5  and  thro’, the  points  of  interfeftion,  draw 
theindetermin’d  Line  BC,  which  will  bifeft  the  fuppofed  Line  AD  perpendicularly, 
and  cut  the  Axe  in  the  point  E.  Let  EF  be  taken  equal  to  half p,  and  fet  up¬ 
wards  from  E  towards  A,  if  it  be  -fp,  but  downwards  from  E,  if  — p.  Thro’F, 
or  thro’  E,  if  p  be  wanting,  draw  FG  perpendicular  to  FA  5  cutting  the  Line  BC 
|n  the  Point  G;  And  in  GF,  produc’d  if  need  be,  make  GH  equal  to  half  q  j  fet 
it  off  to  the  Right,  if  in  the  Equation,  you  have  —  g,  but  to  the  Left,  if  +  q. 
I  fay,  H  is  the  Centre  of  the  Circle  requir’d  for  the  Conftruftion,  and  HD  its 
Radius,  becaufe  the  given  Co-efficient  b  is  one  of  the  Roots :  And  Perpendiculars 
demitted  from  the  other  Interfe&ions  to  the  Axe,  on  the  Right,  as  LM,lhew  the 
Affirmative  Roots :  on  the  Left-Hand,  as  NO,  the  Negative.  And  this  Method  is  the 
moft  eligible  for  the  Conftru&ion  of  Cubic  Equations. 

The  third  Method  of  ConftruHion  is  properly  that  of  Biquadratics,  but  which 
agrees  alfo  with  Cubics,  a  Cubic  being  to  be  railed  to  a  Biquadratic,  by  mul¬ 
tiplying  the .  Equation  equal  to  nothing  into  x  $  whence  the  Cubic  may  be  con¬ 
sidered  as  a  Biquadratic  having  the  fifth  Term  (r)  wanting. 

This  Conftru&ion  js  deriv’d  from  hence,  that  in' Biquadratics,  the  fecond  Term 
is  taken  away  by  putting  y — \  b  equal  to  the  Root  x,  if  it  be  -f  b  in  the  Equation, 
and  the  contrary :  whence  y  the  Roots  of  the  new  Equation  will  always  differ  from 
the  Roots  x  by  a  fourth  part  of  b  :  Hence  the  following  Conftruttion  is  evident. 

The 
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IS 


The  Conftru&ion  of  the  Equations. 

x  5  4"  b  x  x —  apx  —  a  a  q  ==o 
Or*4  4-  bxi  — apx1 — aaqx — aaar^o 

The  "Parabola  NAM  being  given  5  whole  Latus  ReUum  let  be  <15  at  the  Diftance 
BD,  equal  to  the  fourth  part  of  b,  draw  the  Line  DL  parallelto  the  Axe  AC,  to 
the  Left  if  it  be  —  b,  but  to  the  Right  if  4-£,  meeting  the  Parabola  in  the  point  D ; 
From  D  let  fall  DB  perpendicular  to  the  Axe  5  makeBK,  in  the  Axe,  equal  to  half 
the  Latus  Return  •,  draw  the  indefinite  right  Line  DK  5  make  KC  equal  to  the 
double  of  AB,  in  the  Axe  always  continued  beyond  K  *,  and  ft  toff  CE  equal  to 
half  p ,  towards  the  lame  part,  if  it  be  — p,  but  towards  the  contrary  part,  if 
4-p  :  upon  the  Point  E,  ereft  GE  perpendicular  to  ,the  Axe,  cutting  the  right 
Line  DK,  produced  if  there  be  occafion,  in  F,  which  is  the  Centre  of  the  Circle 
requir’d,  if  q  be  wanting.  But  if  q  be  prefent,  let  FG  be  equal  to  half  <7,  and 
place  it  to  the  Right  if  it  be  —  <7,  to  the  Left  if  4*2  *  and  the  Point  G  will  be  the 
Centre  of  the  Circle  requifite  for  the  Conftru&ion.  And  the  Line  GD  will  be  the 
Radius,  if  the  Quantity  r  be  wanting,  that  is,  if  it  be  only  a  Cubic  Equation  5 
But  the  Square  ofGD  in  Biquadratics  is  tobeencreas*d,if  it  be  —  r,orleffen’d  if  4-  v 
by  the  Addition,  or  Subdu&ion  of  the  Re&angle  ar  contained  under*  and  the 
Latus  Rettam :  after  the  fame  manner  as  was  Ihewn  in  the  Cartefian  Conftru&ions. 
Thus  the  Circle  being  defcrib’d  *  by  letting  fall  Perpendiculars  from  the  feveral 
Interfe&ions  with  the  Curve  of  the  Parabola ,  on  DL  the  Parallel  to  the  Axe,  you 
will  have  LM  the  Affirmative  Roots,  and  NO  the  Negative  ones,  under  the  lame 
'  Law  as  before. 

I  might  exhibit  here  feveral  other  ways  ofConftru&ing  fuch  Equations,  different 
from  thefe,  namely  to  be  effe&ed  by  an  Hyperbola  or  Ellipfe  combined  with  a  Circle , 
but  feeing  they  are  much  more  difficult,  nor  to  be  perform’d  without  more  Lines, 
I  thought  fit  to  fuperfede  this  Labour,  according  to  the  received  Maxim,  FruJIra 
ft  per  plura  quod  fen  potef  per  pandora. 

Asto  theNumerical  Refblution  of  Cubic  Equations  I  had  thoughts  to  referwholly 
to  Cardan's  Rules,  which  are  delivered  in  the  laft  Se&ion  of  the  Xlth  Chap,  of 
Mr.  Kerfey's  Algebra,  and  ellewhere :  But  on  recollection  concluded  the  following 
Additions  might  not  be  unacceptable,  viz.  that  whereas  the  Root  of*}  -\-px~q^ 
there  is  fhewn  to  be 


+  l  —  ?qq-\-^p  v?  =*. 

And  the  Root  of  the  Equation  *  ’  —  tx—q  to  be 
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vbm + = *• 


The  fame  Roots  may  each  of  them  be  given  by  three  other  different  Ex- 
preffions,  viz.  the  Root  of  +  p*  =  2  is  alfo 


^(3)V492  +  t4P!  +t2  — 


4P 


=  X1 


V^V^qq+rrP’  +  4-2 


Or, 


Or  laftly, 


tP 


l—  V(l)V±qq  +  t4P' -t?  -  * 


7  P  


fP 


^0)^t22  +  ttP3  —  vff  ^0)^723  +  *4P*  +t2 


So  likewife  the  Root  of  —  px  =  q  has  thefe  three  other  Exprelfions,  befides 

thole  of  Cardan ,  viz. 


V&)±q  +  V±qq  —  ttP*  + 


TP 


—  * 


^(3)4-2+  '/^qq— *4P3 


•filitir' 

■4  )A  ’ ; 

C  n-9  ■  V' 


VWi-q—Viqi  —rrp'  4 


4  P 


=  X 


^(3)4-2  —  22— t4P 


.-41 


:  t  <V‘ 


ri; 

it 


+ 


=  x 


V(i)  ~q — ^~+qq  —  ttP  ^(3)t5+^t22 — *tP3 


i 

Now  the  two  firft  of  thefe  in  both  Cafes  are  evidently  Ampler  than  Cardan's 
Rules,  in  as  much  as  Divijion  is  an  eafier  Operation  than  the  Extra&ion  of  the 
Cube-Root ,  and  they  arife  from  the  following  Confiderations. 

If  BE  be  made  equal  to  ±q,  and  BD  =  V-rrP*  that  is  =  yP'/fp,  ^he  Angle 
D B  E  being  right,  the  Hypotenufe  D E  will  b eV ~gg-±  ^P3  •  And  delcribing 
the  Circle  AD  C,  AB  will  be  equal  to  V  ~ qq  4-  -rfp5  —  v2,  and  BC  = 

^^qq-V  T7p) .  +  4-q-  Now  AB,  BD  and  BC  being  continual  Proportionals 
(by  reafon  of  the  Circle,)  their  Cube  Roots  will  be  fo  likewife  :  That  is, 


v'  (3 )  ^  t  22  +  irfP 3  ^ 4: 2,  ^  tP  and  V  (  3)  V  ^  ^  T-f  p 3  -f  4. <7  are  continual  Pro¬ 
portionals  *  andVyp  is  a  Geometrical  Mean  between  the  two  Cube  Roots.  Whence 
if  its  Square,  viz.  sp  be  divided  by  either  of  thofe  Roots,  the  Quote  will  be  the 
other  of  them.  And  the  like  may  be  Demonftrated  in  the  other  Cafe,  where 


tis 
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_ putting  DE  r<7,  and  BD  —  v rTL  p i  $  whence  BE  will  be 

—  and  0V.  Hence  evidently  follow  all 

the  foregoing  Exprethons.  Now  in  the  firft  Cafe,  BE  being  =  ±g  ancj  bD  __ 

•  fp^lp,  it  will  be  as  11  to  V>p  fo  Radius  to  the  Tangent  of  the  Angle  DEA; 

or  in  the  fecond  Cafe,  DE  being  equal  to  Ay,  as  11  to  V-]p  fo  Radius  to  the  Sine 

of  the  angle  DEA,  whofe  half  is  =  ADB  =  DClfo  wherefore  if  you  tike  the  I  r, 
ganthm  Tangent  of  the  Angle  ADB,  and  Add  and  Subftraathe  third  part  thereof 
that  ts  the  Logarithm  of  its  Cube  Root,  to  and  from  the  Logarithm  of  VwT 
you  will  have  the  Logarithms  of  the  two  Cube  Roots  of  which  thl  5 

in  the  firft  Cafe,  and  Sum  in  the  fecond,  is  the  Root  of  the  Eqati.foSfr^ 
But  the  entire  Root  is  obtained,  if  we  conceive  the  Annfe  a  no  7„ I  MV 
whofe  Tangent  is  the  Cube  Root  of  the  former  found  Tangent5  m-  b  T3t 

Angle,  we  (hall  have  a  new  DEA,  whofe  Tangent  DB  if  To  foe  Rad TuTIeTT 
V-\p  to  half  the  Root,  or  as  VI  p  to  the  Root  fought  in  j-hp  hrd  r  r  1US  "f*  ^ 
Si|  DB  is  to  the  Radius  DE  asTfp  to  the  Roo'fthe  leconT  of  =  °'  "h°fc 
From  thefe  Premtfes  follows  a  very  general,  and  not  lefs  elegant  Solution  of 
all  Cnhtc  Equations,  by  the  Logarrthm  'Sines  and  Tmvents  analog!  !  I 
been  (hewn  before  in  the  Quadratics.  A  >  gous  to  what  has 

Say  them  As B  to  V$p  fo  Radius  to  a  Tangent,  if  it  be  +, ,  or  t0  a  Sine> 

if—  p:  and  look  theLog.Tangentofhalf  the  Arc  correfponding  to  that  T»n»n.  I 
Sine,  and  take  its  Third,  that  is,  the  Logarithm  of  its  Cube  ^Ronr  •  7 1  ?r 
Table  of  Tangents  feek  the  Arc  anfwering  to  that  Cube  rToi  and  double  i?  *1 
fay  that  the  Tangent,  if  it  be  +  p  s  or  the  Sine,  if  it  be  —p  0f  th'at  TmuJ 
Arc  is  to  the  Radius  as  VA.p  to  x  the  Root  of  the  Equation  fought  ThTrv  • 
will  perhaps  be  better  underltood  by  an  Example  or  two:  Nor  win  ir  u 
Trouble  to  verify  your  Work  by  the  exaft  Agreement  of  thefe  two  Process.  mUCh 

Example  i. 

SeaLTftlfF4be  XM+'27X  =  64,  aS  in  the  2,ft  Aeaforefaid 

Say  thenas  11  to  V-}p,  that  is,  111  :Vj6  =  6::  Rad.  Tang.  40„.  2I,  ± 

„  T  P ,  .  7  •  its  Half.  20  .  ’4 . 41  fere. 

For  Log.y fp  or  6  15*0.7781713 
Log.  p  27151.4313698 

Sum  2.20971 71 
Log.  192  2.2833012 

9.9262139  T.  40°.  9.  2l"i  ^ 

Log.  T.  200.  4'.  41''  29.7629037 

Its  Third  9.8743012  =  Log.  Tang.  370.  33'.  72" 

Its  Double  71  .  7.  44 


*7 


Then  Log.  V 4-p  =  0.77  8171 
T.  71.  7.  44  =  10.46621 1 

Log.  *  fought  o  3 1 1940 
Therefore  *  is  2.05088 


OrLog.Vyp  0.4771213 
•fLog.T.  200.  4'.  41"  9.8743012 


£ 


Sum  0.3314227  L.2. 14497 
DifF.  c.6228201  L.4  19785 

DUE  2.07088-* 

Ex- 


■y 


t 
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Example  i. 

Let  xxx — px  =  q  be  xxx —  i2x  =  18,  as  in  the  41ft  Step  of  the  fame  Seclion. 
As  i?  :  p,  that  is,  4I :  (/ 16)  4  : :  Rad  :  S.  6i\ 44'.  2V'| 

p  *  • 

its  half  is  =  31.  22.  i| 

For  L.  VjP  =  Li  4  =  0.6020600 

L.  44.  =  0.6532125  <  , 

9.9488475  =  S.  62°.  44'.  2'\- 


T.  3lV  22'  I"|  =  29.7850539 

Its  third  =  9  9283513  =  T.  40*.  17'. 42'' 


Its  Double  =  80.  35.  24 


Then  L.  V*p  is  =  0.6020600  j 
Log.S.  8o°.  35'.  24"  =  9  9941163  J 

Log.  x  =  0.6079437 

Therefore  x = 4. 05456 


Or  0.3010300  —  Vjp 

9.9283513  =  -fLog.  T.  31°.  22'.  i"4 

Sum  =  0.2293813  =  L.i. 69583 
DifF.  =  0.3726787  =  L.  2.35873 


it 

X 


Sum  =  4.05456  =  x 


Now  tho’  this  may  appear  to  be  as  much  work  as  to  extra£l  the  Cubic  Roots 
in  the  aforefaid  Rules  ^  yet  when  p  and  q  are  great  Numbers,  or  Decimal  Fra&ions, 
I  am  allured  our  Method  will  be  much  more  eligible. 

1  •  ' 

Example  3. 

Let  xxx — px  =  q  be  xxx  —  1 7-3577^  =  782.41 
As  H :  V-Jp,thatis,  ^34-7£l_  ;  ^23. 1436  ::  Rad ;  S.  2o°.5o'.23" 


17-3577 


For  L.  Vyp  =  0.682215  5 
L.p  ==  1.2394922 

Sum  =  1. 9217077 
L.  3 q  =  2.37055 56 


its  |  =  io.  25.nl 


9.5511521  =  Log.  S.  io*.  50'.  23s' 


Log.  T.  ioe.  25'  1 1"!  =  29.2645644 

Its  Third  =  9.7548548  =  Log.  T.  29°.  37'. 31' 


Then  Log.V|p  =  0.6822155 
S.  59".  15'.  02u  =  9.9342010 

L.  x  =0.7480145 

Therefore*  =  5-59776 


Its  double  =  59.  15.  02 

Or  0.3811855  =  L.  V-\p 

9.7548548  =  ~T.  io°.  25'.  1 1"! 

Sum  =  0.1360403  =  L  1.36786 
DifF,  =  0.6263307  =  L  4.22991 


Sum  =  5.59777=  « 


But 


\ 
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But  if  rn  the  Equation  vs  here  ’tis  — p,  q  be  either  Negative  or  fo  fmall,  that  V-f-p  ex¬ 
ceed  fuch  an  Equation  has  three  Roots:  And  if  q  be  Affirmative,  the  greater 

jP 

of  the  three  is  Affirmative,  and  the  two  leffer  Negative :  But  if  it  be _ 7,  or 

px  —  XXX  =  a-  q,  the  two  leffer  Roots  are  Affirmative,  and  the  greater  Nega¬ 
tive;  all  which  are  very  eafiiy  obtained  by  the  Trifettion  of  an  Angle,  thus: 

Let  the  Equation  xxx — px  ~  q  be  x3  —  \  2x  —  10. 

Here  44  or  2  4  =  ^  is  lefs  than  V$p  or  4.  Say  then  as  V&  to  ^ ,  fo  Rad.  to 

theSiwe  of  an  Arc.  Take  the  third  part  of  the  Arc  anfwering  thereto,  and  add  it 
to,  and  fubftraft  it  from  the  Arc  of  60  Degrees.  Then  feek  the  Logarithm  Sines 
of  thofe  three  Arcs,  and  to  them  add  feverally  the  Log.  of  V*p.  Thofe  three  Sums 
(hall  be  the  Logarithms  of  the  Roots  of  the  Equation  fought. 

Wherefore  in  theaforefaid  Equation  x *  —  12*  =  lo  fay. 

As V~p  to  that  is,  as  4  to  24  fo  Rad.  to  0.625  =  Sin.  38°; 40' 5 ;6" 

Arc  38°.  40'.  56'' 

Its  Third  12  .53  .  384  Log.Sine  9.9485*9^ 5* 

—  60  47.  6.  21  f  9.8648747 

-f  60  72  .53.38-f  9.9803500 

Log.  Vjp  0.6020600 


ift  Sum  9.9506555 
2d  Sum  0.4669347 
3d  Sum  0.5824100 


Log.  0.89260 
Log.  2.93045 
Log.  3.82305 


j*Neg.Roots. 
AfF.  Root. 


% 

But  if  the  Equation  had  been  12*—  *3  =  10,  the  two  former  had  been 
Affirmative,  and  the  latter  and  greater  Root  Negative. 

And  this  may  fuffice  for  the  exaft  Solution  of  Cubick  Equations  wanting  the 
fecond  Term;  but  if  it  be  prefent,  you  are  (hewn  by  Mr.  Kerfey ,  in  his  faid  Chapter, 
how  to  take  it  away,  and  then  you  may  refolve  them  as  above. 

Novemb.  15.  1704. 


LECTURE  IV. 

IN  my  foregoing  Le&ure  I  endeavoured  to  (hew  how  Solid  and  Quadrato-Qua- 
dratic  Equations  might  be  conftru&ed,  and  that  after  a  very  eafy  manner,  vh, 
by  a  given  Parabola  and  a  Circle;  and  as  to  Solid  or  Cubic  Equations  I  have 
effefted  their  Gonftru&ion  by  three  different  Ways,  being  the  readied  and  molt 
fimple  of  infinite  ethers  whereby  the  fame  may  be  done  :  I  fay  of  infinite  others, 
becaufe  in  theRedu&icn  of  the  propofed  Cubic  Equation  to  a  Biquadratic,  any 
other  Root  x  may  be  fuppofed.  But  Biquadratics  are  conftrufled  by  one  only  Cir¬ 
cle  in  a  given  Parabola,  that  is  to  (ay,  by  a  given  Circle  alfo  ;  whereas  Cubles 
are  to  be  effe&ed  by  infinite  Circles,  or  which  may  pafs  through  any  given  Point 
in  the  Parabola. 

Let  us  nowcometoSurfolids  and  Quadrato  Cubics,  or  Equation  of  five  or  fix 
Dimenfions,  whofe  Conftruftion  by  a  general  Method  has  not  hitherto  been  (hewn 
by  any  one  except  Des  Cartes ;  who,  tho’  he  prefers  the  Circle,  becaufe  of  the  Readi¬ 
ngs  of  its'Defcription,  yet  for  the  fake  thereof,  he  lays  afide  that  Simplicity  which 
he  every  where  profeffes  in  his  Writings,  and  combines  with  ir  one  of  the 
mod  compounded  of  thofe  Seventy  two  Curves  of  the  Second  Kind ,  wherewith 
the  molt  renown’d  Sir  If'aac  Newton  has  lately  enriched  the  Science  of  Geometry. 
And  if  any  one  infpefl  the  Tedionfhefs  of  the  Algebraic  Calculus,  and  the  Prepara¬ 
tion  his  Method  requires,  it  will  be  very  evident  that  he  was  not  arrived  at  the 
Thing  propounded,  to  wit,  the  neareft  and  beft  Conftru&ion ;  but  rather  hath 
fallen  into  very  intricate  and  laborious  Ambages. 
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A  P  F  E  N  V  I  X. 


We  have  hinted  before,  that  of  all  the  Curves  of  the  Second  Kind  the  Cubic 
Paraboloid,  or  that  whofe  Abfcijfes  are  as  the  Cubes  of  the  Ordinates,  was  the  moft 
fimple  •,  and  that  this  Curve,  combined  with  fbme  one  of  the  Conic-SeBions,  would 
exhibit  the  Roots  of  all  Equations  of  five  or  fix  Dimenfions:  How  this  may  be 
done  we  fhali  endeavour  to  lhew  in  the  prefent  LeBure. 

Since  then  this  Parabaloid  is  to  be  combined  with  a  Conic-SeBion,  it  will  be, 
neceffary  to  add  fomething  about  the  Nature  and  Properties  of  the  Curve  j  efpe- 
cially  fince  they  have  not  been  treated  of  by  the  Ancients,  and  the  Geometers 
of  the  prefent  Age  have  difcovered  feveral  of  them,  viz. 

1.  That  it  hpth  a  double  Flexure ,  and  is  therefore  of  that  Kind  which  Sir  Ifaac 
Newton  from  the  Form  calls  Avguineous  Curves. 

2.  That  the  Point  of  Contrary  Flexure  is  in  the  Beginning  of  the  Curve,  or 
where  the  Negative  Part  joins  to  the  Affirmative. 

2.  That  the  Subtangents  are  triple  of  the  Abfcijfes,  as  in  the  gitadratic  or  Apol- 
lonian  Parabola ,  they  are  double'of  them. 

4.  That  its  Area  is  three  Fourths  of  the  circumfcribed  Parallelogram,  which 
in  the  common  Parabola  is  only  two  Thirds  thereof. 

•y.  That  in  the  Point  of  Contrary  Flexure,  it  goes  off,  as  it  were,  into  a  Right 
Line  $  at  lea  lb  the  Radius  of  Concavity  becomes  infinite  :  Nor  can  any  Circular  Arc 
tho'  of  never  fo  great  a  Circle,  be  drawn  between  the  Curve  and  its  Tangent* 
which  (hall  not  cut  the  Paraboloid  before  it  come  to  the  Point  of  Contact. 

But ’tis  Efficient  for  our  prefent  Purpofe,  that  in  this  Curve  the  Cubes  of  the 
Ordinates  (which  we  will  call  x)  are  always  equal  to  the  Solids,  whofe  Altitudes 
are  the  Abfcijfes  y,  and  Bafe  the  Square  of  a  given  Line  a,  that  is  aay  =  xxx. 

Suppofe  therefore  the  Curve  NAM,  the  Paraboloid  we  are  fpeakir.g  of,  to  be 
defcribed,  and  let  its  lower  Part  to  the  Right  Hand,  as  AM,,  be  the  Affirmative  * 
and  the  upper  Part  to  the  Left,  as  AN,  Ke  Negative  :  That  is,  let  the  Affirma¬ 
tive  y  encreafe  downwards,  and  the  Affirmative  x  encreafe  towards  the  Right 
Side  of  the  Axe  AO  and  the  contrary  as  to  ihe  Negative.  To  rh’s  C  urve  let  the 
Conic-SeBion  MXLNW  be  to  be  apply’d,  and  the  Pofition  thereof  will  be  thus  ob¬ 
tained. 

Put  AB  equal  to  /;,  and  BC  equal  to  c  *,  and  ereBing  CD  from  C  perpendicular 
to  DB,  let  AZ,CD  be  made  equal  to  the  Latus  ReBum  of  the  Paraboloid,  which 
call  a.  Produce  the  Right  Line  BD  both  ways,  on  which  let  be  the  Pofition 
of  the  Diameter  of  the  Conic  SeBion,  and  let  its  Center  be  K.  Let  the  Ratio 
of  its  Diameter  to  its  Latus  ReBum  be  as  2r  to  p  5  and  let  BK,  the  Difiance  of 
the  Center  K  from  the  Point  B,  be  equal  to  / 5  and  put  r  for  KL  the  Semi¬ 
diameter  of  the  SeBion,  if  it  be  the  Eliipfis  or  Hyperbola  :  But  if  it  be  the. 
Parabola,  let  BL  be  named  /,  L  being  the  Vertex  of  the  SeBion^  and  the  Latus 
Re  Bum  of  the  Parabola  call  p.  Lafily,  Let  AO  in  the  Axis  of  the  Paraboloid  be  equal 
to  7,  and  MO,  its  correlponding  Ordinate,  be  x. 

Thefe  things  being  luppofed,  ’tis  evident  that  any  Ordinate  in  the  Conic-SeBion, 
as  MR,  may  be  exprefs’d  two  different  ways  :  For,  Firfi,  as  CD  to  CB  fo  is 
MO  =  TR  to  BT  •,  16  that  MR  will  be  =  AO  +  BT  +  AB,  that  is,  MR  = 

y  ff  —  ffb,  and  MR  fquar’d  will  be  =  yy  4-  +  2 by  -p  -f-  2-C-  u.  fa 

a  a  ~  aa  —  a 

which  fame  Square  is  obtained  another  way  on  account  of  the  Conic-SeBion. 

dx 

For  putting  d  for  the  Line  BD,  ’twill  be  as  a  to  d  fo  x  to  —  =  RB  *,  and  the 

ct 

xd 

Difference  between  RB  and  KB,  that  is  RK  =  /  05  — ,  will  alfo  be  the  Diffe- 

a 

rence  between  the  Semi-diameter  LK  and  LR  :  Confequently  the  ReBangle  con¬ 
tained  under  the  Sum  and  Difference  of  LK  and  KR,  or  LK?  —  KR?  ,  if  it  be  an 
Ellipfe  j  or  the  ReBangle  of  the  Sum  of  RB  and  KB,  that  is,  KR  +  LK  into  the 
Excefs  of  KR  above  KL,  if  it  be  an  Hyperbola,  will  be  to  the  Square  of  the 
Ordinate  MR,  as  the  Diameter  of  the  Conic-SeBion  to  the  Latus  ReBujjj  or  as 
2 r  to  p :  Hence  the  Square  of  MR  will  be  equal  to 


± 


APPENDIX, 


+  Pidxx  ,  vei  _  PEl~P7+7fv  £  if  3n  H>’PCrbo!a' 

-  ra  +  —  ■*  '  2r  if  an  Eliipfe. 


if  a  Parabola. 


2  raa 

+  pjx+pf 

-a  — 

and  taking  the  one  Equation  out  of  the  other,  5tis  obvious  that  the  Remainder  will 
be  equal  to  nothings  and  putting  inftead  of  y  the  Cube  of  x  apply ’d  to  the  Square 

xxx 

of  a  the  Latus  Rettum^  (that  is  putting  —  fory)  and  multiplying  all  the  Terms 

by  we  (hall  have  an  Equation  of  fix  Dimenfions,  to  be  compared  with  any 
given  Equation  of  the  fame  Form.  Whence  the  Manner  of  the  Conitruflion  we 
defire  will  be  readily  difcovered. 
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Let  the  Equations  Hand  fo,  that  each  Member  of  the  fame  Dimenfion  of  x  be 
dire&ly  under- its  Correlative.  Thus, 

x6  $  +  2 acx*  ±  2 ctabx*  a2c2xx  •+•  2 a*bcx  4"  a^bb 

If an4p,^FeIb°*a  a’i’xx  ±  Lasfdx  +  l  a<rr~  £  „,/< 

4  Eliipfe  -L  2 r  r  J  —  2r  2r  { 

If  a  Parabola  +  •  atydx  ■+•  atyf 

z=.  x6^fc~\z  ahx* -jr  a2lx 3  4-  ahjixx  +  a^n  x  •+■  a^q  =  '  o 

Then  the  Members  of  the  two  Equations  are  refpe&ively  to  be  compared  toge¬ 
ther  *  and,  firlf,  2 ac  being  put  equal  to  a/q  c  will  be  equal  to  half  k  ^  and  there¬ 

fore  c,  or  BC  in  the  Conftru&ion,  will  be  half  the  Coefficient  k  :  And  by  a  like 
Argument,  the  Double  of  b  will  be  equal  to  the  Coefficient  l  ;  whence  b ,  or  AB 
in  the  ConlirufUon,  will  be  equal  to  4  l  *  whereby  the  Pofition  of  the  Diameter 
of  the  Conic-Seftion  is  determined.  The  Species  thereof  will  be  determined  from 

the  fifth  Term  of  the  Equations  compared  together  ^  for  feeing  cc  —  ~dd  in  the 


Hyperbola,  or  cc  -f  dd  in  the  Eliipfe,  are  equal  to  the  Reflangle  4; aw,  4  kk 
4-  am  will  be  equal  to  4-  dd*.  —  .*  So  that  the  Ratio  of  the  Diameter  to  the  Latus 

~~  2V 

Reftum,  or  of  2 r  to  p,  will  beasf&Z,  that  is,  as  4  kk  +  aa  to  ykk  "t  But  ^ 

F  ^ 
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it  be  4  ma  in  the  Equation,  and  it  be  equai'to  ~  M,  the  Conic^Se&ion  will  be  a 

Parabola  j  if  4  ma  be  greater  than  4  M,  ’twill  be  an  Ellipfe;  if  lels  or  Negative, 

then  an  Hyperbola.  The  Species  therefore  of  the  Conic-Se£tion  to  be  defcribed  is 

given,  whofe  Center  will  be  difcovered  by  Help  of  the  Sixth  Term  5  +  be 

pdf.  .  ,  .  1  .  ,  r  4 -be  Ar '-an  2  r  2  r  an 

4-L4-  being  equal  to  -r~an  *  whence/=  —  — =4 —  x  —  =  —  x  t — =-± — 
-2K°  '  d  p  p  d 

=  BK  in  the  Conftru&ion.  But  in  the  Cafe  of  the  Parabola  2 be  ±  an  —  +pd  * 

whence  1  -p—  becomes  equal  to  the  Latus  Return  of  the  Parabola  fought. 
a 

Laftly,  The  Semidiameter  r  of  the  Conic-Se£tion  is  concluded  from  the  feventh 
and  laft  Term  *,  for  fince  bb  4  aq  is  equal  to  the  Difference  of  the  Squares  of 

r  and  f  (that  is  of  KB  and  KL)  into  therefore  as  the  Latus  Re&um  to  the  Dia- 


But 


of  the  Seftion,  fo  is  ~  11 4  aq  to  the  Difference  of  the  Squares  pf  r  and  /. 
we  have  already  found/,  wherefore  r  the  Semidiameter  islikewile  given. 

Thefe  things  being  rightly  confidered,  and  due  Care  had  to  the  Signs  4  and  — 
in  the  propofed  Equation,  ’tis  not  only  evident,  how  all  thole  of  thele  Dimen- 
iions  may  be  conftrufted,  but  alfo  an  Analytical  Method  is  laid  down,  whereby 
the  like  Conftru£lions  may  be  inveftigated  for  another  Curve  of  the  Second  Kind 
given,  as  tjie  Cijfoid,  Semicubick  Paraboloid &c.  But  from  what  foregoes  we  have 
deduced  this  following  general  Effe&ion  of  all  Equations  of  five  Dimenfions,  or 
of  fix,  when  the  fecondTerm  is  wanting,  perhaps  the  molt  natural  and  ealy  pofiible. 

Having  deferibed  on  a  convenient  Plane  any  Cubic  Paraboloid  with  all  the  Ac¬ 
curacy  you  can,  (which  will  ferve  as  an  Inltrument  for  all  Conftru&ions  of  this 
Sort)  draw  its  Axis  OAO  through  the  Vertex  A,  and  at  the  Dilfance  AZ  equal 
to  the  Latus  Return  a ,  parallel  to  the  Axis  draw  the  Line  ZD  ^  as  alfo  A2  touching 
and  cutting  the  Curve  in  A,  and  at  Right  Angles  to  the  Axis.  Make  AB  equal  to 
half' the  Coefficient  /,  downwards  if  it  be — 1,  but  upwards  if  4  Z,  and  the 
Diameter  of  the  Conic-Se£tion  fhall  pafs  by  B,  or  if  the  4th  Term  be  wanting, 
by  the  Vertex  A.  From  B  downwards  if  it  be  —  £,  or  upwards  if  4  K  make  BC  1 
equal  to  4  k,  and  let  ZD  be  equal  to  AC,  and  draw  the  Lines  BD,  CD  indefinite¬ 
ly  both  ways ;  then  (hall  BD  be  the  Diameter  of  the  Seftion.  By  B  at  Right 
Angles  to  BD  draw  the  Line  EBF,  meeting  with  AZ  in  F  and  DC  in  E  *  and 
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from  E  towards  D,  on  the.  Line  ED,  make  E S  equal  to  if  it  he  -f*  /»,  or  the 
contrary  way  if  — m  5  and  if  S  fall  between  C  and  D,  or  beyond  D,  the  Section 
will  be  an  Ellipfis  ^  but  if  between  C  and  E,  or  it  be  —  m ,  an  Hyperbola.  And 
in  either  Cafe  the  Ratio  of  ED  to  CS  will  be  that  of  the  Diameter  to  the  Latus 
ReBum  of  the.  Se&ion.  But  if  +  w  be  equal  to  EC,  it  will  be  a  Parabola.  Draw 
BS,  and  continue  it  both  ways;, and  on  the  Line  AZ  rmke  FH  equal  to  ~  w, 
to  be  laid  to  the  Right  of  F,  if  it  be  — m,  or  to  the  Left,  if  -f  «.  By  H,  parallel 
to  the  Axe  AO,  draw  the  Line  HI  meeting  with  BS  in  I,  and  the  Line  IK  parallel 
to  AZ,  fhall  interfe£l  BD  the  Diameter  of  the  Se&ion,  in  the  Point  K  the  Cen¬ 
ter  thereof,  if  it  have  a  Center.  But  if  it  be  a  Parabola,  the  Latus  Rectum  there¬ 
of  will  be  to  2  AH  as  CD  to  DB  ;  or  equal  to  2FH  =  w,  if  the  Term  k  be  want¬ 
ing  *  and  the  Diameter  of  the  Parabola  will  extend  it  felf  infinitely,  on  the  fame 
Side  of  the  Axis  of  the  Paraboloid,  on  which  the  Point  H  is  found. 

Laftly,  If  the  Term  q  be  wanting,  that  is,  if  the  Equation  be  but  of  five 
Dirpenfions,  the  Se&ion,  be  it  what  it  will,  pafTes  by  the  Vertex  of  the  Parabo¬ 
loid  A,  and  confequently  BA  is  one  of  its  Ordinates.  But  if  it  be  —  aq ,  BW  = 
V&EP+aq  will  be  equal  to  the  Ordinate  palling  by  the  fame  Point  of  the  Dia¬ 
meter  B  :  As  likewife  VA fr~aq  will  be  equal  to  a  like  Ordinate  of  the  Se&ion,. 


if  it  be  A-  and  acl  be  lefs  than  the  Square  of  AB  or  ft.  But  if  -f  a(l  Be  greater 
than  A  //,  the  Vertex  of  the  Se£\ion  will  be  on  the  fame  Side  of  the  Axis  AO  as 
the  Center  K  is,  if  it  be  an  Elliple  ,  or  on  the  contrary  if  an  Hyperbola  :  And 
if  it  be  a  Parabola,  the  whole  Se&ion  will  be  on  the  fame  Side  as  the  Point  H. 

Hence  the  Vertex  V  is  in  all  Cales  readily  determined  :  For  taking  CX  a  mean 
Proportional  between  CS  and  ED,  CS  will  be  to  CX  as  the  Ordinate  BW 


=  to  BY  =  V  ~  x ~u  4-  aq  =  vVr  — jf  or  Vff 


rr.  Wherefore  in 


the  Cafe  of  the  Ellipfe,  place  BY  on  the  Line  FBE,  and  KY  =  KV  fhall  be  the 
Semidiameter  of  the  Seflion  required,  and  V  the  Vertex  thereof.  Butin  the  Hy¬ 
perbola,  in  the  Semicircle  whofe  Diameter  is  KB  inferibe  the  Line  BY,  and 
make  KV  =  KY,  and  V  fhall  be  the,  Vertex,  and  KV  the  Semidiameter  fought. 


But  when  +  aq  is  greater  than  ~  U ,  then  the  faid  Line  BY  =  V'iLaq  —  *  tf, 

p 

if  it  be  an  Hyperbola,  muff  be  placed  on  the  Line  FBE  as  before,  and  KV  =  KY 
will  be  the  Semidiameter  of  the  Seftion,  whofe  Vertex  V  will  be  on  the  other 
Side  of  the  Axis  AO.  But  in  the  Ellipfis*  BY  being  inferibed  in  the  Semicircle 
whofe  Diameter  is  KB,  KV  =  KY  fhall  be  the  Semidiameter  of  the  Se&ion, 
which  fhall  fall  wholly  on  the  fame  Side  the  Axis  on  which  is  its  Center  K.  So 

like- 
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likewife  in  the  Parabola,  the  Re&angle  of  BV  into  the  Latus  Refiump  before  found, 
will  be  equal  to  ±  aq  h  or  BV  xp  =  a$  —  £  U,  when  j  U  is  lefs  than  aq :  In 
which  Cafe  the  Vertex  V  falls  on  the  fame  Side  of  the  Axis  AO  on  which  is  the 
Point  H.  From  thefe  data  the  Conic-Setfion  will  be  readily  defcribed,  and 
its  Interle&ions  with  the  Paraboloid  fhew  the  Quantity  and  Number  of  the  pof- 
fible  Roots  of  the  Equation  fo  conftru&ed  5  the  Affirmative  on  the  Right  Side  of 
the  Axis,  as  OM,  the  Negative  NO  on  the  Left,  as  has  been  laid  before.  And  I 
have  been  the  more  particular,  not  to  leave  any  Difficulties  in  the  Way  of  thofe 
that  are  defirous  to  refolve  thefe  high  Equations. 

If  in  an  Equation  of  five  Dimenfions  all  Termes  be  prefent,  the  fecond  Term 
muft  be  taken  away  after  the  fame  manner  as  we  did  in  our  fecond  Conftru&ion 
of  the  Cvbics ,  Pag.  14.  by  afluming  another  Root  equal  to  the  Coefficient  of  the 
fecond  Term,  under  a  contrary  Sign  5  whereby  it  will  be  reduced  to  aQuadrato- 
Cubic  wanting  the  fecond  Term,  and  may  be  conftru&ed  as  fuch  with  very  little 
more  Trouble:  And  the  Roots  be  all  the  fame  as  in  that  of  five  Dimenfions. 

To  prevent  your  Conic-Se8:ion  from  excurring  beyond  your  Plane,  it  may  be 
proper  to  divide  your  Equation,  fo  as  the  Ordinates  of  the  Se&ion  may  be  pretty 
near  at  Right  Angles  with. its  Diameter  ,  the  Convenience  of  which  Caution 
will  be  obvious  to  thofe  that  (hall  go  about  to  put  in  Pra&ice  the  Rules  of 
thefe  Conftru&ions.* 

Novembj  1704. 
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